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A bstract

O ne-loop corrections to kink m asses in a fam ily of(1+ 1)-dim ensional�eld theoretical

m odelswith two realscalar�eldsare com puted. A generalized DHN form ula applicable to

potentialswith and withoutre
ection isobtained.Itisshown how half-bound statesarising

in thespectrum ofthesecond order
uctuation operatorforone-com ponenttopologicalkinks

and thevacuum play a centralr̂olein thecom putation ofthekink Casim irenergy.Theissue

ofwhetherornotthekink degeneracy exhibited by thisfam ily ofm odelsattheclassicallevel

survivesone-loop quantum 
uctuationsisaddressed .

1 Introduction

BPS statesarising both in extended supersym m etricgaugetheories,[1],and string/M theory,[2],

play acrucialr̂olein theunderstandingofdualitiesbetween thedi�erentregim esofthesesystem s.

In thisfram ework,dom ain wallsappearasextended statesin N=1 SUSY gluodynam icsand the

W ess-Zum ino m odel,[3]. Itisdesirable to com pute the one-loop quantum corrections,�M ,to

the m assesofthese new entities. The huge num berof�eldsinvolved in these theories,however,

renders the task im possible. In a search for inspiration about this problem ,study ofquantum

corrections to the m asses of(1+1)-dim ensionalrealsolitons has been reignited in recent years,

both in a supersym m etric and a purely bosonicfram ework.

This topic was �rst addressed in the classic papers ofDashen,Hasslacher and Neveu,[4],

and Faddeev and Korepin,[5]. The authors treated the purely bosonic �[�]42 and sine-Gordon

m odelsfora single realscalar�eld.In the �rstm odel,the quantum correction to the kink m ass

wasestablished to be �M = ~m

�
1

2
p
6
� 3p

2�

�

. The response given in those papersiscurrently

accepted tobecorrect.In theeighties,thesupersym m etricextension ofthesetheorieswasstudied

widely in referencessuch as[6,7,8,9,10].Them ain concernswerethequantum correction,�M ,

to the SUSY kink m ass,and whetherornotthe quantum Bogom olny bound wassaturated. By
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the end ofthe past century consensus about both questions was reached,m ainly based on the

papersoftheM innesota,Stony Brook-Vienna and M .I.T.groups:[11],[12]and [13].In [11]using

powerfulsupersym m etric techniquesa new anom aly in the centralchargewasfound,following a

conjectureinthesecond paperof[12].In [12]aprofound analysisofthebosonicissuewasachieved.

These authors carefully distinguished between the outcom es obtained using two di�erent kinds

ofcut-o� regularization procedure. They found thatonly the regularization m ethod based on a

subtlecut-o� in thenum berof
uctuation m odes�tsin sm oothly with supersym m etry,precisely

the m ethod thatleadsto the sam e resultasin the com putation perform ed by DHN/FK forthe

bosonic
uctuations.W eshallre�nethem odenum berregularization procedurein a way suitable

to be applied also to potentials with re
ection,carefully approaching the problem from the 1D

Levinson theorem asdeveloped in Reference [14].Dirichletboundary conditionswillbeim posed

to m anage a discrete spectrum ;a cut-o� in the energy willbe considered,and a �nite num ber

ofm odesnearthreshold m ustbe subtracted in such a way thatthe num bers ofm odescounted

around thekink and thevacuum areidentical;afterthis,thecontinuouslim itistaken.

Graham and Ja�e[13]alsoobtained thisresponse,usingtechniquesbased on continuousphase

shiftm ethods.M oreover,they extended theanalysisto thetrivialsectorin orderto com putethe

one-loop correction to thestaticenergy ofone(farseparated)kink-antikink con�guration 1.Here

the authors also notice one im portant point: half-bound states in the spectrum ofthe second

order 
uctuation operator around the static con�guration require a sharper treatm ent. W eak


uctuationsaroundthe�(�4)2 andsine-Gordon kinksaregoverned bySchr�odingeroperatorswhich

involvepotentialswithoutre
ection.Thus,thekinkzero-pointenergyreceivesacontribution from

half-bound statesthatisexactly cancelled by thesubtraction ofidenticalcontributionsfrom half-

bound statesto the vacuum Casim irenergy. In general,thisisno longerso and extrem e care is

needed in dealing with thenon-pairing ofhalf-bound statesto thekink and thevacuum sectors.

In both [15]and [16],generalized zeta function and heatkernelregularization m ethodshave

been used to com pute quantum corrections to the m ass ofSUSY (the �rst paper) and bosonic

(the second one) one-com ponent kinks. This latterprocedure directly uses inform ation com ing

from the potential-no need to unveilthe spectrum -ofthe Sch�odingeroperatorand one skips

the subtletiesposed by half-bound states. In fact,the heatkernelhigh-tem perature expansion,

see [17],allowed usto expressthe one-loop correction to the �(�4)2-kink m assasan asym ptotic

serieswith a relativeerrorofthe0.07 % .

Them ain m eritofthisapproach isthebreaking ofthenum berof�eld com ponentsbarrier.So

far,only kinkswith asinglenon-nullcom ponentweresusceptibleofbeingtreated sem i-classically;

the di�culty lies in the study ofthe spectrum ofk � k non-diagonalm atrices ofdi�erential

operators. In Reference [18],however, the one-loop correction to the m ass oftwo-com ponent

topologicalkinksin the celebrated M STB m odel-[19]-hasbeen given asan asym ptotic series,

starting from theheatkernelexpansion.

In order to be com plete we also m ention thatthere are other two interesting regularization

m ethodsto calculatecorrectionsto kink m asses.First,see[20],a localm oderegularization -the

cuto�re
ectingthespacialvariation ofthekink-conceptually im provesthem odenum berm ethod

and leadsto thecorrectanswer.Second,see[21],thedim ensionalregularization procedureisthe

appropriatem ethod and hasbeen successfully used when thekink isem bedded in a dom ain wall.

In thispaperweshalldiscussa m odelencom passing two realscalar�eldsproposed by Bazeia

1The kink-antikink system was�rstcorrectly analyzed by Schonfeld [9].

2



and coworkers,see [22],where the nextlevelofcom plexity in com puting quantum correctionsto

kinkm assesarises.Them ainnoveltywithrespecttotheM STB m odelistheexistenceofclassically

degenerate kink fam ilies,see [23]and [24]. The im portance ofthe m odellies in the fact that

Shifm an and Voloshin [23]haveshown thissystem tobethedim ensionalreduction ofageneralized

W ess-Zum ino m odelwith two chiralsuper-�elds.Thus,in thisfram ework thekink solutionsturn

into BPS dom ain walls ofa e�ective supersym m etric theory. An explicit dem onstration ofthe

stability ofsom e ofthese solutions ispresented in ref. [25]using techniques ofSUSY quantum

m echanics.M orerecently,see[26],ithasbeen shown how to m odify thesupersym m etric version

ofthism odelto m akethesystem com patiblewith localsupersym m etry.Thekinksofthe(1+1)-

dim ensionalm odelbecom e exact extended solutions ofN = 1 (3+1)-dim ensionalsupergravity

with thelocalsuperpotentialproposed by Eto-Sakai.Study ofthee�ectivedynam icsarising from

quantum 
uctuationsaround these kinksisofgreatinterestbecause they becom e exactdom ain

walls(two-branes)in N = 1 supergravity.

W hetherornottheBPS kinksrem ain degeneratein m ass-ortheBPS dom ain wallsin surface

tension-aftertaking into accountone-loop quantum correctionsisthem ain concern ofthisinves-

tigation.A clueto answering thisquestion iso�ered in ourpaper[27].Thelow-energy dynam ics

ofBPS kinksisshown to bedeterm ined by geodesicm otion in thekink m odulispaceforaspecial

valueofthecouplingconstant.Bohr-Som m erfeld quantization ofthisadiabaticevolution am ounts

to treating theLaplace-Beltram ioperatorofthem etricinherited from thekink kineticenergy as

the Ham iltonian. The kink m odulispace isthe half-plane and the m etric is
at: Therefore,the

Ham iltonian istheordinary Laplacian foran appropriatechoiceofcoordinatesand itseem sthat

the quantum e�ects do not lift the kink degeneracy,at least in this quantum adiabatic lim it.

W e shallshow,however,thatthese expectations are notful�lled atthe sem i-classicalleveland

repulsive forcesbetween separatelum psarise.

The organization ofthe paperisasfollows:in Section x2 we introduce the m odeland brie
y

describe the structure ofthe con�guration space and the rich variety ofkinks. Section x3 is

devoted to com puting thequantum correction,�M ,to theone-com ponenttopologicalkink TK1

bym eansofageneralized DHN procedureapplicabletopotentialswithandwithoutre
ection.The

contribution ofthehalf-bound statesasa function ofthecoupling constantiscarefully analyzed.

In thisSection theone-loop correctionstothem assoftheTK1kinksarealsoestim ated,usingthe

zeta function regularization m ethod and the high-tem perature expansion. Com parison between

the approxim ate and exact results for�M (TK1)serves asan evaluation ofthe error. Starting

from num ericalsolutions,Section x4 o�ers a com putation ofthe sem i-classicalm asses for the

wholeBPS kink variety atthreespecialvaluesofthecouplingconstant.If� = 2:5and � = 1:5we

�nd a rapid convergence ofthe asym ptotic series,although violation ofthe classicaldegeneracy

issuggested by ourresults. The anom alouskink degeneracy isanalyzed in connection with the

existence ofBPS link kinks. For� = 2,the system becom es equivalent to two decoupled �[�]42
m odelsand the num ericalm ethod providesresultsin agreem entwith ourpreviouswork in [16]:

in thiscasethekink degeneracy stillholdsattheone-loop level.W ealso com putein thisSection

the one-loop correctionsto the m assofthe BPS link kinksforthe value � = 2 ofthe coupling-

constantin ordertoeasily show thatthekink sum ruleshold atthesem i-classicallevel.In Section

x5thedependenceoftheone-loop kink m assform ula on theparam etercisstudied from ageneral

pointofview,relying onceagain on asym ptotic m ethods(thehigh-tem peratureexpansion).The

m odelalsohasnon-BPS kinks.Section x6attem ptstoelucidatewhy non-BPS kinksarisein som e

regim esofthe coupling constant.In particular,study ofstability via index theorem sshowsthat
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fam iliesofthiskind ofkinksexistforsom e criticalvaluesofthe coupling constant. Finally,an

Appendix iso�ered explainingthegeneralized DHN form ula,derived usingthecut-o�in them ode

num berregularization procedurebutalso valid forpotentialswith re
ection.

2 T he m odel: classicalkink degeneracy

W e shallfocus on the (1+1)-dim ensionaltwo-com ponent scalar �eld m odelintroduced in [22].

Thissystem aroseasthebosonicsectorofa supersym m etric theory with superpotential:

�W (~�)= �

�
1

3
�
3
1 � a

2
�1

�

+
1

2
��1�

2
2 :

Here~�(y�)= �1(y
�)~e1+�2(y

�)~e2 isatwo-com ponentreal-scalar�eld;y
�,� = 0;1,arecoordinates

in theR 1;1 space-tim e,and ~ea ,a = 1;2 ,form an orthonorm albasisin thetheR 2 internalspace:

~ea� ~eb = �ab.W ealsochoosethem etricg�� = diag(1;�1)in R 1;1 and asystem ofunitswherec= 1

butkeep ~ explicit. The coupling constantsthushave the following units:[�]= [�]= M �
1

2L�
3

2

and [a2]= M L.Thedim ension ofthescalar�eld is:[~�]= M
1

2L
1

2 .

Thedynam icsisgoverned by theaction:

�S[~�]=

Z

d
2
y

�
1

2
@�~� � @

�
~� �

1

2
~r �W �~r �W

�

: (1)

Introducing dim ensionless�elds,variablesand param eters~� = 2a~�,y1 = x

a�
,y0 = t

a�
,and � =

�

�
,

weobtain expressionswhich aresim plerto handle.

Forstaticcon�gurationsand thedim ensionlesssuperpotentialW (~�)= 2
�
1

3
�31 �

1

4
�1 +

�

2
�1�

2
2

�

theenergy functionalreads:

�E[�1;�2]= 4a3� E[�1;�2]

E[�]=

Z

dx

"
1

2

�
d�1

dx

� 2

+
1

2

�
d�2

dx

� 2

+
1

8

�
4�21 + 2��22 � 1

�2
+ 2�2�21�

2
2

#

: (2)

It is a function ofthe unique classically relevant coupling constant � and also depends on the

dim ensionlesspotentialterm U(�1;�2)=
1

8
(4�21 + 2��22 � 1)

2
+ 2�2�21�

2
2.

There are fourclassicalvacuum con�gurationsin thissystem ,organized in two orbitsofthe

internalparity sym m etry group G I = Z2 � Z2 generated by the transform ations�1 :(�1;�2)!

(��1;�2)and �2 :(�1;�2)! (�1;��2).Thevacuum m odulispace,however,includestwo points

if� > 0:

M =
G I

H
(1)

I

[
G I

H
(2)

I

; �M =
M

G I

= point[ point

~�
V
�

1

(x;t)= �
1

2
~e1 ; ~�

V
�

2

(x;t)= �
1

p
2�
~e2 :

Here,H
(a)

I isthe sub-group ofG I thatleavesthe ~�V �

a
pointinvariant. If� < 0,the ~�V �

2

islost

and thevacuum m odulispacehasonly onepointin thisregim e.

4



φ1

φ2

-U(φ)

φ1 φ1

φ2

-U(φ)

φ1

Figure1:The potential�U (� 1;�2)for � < 0 (left)and for � > 0 (right)

W eshallrestrictourselveshereto the� > 0 regim e,because a richerm anifold ofkinksarises

in this range. The space of�nite energy con�gurations C is the union ofsixteen disconnected

topologicalsectorsin thiscase.Ifa;b= 1;2 wehavethat:

C = ta;b C
� �

(a;b)
ta;b C

� �

(a;b)

with

C
� �

(a;b)
=

n
~�(x;t)=~�(1 ;t)= ~�

V
�

a
;~�(�1 ;t)= ~�

V
�

b

o

C
� �

(a;b)
=

n
~�(x;t)=~�(1 ;t)= ~�

V
�

a
;~�(�1 ;t)= ~�

V
�

b

o

In theC� �
(a;a)

non-topologicalsectorsa sym m etry breaking scenario develops:theoriginalG I sym -

m etryoftheaction (1)isbroken totheH
(a)

I
sub-group bythechoiceofj~�

V
�

a
iasthe\zero-particle"

statein theC� �
(a;a)

sector.

Thesm all
uctuation solutions~�a(t;x)= ~��a + ��(t;x)ofthe�eld equations
�
@2

@t2
�

@2

@x2

�

~� = � ~r U

around thevacuum pointsV �
1 and V �

2 can berespectively expanded in term softheeigenfunctions

oftheHessian operators:

V1 =

�
� d2

dx2
+ 4 0

0 � d2

dx2
+ �2

�

V2 =

�
� d2

dx2
+ 2� 0

0 � d2

dx2
+ 2�

�

:

Therefore,theone-particlestateshaverespectively(dim ensionless)m asses:m 2
1(V

�
1 )= 4;m 2

2(V
�
1 )=

�2 and m 2
1(V

�
2 )= m 2

2(V
�
2 )= 2�.

The m ostim portantfeature ofthissystem isthatthere existsa degenerate in energy fam ily

ofBPS kinksin the C� �
(1;1)

topologicalsectorsforany value of� > 0.BPS kinksare�nite energy

solutionsofthe�rst-ordersystem ofdi�erentialequations:

d�1

dx
= �

@W

@�1
= �

�

2�21 + ��
2
2 �

1

2

�
d�2

dx
= �

@W

@�2
= �2��1�2 : (3)

In both References [23]and [24]it has been shown that the BPS kinks belonging to the C� �
(1;1)

topologicalsectorsarein one-to-onecorrespondencewith thecurvesin theR 2 internalspace:
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� � 6= 1,

�
2
1 +

�

2(1� �)
�
2
2 =

1

4
+

c

2�
j�2j

2

� ; (4)

wherec2 (�1 ;cS)isan integration constantand thereisacriticalvaluecS = 1

4

�

1� �
(2�)

�+ 1

� .

� � = 1 ,

�
2
1 � �

2
2

�
c

2
+ logj�2j

�

=
1

4
;

c2 (�1 ;cS),cS = �1+ ln2.

Oneseesin Figure1 (right)thattherearetwo m axim a of�U(�1;�2)with thesam eheight.Kink

solutions which go from one m axim um to the other depend on a param eter c which m easures

whethertheparticlem ovesthrough thebottom ofthevalley,orm orealongthesideson thecurve

(4).Thereisacriticalvalueofcwheretheparticlem ovesashigh aspossible;increasing cbeyond

thiscriticalvaluetheparticlecrossesthem ountain and fallso� to theotherside.

AlltheBPS kinksbelongingtothesefam ilieshavethesam e(dim ensionless)energy:E(BPS)=

jW (~�
V
�

1

)� W (~�
V
�

1

)j= 1

3
.W eshalldenotethesekinksasTK2(c)because from (4)oneseesthat

thetwo com ponentsofthe�eld arenon-zero forgenericvaluesofc;also,allthekink orbitsin (4)

startand end in vacua belonging to the sam e G I-orbit,and are accordingly classi�ed as\loop"

kinks.

Plugging (4)into (3)onereducesthe solution ofthe(3)ODE system to a single quadrature.

The explicit integration can be perform ed analytically only for certain specialvalues of�,see

References[23],[24].

Exactly forc = �1 ,one-com ponent topologicalkinks -therefore term ed as TK1-arise. If

c = �1 ,forany � 2 [0;1 ),we obtain the curve �2 = 0 in (4)and �nd the BPS kinks in the

C
� �

(1;1)
sectorsofcon�guration space:

~�TK 1(x)= (�1)�
1

2
tanh(x+ a)~e1 � 2 Z=Z2 :

a 2 R isanotherintegration constantthat�xesthecenterofthekink.

3 O ne-loop correction to them assofone-com ponenttopo-

logicalkinks

In thisSection we shallcom pute the one-loop quantum correction to the classicalm assofTK1

kinks.Because them atrix di�erentialoperatorgoverning second-order
uctuationsaround these

kinksisdiagonal,

K =

�
� d2

dx2
+ 4� 6sech

2
x 0

0 � d2

dx2
+ �2 � �(� + 1)sech

2
x

�

(5)

thistask can be perform ed using both the DHN form ula and the asym ptotic m ethod. Note also

thattheone-loop correction to theTK1 kink m assisthesum oftwo contributions:(1)�M (K 11)

isthe one-loop correction due to the the tangent
uctuationsto the TK1 kink governed by K 11.
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(2)�M (K 22)collectsthe contributionsto the quantum correctionscom ing from the orthogonal


uctuationsto theTK1 ruled by K 22.Therefore,wewrite

�M (TK1)= �M (K 11)+ �M (K 22) :

3.1 O ne-loop correction to the T K 1 kink m ass: D H N form ula

In (5),both K 11 and K 22 areparticularcasesofSchr�odingeroperatorsofP�osch-Tellertype

�= �
d2

dx2
+ c

2
0 �

u0

cosh2x
;

whoseeigenvaluesand eigenfunctionsareknown [28].SinceK 22 isaSchr�odingeroperatorinvolving

potentialterm s with re
ection (� =2 N)and without re
ection (� 2 N),we use the generalized

DHN form ula forthe~-correction to them assofone-com ponenttopologicalkinks:

�M (K aa) =
~m

2

"
l� 1X

i= 0

!i+ sl!l�
va

2
+
1

�

Z 1

0

dq
@�a(q)

@q

p
q2 + v2a �

hVaa(x)i

2�

#

+

+ ~m
hVaa(x)i

8�

Z 1

0

dk
p
k2 + v2a

; (6)

where

v
2
a =

�2U

��2a

�
�
�
�
~�
V
�

1

; Vaa(x)= v
2
a �

�2U

��2a

�
�
�
�
~�T K 1

;

and h�istandsfortheexpectation value:hVaa(x)i=
R1

� 1
dxVaa(x).

Form ula (6)hasbeen derived in the Appendix collecting previouswork in thistopic. W e set

asm = a� the param eter with dim ension ofL� 1 thatwillbe used to �x the realdim ension of

each observablein thesystem .Notethatasaconsequenceofourchoiceofdim ensionlessvariables

there isa globalfactorof
p
2 in form ula (6)with respectto the analogousform ula used in [16].

W enow pauseto explain theorigin ofthedi�erentterm s:

1.The�rstlineaccountsforthezero-pointenergy ofthequantum kink m easured with respect

to thezero-pointenergy ofthevacuum .Eigenstatesfrom both thediscrete and continuous

spectrum ofK aa contribute. The highestbound state contributes with a weightsl,which

is1 if!l doesnotcoincide with the bottom ofthe continuousspectrum (threshold). If!l
isburied atthreshold,the corresponding eigenstate isa half-bound state and sl =

1

2
. To

deduceform ula (6)thedensity ofstatesin thecontinuousspectrum isgiven in term softhe

phase shifts�a(q)ofthe scattering waves through the potential: v2a � Vaa(x). A cut-o� in

the num berofm odes(see Appendix fora com plete derivation ofform ula (6)including the

case ofpotentialswith non-zero re
ection coe�cients)hasbeen used forrenorm alizing the

zero pointenergy.Notealso thatthesubtraction of va
2
am ountsto taking into accountthe

contribution ofthe half-bound state in the vacuum to the vacuum zero point energy (see

[13]and theAppendix).

2.Thesecond linetakesintoaccountthecontribution ofthem assrenorm alization counter-term

to theCasim irenergiesofboth thekink and thevacuum .
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3.1.1 Tangent 
uctuations: �M (K 11)

Spec(K 11) includes two bound states,one half-bound state (in the above notation l= 2),and

scattering eigenfunctionscharacterized by thephaseshifts:

�1(q)= �2arctan
3q

2� q2

Therefore:

Spec(K 11)= f!0 = 0g[ f!1 = 3g[ f!2 = 4gs2= 1

2

[ fq
2 + 4gq2R :

Substituting allthisinform ation into form ula (6)weobtain:

�M (K
TK 1
11 ) =

p
3~m

2
�
~m

2�

Z 1

� 1

dq
3
p
q2 + 4(q2 + 2)

q4 + 5q2 + 4
+
3~m

2�

Z 1

� 1

dk
p
k2 + 4

�
~m

4�

Z 1

� 1

dx6sech
2
x

= ~m

�
1

2
p
3
�
3

�

�

Except for a globalfactor
p
2,the contribution ofthe tangent 
uctuations is the sam e as the

contribution ofallthe 
uctuations to the kink in the �4 m odel;note thatthere are two bound

stateswith eigenvaluesof0 and 3,giving tangent
uctuationsto theTK1 kink identicalto those

arising in the�(�4)2 m odel.The globalfactorisdue to the di�erentchoice ofthe param etersin

thepotential.

3.1.2 O rthogonal
uctuations: �M (K 22)

Thescattering in thepotentialwell-c20 = �2,u0 = �(� + 1)-ofK22 isnot\re
ectionless" if� is

notan integer.Therearein generaleven and odd phaseshifts

�
�
2 (q)=

1

4
arctan

�
Im (T(q)� R(q))

Re(T(q)� R(q))

�

;

to beread from thetransm ission and re
ection coe�cients

T(q)=
�(� + 1� iq)�(�� � iq)

�(1� iq)�(�iq)
; R(q)=

�(� + 1� iq)�(�� � iq)�(iq)

�(1+ �)�(��)�(�iq)
:

Recalling that

e
i2�

�

2 = T(q)� R(q) (7)

T(q)and R(q)areobtained from theasym ptoticbehaviourofthescattering eigenstates:

 q(x)= N e
iqx

2F1[��;� + 1;1� iq; ex

ex+ e� x
] ;

where 2F1[a;b;c;d]istheGausshypergeom etricfunction .

If� = l2 N isa naturalnum ber,R(q)= 0 -�(��)hasa pole in thiscase-,�+2 (q)= �
�
2 (q),

and thetotalphaseshift�2(q)= �
+
2 (q)+ �

�
2 (q)is:

�2(q)=
1

2
arctan

 
Im

Q l� 1

n= 0
(q2 � (l� n)2 + 2iq(l� n))

Re
Q l� 1

n= 0
(q2 � (l� n)2 + 2iq(l� n))

!

: (8)
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The num berofbound and half-bound statesofSpec(K 22)isequalto I[�],I[�]being the integer

partof�.Thecorresponding eigenvaluesare!i= i(2� � i),see[29,28],whereasthebound state

eigenfunctionsread:

 i(x)=
N

(coshx)(�� i)
2F1[�i;2� � i+ 1;� � i+ 1;1

2
(1+ tanhx)] ;i= 0;1;� � � I[�] :

Thehalf-bound statearisesonly in thecase� = I[�]= l2 N.Som eexplanation aboutthisissue

should beprovided:The\�rst" eigenfunction in thecontinuousspectrum

 q= 0(x)= N 2F1[��;� + 1;1;
1

2
(1+ tanhx)]

doesnotbelong to theHilbertspace because lim x! � 1  q= 0(x)
�= c� x,exceptifu0 = l(l+ 1).In

thislattercase, i= l=  q= 0 ,

lim
x! � 1

2F1[�l;l+ 1;1;1
2
(1+ tanhx)]�= c�

and hencethisisthehalf-bound statein thespectrum ofK 22.

In sum ,wehavethat:

Spec(K 22)=

�
[i= 0;1;:::;I[�]f!i= i(2� � i)g[ fq2 + �2gq2R+ if � =2 N

[i= 0;1;:::;�� 1f!i= i(2� � i)g[ f!l= � = �2gsl= �=
1

2

[ fq2 + �2gq2R+ if � 2 N
:

Therefore,in the subspace ofC� �
(1;1)

orthogonalto the TK1 con�guration m ore bound states,de-

pending in num beron thevalueof�2,appearaseigen-
uctuationsoftheHessian operator.The

corresponding eigenvaluesaresem i-de�nitepositiveforany valueofsigm a.TheTK1 kink isthus

stable independently ofthe �2 param eter.An im portantpointisthatthere existsa second zero

m ode because the �rsteigenvalue ofK 22 is zero forall�
2. This zero m ode obeys neutralequi-

librium 
uctuationsin a continuousfam ily ofkinkswith the sam e energy asthe TK1 kink and

second non-zero com ponent,see[24].

Form ula (6)dem andsthecom putation ofthederivativeofthephaseshiftwith respectto the

m om entum q,using (7)can beperform ed explictly:

@�2(q)

@q
= �

i

2

"

e
� i2�

+

2

@ei2�
+

2

@q
+ e

� i2�
�

2

@ei2�
�

2

@q

#

=

= 2Re[ (iq)�  (�� + iq)]+
�

2sinh
2
�qcsc2�� + tan��

: (9)

Plugging alltheseexpressionsinto (6)wehavethat:

�M (K 22)=

=
~m

2

2

4

I[�]X

i= 0

p
i(2� �i)�

�

2
+
1

�

Z 1

0

dq

 
@�2(q)

@q

p
q2+ �2 +

�(1+ �)
p
q2+ �2

!

�
�(� + 1)

�

3

5 if � =2 N

=
~m

2

"
�� 1X

i= 0

p
i(2� �i)+

1

�

Z
1

0

dq

 
@�2(q)

@q

p
q2+ �2 +

�(1+ �)
p
q2+ �2

!

�
�(� + 1)

�

#

if � 2 N :(10)
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W earenow interested in describingseparatelythebehaviourofthecontributionsfrom thediscrete

spectrum oftheoperatorK 22 and from theintegralin (10)to �M (K 22).W ede�ne

�M (K
(d)

22 )=

I[�]X

i= 0

p
i(2� � i) ; f(q;�)=

 
@�2(q)

@q

p
q2+ �2 +

�(1+ �)
p
q2+ �2

!

(11)

to em phasize thedi�erentcontributions.

In �M (K
(d)

22 ),thecontribution ofthediscretespectrum ofK 22 totheone-loop correction ofthe

TK1 kink m ass,wenoticethefollowing.First,thegreaterthevalueof�,thegreaterthenum ber

ofbound statesin Spec(K 22)is. There isa jum p in �M (K
(d)

22 )when � crossesan integervalue,

see Figure 2. Second,a half-bound state in Spec(K 22) arises exactly at the values � = l2 N,

which contributes to �M (K
(d)

22 ) with a 1

2
weight with respect to the contribution ofany other

state.One would think from these considerationsthat�M (K 22)isa non-continuousfunction of

the coupling constant� because ofthe jum ps in �M (K
(d)

22 ). On the otherhand,we know that

theTK1 solution dependssm oothly on thevalueof�,such thata sm ooth responseof�M (K 22)

would beexpected.

1 2 3 4 5 6

2.5

5

7.5

10

12.5

15

σ

∆M(Kdiscrete
)

1 2 3 4 5

-2

-1

1

2

σ=1.4

σ=1.6

σ=1.9

q

Figure2:Contribution to the one-loop correction from the discrete spectrum ofK 22 (left) Behaviour of

the integrand f(q;�)in (10)(right)

Theanalysisofthesecond contribution isalsosubtle.Them ain pointsareasfollows:First,the

descriptive behaviouroftheintegrand f(q;�)dependsonly on thefractionalpartof�,following

thepattern shown in Figure2 fortherange� 2 (1;2).Second,asym ptotically wehavethat:

lim
q! 1

f(q;�)= 0 ; 8� :

M oreover,

lim
q! 0

f(q;�)= 1+ �(1� 2
E �  (��) (1+ �)) ;

where
E istheEulerGam m a constant,and  (z)istheDigam m afunction.Notethatf(q;� = l)

hasa pole atq = 0. Because f(q;�)iswell-behaved forany othervalue ofq if� isnon-integer,

theintegralin (6)iswellde�ned and a �niteanswerfor�M (K 22)isobtained,seeFigure2.The

integralbecom esim properif� = l2 N:in thiscase itisonly de�ned by taking the lim itq ! 0

appropriately. A m iracle happens: the integralofthe function f(q;�)produces a jum p in this

contribution when � crosses an integer that exactly cancels the jum p in �M (K
(d)

22 ) due to the

appearanceofa new bound orhalf-bound state!,�M (K 22)isa continuousfunction of�.
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Nevertheless,the integralcannotbeevaluated analytically exceptforintegervaluesof�.W e

usenum ericalanalysistocom pute�M (K 22)bym eansofform ula(6).Thenum ericalcom putation

con�rm s that �M (K 22) is sm ooth in �. The contributions from the discrete and continuous

spectrum balance each otherto obtain a sm ooth behaviourin �. W e stressthatthisbalance is

m ade possible by a propercounting ofthe half-bound statesin both the vacuum and TK1 kink

Schrodingeroperators.

In thenextTableweo�erthedata on thesum ofthetangentand orthogonalcontributionsto

theTK1 quantum m asscorrection,�M (TK1),forsom evaluesin therange� 2 (0:4;3:3),which

arealso depicted in Figure3.

� �M (TK 1)=~m

0:4 � 0:799335

0:5 � 0:829892

0:6 � 0:860369

0:7 � 0:890955

0:8 � 0:921788

0:9 � 0:952966

0:99 � 0:981384

1:00 � 0:984565

1:01 � 0:98775

1:1 � 1:01664

1:2 � 1:04925

1:3 � 1:08242

� �M (TK 1)=~m

1:4 � 1:11618

1:5 � 1:15057

1:6 � 1:18559

1:7 � 1:22128

1:8 � 1:25765

1:9 � 1:2947

1:99 � 1:32865

2:0 � 1:33251

2:01 � 1:33627

2:1 � 1:37094

2:2 � 1:41013

2:3 � 1:45005

� �M (TK 1)=~m

2:4 � 1:4907

2:5 � 1:53212

2:6 � 1:57427

2:7 � 1:61717

2:8 � 1:65316

2:9 � 1:70527

2:99 � 1:74592

3:0 � 1:72309

3:01 � 1:75503

3:1 � 1:79644

3:2 � 1:84319

3:3 � 1:89071

3.2 A sym ptotic series for the T K 1 sem i-classicalm asses

The evaluation ofone-loop correctionsto the m asses ofother(two-com ponent)kinks which are

classically degenerate in energy with the TK1 kink isanothertask to be addressed in thiswork.

ForthispurposetheDHN form ulaisofnouse,becauseourknowledgeaboutthespectrum ofnon-

diagonalm atrix Sch�odingeroperatorsisgrossly insu�cient.Alternatively,we can use a form ula,

derived in References[16,18],thatexpressestheone-loop correction to k-com ponentkink m asses

asan asym ptoticseries.IfwedenoteasK theHessian operatoraround a given loop kink K,the

form ula forthe one-loop correction to the m asses oftopologicalkinks derived in Reference [18]

reads:

�M (K)= ~m [� 0 + D n0]

8
>>><

>>>:

� 0 = �
j

2
p
�

D n0 = �

2X

a= 1

n0� 1X

n= 2

[an]aa(K)

8�


[n � 1;v2a]

v2n� 2a

; n0 2 N :

(12)

A lightningsum m ary ofthecontentofform ula(12)isasfollows:j= dim Ker(K)isthenum berof

zerom odesin thespectrum ofK.[an]aa(K)arethecoe�cientsofthehigh-tem peratureexpansion

oftheheatfunction associated with theheatequation:

2X

b= 1

�
@

@�
�ab+ K ab

�

Fb(�;x)= 0 ;


[n � 1;v2a]areincom plete Gam m a functions,see [30],and va arethem assesofthefundam ental

quanta atthe pointofthe vacuum m odulispace determ ined by the loop kink K.The divergent

11



term s
2X

a= 1

[a0]aa(K)

8�


[�1;v2a]

v� 2a
;

2X

a= 1

[a1]aa(K)

8�

[0;v2a]

lacking in (12)arerespectively cancelled by subtracting thezeropointvacuum energy,and taking

into accountthem assrenorm alization counterterm ,see[16]and [18].

Although we have com puted �M (TK 1) by m eans ofthe DHN form ula (6) in the previous

Section,wenow apply (12)totheTK1kink in ordertotesthow good theapproxim ation provided

by theasym ptoticseriesiswith respectto theexactDHN result.

The spectrum ofK com prises two zero m odes; henceforth,j = 2. M oreover,v21 = 4 and

v22 = �2 in this case,whereas the Seeley coe�cients [a n(K)]11 and [an(K)]22 are pointed out in

References[16,18].The calculationsofthe partialsum sin (12)forseveralvaluesof� and with

n0 = 10 providetheresultsshown in thenextTable:

� �M (TK 1)=~m

0:5 � 0:962386

0:6 � 0:970537

0:7 � 0:981183

0:8 � 0:994487

0:9 � 1:01053

1:0 � 1:0293

� �M (TK 1)=~m

1:1 � 1:05073

1:2 � 1:07468

1:3 � 1:10097

1:4 � 1:12939

1:5 � 1:15971

1:6 � 1:19174

� �M (TK 1)=~m

1:7 � 1:22526

1:8 � 1:2599

1:9 � 1:29571

2:0 � 1:33324

2:1 � 1:37074

2:2 � 1:41007

In Figure3theresultsareplotted as(white)squaresand arecom pared with thedataobtained

from theDHN procedure,(black)dots.W ecan check theconcordancebetween thetwo m ethods;

therelativeerrorfortheanswerfrom theasym ptoticm ethod is,forinstance,0.79 % for� = 1:5,

0.055 % for� = 2:0 and 0.004 % for� = 2:2.Thegreater�,them oreexacttheresponsereached

from (12).On the otherhand,fortherange� 2 (0;1)theanswerislessprecise (for� = 0:9 the

relativeerroris6.0% ).Thereason forthisbecom escleartaking into accountthatthegreaterthe

value ofthe m asses,the sm allerthe value of

[n� 1;v2

a
]

v
2n� 2

a

,and the m ore rapidly the seriesexpansion

in form ula (12)converges.

0.5 1 1.5 2 2.5 3 3.5

-1.8

-1.6

-1.4

-1.2

-0.8

-0.6

-0.4

σ

∆MK

Figure 3: One-loop correction to the one-com ponent topologicalkink (TK1) m ass in units of~m . �,

DHN form ula .2,asym ptotic series.

It is interesting to note that the answer obtained by m eans ofthe asym ptotic series is a

continuous function of�. This m ethod,based in the heat kernelexpansion and the associated

generalized zeta function,leadsdirectly tothecorrectresult,withoutneeding tocarefully balance

thecontributionsfrom thediscreteand thecontinuouspartsofthespectrum .Thereason isthat

theSeeley coe�cientsarede�ned in term softhepotential(and itsderivatives),which encodesall

thepropertiesofthespectrum .

12



4 Sem i-classicalm asses ofkink fam ilies

So far we have only com puted the one-loop correction to the classicalm ass for the TK1 kink-

using eitherthe (exact)DHN form ula (6)orthe (approxim ate)asym ptotic expansion (12). The

m odel,however,exhibitsa continuousfam ily ofkinkswhich havethesam e classicalenergy.Our

goalin thisSection isto com pute the one-loop correction to the kink m assforeach m em berof

thefam ily and to analyzethefateofthekink degeneracy in thesem i-classicallevel,using form ula

(12)with thehelp ofsom enum ericalanalysis.

4.1 � = 2

In thiscase,itispossibleto �nd explicitanalyticalexpressionsforthesolutionscorresponding to

thekink orbits(4),see[24]:

~�TK 2[x;a;b]=
(�1)�

2

sinh2(x+ a)

cosh2(x+ a)+ b
~e1 +

(�1)�

2

p
b2 � 1

cosh2(x+ a)+ b
~e2 ; (13)

wherea 2 R,b= � c
p
c2� 16

2 (1;1 ),and �;� 2 Z=Z2.Thefam ily ofSchr�odingeroperatorsruling

thesm all
uctuationsin theoriginal�eldsisin thiscase

K(b)=

0

@
� d2

dx2
+ 6

sinh2(2x)+ b2� 1

(cosh(2x)+ b)2
� 2 12

p
b2 � 1

sinh(2x)

(cosh(2x)+ b)2

12
p
b2 � 1

sinh(2x)

(cosh(2x)+ b)2
� d2

dx2
+ 6

sinh2(2x)+ b2� 1

(cosh(2x)+ b)2
� 2

1

A :

The asym ptotic m ethod can be applied by substituting the corresponding expressions for this

case in form ula (12):j = 2,v2a = 4,a = 1;2,and the potentialterm softhe above operatorare

required in the de�nitionsofthe Seeley coe�cients[a n]aa(K). Thiscalculation hasbeen carried

outforsom e kinksofthe fam ily (13)with integration constantc in the range c2 [�30;cS),see

Table and Figure 4. In sum ,the approxim ate value ofthe one-loop quantum m asscorrection to

allthesesolutionsis�1:33280� 0:00001in unitsof~m .Thus,thestatem entthatthedegeneracy

oftheclassicalm assto thekink fam ily in thecase� = 2 ispreserved in thequantum fram ework

ishighly accurate.

Forthisvalue of� we can easily prove thatthe statem entiscom pletely exact.A rotation of

450 in R
2,~e1 =

1
p
2
(~"1 + ~"2),~e2 =

1
p
2
(~"1 � ~"2),shows thatthe system is non-coupled. W riting

~� =  1~"1 +  2~"2,wehavethat:

T�= 2 =
1

2

�
d 1

dx

� 2

+
1

2

�
d 2

dx

� 2

; U�= 2 = 4

�

 
2
1 �

1

8

�

+ 4

�

 
2
2 �

1

8

�

:

W ecan writethedegeneratekink fam ily in thealternativeform :

~�TK 2�[x;a1;a2]=
(�1)�

2
p
2
tanh(x + a1)~"1 +

(�1)�

2
p
2
tanh(x + a2)~"2 ;

in term softhenew param etersa1;a2 2 (�1 ;1 ).NotethattheTK1kinkscorrespond toa1 = a2.

In thesevariablestheHessian operatorisdiagonalforany m em beroftheTK2 fam ily:

K(a1;a2)=

 
� d2

dx2
+ 4� 6

cosh2(x+ a1)
0

0 � d2

dx2
+ 4� 6

cosh2(x+ a2)

!

:
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Therefore,both the spectrum ofK(a1;a2) and the one-loop correction to the kink m asses are

independent ofa1;a2 2 (�1 ;1 ): �M (TK 2 �[a1;a2]) = ~m ( 1p
3
� 6

�
) � �1:33281. The kink

degeneracy is not broken by quantum 
uctuations at the one-loop level; this result would be

expected from generalargum entsbecause thefam ily ofsecond-order
uctuation operatorsabove

isisospectral.

4.2 N um ericalapproxim ation

The problem thatwe face isthe lack ofexplicit analyticalexpressions ofthe kink solutions for

generic valuesof�;only the kink orbits(4)are available. However we can solve the �rst-order

equations(3)by standard num ericalm ethods.W esetthe\initial" conditions:

�1(0)= 0 ;
�

2(1� �)
�
2
2(0)�

c

2�
j�2(0)j

2

� =
1

4
:

Therationalebehind thischoice isasfollows:(1)forany kink solution,�1(x)hasalwaysa zero.

Translationalinvariance allows us to set the zero at x = 0. (2) To ensure that we will�nd a

num ericalkink solution,we�x �2(0)in such a way that(4)issatis�ed fora given valueof� and

arbitrary choicesofc.

In thisway thenum ericalm ethod providesuswith a succession ofpointsofthekink solution

generated by a interpolation polynom ial. The kink polynom ialis then used to calculate the

[an]aa(K) coe�cients ofform ula (12) approxim ately and hence the one-loop correction to the

kink m ass. A subtle pointneedsto be clari�ed: the coe�cientsare de�ned in term softhe �eld

solutionsand theirderivatives.W hereasitisallrighttodescribethekink solutionsapproxim ately

by interpolation polynom ials,taking \derivatives" ofsuch discretecon�gurationsofpointswould

induce im portanterrors. Fortunately,we can use the �rst-orderequations(3)to expressallthe

�eld derivativesaspolynom ialsin the�elds.

Thisprocedure wascarried outforvaluesof� in the (1:3;3:3)range with �� = 0:1 �nding

in allcases a sim ilar pattern in the behaviour ofthe �M (K (c)). In the Figure 4 we show the

resultsobtained using thism ethod forseveralvaluesofcin the range c2 (�30;cS)in the cases

� = 1:5 and � = 2:5.A �rstobservation istheperfectagreem entreached between thenum erical

approxim ation and theexactresultofthe� = 2 case.Next,wenoticethatthegreaterthevalue

of�,thebettertheconvergenceoftheasym ptoticexpansion to theexactvalueforkink solutions

with csu�ciently distantfrom c S.W echeck thatthe kink degeneracy isalwaysm aintained in a

widerangeofc,butstartsto failwhen capproachescS.
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� = 1:5

c �M

� 30 � 1:16009

� 27:5 � 1:16017

� 25 � 1:16128

� 22:5 � 1:16042

� 20 � 1:16061

� 17:5 � 1:16088

� 15 � 1:16128

� 12:5 � 1:16193

� 10 � 1:16313

� 7:5 � 1:16597

� 5 � 1:18205

� 4:6801886 � 1:24345

� 4:68018860186678332 � 1:25103

� = 2:0

c �M

� 30 � 1:33281

� 27:5 � 1:33281

� 25 � 1:33281

� 22:5 � 1:33281

� 20 � 1:33281

� 17:5 � 1:33281

� 15 � 1:33281

� 12:5 � 1:33281

� 10 � 1:33281

� 7:5 � 1:33281

� 5 � 1:33280

� 4:001 � 1:33280

� 4:00001 � 1:33280

� = 2:5

c �M

� 30 � 1:52784

� 27:5 � 1:52782

� 25 � 1:52780

� 22:5 � 1:52778

� 20 � 1:52774

� 17:5 � 1:52769

� 15 � 1:52760

� 12:5 � 1:52744

� 10 � 1:52711

� 7:5 � 1:52626

� 5 � 1:52285

� 4 � 1:52168

� 3:97 � 1:52915

� 3:96594571 � 1:55402

� 3:96594570565808127 � 1:56127

-30 -25 -20 -15 -10

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-0.9
c

∆M

σ=1.5

σ=2.0

σ=2.5

Figure4:The One-loop Quantum M assCorrection in the cases� = 1:5,� = 2:0 and � = 2:5.

Thus,the previousTable and Figure suggestthe survivalofkink degeneracy atthe one-loop

levelup to valuesofcclose to cS. A m ore precise idea aboutwhatisgoing on in the vicinity of

cS isgiven by thefollowing observations:

1)W e �rstnotice thatthe c = cS kink orbitsbelong to the C� �
(a;b)

(a 6= b)topologicalsectors

forany value of�. Thus,thiskind ofkink iscalled a \link" because the associated orbitslink

di�erentpointsin thevacuum m odulispace.Thetrajectoriesoftheselink kinksenclosetheorbits

ofthe kink fam ily studied previously in Section x4. For� = 2,these TK2L topologicalkinksof

link typeare:

~�TK 2L(x)=
(�1)�

4
(1� (�1)
 tanh(x + a))~e1 +

(�1)�

4
(1+ (�1)
 tanh(x+ a))~e2

with a 2 R,�;�;
 2 Z=Z2.Thelink topologicalkinksfor� = 1

2
are

~�TK 2L(x)=
(�1)�

4

�

1� (�1)� tanh
x + a

2

�

~e1 +
(�1)

p
2

r

1+ (�1)� tanh
x+ a

2
~e2

with �;�;
 2 Z.Thereareno analyticalexpressionsavailableforothervaluesof�.
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2)Second,we realize thatbecause the existence ofthese enveloping kinksthe energy density

ofany kink obtained forc nearcS isform ed by two lum ps. W e explain the generalsituation in

the� = 1

2
case.Even though theasym ptoticm ethod workspoorly forthisvalueof� (with errors

higherthan a18% ),theanalyticalinform ation allowsa fulldescription ofthesituation.TheTK2

kink fam ily isgiven by:

~�TK 2[x;b]=
(�1)�

2

sinh(x + a)

cosh(x + a)+ b
~e1 + (�1)�

s

b

cosh(x+ a)+ b
~e2

wherea 2 R,b= 1p
1� 4c

2 (0;1 ),and ,�;� 2 Z=Z2.

In Reference[27],weshowed thatthesplitting into two lum psstartsatc= 0 orb= 1.In the

previoussubsection wehaveobserved through num ericalcom putationsforany valueof� 6= 2that

the departure from the TK1 quantum correction also startsatthe value ofcwhere the splitting

begins. Use ofthe c param eterisnecessary to im plem entthe num ericalm ethod,butunsuitable

for discussing this phenom enon. Note that c 2 (0;cs) is tantam ount to b 2 (1;+1 ). b is a

m easureofthedistancebetween thetwo lum ps,although a highly non-linearone,see[27].Thus,

thebreaking ofthedegeneracy isnoticeablewhen thetwo lum psarefurtherapart.Theinduction

ofthisrepulsive force by quantum e�ects can be betterunderstood by looking atthe fam ily of

theTK2 Hessian operators:

K(b)=

0

@
� d2

dx2
+ 3b

coshx+ b
+ 6sinh2 x

(cosh x+ b)2
� 2 6

p
bsinhx

(cosh x+ b)
3

2

6
p
bsinhx

(cosh x+ b)
3

2

� d2

dx2
+ 3

2

b

coshx+ b
+ 3

4

sinh2 x

(cosh x+ b)2
� 1

2

1

A :

In theFigure5 weshow a plotofthediagonalcom ponentsofthepotentialforseveralvaluesofc.
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Figure5:Diagonalcom ponents ofthe potentialfor c=-30,c=-1,c=0.1,c=0.245 and c=0.249.

Thereisno m odi�cation ofthepotentialbetween c= �30 and c= �1 (theo�-diagonalcom -

ponentsareodd functionsand thearea enclosed by them iszero);therem ustbekink degeneracy

in thisrange ofc.Starting atc= 0,the second com ponentturnsfrom potentialwellto barrier,
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inducing a (still)very weak repulsion. The closerthe value ofc to cS = 1

4
,the strongerthe re-

pulsion com ing from thesecond com ponent,whereasthe�rstcom ponentdevelopsa doublewell,

clearly arising from the m eiosis into two lum ps. Therefore,the spectrum ofK(b) is com pletely

di�erentin theregim esb2 (0;1)and b2 (105;1 ),with a transition region in between.W estress

again thatthepictureissim ilartothisforany � 6= 2:theclassicaldegeneracy startstofailforthe

value ofc where two peaksin the energy density appear:quantum 
uctuationsinduce repulsive

forcesbetween thetwo basiclum ps,which areconstituentsofa TK2 kink.Thedata in theTable

also show thatthe rate ofchange ofthe quantum correction dim inisheswhen the two lum psare

extrem ely farapart,in arangeofcwheretherearenosigni�cantchangesin thestructureofK(c).

W e stressthatthe breaking ofthe kink degeneracy due to quantum e�ectssuggeststhe pos-

sibility ofa sim ilarphenom enon between higherdim ensionaltopologicaldefectsasvorticesand

m onopoles;itistantalizingtothinkthatthem ethod heredeveloped could alsobeapplied tostudy

theone-loop e�ectson them odulispacesofvorticesand m onopoles.Nevertheless,onecan argue

thesurvivalofkink degeneracy to quantum 
uctuationsin thefully supersym m etricsystem .The

reason isthe saturation ofthe BPS bound atthe quantum levelin N = 1 W ess-Zum ino d = 2

supersym m etricm odelsduetoequalanom aliesin theenergy and thecentralcharge;seeReference

[31]fora recent and elegant proofin system s with only one chiralsuper�eld. In our case,two

chiralsuper�elds,the anom aly isgiven -up to som e constant-in term softhe Laplacian ofthe

superpotential:

j�W (~�(1 ))� �W (~�(�1 ))j= 4+ 2� ;

a quantity independent ofc. Therefore,the c-dependence in the energy com ing from bosonic


uctuations m ust be exactly cancelled by taking into account the ferm ionic 
uctuations with

SUSY preserving boundary conditions.

W eend thisSection by exploring som epointsabouttheone-loop correction to theTK2L link

kinks.If� = 2,theTK2L Hessian/Schrodingeroperatorfora = 0 is

K
L(� = 2)=

 

� d2

dx2
+ 4� 3

cosh2 x

3

cosh2 x
3

cosh2 x
� d2

dx2
+ 4� 3

cosh2 x

!

;

whereasif� = 1

2
,also fora = 0,wehave:

K
L(� =

1

2
)=

 
� d2

dx2
+ 5

2
� 3

2
tanh(x

2
)� 3

2

1

cosh2(
x

2
)

3

2
p
2
(1� tanh(x

2
))
p
1+ tanh(x

2
)

3

2
p
2
(1� tanh(x

2
))
p
1+ tanh(x

2
) � d2

dx2
+ 5

8
+ 3

8
tanh(x

2
)� 3

16

1

cosh2(
x

2
)

!

:

In thislastcase,we would need to use the background renorm alization m ethod asdeveloped in

[16]tocom putetheone-loop correction,butthetask isso involved thatweonly discussthe� = 2

case.

ItisclearthatSpecK L(� = 2)= SpecD ,where:

D =

�
� d2

dx2
+ 4 0

0 � d2

dx2
+ 4� 6

cosh2 x

�

:

Oneim m ediately concludesthat

�M (TK 2L)=
1

2
�M (TK 1) ;
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i.e. the fam ous kink sum rule also holds at the one-loop level. The results obtained via the

asym ptotic expansion agree with thisobservation. The very accurately calculated degeneracy in

thecase� = 2,obtained from num ericalplusasym ptoticcom putationseven in thevicinity ofthe

lim iting value cS = �4 (see Figure 4),im plies thatthe com bination oftwo identicallink kinks

(reached when the param etercgoesto cS)hasthe sam e m assquantum correction asthe restof

thekinks.

Aswe have seen the situation isdi�erent(and to som e extentsurprising)forothervaluesof

�. The singularbehaviourofthe system for� = 2 isrelated to the factthatthe m etric ruling

thekink adiabaticm otion isEuclidean if� = 2,see[27];consequently,thetwo lum psm ovefreely

with respectto each other.

5 C lassicalversus sem i-classicalkink degeneracy

In thisSection weshalladdressthesubtlequestion ofwhathappensto thekink degeneracy when

quantum e�ectsaretaken into accountfrom the analytical-m ore than thecom putational-side.

Letusdenoteby
~�
K (c)(x;c)= ��1(x;c)~e1 + ��2(x;c)~e2

thesolution ofthe�rst-orderequations(3)given by theorbit(4).Letusde�neK(c)= V1� V (c)

as:

K(c)=

�
� d2

dx2
+ 24��21[x;c]+ 4�(� + 1)��22[x;c]� 2 8�(� + 1)��1��2[x;c]

8�(� + 1)��1��2[x;c] � d2

dx2
+ 4�(� + 1)��21[x;c]+ 6�2��22[x;c]� �

�

:

W ehavethusa fam ily ofSchrodingeroperatorsgoverning thesm all
uctuationsaround any kink

in thedegeneratefam ily.

Theone-loop correction to them assoftheK (c)kink isgiven by theform ula (5)ofReference

[18]:

�M (K (c)) = lim
s! �

1

2

[� 1"
K (c)(s)+ � 2"

K (c)(s)]

� 1"
K (c)(s) =

~

2
�
2s+ 1

�
�P K (c)(s)� �V1(s)

�

� 2"
K (c)(s) = lim

L! 1

~

2L
�
2s+ 1

�(s+ 1)

�(s)

2X

a= 1

�(V1)aa(s+ 1)

Z m L

2

�
m L

2

dxVaa(x;c) : (14)

W e recallthat � 1"
K (c)(� 1

2
) is the kink Casim ir energy m easured with respect to the vacuum

Casim ir energy. � 2"
K (c)(� 1

2
),however,accounts forthe contribution to the kink energy ofthe

m assrenorm alization counterterm .

The generalized zeta functions ofK(c) (with the zero eigenvalues excluded) and V1 can be

written in term softheheatfunctionsvia M ellin transform s:

�P K (c)(s)=
1

�(s)

Z
1

0

d��
s� 1Tre� �P K (c) ; �V1(s)=

1

�(s)

Z
1

0

d��
s� 1Tre� �V1 :

Thederivativeof� 1"
K (c)(s)with respectto cisobtained im m ediately,

@

@c
� 1"

K (c)(s)=
~

2�(s)
�
2s+ 1

Z 1

0

d��
s� 1Tr

�
@V

@c
e
� �P K (c)

�

;
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whereaswealso have:

@

@c
� 2"

K (c)(s)= lim
L! 1

~

2L
�
2s+ 1

�(s+ 1)

�(s)

2X

a= 1

�(V1)aa(s+ 1)

Z m L

2

�
m L

2

dx
@Vaa

@c
:

Ifthesum ofthesetwoquantitiesaddstozeroatthes! � 1

2
lim itwecan besurethatthekink

degeneracy alsoholdsup tothisorderin the~-expansion.Unfortunately,an exactcom putation is

beyond ouranalyticalcapacitiesbutwe can work an asym ptotic expansion ofthisform ula along

sim ilarlinestothoseused in Reference[18]and [32].From thehigh-tem peratureexpansion ofthe

heatkernel,

K K (c)ab(x;x;�)=

2X

d= 1

A ad(x;x;�)
e� �v

2

d

p
4��

�db =
e� �v

2

b

p
4��

1X

n= 0

[an]ab(x;x)�
n

and bearing in m ind that

Tr

�
@V

@c
e
� �P K (c)

�

=

Z 1

� 1

dxtrhxj
@V

@c
e
� �P K (c)

jxi

=

Z 1

� 1

dx

Z 1

� 1

dx
0trhxj

@V

@c
jx

0
ihx

0
je

� �P K (c)
jxi

=

2X

a;b= 1

Z 1

� 1

dx
@Vab(x;c)

@c
K K (c)ba(x;x;�)

we�nd

Tr[
@V

@c
e
� �K (c)] =

1
p
4��

1X

n= 0

2X

a;b= 1

Z
1

� 1

dx

�
@Vab(x)

@c
[an]ba(x;x)e

� �v2
a

�

�
n

=
1

p
4�

1X

n= 0

2X

a= 1

[cn]ae
� �v2

a�
n�

1

2 ;

where

[cn]a =

2X

b= 1

Z
1

� 1

dx
@Vab(x;c)

@c
[an]ab(x;x) :

Therefore,

@

@c
�K (c)(s)=

1
p
4��[s]

1X

n= 0

2X

a= 1

[cn]a

Z 1

0

d�e
� �v2

a�
s+ n� 1

2 +
@B K (c)(s)

@c
;

whereB K (c)(s)isa negligibleerrorarising from thetruncation ofthe� integration in � = 1.This

gives:

@

@c
� 1"

K (c)(s)=
~m

2
�
2s+ 1

1X

n= 0

2X

a= 1

[cn]a
[s+ n + 1

2
;v2a]

p
4� v

2(s+ n+ 1

2
)

a

+ error :
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Also,wehavethat

�(V1)aa(s+ 1)=
m L

�[s+ 1]


[s+ 1

2
;v2a]

p
4� v2a(s+

1

2
)

and,because[a0]ab(y;y)= �ab,

[c0]a =

2X

b= 1

Z 1

� 1

dy
@Vab

@c
:

Thus,

@

@c
� 2"

K (c)(s)= �
~m

2
�
2s+ 1

2X

a= 1


[s+ 1

2
;v2a]

p
4�v2a(s+

1

2
)
[c0]a

and �nally weobtain:

@

@c

�
� 1"

K (c)(s)+ � 2"
K (c)(s)

�
=
~m

2
�
2s+ 1

1X

n= 1

2X

a= 1

[cn]a
[s+ n + 1

2
;v2a]

p
4� v

2(s+ n+
1

2
)

a

+ error : (15)

Itisa rem arkable factthatthe pole arising in lim s! �
1

2

� 1"
K (c)(s)appearsin the n = 0 term of

theasym ptoticexpansion.Theresiduetakesavaluesuch thatthisdivergenceisexactly cancelled

by lim s! �
1

2

� 2"
K (c)(s).Explicitcom putation of(15)hasbeen carried outfor� = 2 and wehave

perfectconcordancewith thedatadepicted in theFigure5.In thiscase,thecoe�cientsc n vanish,

such that @

@c
�" K (c)(s)= 0.

6 Jacobi�elds,kink instability and resonances

IntheC� �
(2;2)

topologicalsectors,thingsarem oredi�cult.Ascriticalpointsoftheenergyfunctional,

thetopologicaldefectsm ustsatisfy theEuler-Lagrangeequations

d2�1

dx2
= 2�1

�
4�21 + 2�(1+ �)�22 � 1

� d2�2

dx2
= ��2

�
4(� + 1)�21 + 2��22 � 1

�
: (16)

If� = 2 and � = 1

2
,weareableto obtain allthekinksin these sectorsofthem odelbecause the

associated dynam icalproblem isintegrable.

� For� = 2 in theC� �
(2;2)

topologicalsectors,we�nd

~�TK 20[x;b]=
(�1)�

2

p
b2 � 1

cosh2(x+ a)+ b
~e1 +

(�1)�

2

sinh2(x+ a)

cosh2(x+ a)+ b
~e2 :

� For� = 1

2
,in theC� �

(2;2)
topologicalsectorswehavethefam ily ofsolutions:

~�TK 20[x;b] = (�1)�
sinhbsinh(x+ a)

cosh2(x + a)+ 2coshbcosh(x+ a)+ 1
~e1 +

+ (�1)�
� sinh(x + a)

q

cosh
2
(x + a)+ 2coshbcosh(x+ a)+ 1

~e2 :
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Forgeneric�,only theTK1’kinksareknown explicitly in C� �
(2;2)

:

~�TK 10(x)= (�1)�
1

p
2�
tanh

r
�

2
(x + a) :

De�ning z =
p

�

2
x,wewritetheHessian fortheTK1’kinksas

J =
�

2

�
� d2

dz2
+ 4�

4(1+ �)

�
sech

2
z 0

0 � d2

dz2
+ 4� 6sech

2
z

�

: (17)

J isa diagonalm atrix di�erentialoperatorthatincludesastheJ 22 m atrix elem entthevery well

known Posch-TellerSchr�odingeroperator,with c20 = 4and u0 = 6.J11 isalso ofPosch-Tellertype

-c20 = 4,u0 =
4(1+ �)

�
-,and deserves a closeranalysis. The eigenvalues !n = 4� [� � (n + 1

2
)]2,

� =

q
4(1+ �)

�
+ 1

4
,n = 0;1;2;� � � ;I[� �1

2
]� 1 belong to thediscretespectrum ofJ11.Thus,

SpecJ = [
I[��

1

2
]� 1

n= 0

�
4� [� � (n + 1

2
)]2
	
[ fk

2
1 + 4g[ f0g[ f3g[ fk22 + 4gk22R :

Thephaseshiftsforthecontinuousspectrum are

�(k1)= �+ (k1)+ �� (k1); �(k2)= �2arctan
3k2

2� k22
:

The re
ection coe�cient associated to the Schr�odinger operator J 11 is not zero if� 6= 4

j(j+ 1)� 4

with j a positive integernum bergreaterthan orequalto 2.Therefore,there are also in general

even and odd phaseshifts,

�� (k1)=
1

4
arctan

�
Im (T(k1)� R(k1))

Re(T(k1)� R(k1))

�

;

to beread from thetransm ission and re
ection

T(k1)=
�(1

2
+ � � ik1)�(

1

2
� � � ik1)

�(1� ik1)�(�ik1)
; R(k1)=

�(1
2
� � ik1)�(

1

2
� �2 � ik1)�(ik1)

�(1+ �)�(1� � 2)�(�ik1)

coe�cients.

Thephysicaland geom etricalinform ation encoded in thespectrum ofJ isasfollows:

� There are two bound states in the tangent direction to the TK10 kink in C
� �

(2;2)
. The �rst

ofthem isthe translationalzero m ode and the second one isinterpreted asusual:a scalar

boson\polarized"in internalspacein the~e2 direction iscaptured bythekink.Thescattering

eigenstatescorrespond to~e1-polarized scalarbosonsm oving in thekink background.

� There are I[� � 1

2
]� 1 bound statesin the orthogonaldirection to the TK10 kink in C

� �

(2;2)
.

The associated eigenvalues are positive if� > 2 and thus the TK10 kink is stable in this

regim e.
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� W hen � < 2,therearesom enegativeeigenvaluesin Spec(J )and theTK10kink isunstable

againstthe associated 
uctuations. The num berofnegative eigenvaluesand the degree of

instability increasewith decreasing �:if� 2 ( 4

j(j� 1)� 4
; 4

j(j+ 1)� 4
]thespectrum ofJ11 contains

j� 2 negativeeigenvaluesand thereexistj� 2 instability directionsaround theTK10kink

in theC� �
(2;2)

sectors.Foran analysisofkink stability in m ulti-com ponentscalar�eld theory,

see[33].

� Atthecriticalvalues� = 4

j(j+ 1)� 4
thereisa jum p in thenum berofnegativeeigenvaluesand

theJacobi�eld

 J(q)
�= (1� q

2)2F1[
5

2
+

q

j(j+ 1)+ 1

4
;5
2
�

q

j(j+ 1)+ 1

4
;3;1

2
(1+ q)] ; q= tanhz

becom esabound statebelongingtothediscretespectrum ofJ11.TheM orseindex theorem ,

[33],tellsusthatthereisacontinuousfam ilyofTK2’kinksintheC� �
(2;2)

sectorsif� = 4

j(j+ 1)� 4
.

Them em bersofthisfam ily arethe
ow linesofthegradientofa second superpotential ~W

thathastwo criticalpointsat~�
V
�

2

= �

p
j(j+ 1)� 4

2
p
2

~e2 and j� 2 branching points:the zeroes

of J(x)~e2,see[33].

-1 1
q

ψJ

-1 1
q

ψJ

Figure6:Graphics of J(q)for j= 2;j= 3;j= 4;j= 5 (left),for non-criticalvalues of� close to the

criticalones(right).

Therefore,theTK10kink givesriseto a bona �deeigenstateoftheHam iltonian only if� > 2.

Here we shallnot give �M (TK1 0),because the com putation is identicalto that developed for

�M (TK1)if� � 2 butgives rise to a com plex m ass if� 2 < 2;the TK1’kink state should be

interpreted asa resonancein thisregim e.

A ppendix: m ode num ber cuto� regularization m ethod

In thisAppendix wepresentaderivation ofthebasicequation (6)in Section x3.Given theK and

V Schrodingeroperators

V = �
d2

dx2
+ v

2
; K = �

d2

dx2
+ v

2
� V (x);
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respectively ruling thesm all
uctuationsaround thevacuum and thekink,therenorm alized zero

pointenergy is:

� 1"
K =

~m

2

 
X

SpecK

!n �
X

SpecV

�!n

!

: (18)

Here,v2 = d2U

d 2 j V isa constant,and v2� V (x)= d2U

d 2 j K givesriseto a potentialwellV (x),which

rapidly decreases to its asym ptotic value: lim
x! � 1

V (x) = 0;note that,as in the m ain text,we

usedim ensionlesseigenvaluesand recoverthedim ension in the�nalresponsethrough theoverall

constantof(18).Thespectrum ofboth K and V iscontinuousand som eregularization isneeded to

com putethein�nitesum sin theCasim irenergy (18).Overthelastfew yearsitbecam eclearthat

the correctregularization procedure isbased on a cut-o� in the num berof
uctuation m odes,a

num berthatm ustbetaken tobe\equal" in thevacuum and kink sectors,see[12].M orerecently,

controversy aroseaboutwhetheran energy cut-o� regularization can yield thecorrectanswer,see

[34]and [35]. Thisisa subtle m atterindeed,butallthe evidence leadsusto rely on the m ode

num berregularization m ethod.

Beforederiving(6),weoutlinetheset-up pointed outin [14]thatunderliesourapproach below.

The problem isdiscretised by con�ning thesystem to a box oflength 2L,which ism uch greater

than any length scale characteristic ofthe potentialterm orofany ofitsbound states,and the

lim itL ! 1 istaken attheend oftheanalysis.In orderto specify theboundary conditionswe

distinguish between (a)eigenstateswith eigenvalue greaterthan v2,giving riseto thecontinuous

part ofthe spectrum ,and (b) those with eigenvalue lower than or equalto v2,corresponding

respectivelytoboundorhalf-boundstates.Fictitiousboundaryconditions (�L)= 0areim posed

on the eigenstates oftype (a),butwe can safely anticipate the lim itL ! 1 forstatesoftype

(b) and use for them the eigenfunctions ofthe actualbound or half-bound states respectively

decreaseexponentially orgo to a �niteconstantatlong distances.In any case,westressthefact

thatthe e�ectsinduced by the boundary conditionsdisappearwhen the L ! 1 lim itistaken.

Nevertheless,weshallapproach �rsttheproblem by focusing on operatorsK withouthalf-bound

states. Thisparticularcase (tackling operatorswhich involve potentialswithoutre
ection,such

asthosein thekink and soliton ofthewellknown �4 and Sine-Gordon m odel)willbedealtwith

later.

Apartfrom restricting thespectra ofV and K

V [k;x]= �!2(k) [k;x] ; K [q;x]= !
2(q) [q;x]

to thoseeigenfunctionsoftype (a)satisfying Dirichletboundary conditions (�L)= 0,we shall

only consider sym m etric potentials V (x) = V (�x) which allows us the choice ofodd, (x) =

� (�x),and,even, (x)=  (�x),eigenstates com plying with the boundary conditions. This

breaks the degeneracy that arises by im posing periodic conditions on eigenfunctions with non

de�ned-parity (plane waves),and hence skipssom e problem sarising when the num berofbound

statesisodd.

A briefdescription oftheeigenvaluesand eigenfunctionsofV and K in a �nitebox follows.

1.Spectrum ofV

� Half-bound state.
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Theconstantfunction,

 0(x)= constant ;

isan eigenfunction ofV with eigenvaluev2 thatdo notgrow atx = �1 .

� Odd eigenfunctions

Ifn� isa naturalnum berstrictly positiveand thewavevectorskn� satisfy

kn� � L = �n
�

; n
�
2 N

+
;

then theodd functions, n� (x)= � n� (�x),

 n� (x)= A n� � sin(kn� � x)

belongtothespectrum ofV with eigenvalue�!2(kn� )= k2
n�
+ v2.Since(kn� + 1� kn� )L =

� thedensity ofodd eigenstatesis: ��� (k)= L

�
.

� Even eigenfunctions

Ifn+ isa naturalnum berand thewavevectorskn+ satisfy

kn+ � L = �(n+ + 1

2
) ; n+ 2 N ;

then theeven functions, n+ (x)=  n+ (�x),

 n+ (x)= A n+ � cos(kn+ � x)

belong to thespectrum ofV with eigenvalue �!2(kn+ )= k2
n+

+ v2.Now,��+ (k)= L

�
.

2.Spectrum ofK

� Bound states:

W e assum e that there exist lbound states with !2 � v2. In particular we denote

by l+ the num berofsym m etric bound statesand by l� the num berofantisym m etric

states,l= l+ + l� .If!2
l = v2,thehighestbound statebecom esa half-bound oneand

contributeswith a weightofsl=
1

2
to them assquantum correction.

� Odd eigenfunctions.

Thereareodd eigenfunctionswhich asym ptotically areoftheform :

 n� (x)
x! L
’ A n� � sin[qn� � x+ �

� (qn� )] :

The odd phase shifts �� (qn� )are de�ned in term s ofthe transm ission and re
ection

coe�cients,seeSection x3,butnow theboundary conditionsrequire:

qn� � L + �
� (qn� )= �n

�
; n

�
2 N : (19)

Unitarity, transparency at q = 1 ,and, continuity ofthe wave function at q = 0

(threshold)allow usto setthephaseam biguity asin [14]:

lim
q! 1

�
� (q)= 0 ; lim

q! 0+
�
� (q)= �l

�
:
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The question arises: what isthe m inim um value n� = n
�
0 ? Forvery large L,q

n
�

0

is

very sm alland (19)becom es:

q
n
�

0

� (L + �
0� (0+ ))+ �

� (0+ )= �n
�
0 : (20)

Here,�0� (0+ )isthe lim itofthe left-hand derivative ofthe antisym m etric phase shift

when q goes to zero from the right. The m inim um value ofn� = n
�
0 is therefore

n
�
0 = l� .Since(qn� + 1 � qn� )L + �� (qn� + 1)� �(qn� )= � thedensity ofantisym m etric

statesis:

�
� (q)=

L

�
+
1

�

@�� (k)

@k
:

� Even eigenfunctions.

Thereareeven eigenfunctionswhich asym ptotically areoftheform :

 n+ (x)
x! L
’ A n+ � cos[qn+ � x+ �

+ (qn+ )] :

Thephaseshifts�+ (qn+ )arede�ned in term softhetransm ission and re
ection coe�-

cients,seeSection x3,and theboundary conditionsrequire:

qn+ � L + �
+ (qn+ )= �(n+ + 1

2
) ; n+ 2 N : (21)

Again wesetthephaseam biguity by invoking Levinson’stheorem asin [14]:

lim
q! 1

�
+ (q)= 0 ; lim

q! 0+
�
+ (q)= �(l+ � 1

2
)

wherel+ isthenum berofeven bound states.

From

q
n
+

0

� (L + �
0+ (0+ ))+ �

+ (0+ )= �(n+0 +
1

2
) ;

weread them inim um possiblevalueofqn+
0

:n+0 = l+ .Now,

�
+ (q)=

L

�
+
1

�

@�+ (k)

@k
:

W e stress that due to the parity ofthe eigenfunctions there is no need to consider

negativevaluesofn� .

Theregularized version ofform ula (18)reads:

� 1"
K =

~m

2

lX

i= 1

!i+

+
~m

2

"
NX

n+ = l+

q

q2
n+

+ v2 �

N 0X

n+ = 0

q

k2
n+

+ v2

#

+

+
~m

2

2

4

N 0

X

n� = l�

q

q2
n�

+ v2 �

N 0

0X

n� = 0

q

k2
n�

+ v2

3

5 :

25



The �rstrow collects the contributions ofthe l= l+ + l� bound statesofK. In the othertwo

rows,the contributionsofeven and odd eigenfunctions in the continuous spectra are accounted

for.Notethatwehaveadded thecontribution oftheconstantm odeofV totheodd sectorbecause

itcorrespondsto the lowereigenvalue ofV.W e stick to m odenum bercut-o� regularization,i.e.

weim poseN = N 0 and N
0= N 0

0.Thischoicebalancesthenum berofstatesofK and V involved

in theaboveform ula.W ehavedistinguished thenum berofsym m etricand antisym m etricstates,

N and N 0,although weshallconsidereitherN 0= N + 1 orN 0= N .

To m easurethecontribution ofK with respectto thecontribution ofV to theCasim irenergy

m odeby m ode,wewritethesecond row in theform :

~m

2

"
NX

n+ = 0

�q

q2
n+

+ v2 �

q

k2
n+

+ v2

�

�

l+ � 1X

n+ = 0

q

q2
n+

+ v2

#

’
~m

2

"

�

NX

n+ = 0

kn+ �
+ (kn+ )

L
p
k2
n+
+ v2

�

l+ � 1X

n+ = 0

q

q2
n+

+ v2 + �(1
L2)

#

L ! 1

N ! 1

’ �
~m

2

�Z 1

0

dk

�

d!(k)

dk
�
+ (k)+ l

+
v

�

:

A sim ilarprocessfortheodd eigenfunctionsgives:

~m

2

"
N 0

X

n� = 0

�q

q2
n�

+ v2 �

q

k2
n�

+ v2

�

�

l� � 1X

n� = 0

q

q2
n�

+ v2

#

’
~m

2

"

�

N 0

X

n� = 0

kn� �
� (kn� )

L
p
k2
n�

+ v2
�

l� � 1X

n� = 0

q

q2
n�

+ v2 + �(1
L2)

#

L ! 1

N 0! 1

’ �
~m

2

�Z 1

0

dk

�

d!(k)

dk
�
� (k)+ l

�
v

�

:

Thesum ofallcontributionsplusa partialintegration,

� 1"
K =

~m

2

lX

i= 1

!i�

�
~m

2
l
+
v�

~m

2�
�
+ (k)!(k)

�
�
�
�

1

0

+
~m

2�

Z 1

0

dk
d�+ (k)

dk
!(k)

�
~m

2
l
�
v�

~m

2�
�
� (k)!(k)

�
�
�
�

1

0

+
~m

2�

Z 1

0

dk
d�� (k)

dk
!(k) ;

and theasym ptoticbehaviourofthetotalphaseshift,

�
+ (k)

k! 1
�=

1

k

Z 1

0

dxV (x)cos2(kx) �
� (k)

k! 1
�=

1

k

Z 1

0

dxV (x)sin2(kx)

show that:

� 1"
K =

~m

2

lX

i= 1

!i�
~m

2
l
+
v+

~m

2�
�
+ (0)v�

~m

2
l
�
v+

~m

2�
�
� (0)v�

�
~m

2�

Z 1

0

dxV (x)[cos2(kx)+ sin2(kx)]+
~m

2�

Z 1

0

dk
d[�+ (k)+ �� (k)]

dk
!(k) :
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From the 1D Levinson theorem we notice that the two lastterm s in the �rst line ofthe above

form ula canceleach otherbutthe two preceding onesleave a contribution: � v

2
. Therefore,the

form ula forthekink Casim irenergy reads:

� 1"
K =

~m

2

"
lX

i= 1

!i�
v

2
+
1

�

Z
1

0

dk
d�(k)

dk
!(k)�

hV (x)i

2�

#

; (22)

wherehV (x)i=
R1

� 1
V (x)dx = 2

R1

0
V (x)dx istheexpectation valueofthepotentialterm and the

contribution ofthecontinuousspectrum isencoded in thetotalphaseshift:�(k)= �+ (k)+ �� (k).

W ecallattention to thecontribution � ~m v

4
,which tellsusthatthecontribution ofthem odewith

k = 0 wavevectorin SpecV ishalfthecontribution ofa bona �debound state-hence,thenam e-.

The generalization ofthisapproach to tackle the presence ofa bound state with k = 0 and

!2 = v2 in SpecK (half-bound state)isdirect.TheLevinson theorem ,

�� (0
+ )= l� � ; �+ (0

+ )= l+ � �
�

2
; (23)

worksasabove,butthere isnow a half-bound statethatcontributeswith 1

2
to both thenum ber

l= l� + l+ and the m ass quantum correction � 1"
K ,see [13]. Thus,we write (23) as �(0+ ) =

l� � �

2
= nb�,and,bearing in m ind the previousobservation,the above calculations reproduce

the resultsobtained in Reference [12]. The tricky pointto realize ishow the contribution ofthe

threshold state turns(23)into �(q+ )= nb�,with nb the num berofbound stateswith !2 < v2.

In the kink m assform ula,the contribution ofthe half-state would canceloutthe term � v

2
,and

everything isokay.Forthisreason,theform ula shown in [12]isvalid only foroperatorsinvolving

potentialswithoutre
ection. A �nalexpression involving both ofthese cases provides the �rst

row ofform ula (6)

� 1"
K =

~m

2

"
l� 1X

i= 1

!i+ sl!l�
v

2
+
1

�

Z
1

0

dk
d�(k)

dk
!(k)�

hV (x)i

2�

#

; (24)

where sl =
1

2
ifwe dealwith a re
ectionless potentialbut sl = 1 ifthe re
ection coe�cient is

non-zero.
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