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A bstract

W ere-expressthequantum Calogero-Sutherland m odelfortheLiealgebraE 6 and the

particularvalue ofthe coupling constant� = 1 by using the fundam entalirreducible

characters ofthe algebra as dynam icalvariables. For that, we need to develop a

system aticprocedureto obtain alltheClebsch-G ordan seriesrequired to perform the

changeofvariables.W edescribehow theresultingquantum Ham iltonian operatorcan

be used to com pute m ore charactersand Clebsch-G ordan series for this exceptional

algebra.

To Francesco Calogero on ocassion ofhisseventieth birthday.

1 Introduction

Duringthethreelastdecadesofthepastcentury,aplethoraofhighlynontrivialm echanical

integrable system s were discovered,see [1,2]for com prehensive reviews. Am ong these,

theCalogero-Sutherland m odelsform a distinguished class.The�rstanalysisofa system

ofthis kind was perform ed by Calogero [3]who studied,from the quantum standpoint,

thedynam icson thein�nitelineofa setofparticlesinteracting pairwiseby rationalplus

quadratic potentials,and found thatthe problem wasexactly solvable. Soon afterwards,

Sutherland [4]arrived to sim ilarresultsforthe quantum problem on the circle,thistim e

with trigonom etric interaction,and M oser [5]showed that the classicalversion ofboth

m odelsenjoyed integrability in theLiouvillesense.Theidenti�cation ofthegeneralscope

ofthesediscoveriescam ewith thework ofO lshanetsky and Perelom ov [6]-[8],whorealized

thatitwaspossible to associate m odelsofthiskind to allthe rootsystem softhe sim ple

Lie algebras,and that allthese m odels were integrable,both in the classicaland in the

quantum fram ework [9,10]. Nowadays, there is a widespread interest in this type of

http://es.arxiv.org/abs/math-ph/0406067v1
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integrablesystem s,and m any m athem aticaland physicalapplicationsforthem havebeen

found,see forinstance [11].

The study ofthe form and propertiesofthe Schr�odingereigenfunctionsforthe quan-

tum version ofthese m odels constitutes an interesting line of research. In fact, these

eigenfunctions have very rich m athem aticalproperties. In particular,for the case with

trigonom etric potential,ifwe tune the coupling constants to sam e especialvalues,the

wave functionscorrespond to the charactersofthe sim ple Lie algebras,while ifwe select

a di�erent tuning,we can m ake them to coincide with zonalsphericalfunctions. Thus,

the Calogero-Sutherland theories provide us with a new toolfor com puting these quan-

tities. In this spirit,we willdescribe in the present paperhow to use the trigonom etric

Calogero-Sutherland m odelto obtain both particularcharactersand Clebsch-G ordan se-

riesforthe exceptionalLie algebra E 6.The m ain pointofourapproach isto expressthe

Calogero-Sutherland Ham iltonian in a suitable set ofindependent variables,indeed the

fundam entalcharactersofE 6.The use ofsuch kind ofvariableshasbeen quite usefulto

solve the Schr�odingerequation forthe m odelsassociated to som e classicalalgebras,[10],

[12]-[18].

The organization ofthe paperisasfollows. Section 2.isa rem inderofthe properties

ofE 6 relevantforthecontentsofthepaper.Section 3.describestheCalogero-Sutherland

m odelassociated to E 6 and explains how to perform the change ofvariables m entioned

above. Section 4. gives a detailed account ofthe com putation ofthe Clebsch-G ordan

seriesofE 6 needed to passto thenew variables.In Section 5.wepresenttheHam iltonian

in thesevariablesand describeitsuseforcom puting new charactersand to reducetensor

products ofrepresentations. Som e conclusions are given in Section 6.,and �nally,the

appendicesshow som e explicitresultsforcharactersand Clebsch-G ordan seriesofE 6.

2 Sum m ary ofresults on the Lie algebra E 6

In thisSection,we review som e standard factsaboutthe rootand weightsystem softhe

Lie algebra E 6,with the aim of�xing the notation and help the readerto follow the rest

ofthepaper.M ore extensive and sound treatm entsofthese topicscan befound in m any

excellenttextbooks,see forinstance [19],[20].

Thecom plex Liealgebra E 6,thelowest-dim ensionalonein theE -fam ily ofexceptional

Lie algebras in the Cartan-K illing classi�cation, has dim ension 78 and rank 6, as the

nam e suggests. From the geom etrical point of view, it adm its (with som e subtleties,

see [21]) an interpretation which extends the standard-one for the classicalalgebras: in

the sam e way that these correspond to the isom etries ofprojective spaces over the �rst

three norm ed division algebras | SO (n + 1) ’ Isom (RP n),SU (n + 1) ’ Isom (CP n),

Sp(n + 1) ’ Isom (H P n)| ,F4,E 6,E 7 and E 8 are the Lie algebras ofthe projective

planesoverextensionsofthe octonions,giving riseto theso-called \m agic square":F4 ’

Isom (O P 2),E 6 ’ Isom [(C 
O )P 2],E 7 ’ Isom [(H 
O )P 2],E 8 ’ Isom [(O 
O )P 2]. In

Physics,them ostrem arkableroleplayed by E 6 isin theheteroticten-dim ensionalE 8�E 8

superstringtheory when theextra six dim ensionsarecom pacti�ed to a m anifold ofSU (3)

holonom y:in such acase,oneoftheE 8 breakstoan E 6 which givestheG rand Uni�cation

group offour-dim ensionalphysics[22].TheDynkin diagram ofE 6,see Figure 1,encodes
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�1 �3 �4 �5 �6

�2

Figure 1. TheDynkin diagram forthe Liealgebra E 6.

the euclidean relationsam ong thesim ple roots,which are

(�i;�i) = 2; i= 1;2;3;4;5;6

(�4;�i) = �1; i= 2;3;5

(�1;�3) = (�5;�6)= �1;

(�i;�j) = 0; in allothercases:

Therefore,the Cartan m atrix reads

A =

0

B
B
B
B
B
B
@

2 0 �1 0 0 0

0 2 0 �1 0 0

�1 0 2 �1 0 0

0 �1 �1 2 �1 0

0 0 0 �1 2 �1

0 0 0 0 �1 2

1

C
C
C
C
C
C
A

:

Itisconvenienttousearealization ofthesim plerootsin term softhegeneratingsystem

f"1;"2;"3;"4;"5;"6;"g ofR
7 (endowed with thestandard Euclidean m etric)satisfying the

conditions"1 + "2 + "3 + "4 + "5 + "6 = 0,("i;"j)= � 1

6
+ �ij,(";")=

1

2
and (";"j)= 0

[19].W ith reference to thissystem ,we have

�1 = "1 �" 2; �2 = "4 + "5 + "6 + "

�3 = "2 �" 3; �4 = "3 �" 4 (2.1)

�5 = "4 �" 5; �6 = "5 �" 6:

Thepositive roots,which are given by alllinearcom binationsoftheform s

"i�" j; "i+ "j + "k + "; 2"; i6= j6= k; (2.2)

can beclassi�ed by heightsasindicated in theTable1.Thefundam entalweights�k follow

from theequation �i=
P

4

j= 1A ji�j.They are

�1 = "1 + "

�2 = 2"

�3 = "1 + "2 + 2"

�4 = "1 + "2 + "3 + 3"

�5 = "1 + "2 + "3 + "4 + 2"

�6 = "1 + "2 + "3 + "4 + "5 + ":
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Height Positive roots

1 �1; �2; �3;�4; �5;�6

2 �1 + �3;�3 + �4;�4 + �5;�5 + �6;�2 + �4

3 �1 + �3 + �4; �3 + �4 + �5; �4 + �5 + �6; �2 + �3 + �4;

�2 + �4 + �5

4 �1 + �3 + �4 + �5; �3 + �4 + �5 + �6;�1 + �2 + �3 + �4;

�2 + �3 + �4 + �5; �2 + �4 + �5 + �6

5 �1 + �3 + �4 + �5 + �6; �1 + �2 + �3 + �4 + �5; �2 + �3 + 2�4 + �5;

�2 + �3 + �4 + �5 + �6

6 �1 + �2 + �3 + 2�4 + �5; �1 + �2 + �3 + �4 + �5 + �6;

�2 + �3 + 2�4 + �5 + �6

7 �1 + �2 + 2�3 + 2�4 + �5;�2 + �3 + 2�4 + 2�5 + �6;

�1 + �2 + �3 + 2�4 + �5 + �6

8 �1 + �2 + 2�3 + 2�4 + �5 + �6; �1 + �2 + �3 + 2�4 + 2�5 + �6

9 �1 + �2 + 2�3 + 2�4 + 2�5 + �6

10 �1 + �2 + 2�3 + 3�4 + 2�5 + �6

11 �1 + 2�2 + 2�3 + 3�4 + 2�5 + �6

Table 1. Heightsofpositiveroots.

Thegeom etry ofthe weightsystem issum m arized by therelations

(�i;�j)= A
�1
ij
;

with (A �1
ij
)theinverse Cartan m atrix.TheW eylvectoris

� =
1

2

X

�2R +

� =

6X

i= 1

�i= 8�1 + 11�2 + 15�3 + 21�4 + 15�5 + 8�6

with R + thesetofpositiverootsofthealgebra.TheW eylform ula fordim ensionsapplied

to the irreducible representation associated to the integraldom inantweight� = m 1�1 +

m 2�2 + m 3�3 + m 4�4 + m 5�5 + m 6�6 gives

dim R � =
Y

�2R +

(�;�+ �)

(�;�)
=

P

25 �35 �45 �54 �63 �73 �82 �9�10�11

whereP isa productextended tothesetofpositiverootsin which theroot� =
P

6

i= 1
ci�i

contributeswith a factorht(�)+
P

6

i= 1cim i,whereht(�)istheheightof�.In particular,

forthe fundam entalrepresentations,one�nds:

dim R �1 = 27 dim R �2 = 78

dim R �3 = 351 dim R �4 = 2925

dim R �5 = 351 dim R �6 = 27:

Notethat,thesedim ensionsreectthefact,com ing from theZ 2 sym m etry oftheDynkin

diagram ,thatthe representationsR �1 and R �6 are com plex conjugates,and the sam e is

trueforR �3 and R �5,whileR �2 (the adjointrepresentation)and R �4 are real.
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3 T he C alogero-Sutherland m odelassociated to the Lie al-

gebra E 6

TheHam iltonian operatorforthetrigonom etricCalogero-Sutherland m odelrelated to the

rootsystem ofa sim pleLie algebra hasthe generic form

H =
1

2
(p;p)+

X

�2R +

��(�� �1)sin
�2 (�;q);

where q and p are vectors with dim ensions given by the rank r ofthe algebra,( ; ) is

the usualeuclidean inner product in R
r, and �� = �� if jj�jj = jj�jj. In particular,

becauseE 6 issim ply-laced,theCalogero-Sutherland m odelassociated to E 6 dependsonly

on one coupling constant �. To write H in a m ore explicit way,it is convenient to use

the orthonorm albasisfei; i= 1;:::;6g in R
6.The expression ofq and p in thisbasisis

sim ply q=
P

6

i= 1
qiei ,p =

P
6

i= 1
piei,while thesim ple rootsare given by:

�1 = e1 �e 2

�2 =
1

2

 

�1+

p
3

3

!
3X

j= 1

ej +
1

2

 

1+

p
3

3

!
6X

j= 4

ej

�k = ek�1 �e k; k = 3;4;5;6:

The q coordinates are assum ed to take values in the [0;�]interval, and therefore the

Ham iltonian can be interpreted as describing the dynam ics ofa system ofsix particles

m oving on thecircle,butnoticethatthereisnottranslationalinvariance.W erecapitulate

som e im portant facts about this m odelwhich follow from the generalstructure ofthe

quantum Calogero-Sutherland m odelsrelated toLiealgebras[10].Theground stateenergy

and (non-norm alized)wave function are

E 0(�) = 2(�;�)�2 = 156�2

	 �
0(q) =

Y

�2R +

sin�(�;q);

while the excited statesdepend on the quantum num bersm = (m 1;m 2;m 3;m 4;m 5;m 6),

and satisfy

H 	 �
m

= E m (�)	
�
m

E m (�) = 2(�+ ��;�+ ��); (3.1)

where � isthe highestweightofthe irreducible representation ofE 6 labelled by m ,i. e.

� =
P

6

i= 1m i�i.By substitution in (3.1)of

	 �
m
(q)= 	 �

0(q)�
�
m
(q); (3.2)

we are led to the eigenvalue problem

�� ���
m
= "m (�)�

�
m

(3.3)

with

� � =
1

2
�+ �

X

�2R +

ctg(�;q)(�;r q); (3.4)
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and

"m (�)= E m (�)�E 0(�)= 2(�;�+ 2��): (3.5)

Taking into accountthatA �1

jk
= (�j;�k),itispossible to give a m ore explicitexpression

for"m (�):

"m (�)= 2

6X

j;k= 1

A
�1

jk
m jm k + 4�

6X

j;k= 1

A
�1

jk
m j: (3.6)

The m ain problem is to solve (3.3). As it has been shown for other algebras [10]-

[14], [18], the best way to do that is to use a set of independent variables which are

invariant under the W eylsym m etry of the Ham iltonian, nam ely the characters of the

six fundam entalrepresentationsofthealgebra E 6.Unfortunately,theexpression ofthese

characterszk in term softheq-variables(which play theroleofcoordinateson them axim al

torus ofE 6)is com plicated and m akes the direct change ofvariables from qi to zk very

cum bersom e.W e are forced to follow a m uch m ore convenient,indirectroute,which has

proven be usefulfor other root system s,[18]. First ofall,we can infer from (3.4) the

structureof� � when written in the z-variables:

� � =

6X

j;k= 1

ajk(z)@zj@zk +

6X

j= 1

h

b
(0)

j (z)+ �b
(1)

j (z)

i

@zj: (3.7)

Now, to obtain the fullexpressions for the coe�cients appearing in (3.7), we rely on

the very fact that m akes the Calogero-Sutherland m odelusefulfor the purposes ofthe

present paper: for � = 1,the eigenfunction �
(1)
m is proportionalto the character �

m
of

the irreducible representation ofE 6 with m axim alweight
P

6

i= 1
m i�i. This im plies that

wecan com putethecom bination bj(z)= b
(0)

j (z)+ b
(1)

j (z)by sim ply usingthat,from (3.7),

� (1)zj = bj(z),and thus

� (1)
zj = bj(z)= "m (1)zj (3.8)

for (m k) = (�jk). Suppose now that we know the expressions in the z-variables ofall

second-order characters, that is,the characters ofthe form ��i+ �j
,and we know also

the form of the Clebsch-G ordan series for the quadratic products of the fundam ental

characters,i.e.weknow them ultiplicitiesn(m ;ij) in

zizj =
X

(m ;ij)

n(m ;ij)�(m ;ij) (3.9)

for every pair i;j. Then,by applying the operator � (1) to the two m em bers ofthese

productswe can �x the rem aining coe�cientsa jk(zi)through theequations

aij(z)+ aji(z)+ bi(z)zj + bj(z)zi=
X

(m ;ij)

c(m ;ij)"(m ;ij)(1)� (m ;ij):

Thesecharactersand seriesare,therefore,allthatweneed to accom plish thetask of�xing

the form ofthe Ham iltonian in the lim it� = 1. Although there are som e resultsalready
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availablein theliterature[19,23],anum beroftherequired Clebsch-G ordan seriesrem ain,

toourknowledge,tobecalculated.W ehavethusdeveloped asystem aticstrategy,entirely

based in a few elem entary facts,to obtain them . W e devote the next Section to give a

description ofthisstrategy.

4 C om putation ofthe quadratic C lebsch-G ordan series

Tocom puteaparticularClebsch-G ordan seriesR �i
R �j,weproceed through thefollowing

steps:

1. W e elaborate a listofallthe irreducible representationswhich could possibly enter

in theseries.To thisend,starting from thehighestweight�i+ �j,which isdirectly

given by the characterswe are m ultiplying zi;zj,we subtractallthe integrallinear

com binationsofthesim plerootssuch thattheresultisan integraldom inantweight.

To do that we have to express the sim ple roots in the basis ofthe fundam ental

weights, that is to say, the com ponents of the k-th fundam entalweight are the

entries in the k-th arrow ofthe Cartan m atrix. It turnsout that for the series at

stake,thelistofthepossiblerepresentationsisneververy long,thelongestonebeing

the corresponding to the case z24 which has24 term s.

2. W e identify som eoftherepresentationswith nonzero m ultiplicity by theuseoftwo

techniques originally devised by Dynkin [24]: the so-called Dynkin theorem and

Dynkin m ethod ofparts. W e here explain them briey,and referthe readerto the

book by R.N.Cahn [25]fora m orecarefulexposition with proofsand exam ples.

� Dynkin theorem deals with som e series ofelem ents ofthe root space called

chains.A chain isan ordered collection f1;2;:::;ng such thateach elem ent

k isan integerlinearcom bination ofthe sim ple rootswhich isatrightangles

with allm em bersofthechain otherthan k�1 and k+ 1,butitisnotorthogonal

to any ofthese two elem ents. The theorem establishes that if�1 and �2 are

integraldom inantweightsand f�1;�k1;�k2;:::;�kn ;�2g isa chain in which all

the �ki are sim ple roots,then �1 + �2 �
P n

i= 1�ki isthe highestweightofan

irreduciblerepresentation entering in the directproductoftherepresentations

with highestweights �1 and �2. In m ostcases,the inform ation com ing from

Dynkin theorem refersonly to the second highestweightrepresentation in the

product,butsom etim esthe theorem can be used to getsom e cluesaboutthe

m ultiplicity ofotherrepresentationsbeyond that.

� The m ethod ofparts usesthe reduction ofE 6 to severalsubalgebras,nam ely

those appearing when one ofthe extrem e nodes ofthe diagram ofE 6 is re-

m oved:A 5 forthenodecorrespondingto �2 and two di�erentD 5 forthenodes

of�1 and �6.Each irreduciblerepresentation ofE 6 containsasa subrepresen-

tation theirreduciblerepresentation ofthesesubalgebraswhich ariseby rem ov-

ing the index associated to the node deleted: for exam ple,the representation

ofE 6 with highest weight
P

6

i= 1
m i�i contains the irreducible representation

m 1
~�1+ m 3

~�2+ m 4
~�3+ m 5

~�4+ m 6
~�5 ofA 5,with ~�j thefundam entalweightsof

thatalgebra.Also,theproductoftwoirreduciblerepresentationsofE 6 contains
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theproductoftheirreduciblesubrepresentationsofA 5 orD 5 which m akepart

oftherepresentationsbeing m ultiplied,and onecan takeadvantage ofthefact

thattheirreduciblecom ponentsoftheseproductsofsubrepresentationsareeas-

ily worked outthrough Young diagram sorby using resultsavailable in thelit-

erature,seeforinstancetheReferenceChapterin [19].O ncethesecom ponents

areidenti�ed,they can beconverted back into irreduciblerepresentationsofE 6

by reinstating indicesin theobviousway:m 1
~�1+ m 3

~�2+ m 4
~�3+ m 5

~�4+ m 6
~�5

ofA 5 gives
P

6

i= 1
m i�i ofE 6,but now with an unknown m 2. W e try to �x

this index by sim ply inspecting the listofpossible irreducible representations

m aking partofthe product. In m any cases there is only one possibility,and

thuswe conclude thatthe corresponding representation entersin the product

with non-zero m ultiplicity.

3. W e usetheorthonorm ality ofthesystem ofirreduciblecharacters,i.e.

h�
m
j�

n
i=

Z

E 6

d�� �
m
�
n
= �m ;n;

to �x the m ultiplicity ofsom e irreducible com ponents,tipically the associated to

the fundam entalweights.Forinstance,supposewe wantto �x the m ultiplicity n�k
ofthe representation R �k in the product zizj,which is given by n�k = hzk jzizji.

Im agine thatwehave worked outtheserieszkz
�
i beforeoftheserieszizj .Then,as

hzk jzizji= hzkz
�
i jzjiand hzkz

�
i jzjiisnothing else thatthe m ultiplicity ofR �j in

zkz
�
i,which weknow,theproblem issolved.Notethen thatto useorthogonality the

orderin which weobtain theseriesisim portant,and,ofcourse,weshould begin by

the sim plestones. Note also thatin these m anipulation we use that,aspointed in

Section 2,z�1 = z6,z
�
3 = z5,z

�
2 = z2 and z

�
4 = z4.

4. O nce the m ultiplicities ofa num ber ofthe irreducible com ponents entering in the

producthavebeen �xed by m eansoftheform ertechniques,wewritea Diophantine

equation by com paring the dim ension ofthe product with the dim ensions ofthe

possibleirreduciblerepresentationswhosem ultiplicitiesareyetto be�xed.In m ost

cases,ifwehavebeen su�ciently exhaustivein ourpreviousanalysis,thisDiophan-

tine equation willhave only one solution,and then we are done. For a few series,

however,we can have to dealwith a Diophantine equation with severalsolutions

and,in these cases,to choose the correctone am ong them ,we have to go through

one supplem entary step.

5. W e take advantage ofthe structure A 5 �U (1) in E 6,which is apparent from the

expression (2.1) of the roots of E 6 in the generating system f"i;"g: the roots

�1;�3;�4;�5 and �6 are given by linear com binations ofthe "i which are suitable

to identify those roots as corresponding to A 5,while the root �2 incorporates the

new generator ",which is orthogonalto the others and can be associated with a

subalgebra U (1). Ifwe now look to the weights ofthe fundam entalrepresentation

ofE 6,R �1,which are[19]

"i�"; �" i�" j; (4.1)
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we extractthe branching structure

z1 = ~�1;0;0;0;0t+ ~�0;0;0;1;0 + ~�1;0;0;0;0t
�1
; (4.2)

where tis the character ofU (1) and ~�m 1;m 2;m 3;m 4;m 5
are characters ofA 5. In the

sam eway,given thattheroots(2.2)ofE 6 aretheweightsoftheadjointrepresenta-

tion R �2,wehave

z2 = t
2 + ~�0;0;1;0;0t+

�
1+ ~�1;0;0;0;1

�
+ ~�0;0;1;0;0t

�1 + t
�2
: (4.3)

Thebranching expressionsfortherem aining fundam entalrepresentationsfollow by

taking antisym m etricpowersofR �1:R �3 = Alt(R �1 
R �1),R �4 = Alt(R �1 
R �1 


R �1),and so on.Theresultsare

z3 = ~�0;1;0;0;0t
2 +

�
~�1;0;0;1;0 + ~�0;0;0;0;1

�
t+

�
~�0;1;0;0;0 + ~�2;0;0;0;0 + ~�0;0;1;0;1

�

+
�
~�1;0;0;1;0 + ~�0;0;0;0;1

�
t
�1 + ~�0;1;0;0;0t

�2

z4 = ~�0;0;1;0;0t
3 +

�
~�0;1;0;1;0 + ~�1;0;0;0;1 + 1

�
t
2

+
�
~�1;0;1;0;1 + ~�0;0;0;1;1 + 2~�0;0;1;0;0 + ~�1;1;0;0;0

�
t

+
�
~�2;0;0;1;0 + ~�0;1;0;1;0 + 2~�1;0;0;0;1 + ~�0;1;0;0;2 + ~�0;0;2;0;0 + 1

�

+
�
~�1;0;1;0;1 + ~�0;0;0;1;1 + 2~�0;0;1;0;0 + ~�1;1;0;0;0

�
t
�1

+
�
~�0;1;0;1;0 + ~�1;0;0;0;1 + 1

�
t
�2 + ~�0;0;1;0;0t

�3

z5 = ~�0;0;0;1;0t
2 +

�
~�1;0;0;0;0 + ~�0;1;0;0;1

�
t+

�
~�0;0;0;1;0 + ~�0;0;0;0;2 + ~�1;0;1;0;0

�

+
�
~�1;0;0;0;0 + ~�0;1;0;0;1

�
t
�1 + ~�0;0;0;1;0t

�2

z6 = ~�0;0;0;0;1t+ ~�0;1;0;0;0 + ~�0;0;0;0;1t
�1
: (4.4)

Thus,the quadratic productsofcharacters ofE 6 give som e linear com binations of

powers oft,whose coe�cients are sum s ofirreducible characters ofA 5 which can

be com puted from the previous form ulas through the usualYoung diagram m atic

com binatorics. Also,the character ofeach irreducible com ponentappearing in the

product has the sam e structure,and it can be com puted ifthe expression ofthe

character in term softhe z’sisknown. In favourable circum stances,by com paring

powersoftin both m em bersoftheClebsch-G ordan seriesonecan setsom ebounds

on m ultiplicitiesentering in the Diophantine equation,and itcan happen thatthis

bound areenough to determ inethatonly oneofthesolutionsisacceptable.

Aswehaveseen,when wearecom putingaseries,both in theuseoforthogonality relations

and in theexplotation ofthebranchingrules,weoften rely on theform ofotherseriesthat

we should have com puted before.Therefore,the orderin which theseriesare obtained is

very im portant. The ordering z21;z1z2;z1z6;z1z3;z
2
2;z1z4;z3z5;z2z3;z2z4;z

2
3;z1z5;z3z4;z

2
4

provesto begood enough fora fruitfuluse ofthe m entioned techniques 1

Letusnow show in a concretecasehow allthisworks.Supposewewantto reducethe

productz3z4,which correspondsto a representation ofdim ension 351�2925 = 1026675.

1
Note,however,thatspecially when weneed to obtain theexpression ofoneofthesecond-ordercharac-

ters,itcan happen thatwehaveto obtain som ecubicseries.W ecan do thatwith theproceduredescribed,

starting alwaysby the characteroflowestheightam ong those thatwe need to calculate.
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W ebegin bywritingalistwith allpossibledom inantweightsenteringin theseries,starting

with �3 + �4 and going down in the ordering by height. These weights,along with the

dim ensionsofthe corresponding representations,are given in the Table 2. Now,one can

Representation Dim ension

R �3+ �4 386100

R �1+ �2+ �5 314496

R �1+ �3+ �6 112320

R 2�5 34398

R 2�2+ �6 46332

R �4+ �6 51975

R 2�1+ �2 19305

R �2+ �3 17500

R �1+ 2�6 7722

R �1+ �5 7371

R �2+ �6 1728

R 2�1 351

R �3 351

R �6 27

Table 2. Representationsin R �3 
 R �4.

see from them etric relationsgiven in Section 2 thatf�3;�3;�4;�4g isa chain,and given

that�3+ �4�� 3�� 4 = �1+ �2+ �5,Dynkin theorem guarenteesthatR �1+ �2+ �5 appears

in theserieswith non-zero m ultiplicity.Letusnextturn to considerthereduction to the

subalgebra A 5 by deleting the dotcorresponding to the root�2 in the Dynkin diagram .

Thism eansthattheproductunderconsideration can bewritten �0;�;1;0;0;0��0;�;0;1;0;0and
thuscan berelated to theproduct ~�0;1;0;0;0�~�0;0;1;0;0 in A 5.Then,using Young diagram s

we �nd

�0;�;1;0;0;0��0;�;0;1;0;0= �0;�;1;1;0;0+ �1;�;0;0;1;0+ �0;�;0;0;0;1:

Finally,wehaveto re-introducetheindex corresponding to �2,and looking atthetableof

dom inantweights,we see thatthe �rstweightin the right-hand m em bercorrespondsto

�0;0;1;1;0;0,while the second can be adjudicated to �1;0;0;0;1;0 or�1;1;0;0;1;0,and the third

to �0;0;0;0;0;1 or �0;1;0;0;0;1. So,in this case,the reduction to A 5 gives quite am biguous

inform ation. Then,we do the reduction to the subalgebra D 5 in two possible ways,�rst

by rem oving the dotcorresponding to �1 and then doing the sam e with the node of�6,

and in each case we perform an analysisalong the sam e linesthan forA 5. Thisgivesus

very usefulinform ation:the representations:

R �1+ �3+ �6; R �3; R 2�1+ �2;R �1+ 2�6; R �4+ �6;R �2+ �6

have allnon-zero m ultiplicities. Now,the m ultiplicity ofR �3+ �4 is one because it cor-

responds to the highest weight in the series. Furtherm ore, given that R �1+ �3+ �6 has

non-zero m ultiplicity,and taking into accountthe balance ofdim ensions,we see thatthe

m ultiplicity ofR �1+ �2+ �5 isnecessarily one.
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So farwe have used the Dynkin theorem and the m ethod ofparts. Letusnow try to

exploitorthogonality to �nd outthem ultiplicity ofR �2+ �3 by com puting h��2+ �3
jz3z4i.

G iven thatwehavebeen following theorderm entioned above,wecan by now extractthe

expression of�0;1;1;0;0;0 from theserieswehad already com puted,see(4.7)below,and we

�nd

�0;1;1;0;0;0 = z2z3 �z 1z5 �z
2
1 + z3 + z6;

and thus

h��2+ �3
jz3z4i = hz2z3 �z 1z5 �z

2
1 + z3 + z6jz3z4i= hz3z5jz2z4i�hz

2
5 jz4z6i

� hz 1z5jz4z6i+ hz3z5jz4i+ hz5z6jz4i= 9�6�3+ 1+ 1 = 2:

W e have used that allquadratic products entering in the com putation have been com -

puted previously,and given that,allinner products follow from the orthonorm ality of

the irreduciblecom ponentsappearing in each one ofthem .So,the m ultiplicity n�2+ �3 of

R �2+ �3 istwo,and asbyproductofthisand ofthelistofweightsobtained by applying the

m ethod ofpartsto D 5,we conclude thatthe m ultiplicity ofR �1+ �3+ �6 isn�1+ �3+ �6 = 1,

otherwise the dim ensionality ofthe right-hand m em ber ofthe series would exceed that

ofthe left-hand m em ber. Sim ilar use oforthogonality considerations allow usto �x the

m ultiplicitiesn�1+ �5 = 2,n�2+ �6 = 2,n2�1 = 1,n�3 = 1 and n�6 = 2.Atthispoint,only

�ve m ultiplicities rem ain to be calculated,and we can try to obtain them by solving a

Diophantine equation.From thetable ofdim ensions,we write

34398n2�5 + 46332n2�2+ �6 + 51975n�4+ �6 + 19305n2�1+ �2 + 7722n�1+ 2�6 = 159732:

From the reduction to D 5,we know thatn�4+ �6 and n�1+ 2�6 are graterorequalto one,

butthe otherm ultiplicitiescould be zero. The equation can be readily see to have three

solutions

n2�5 = 1; n2�2+ �6 = 0; n�4+ �6 = 1; n2�1+ �2 = 1; n�1+ 2�6 = 7;

n2�5 = 1; n2�2+ �6 = 0; n�4+ �6 = 1; n2�1+ �2 = 3; n�1+ 2�6 = 2;

n2�5 = 1; n2�2+ �6 = 1; n�4+ �6 = 1; n2�1+ �2 = 1; n�1+ 2�6 = 1:

To�xthecorrectone,weresorttothebranchingrelationsdescribed above.Bym ultiplying

the expressions(4.4)and using the Littlewood-Richardson rule,we �nd that

z3z4 =

5X

k= �5

ak t
k

with

a4 = 2~�2;0;0;0;0 + otherirreduciblecharacters

a3 = 6~�1;0;0;0;2 + otherirreduciblecharacters

while

�2;1;0;0;0;0 =

4X

k= �4

bk t
k
; �1;0;0;0;0;2 =

3X

k= �3

ck t
k
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with b4 = ~�2;0;0;0;0 and c3 = ~�1;0;0;0;2.Therefore,them ultiplicitiesofR �1+ 2�6 and R 2�1+ �2

can respectively benon higherthan 6 and 2.Theonly acceptable solution isthen

n2�5 = 1; n2�2+ �6 = 1; n�4+ �6 = 1; n2�1+ �2 = 1; n�1+ 2�6 = 1

and theseriesis�xed.

Applying the m ethod thatwe have justdescribed,the �nalresultswe have found for

the quadraticClebsch-G ordan series(expressed herein term sofrepresentationsR �),are

R �1 
R �1 = R 2�1 �R �3 �R �6; (4.5)

R �1 
R �2 = R �1+ �2 �R �5 �R �1;

R �1 
R �3 = R �1+ �3 �R �4 �R �1+ �6 �R �2;

R �1 
R �4 = R �1+ �4 �R �2+ �5 �R �3+ �6 �R �1+ �2 �R �5;

R �1 
R �5 = R �1+ �5 �R �2+ �6 �R �3 �R �6;

R �1 
R �6 = R �1+ �6 �R �2 �R 0;

R �2 
R �2 = R 2�2 �R �4 �R �1+ �6 �R �2 �R 0;

R �2 
R �3 = R �2+ �3 �R �1+ �5 �R �2+ �6 �R 2�1 �R �3 �R �6;

R �2 
R �4 = R �2+ �4 �R �3+ �5 �R �1+ �2+ �6 �R �5+ �6 �R �1+ �3 �R 2�2 �R �4

�R �1+ �6 �R �2;

R �2 
R �5 = R �2+ �5 �R �3+ �6 �R �1+ �2 �R 2�6 �R �5 �R �1;

R �2 
R �6 = R �2+ �6 �R �3 �R �6;

R �3 
R �3 = R 2�3 �R �1+ �4 �R �2+ �5 �R 2�1+ �6 �R �3+ �6 �2R �1+ �2 �R 2�6

�R �5 �R �1;

R �3 
R �4 = R �3+ �4 �R �1+ �2+ �5 �R �1+ �3+ �6 �R 2�5 �R 2�2+ �6 �R �4+ �6 �R 2�1+ �2

�2R �2+ �3 �R �1+ 2�6 �2R �1+ �5 �2R �2+ �6 �R 2�1 �R �3 �R 0;

R �3 
R �5 = R �3+ �5 �R �1+ �2+ �6 �R �5+ �6 �R �1+ �3 �R 2�2 �R �4 �2R �1+ �6

�R �2 �R 0;

R �3 
R �6 = R �3+ �6 �R �1+ �2 �R �5 �R �1;

R �4 
R �4 = R 2�4 �R �2+ �3+ �5 �R �1+ 2�5 �R 2�3+ �6 �R �1+ 2�2+ �6 �R �1+ �4+ �6

�2R �2+ �5+ �6 �2R �1+ �2+ �3 �R 3�2 �2R �2+ �4 �R 2�1+ 2�6 �R �3+ 2�6

�R 2�1+ �5 �3R �3+ �5 �4R �1+ �2+ �6 �R 3�6 �R 3�1 �2R �1+ �3 �2R �5+ �6

�2R 2�2 �2R �4 �3R �1+ �6 �R �2 �R 0;

R �4 
R �5 = R �4+ �5 �R �2+ �3+ �6 �R �1+ �5+ �6 �R 2�3 �R �1+ 2�2 �R �1+ �4 �R �2+ 2�6

�2R �2+ �5 �R 2�1+ �6 �2R �3+ �6 �2R �1+ �2 �R 2�6 �R �5 �R �1;

R �4 
R �6 = R �4+ �6 �R �2+ �3 �R �1+ �5 �R �2+ �6 �R �3;

R �5 
R �5 = R 2�5 �R �4+ �6 �R �2+ �3 �R �1+ 2�6 �R �1+ �5 �2R �2+ �6 �R 2�1

�R �3 �R �6;

R �5 
R �6 = R �5+ �6 �R �4 �R �1+ �6 �R �2;

R �6 
R �6 = R 2�6 �R �5 �R �1:



Irreduciblecharactersand Clebsch-G ordan seriesforE 6 13

From these series,thesecond ordercharactersare

�1;0;0;0;0;0 = z1; (4.6)

�0;1;0;0;0;0 = z2;

�0;0;1;0;0;0 = z3;

�0;0;0;1;0;0 = z4;

�0;0;0;0;1;0 = z5;

�0;0;0;0;0;1 = z6;

�2;0;0;0;0;0 = z
2
1 �z 3 �z 6;

�1;1;0;0;0;0 = z1z2 �z 1 �z 5;

�1;0;1;0;0;0 = z1z3 �z 1z6 �z 4 + 1;

�1;0;0;1;0;0 = z1z4 �z 2z5 + z
2
6 �z 5;

�1;0;0;0;1;0 = z1z5 �z 2z6;

�1;0;0;0;0;1 = z1z6 �z 2 �1;

�0;2;0;0;0;0 = z
2
2 �z 4 �z 1z6;

�0;1;1;0;0;0 = z2z3 �z 1z5 �z
2
1 + z3 + z6;

�0;1;0;1;0;0 = z2z4 �z 3z5 + z1z6 �z 2;

�0;1;0;0;1;0 = z2z5 �z 3z6 �z
2
6 + z5 + z1;

�0;1;0;0;0;1 = z2z6 �z 6 �z 3;

�0;0;2;0;0;0 = z
2
3 �z 1z4 �z

2
1z6 + z3z6 + z1 + z5;

�0;0;1;1;0;0 = z3z4 �z 1z2z5 + z1z
2
6 + z4z6 �z 6;

�0;0;1;0;1;0 = z3z5 �z 1z2z6 + z1z6 + z4 + z2 �1;

�0;0;1;0;0;1 = z3z6 �z 1z2;

�0;0;0;2;0;0 = z
2
4 �z 2z3z5 + z1z6z4 + z

2
1z5 + z3z

2
6 �2z 3z5 �z 1z6 �2z 4 + 1;

�0;0;0;1;1;0 = z4z5 �z 2z3z6 + z
2
1z6 + z1z4 �z 1;

�0;0;0;1;0;1 = z4z6 �z 2z3 + z
2
1 �z 3;

�0;0;0;0;2;0 = z
2
5 �z 4z6 �z 1z

2
6 + z1z5 + z3 + z6;

�0;0;0;0;1;1 = z5z6 �z 1z6 �z 4 + 1;

�0;0;0;0;0;2 = z
2
6 �z 5 �z 1:

5 T he C alogero-Sutherland H am iltonian for� = 1 and som e

applications

After having com puted the necessary series and characters,we can now follow the lines

indicated towardstheend ofSection 3 to obtain theHam iltonian operatorfor� = 1.The
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resultforthe coe�cientsin (3.7)is

a11(z) =
8

3
z
2
1 �4z 3 �20z 6;

a12(z) = 2z1z2 �26z 1 �10z 5;

a13(z) =
10

3
z1z3 + 18�12z 2 �6z 4 �18z 1z6;

a14(z) = 4z1z4 + 18z1 �10z 1z2 �18z 5 �8z 2z5 �8z 3z6 + 8z26;

a15(z) =
8

3
z1z5 �10z 3 �26z 6 �10z 2z6;

a16(z) =
4

3
z1z6 �36�12z 2;

a22(z) = 2z22 �18�6z 2 �2z 4 �8z 1z6;

a23(z) = 4z2z3 �24z
2
1 + 14z3 �8z 1z5 �2z 6 �10z 2z6;

a24(z) = 6z2z4 �18z 2 �12z
2
2 �10z 1z3 + 24z4 �6z 3z5 + 26z1z6 �8z 1z2z6 �10z 5z6;

a25(z) = 4z2z5 �2z 1 �10z 1z2 + 14z5 �8z 3z6 �24z
2
6;

a26(z) = 2z2z6 �10z 3 �26z 6;

a33(z) =
10

3
z
2
3 + 14z1 �12z 1z2 �2z 1z4 + 16z5 �4z 2z5 �8z

2
1z6 + 4z3z6 �6z

2
6;

a34(z) = 8z3z4 + 10z21 �10z
2
1z2 + 18z3 �2z 2z3 �6z 1z2z5 �10z

2
5 �18z 6 + 8z2z6

�10z 2
2z6 �8z 1z3z6 + 20z4z6 + 8z1z

2
6;

a35(z) =
16

3
z3z5 �36+ 24z 2 �12z

2
2 �10z 1z3 + 24z4 �16z 1z6 �8z 1z2z6 �10z 5z6;

a36(z) =
8

3
z3z6 �26z 1 �10z 1z2 �10z 5;

a44(z) = 6z24 �4z
3
1 �6z

3
2 + 18z1z3 �6z 1z2z3 �18z 4 + 18z2z4 + 8z21z5 �18z 3z5

�2z 2z3z5 �4z 1z
2
5 �18z 1z6 + 14z1z2z6 �4z 1z

2
2z6 �4z

2
3z6 + 8z1z4z6

+ 18z5z6 �6z 2z5z6 + 8z3z
2
6 �4z

3
6;

a45(z) = 8z4z5 �18z 1 + 8z1z2 �10z 1z
2
2 �10z

2
3 + 20z1z4 + 18z5 �2z 2z5 + 8z21z6

�6z 2z3z6 �8z 1z5z6 + 10z26 �10z 2z
2
6;

a46(z) = 4z4z6 + 8z21 �18z 3 �8z 2z3 �8z 1z5 + 18z6 �10z 2z6;

a55(z) =
10

3
z
2
5 �6z

2
1 + 16z3 �4z 2z3 + 4z1z5 + 14z6 �12z 2z6 �2z 4z6 �8z 1z

2
6;

a56(z) =
10

3
z5z6 + 18�12z 2 �6z 4 �18z 1z6;

a66(z) =
4

3
z
2
6 �10z 1 �2z 5;

b1(z) =
104

3
z1; b2(z)= 48z2;b3(z)=

200

3
z3;

b4(z) = 96z4; b5(z)=
200

3
z5;b6(z)=

104

3
z6:

W ith the explicit expression at our disposal, we can now try to use the Schr�odinger

equation asan e�cientm ean to com puteparticularcharactersofE 6.G iven thatallthese

characters are polynom ials in the z variables, the Schr�odinger equation can be solved
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by applying a system atic procedure,which is suitable to be im plem ented in a com puter

program able to carry outsym bolic calculations.W e proposetwo alternative m ethodsto

�nd theSchr�odingereigenfunctions:

1. G iven a weight n1�1 + n2�2 + n3�3 + n4�4 + n5�5 + n6�6, let us denote zn =

z
n1
1
z
n2
2
z
n3
3
z
n4
4
z
n5
5
z
n6
6
.Theoperator� (1) acting on zn gives

� (1)
z
n =

X

�2�

k�;n z
n�� (5.1)

where � only includes integrallinear com binations ofthe sim ple roots with non-

negative coe�cients and,ofcourse,in the exponent of(5.1) we express � in the

basis offundam entalweights. In particular,k0;n = "n(1). The eigenfunctions �m

can bewritten as

�
m
=

X

�2Q + (m )

c�z
m ��

; c0 = 1;

where again the � in Q + (m ) are integrallinear com binations ofthe sim ple roots

with non-negative coe�cientssuch thatthey do notgive rise to negative powersof

the z’s.By substituting in theSchr�odingerequation we �nd the iterative form ula

c� =
1

"m (1)�" m �(���) (1)

X

�2�;�6= 0

k��m �(���) c��� :

To use thisform ula in practice,one should take into accountthe heightsofthe �0s

involved,because each coe�cient c � can depend only on som e ofthe c� such that

ht(�)< ht(�).

2. TheClebsch-G ordan seriesfortheproductz
m 1

1
z
m 2

2
z
m 3

3
z
m 4

4
z
m 5

5
z
m 6

6
reads

z
m 1

1
z
m 2

2
z
m 3

3
z
m 4

4
z
m 5

5
z
m 6

6
= �

m
+

X

�2R m

n��m �� :

Hereitisnotdi�cult,in each particularcase,toelaboratealistwith alltheelem ents

in R m (i.e.,the integraldom inant weights appearing in the series). Furtherm ore,

the operator � (1)�" n(1) annihilates the character �n
. Having this into account,

we can m ake useofthesim ple-looking form ula

�
m
=

n Y

�2R m

�

� (1)
�"

m �� (1)

� o

z
m

to obtain the eigenfunctions.

Through any ofthesem ethods,itispossibleto com putethecharactersratherquickly.As

an illustration,we o�era listofthethird ordercharactersin theAppendix A.

O nce we have a m ethod for the com putation ofthe characters,we can extend it to

producean algorithm forcalculating theClebsch-G ordan series.Supposethatwewantto
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obtain theseriesfor�
m
��

n
.W elistthepossibledom inantweightsentering in theseries

arranged by heights

�
m
��

n
= �

m + n + n�1��1
+ n�2��2

+ :::

Them ultiplicity n�1 issim ply thedi�erencebetween thecoe�cientsofz
�1 in �

m
��

n
and

in �
m + n. Then,n�2 is the di�erence between the coe�cient ofz �2 in �

m
��

n
and the

sum ofthe corresponding coe�cients in �
m + n and ��1

,and so on. As an exam ple,we

presentin Appendix B a listwith allthe cubicClebsch-G ordan series.

Theapproach wearedescribing isalso usefulto �nd thegeneralstructureoftheseries

forproductofsom especi�ctypes.Letusconsider,forinstance,seriesofthetypez1�n�1

with arbitrary n.Ifweexpresstheweightsofthe representation R �1 (4.1)in thebasisof

fundam entalweights,wesee thatthere areonly three whosecoe�cientsfor� i,i6= 1,are

allnon-negative:�1;�� 1 + �3 and �� 1 + �6,hence,theform oftheseriesshould be

z1�n;0;0;0;0;0 = �n+ 1;0;0;0;0;0 + a�n�1;0;1;0;0;0 + b�n�1;0;0;0;0;1 ; (5.2)

where we have to �x a and b.Now,by solving the Schr�odingerequation by m eansofthe

�rstofthe two m ethodsdescribed above,one �nds

�n;0;0;0;0;0 = z
n
1 + (1�n)z n�2

1
z3 �z

n�2
1

z6 + :::

�n�1;0;1;0;0;0 = z
n�1
1

z3 �z 1z6 + :::

�n�1;0;0;0;0;1 = z
n�1
1

z6 + ::::

Ifwesubstitutein (5.2),wecan solvefora and b,a = b= 1.W ecan now check thatwith

these coe�cients,the balance ofdim ensionsin (5.2)iscorrect.

W elistbelow theseriesoftheform z1�n�k
obtained through thesam eprocedure.Note

thatthe seriesz6�n�j
im m ediately follow by duality.

z1�0;n;0;0;0;0 = �1;n;0;0;0;0 + �0;n�1;0;0;1;0 + �1;n�1;0;0;0;0

z1�0;0;n;0;0;0 = �1;0;n;0;0;0 + �0;0;n�1;1;0;0 + �0;1;n�1;0;0;0 + �1;0;n�1;0;0;1

z1�0;0;0;n;0;0 = �1;0;0;n;0;0 + �0;1;0;n�1;1;0 + �0;0;1;n�1;0;1 + �1;1;0;n�1;0;0 + �0;0;0;n�1;1;0

z1�0;0;0;0;n;0 = �1;0;0;0;n;0 + �0;1;0;0;n�1;1 + �0;0;1;0;n�1;0 + �0;0;0;0;n�1;1

z1�0;0;0;0;0;n = �1;0;0;0;0;n + �0;1;0;0;0;n�1 + �0;0;0;0;0;n�1 :

6 C onclusions

In thispaperwehaveshown how theCalogero-Sutherland Ham iltonian fortheLiealgebra

E 6 can be used to com pute both Clebsch-G ordan series and characters ofthat algebra.

Thetreatm entwe have presented can beapplied to the casesofothersim ple algebras.It

can be also extended to dealwith the system oforthogonalpolynom ialsbased on E 6 for

generalvaluesofthe param eter�. Thisway in which thisshould be done isthe subject

ofa research now in progressand willbepublished elsewhere.
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A ppendix A :A list ofthe characters ofE 6 ofthird order.

�000300 = �1+ z 2 + z1z2z3 + z
3
3 + 3z4 �2z 2z4 �z 1z2z3z4 �3z

2
4 + z2z

2
4 + z

3
4

+ z
2
1z

2
2z5 + 2z3z5 �z

2
2z3z5 + z1z

2
3z5 �2z 3z4z5 �2z 2z3z4z5 + z1z

2
5 + z1z

2
2z

2
5

+ z
2
3z

2
5 �z 1z4z

2
5 + z

3
5 + 3z1z6 �2z 1z2z6 + z1z

2
2z6 �z

2
1z2z3z6 + z

2
3z6 + z

2
2z

2
3z6

� 6z 1z4z6 + 2z1z2z4z6 �z 1z
2
2z4z6 �z

2
3z4z6 + 3z1z

2
4z6 + z2z5z6 �2z 1z3z5z6

� z 1z2z3z5z6 �z 2z4z5z6 �z
2
1z

2
5z6 + z3z

2
5z6 �3z

2
1z

2
6 + z

2
1z2z

2
6 �z

2
1z

2
2z

2
6

+ z
2
2z3z

2
6 �z 1z

2
3z

2
6 + 3z21z4z

2
6 �z 1z2z5z

2
6 + z

3
1z

3
6

�001110 = z
3
1 �z

3
1z2 + z

2
2 �z 1z3 + z1z2z3 + z1z

2
2z3 �z 4 �z

2
2z4 + z

2
4 + z

2
1z5 �z

2
1z2z5

� z 3z5 + z3z4z5 �z 1z2z
2
5 �z 1z6 + z1z2z6 �z 1z

2
2z6 �z 2z

2
3z6 + z1z4z6 �z 5z6

+ z2z5z6 + z
2
2z5z6 + z1z3z5z6 �z

2
1z

2
6 + z

2
1z2z

2
6 + z3z

2
6 �z 2z3z

2
6 + z

3
6 �z 2z

3
6

�001200 = �z
2
1 + z

2
1z2 + 2z3 + z1z

2
3 + z

2
1z4 �z

2
1z2z4 �3z 3z4 + z3z

2
4 + z1z2z5 + z1z

2
2z5

+ 2z21z3z5 �2z
2
3z5 �z 2z

2
3z5 �z 1z4z5 �z 1z2z4z5 + z2z

2
5 + z

2
2z

2
5 + z1z3z

2
5

� z 4z
2
5 + 2z6 + z

3
1z6 �z 2z6 �z

3
1z2z6 + z

2
2z6 �2z 1z3z6 + z1z

2
2z3z6 �4z 4z6

+ z2z4z6 �z
2
2z4z6 + 2z24z6 �z

2
1z5z6 �2z 3z5z6 �z 2z3z5z6 �z 1z

2
5z6 �3z 1z

2
6

+ z1z2z
2
6 �z 1z

2
2z

2
6 �z

2
1z3z

2
6 + z

2
3z

2
6 + 3z1z4z

2
6 + z5z

2
6 �z 2z5z

2
6 + z

2
1z

3
6 + z3z

3
6

�002001 = z
3
1 �z 2 �2z 1z3 �z 1z2z3 + z4 + z2z4 + z

2
1z5 �z 3z5 + z1z2z6 + z

2
3z6

� z 1z4z6 �z
2
1z

2
6 + z3z

2
6

�002010 = �z
2
1z2 + z

2
1z

2
2 + z2z3 �z

2
2z3 �z

2
1z4 + 2z3z4 + z1z5 �z 1z2z5 + z

2
3z5

� z 1z4z5 + z
2
5 �z

2
2z6 �z 1z2z3z6 + 2z4z6 + z2z4z6 + z1z2z

2
6 �z 5z

2
6

�002100 = z1z2 + z
2
1z3 �z

2
3 + z1z4 �z 1z2z4 + z

2
3z4 �z 1z

2
4 + z

3
1z5 + z

2
2z5 �z 1z3z5

� z 1z2z3z5 + z4z5 + z2z4z5 + z
2
1z

2
5 �z 3z

2
5 + z

2
1z6 �2z

2
1z2z6 + z

2
1z

2
2z6 �2z 3z6

+ z2z3z6 �z
2
2z3z6 �2z

2
1z4z6 + 3z3z4z6 �z 1z5z6 �z

2
5z6 �z

2
6 �z

3
1z

2
6 + z2z

2
6

� z
2
2z

2
6 + 2z1z3z

2
6 + z4z

2
6 + z1z

3
6

�003000 = z
3
1z2 + z1z3 �2z 1z2z3 + z

3
3 �z 4 + z2z4 �2z 1z3z4 + z

2
4 + z

2
1z2z5 + z3z5

� z 2z3z5 �z 1z2z6 �2z
2
1z3z6 + 2z23z6 + z1z4z6 + z5z6 �z 2z5z6 + z3z

2
6

�010200 = 1+ z2 + z1z3 �2z 4 �2z 2z4 �z 1z3z4 + z
2
4 + z2z

2
4 + 2z21z2z5 �z 3z5

� 3z 2z3z5 �z
2
2z3z5 �z 3z4z5 + z1z2z

2
5 �2z 1z6 �z

2
1z3z6 + z2z

2
3z6 + 2z1z4z6

+ z5z6 �z 4z5z6 + z
2
1z

2
6 �z

2
1z2z

2
6 + 2z2z3z

2
6 �z 1z5z

2
6

�011010 = �z
3
1 + z1z3 + z1z2z3 �2z

2
1z5 + 2z3z5 + z2z3z5 �z 1z

2
5 �z 1z6 + z1z2z6

� z 1z
2
2z6 �z

2
3z6 + z1z4z6 + z5z6 + z2z5z6 + 2z21z

2
6 �2z 3z

2
6 �z

3
6

�011100 = z
2
1 �z 2z3 �z

2
1z4 + z2z3z4 + z1z2z5 �z 1z

2
2z5 �z

2
3z5 + z2z

2
5 �z

3
1z6 + z1z3z6

+ z1z2z3z6 + z
2
1z5z6 �z 3z5z6 �z 5z

2
6

�012000 = �z
2
1z3 + z

2
3 + z2z

2
3 �z 1z2z4 + z2z5 �z 1z3z5 + z4z5 + z3z6 + z1z5z6 �z 2z

2
6

�020100 = �z
2
2 �z 1z3 + z4 + z

2
2z4 �z

2
4 + z

2
1z5 �z 3z5 �z 2z3z5 + z1z

2
5 + z1z6 + z1z2z6

+ z
2
3z6 �2z 1z4z6 �z 5z6 �z

2
1z

2
6 + z3z

2
6

�021000 = �z
2
1z2 + z2z3 + z

2
2z3 �z 3z4 + z1z5 �z 1z2z5 + z

2
5 �z 4z6

�030000 = z
3
2 + z1z3 �z 4 �2z 2z4 + z3z5 �2z 1z2z6 + z5z6
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�100101 = z
3
1 �z 1z3 �z 1z2z3 + z3z5 �2z 1z6 + z1z2z6 + z1z4z6 �z 5z6 �z 2z5z6 + z

3
6

�100110 = �z
2
1z2 + z2z3 + z

2
2z3 + z

2
1z4 �z 3z4 �z 1z2z5 + z1z4z5 �z

2
5 �z 2z

2
5 + z6

+ z
3
1z6 �z 1z3z6 �z 1z2z3z6 �z 4z6 + z3z5z6 �2z 1z

2
6 + z1z2z

2
6 + z5z

2
6

�100200 = z1z2 + z
2
3 �z 1z4 �z 1z2z4 + z1z

2
4 + z

3
1z5 + z2z5 �z 1z3z5 �z 1z2z3z5

� z 2z4z5 + z3z
2
5 �z

2
1z2z6 + z

2
2z3z6 + z

2
1z4z6 �z 3z4z6 �z 1z5z6

�101001 = z
2
1 �z

2
1z2 �z 3 + z1z5 + z2z6 + z1z3z6 �z 4z6 �z 1z

2
6

�101010 = �z 1 + z1z
2
2 �z 2z5 + z1z3z5 �z 4z5 + z

2
1z6 �z

2
1z2z6 �z 3z6 �z

2
6 + z2z

2
6

�101100 = z2 + z1z3 + z4 �z 2z4 + z1z3z4 �z
2
4 + z

2
1z5 �z

2
1z2z5 + z1z

2
5 �2z 1z2z6

+ z1z
2
2z6 �z 1z4z6 �z 5z6

�102000 = z
2
1 + z

2
1z2 �z 2z3 + z1z

2
3 �z

2
1z4 �z 3z4 + z1z5 + z1z2z5 �z

3
1z6 �z 2z6

�110001 = �z
2
2 �z 1z3 + z4 + z1z2z6 �z 5z6

�110010 = z2z3 �z 1z5 + z1z2z5 �z
2
5 �z 6 + z2z6 �z

2
2z6 �z 1z3z6 + z4z6 + z1z

2
6

�110100 = z1 �z 1z2 �z 1z4 + z1z2z4 �z 2z5 �z
2
2z5 �z 1z3z5 + z2z3z6 + z1z5z6

� z
2
6 + z2z

2
6

�111000 = �z
3
1 + z1z3 + z1z2z3 �z 4 �z 2z4 �z

2
1z5 + z1z6 + z5z6

�120000 = �z 1z2 + z1z
2
2 �z 1z4 �z 2z5 �z

2
1z6 + z3z6 + z

2
6

�200001 = �z 1z2 + z5 + z
2
1z6 �z 3z6 �z

2
6

�200010 = z
2
2 �z 4 + z

2
1z5 �z 3z5 �z 1z2z6

�200100 = z3 + z
2
1z4 �z 3z4 �z 1z2z5 + z

2
5 �z 2z6 + z

2
2z6 �2z 4z6

�201000 = z1 + z1z2 + z
2
1z3 �z

2
3 �z 1z4 + z2z5 �z

2
1z6 �z 3z6

�210000 = �z
2
1 + z

2
1z2 �z 2z3 �z 1z5 + z6

�300000 = z
3
1 + z2 �2z 1z3 + z4 �z 1z6

A ppendix B :A list ofcubic C lebsch-G ordan series for E 6.

z
3
4 = �000300 + 2�011110 + �002020 + �120020 + �022001 + 3�002101

+ 3�120101 + 3�100120 + 2�013000 + 2�030011 + 3�100201 + 8�111011

+ 2�010030 + 10� 010111 + 3�220002 + 3�102002 + 2�131000 + 3�200021

+ 9�001021 + 7�200102 + 10�111100 + 9�021002 + 4�030100 + 8�010200

+ 9�220010 + 12� 001102 + 9�102010 + 12�200110 + 21� 021010 + 18�110012

+ 16�130001 + 6�020003 + �300003 + 18�211001 + 5�040000 + 27�001110

+ 30�110020 + 6�202000 + 6�000022 + 30�012001 + 62� 110101 + 10�101003

+ 13�000103 + 10�000030 + 42�020011 + 10�300011 + 4�100004 + 62�101011

+ 10�003000 + 6�320000 + 42�121000 + 13�300100 + 42�210002 + 58�000111

+ 73�011002 + 58�101100 + 73�210010 + 42�020100 + 4�400001 + 39�000200

+ 117�011010 + 98� 120001 + 57�100012 + 28�010003 + 65�100020 + 57�201001

+ 65�002001 + 28�310000 + 156� 100101 + 119�010011 + 25�030000 + 51� 200002
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+ 119�111000 + 87�200010 + 106� 010100 + 87�001002 + 128� 001010 + 150�110001

+ 16�000003 + 16�300000 + 72�101000 + 72�000011 + 39�020000 + 76� 000100

+ 50�100001 + 21�010000 + 2�000000

z3z4z5 = �001110 + �110020 + �012001 + �003000 + 2�110101 + 3�101011 + �000030

+ 2�020011 + 2�121000 + 4�000111 + 2�210002 + 3�020100 + 5�011002

+ 4�101100 + 3�000200 + 5�210010 + 5�100012 + 3�010003 + 12�011010

+ 5�201001 + 8�002001 + 8�100020 + 11�120001 + 4�030000 + 20�100101

+ 8�200002 + 19� 010011 + 3�310000 + 19�111000 + 16� 001002 + 4�000003

+ 16�200010 + 20�010100 + 26�001010 + 35�110001 + 11�020000 + 4�300000

+ 20�101000 + 20�000011 + 23�000100 + 18�100001 + 9�010000 + �000000

z3z
2
4 = �001200 + �012010 + �003001 + 2�110110 + 2�101020 + �020020

+ 3�000120 + 2�121001 + 3�020101 + 4�101101 + 3�000201 + 4�210011

+ 3�201002 + �230000 + 10�011011 + 4�112000 + 6�210100 + 6�100021

+ 4�002002 + 6�120002 + 7�201010 + 3�031000 + 12� 011100 + 12�002010

+ 11�100102 + 16�120010 + 9�010012 + 23�100110 + 3�200003 + 6�310001

+ 7�001003 + �000004 + 36�111001 + 16�010020 + 8�030001 + 16�220000

+ 35�010101 + 24�200011 + 40�001011 + 38�110002 + 28�021000 + 4�301000

+ 14�102000 + 28�200100 + 39�001100 + 13�300001 + 66�110010 + 19� 000012

+ 58�101001 + 34�210000 + 33�020001 + 22�000020 + 58�000101 + 51� 011000

+ 30�100002 + 51�100010 + 13�200000 + 36�010001 + 23�001000 + 8�000001

z
2
3z6 = �002001 + �100101 + �010011 + �200002 + 2�111000 + 2�010100

+ �001002 + 2�200010 + 4�001010 + 6�110001 + 3�020000 + �000003

+ 4�000011 + �300000 + 6�101000 + 6�000100 + 7�100001 + 4�010000 + �000000

z
2
3z5 = �002010 + �100110 + �010020 + 2�111001 + 2�010101 + 2�200011

+ 2�102000 + �220000 + 4�001011 + 4�110002 + 3�200100 + 3�021000

+ 3�000012 + 5�001100 + 10�110010 + 4�000020 + 2�300001 + 6�020001

+ 12�101001 + 13�000101 + 9�210000 + 9�100002 + 14� 011000 + 17�100010

+ 6�200000 + 14� 010001 + 12�001000 + 5�000001

z
2
3z4 = �002100 + �100200 + 2�111010 + 2�010110 + �200020 + 2�102001

+ �220001 + 3�001020 + 3�200101 + 3�021001 + 4�211000 + 5�001101

+ 2�130000 + 8�110011 + 6�012000 + �300002 + 3�000021 + 3�020002

+ 12�110100 + 6�101002 + 9�020010 + 3�300010 + 16�101010 + 7�000102

+ 3�100003 + 14� 000110 + 16�210001 + 26�011001 + 24�100011 + �400000

+ 11�201000 + 14�010002 + 16�120000 + 11�002000 + 29�100100 + 17� 200001

+ 25�010010 + 28�001001 + 22�110000 + 7�000002 + 14�000010 + 6�100000

z
3
3 = �003000 + 2�101100 + �000200 + �210010 + 3�011010 + 2�120001

+ 3�201001 + 3�002001 + 2�100020 + 6�100101 + 3�200002 + 4�010011

+ �030000 + 2�310000 + 10�111000 + 6�001002 + 8�010100 + 9�200010
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+ �000003 + 12�001010 + 18�110001 + 4�300000 + 10�000011 + 14�101000

+ 6�020000 + 14�000100 + 13� 100001 + 7�010000 + �000000

z2z
2
4 = �010200 + �021010 + 2�001110 + 2�012001 + 2�110020 + �003000

+ �000030 + �130001 + 4�110101 + 4�020011 + 4�101011 + 6�000111

+ 4�121000 + �040000 + 6�101100 + 3�210002 + 7�011002 + 6�020100

+ 5�000200 + 6�100012 + 7�210010 + 17�011010 + 6�201001 + 16� 120001

+ 10� 100020 + 10�002001 + 24�100101 + 9�200002 + 4�310000 + 4�010003

+ 22� 010011 + 22�111000 + 6�030000 + 17�001002 + 4�000003 + 24� 010100

+ 17� 200010 + 28�001010 + 37�110001 + 20�000011 + 4�300000 + 20�101000

+ 12� 020000 + 21�000100 + 17�100001 + 9�010000 + �000000

z2z3z4 = �011100 + �002010 + �120010 + �030001 + 2�100110 + 3�111001 + 2�010020

+ 4�010101 + 2�102000 + 2�200011 + 2�220000 + 5�001011 + 5�110002

+ 3�000012 + 4�200100 + 5�021000 + 7�001100 + 13�110010 + 8�020001

+ 2�300001 + 5�000020 + 12�101001 + 9�210000 + 14�000101 + 8�100002

+ 15� 011000 + 16�100010 + 5�200000 + 13�010001 + 9�001000 + 4�000001

z2z
2
3 = �012000 + �110100 + 2�101010 + �020010 + 2�000110 + 2�210001 + 4�011001

+ 3�201000 + 4�100011 + 4�120000 + 3�002000 + 8�100100 + 6�200001 + 3�010002

+ 7�010010 + 10�001001 + 10� 110000 + 3�000002 + 7�000010 + 4�100000

z
2
2z4 = �020100 + �000200 + 2�011010 + �002001 + �100020 + 2�120001

+ 3�100101 + 4�010011 + 4�111000 + �200002 + 3�001002 + 2�030000

+ 6�010100 + 3�200010 + 7�001010 + �000003 + 10�110001 + �300000

+ 6�000011 + 5�020000 + 6�101000 + 9�000100 + 7�100001 + 4�010000 + �000000

z
2
2z3 = �021000 + �001100 + 2�110010 + �000020 + 2�101001 + 2�020001

+ 3�000101 + 3�210000 + 2�100002 + 5�011000 + 6�100010 + 3�200000

+ 6�010001 + 6�001000 + 3�000001

z
3
2 = �030000 + 2�010100 + �001010 + 3�110001 + 2�000011 + 2�101000

+ 3�020000 + 4�000100 + 4�100001 + 5�010000 + �000000

z1z4z6 = �100101 + �010011 + �111000 + 2�010100 + �001002 + �200010 + 3�001010

+ 4�110001 + 2�020000 + 3�000011 + 3�101000 + 5�000100 + 3�100001 + 2�010000

z1z4z5 = �100110 + �010020 + �111001 + 2�010101 + �220000 + �102000 + �200011

+ 3�001011 + 3�110002 + �200100 + 2�021000 + 2�000012 + 4�001100 + 7�110010

+ 4�000020 + �300001 + 5�020001 + 7�101001 + 9�000101 + 5�210000 + 6�100002

+ 10� 011000 + 10�100010 + 4�200000 + 9�010001 + 6�001000 + 3�000001

z1z
2
4 = �100200 + �111010 + 2�010110 + �200020 + �102001 + �220001

+ 2�001020 + �200101 + 2�021001 + 2�211000 + 4�001101 + 2�130000

+ 6�110011 + 4�012000 + �300002 + 3�000021 + 3�020002 + 8�110100

+ 4�101002 + 7�020010 + �300010 + 10�101010 + 4�000102 + 3�100003

+ 11� 000110 + 10�210001 + 18�011001 + 16�100011 + �400000 + 6�201000
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+ 10� 010002 + 12�120000 + 8�002000 + 17� 100100 + 12�200001 + 17�010010

+ 17� 001001 + 14�110000 + 6�000002 + 8�000010 + 5�100000

z1z3z6 = �101001 + �000101 + �100002 + �210000 + 2�011000 + 3�100010

+ 2�200000 + 3�010001 + 4�001000 + 2�000001

z1z3z5 = �101010 + �000110 + �210001 + �201000 + 2�011001 + 2�120000

+ 3�100011 + 2�002000 + 4�100100 + 4�200001 + 2�010002 + 5�010010

+ 7�001001 + 3�000002 + 7�110000 + 5�000010 + 4�100000

z1z3z4 = �101100 + �000200 + �210010 + 2�011010 + �201001 + 2�120001

+ 2�002001 + 2�100020 + 4�100101 + 2�200002 + 4�010011 + �030000

+ �310000 + 6�111000 + 3�001002 + 6�010100 + 5�200010 + �000003

+ 9�001010 + 12�110001 + 2�300000 + 7�000011 + 8�101000 + 5�020000

+ 8�000100 + 8�100001 + 4�010000 + �000000

z1z
2
3 = �102000 + �200100 + 2�001100 + 2�110010 + �000020 + �020001

+ �300001 + 4�101001 + 4�210000 + 3�000101 + 6�011000 + 3�100002

+ 7�100010 + 4�200000 + 6�010001 + 5�001000 + 3�000001

z1z2z6 = �110001 + �020000 + �101000 + �000011 + 2�000100 + 3�100001

+ 3�010000 + �000000

z1z2z5 = �110010 + �020001 + �101001 + �000020 + 2�000101 + �210000 + 2�100002

+ 3�011000 + 4�100010 + 2�200000 + 5�010001 + 4�001000 + 3�000001

z1z2z4 = �110100 + �101010 + �020010 + 2�000110 + �210001 + 3�011001

+ �201000 + 3�120000 + 3�100011 + 2�002000 + 5�100100 + 3�200001

+ 2�010002 + 6�010010 + 6�001001 + 6�110000 + 2�000002

+ 4�000010 + 2�100000

z1z2z3 = �111000 + �010100 + �200010 + 2�001010 + 3�110001 + 2�000011 + 2�020000

+ �300000 + 4�101000 + 4�000100 + 5�100001 + 3�010000 + �000000

z1z
2
2 = �120000 + �100100 + 2�010010 + �200001 + 2�001001 + �000002

+ 4�110000 + 3�000010 + 3�100000

z
2
1z6 = �200001 + �001001 + 2�110000 + �000002 + 2�000010 + 3�100000

z
2
1z5 = �200010 + �001010 + 2�110001 + 2�000011 + �020000 + 2�101000

+ 3�000100 + 4�100001 + 3�010000 + �000000

z
2
1z4 = �200100 + �001100 + 2�110010 + �000020 + �020001 + 2�101001

+ 3�000101 + 2�210000 + 4�011000 + �100002 + 5�100010 + �200000

+ 4�010001 + 3�001000 + �000001

z
2
1z3 = �201000 + �002000 + 2�100100 + 2�200001 + �010010 + 3�001001

+ �000002 + 4�110000 + 3�000010 + 2�100000

z
2
1z2 = �210000 + �011000 + 2�100010 + 2�200000 + 2�010001 + 3�001000 + 2�000001

z
3
1 = �300000 + 2�101000 + �000100 + 3�100001 + 2�010000 + �000000
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