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A bstract

W einvestigatetheexactrelation existing between thestability equation forthesolutionsofa

m echanicalsystem and thegeodesicdeviation equation oftheassociated geodesicproblem in the

Jacobim etric constructed via the M aupertuis-JacobiPrinciple.W e concludethatthe dynam ical

and geom etricalapproachesto the stability/instability problem arenotequivalent.

1 Introduction

In recentyears,severalauthors[1],[2],[3],[4],have form ulated geom etricalcriteria of(local)stabil-

ity/instability in m echanicalsystem susingdi�erent\geom etrization" techniques(M aupertuis-Jacobi

Principle,Eisenhartm etric,etc).Them ain idea isto interpretthe localinstability problem ,under-

stood in term sofsensitive dependenceon initialconditions,asthestudy ofan appropriategeodesic

deviation equation.Asa principalapplication,chaoticbehaviorsin Ham iltonian m echanicalsystem s

that appears in cosm ologicalm odels have been described using these results. M ost ofthese works

are constructed using the M aupertuis-Jacobiprinciple fornaturalm echanicalsystem s,both in the

very wellknown Riem annian case,butalso in the recent generalization to the non-Riem anian one

[2].

TheM aupertuis-Jacobiprincipleestablishes,in hisclassicalform ulation,theequivalencebetween

the resolution ofthe Euler-Lagrange equations ofa naturalHam iltonian dynam icalsystem (hence

theNewton equations),foragiven valueofthem echanicalenergy,and thecalculation ofthegeodesic

curvesin an associated Riem annian m anifold. Throughoutthe tim e thisequivalence hasbeen used

for di�erent purposes,as the m entioned description ofchaotic situations,but also in the analysis

ofergodic system s [3],[5],non-integrability problem s [7],determ ination ofstability properties of

solitons[8],[9],etcetera.

Thelinealization ofthegeodesicequationsin agiven m anifold givesin anaturalway theso-called

Jacobiequation,orgeodesicdeviation equation,thatallowsto com putethestability/instability ofa

given geodesic curve in term softhe sign ofthe curvature tensoroverthe geodesic (in fact,fortwo-

dim ensionalm anifolds,the problem reducessim ply to the com putation ofthe sign ofthe gaussian

curvaturealong the geodesic,see forinstance [6]).
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The geom etrization ofthe m echanicalproblem provides,as m entioned,a possible criterion of

stability ofthesolutionsofin term softhegeodesicdeviation equation oftheJacobim etricassociated

to thesystem ,via theM aupertuis-Jacobiprinciple,thatwewillcallJacobi-m etricstability criterion.

From thepointofview oftheVariationalCalculusapplied togeodesics,asim ilarresultisobtained

for the problem ofcalculation of�xed-endpoints geodesics,where the sign ofthe second variation

functionalisdeterm ined by the geodesic deviation operator.

In thiswork we analyze the exactrelation existing between thisJacobi-m etric criterion and the

direct analysis of the stability of the solutions without using the geom etrization principle. The

linealization ofthe Euler-Lagrange equation (in this case,Newton equations) lead to a Jacobi-like

equation thatgeneralizes the geodesic deviation one to the case ofnaturalm echanicalsystem s. In

fact,thisequation isalso called Jacobiequation in the contextofsecond-orderordinary di�erential

equationstheory orKCC theory (K osam bi-Cartan-Chern),[10],[11].

Aswewillsee,thetwo approaches(geom etricaland dynam ical)arenotequivalentin general,and

the Jacobi-m etric criterion do not provide exactly the sam e result as the standard (or dynam ical)

one.

The structure ofthe paper is as follows: in section 2 we present the concepts involved in the

work;Section 3 isdedicated to Jacobi-m etric stability criterion and itsrelation with the dynam ical

one. In Section 4, the analysis is extended to the variationalpoint ofview for �xed end-points

problem s.Finally,an Appendix isincluded with severaltechnicalform ulas(m oreorlesswellknown)

about the behavior ofcovariant derivatives and curvature tensor under conform altransform ations

and reparam etrizationsofcurves.

2 Prelim inaries and N otation

W e treatin thiswork with naturalHam iltonian dynam icalsystem s,i.e.,the triple (M ;g;L),where

(M ;g)isa Riem annian m anifold,and L isa naturalLagrangian function:L :TM ! R,L = T � U ,

T =
1

2
h_;_i=

1

2
gij_q

i_qj

in a system of localcoordinates (q1;:::;qn) in M , U is a given sm ooth function U : M ! R,

(t)� (q1(t);:::;qn(t))isa sm ooth curveon M ,and gij are the com ponentsofthe m etric g in this

coordinatesystem (Einstein convention aboutsum in repeated indiceswillbeused along thepaper).

Thesolutions(trajectories)ofthesystem aretheextrem alsoftheaction functionalS[],de�ned

in the space ofsm ooth curveson M :  :[t0;t1]! M ,(we assum e that isatleast ofclass C 2 in

theinterval(t0;t1)).

S[]=

Z t1

t0

L(;_)dt (1)

2



where _2 �(TM )standsforthetangentvector�eld
d

dt
,i.e. _(t)�

d

dt
(t)2 T(t)M .

Euler-Lagrange equationsassociated to thisfunctionalare Newton equationsforthe system :

�S = 0 ) r _ _ = � gradU (2)

wherer _ standsforthe covariantderivative along (t)� (qi(t)):

r _ _�

�
D _qi

dt

�

=

�
d_qi

dt
+ �ijk _q

j_qk
�

being �i
jk
the Christofellsym bolsoftheLevi-Civitta connection associated to the m etric g.

�lij =
1

2
g
kl

�
@gjk

@qi
+
@gik

@qj
�
@gij

@qk

�

gradU isthe vector�eld with com ponents: (gradU )
i
= gij @U

@qj
. Equation (2)isthuswritten in local

coordinatesasthefollowing system ofordinary di�erentialequations:

D _qi

dt
= �qi+ �ijk _q

j_qk = � g
ij@U

@qj
(3)

NaturalHam iltonian dynam icalsystem soverRiem annian m anifoldssatisfy Legendre’scondition

in an obviousway,and thustheLegendretransform ation isregular,i.e.thereexistsadi�eom orphism

between the tangentand cotangentbundlesofM in such a way thatthe Euler-Lagrange equations

are equivalentto theHam ilton (orcanonical)equations.

_pi= �
@H

@qi
; _qj =

@H

@pj
(4)

where

pj =
@L

@ _qj
= gij_q

i; H =
1

2
g
ij
pipj+ U

and gij denotesthecom ponentsoftheinverse ofg.

Thiskind ofsystem sareautonom ous,thusthem echanicalenergy isa �rstintegralofthesystem :

E =
1

2
gij_q

i_qj + U (q1;:::;qn)

Stability ofthesolutionsof(3),understood in term sofsensitivedependenceon initialconditions,

is interpreted as follows: The trajectory (t),solution of(3),is said to be stable ifalltrajectories

with su�ciently closeinitialconditionsatt0 rem ainsclosetothetrajectory (t)forlatertim est> t0.

Let(t;�)= (q 1(t;�);:::;qn(t;�))bea fam ily ofsolutionsofequations(3),with (t)� (t;0),

and given initialconditionsqi(t0;�), _q
i(t0;�).Letusassum ethattheinitialconditionsare analytic

in theparam eter�.Then:(t)= (q i(t))isa stabletrajectory ifforany "> 0,thereexistsa �(")> 0

such that jqi(t;�)� qi(t)j< " for t> t0 and for alltrajectories q(t;�)= (qi(t;�)) satisfying both

jqi(t0;�)� qi(t0)j< � and j_qi(t0;�)� _qi(t0)j< �.
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Assum ing thatg issm ooth and considering that(t;�)are analytic in � (they are solutionsof

an analytic system ofdi�erentialequations),wecan write,for� su�ciently sm all:

q
i(t;�)= q

i(�)+ �v
i(t)+ o(�2) ; v

i(t)=
@qi(t;�)

@�

�
�
�
�
�= 0

(5)

In a sim ilarway,we can write:

�ijk(q(t;�)) = � i
jk(q(t))+ �

@�i
jk

@ql
(q(t))vl(t)+ o(�2) (6)

g
ij(q(t;�)) = g

ij(q(t))+ �
@gij

@ql
(q(t))vl(t)+ o(�2) (7)

@jU (q(t;�)) = @jU (q(t))+ �@l@jU (q(t))v
l(t)+ o(�2) (8)

where@jU = @U

@qj
.

Thusequations(3)becom e:

�vi+ 2�ijk_v
j_qk = � g

ip
v
l
�

@l@pU + �
j

lp
@jU

�

+ g
jp�ilp@jU v

l (9)

whereallfunctionsaretaken at(t).Takingintoaccounttheexpression ofthesecond ordercovariant

derivatives:
D 2vi

dt2
= �vi+ @l�

i
jk _q

l_qjvk + 2�ijk_v
j_qk + �ijkv

j�qk + �ilp�
l
jk _q

j_qpvk

and the com ponents ofthe Riem ann curvature tensor: R(X ;Y )Z = � r X (r Y Z)+ r Y (r X Z)+

r [X ;Y ]Z,8X ;Y;Z 2 �(TM ):

R
i
lkj = �ikp�

i
pl� �ipl�

p

jk
+ @k�

i
jl� @l�

i
jk

we �nally arrive to the expression:

D 2vi

dt2
+ R

i
ljk _q

l_qjvk = � g
ij
�
@l@jU � �rjl@rU

�
v
l

thatcan bewritten asa vectorequation:

r _r _V + K _(V )+ r V gradU = 0 (10)

whereV = V (t)� (vi(t)),and we have used the sectionalcurvaturetensor:

K X (Y )= R(X ;Y )X ; 8X ;Y 2 �(TM )

and theHessian ofthepotentialenergy U :H (U )= r dU

r dU =

�

@j@lU � @kU �kjl

�

dq
j

 dq

l

in such a way that8X ;Y 2 �(TM )

r dU (X ;Y )= hr X grad(U );Y i= hr Y grad(U );X i
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Solutionsofequation (10)determ ine the behaviorofthe fam ily ofsolutions(t;�)with respect

to the selected solution (t). Thus typicalsolutions oflinear equations (trigonom etric functions,

exponentials,etc.) willprescribe the stability/instability situations. In severalcontexts equation

(10) is usually called Jacobiequation,by analogy with the geodesic case. In fact,in the so-called

KCC theory on second orderdi�erentialequations,equation (11)isnothing buttheJacobiequation

for the specialcase ofNewton di�erentialequations. In order to avoid confusions we willdenote

Hessian operatorforthem echanicalsystem to:

�V = r _r _V + K _(V )+ r V gradU

and thuswereservetheterm Jacobioperator(and equation)to thegeodesiccase,i.e.to thegeodesic

deviation equation.

In the specialcase of �xed starting point for the fam ily of solutions (t;�), i.e. (t 0;�) =

(t0),an equivalent approach to equation (11) can be considered. The �rst variationalderivative

of functional(1) lead to Euler-Lagrange equations (3), and thus the second variation functional

(orHessian functional)willdeterm ine(togetherobviously with theLegendrestraightnesscondition,

autom atically satis�ed forthiskind ofsystem s,see [12])the localm inim um /m axim um characterof

a solution of(3). The second-variation functionalofthe action S,forthe case ofpropervariations

(V 2 �(TM )such thatV (t0)= V (t1)= 0)is:

�
2
S[(t)]= �

Z t1

t0

dthr _r _ V + K _(V )+ r V gradU;V i= �

Z t1

t0

dth�V;V i (11)

and thus the positive or negative de�niteness ofthe � operator determ ines the character ofthe

solution (t).

3 T he Jacobi-M etric Stability C riterion

The M aupertuis-JacobiPrinciple establishes the equivalence between the resolution ofthe Newton

equations (3) of the naturalsystem and the calculation of the geodesic curves in an associated

Riem annian m anifold.ThecrucialpointofthePrincipleistheexistenceofthem echanicalenergy as

�rstintegralforequations(3).Solutionsof(3)corresponding to a �xed value E = T + U willbein

one to one correspondence with the solutionsofthe equationsofgeodesicsin the m anifold M with

theso-called Jacobim etric:h = 2(E � U )g,associated to the E value.

G eodesicsin theRiem annian m anifold M � (M ;h)1 can beviewed asextrem alsofthefree-action

1
W e will calls � sh, i.e.: ds

2

g = gijdq
i
dq

j
, ds

2
= hijdq

i
dq

j
, and hij = 2(E � U )gij. W e willalso write r

J

for the covariant derivative with respect to h, and, for any vector�elds X ;Y 2 �(TM ): h(X ;Y ) = hX ;Y i
J
, and

kX k
J
=

q

hX ;X i
J
.
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functionalS0 orofthe Length functionalL:

S0[]=

Z t1

t0

1

2
(k_(t)kJ)2dt; L[]=

Z t1

t0

k_(t)kJ dt (12)

foranydi�erentiablecurve :[t0;t1]! M connectingthepoints(t0)= P and (t1)= Q ,P;Q 2 M .

The extrem alconditions,�S0 = 0 and �L = 0,lead usto the Euler-Lagrange equations(equations

ofthe geodesicsin M ):

�S0 = 0 ) r
J
_ _ = 0; �L = 0) r

J
_ _= �(t)_; �(t)= �

d2t

ds2

�
ds

dt

� 2

(13)

�L = 0 leadsto the equationsofthe geodesicsparam etrized with respectto an arbitrary param eter

t(often called pre-geodesics)asa naturalconsequenceoftheinvariance underreparam etrizationsof

the Length functional,whereas �S0 = 0 producesthe equations ofa�nely param etrized geodesics.

Ifwe restrict to the arc-length param etrization and we willdenote,as usual,0 =
d

ds
,equations

(13)are written as:r J
0
0= 0,orexplicitly,in term sofChristo�elsym bols ~�i

jk
ofthe Levi-Civitta

connection ofh,as:

D (qi)0

ds
= (qi)00+ ~�ijk(q

j)0(qk)0= 0 (14)

TheM aupertuis-JacobiPrinciplecan beform ulated in the following form :

T heorem ofJacobi. The extrem altrajectories ofthe variationalproblem associated to the func-

tional(1)with m echanicalenergy E ,arepre-geodesicsofthem anifold (M ;h),whereh istheJacobi

m etric:h = 2(E � U )g.

From an analytic point ofview,the theorem sim ply establishes that the Newton equations (3)

for the action S,are written as the geodesic equations in (M ;h): r J
0
0 = 0,when the conform al

transform ation:h = 2(E � U )g,and areparam etrization (from thedynam icaltim ettothearc-length

param eters in (M ;h))are perform ed.

M oreover,the dependence between the two param eters is determ ined over the solutions by the

equation:
ds

dt
= 2

p
E � U ((s))T = 2(E � U ((s))) (15)

Theproofofthistheorem can beviewed in severalreferences(seeforinstance[6],seealso [12]for

a generalversion ofthe Principle).However,a very sim ple proofofthe theorem can be carried out

by theexplicitcalculation ofequations(14)in term softheoriginalm etricg,m aking useofLem m as

1 and 2 of the Appendix, that detailthe behavior of the covariant derivatives under conform al

transform ationsand re-param etrizations.r J
0
0= 0 turnsoutto be

r 0
0+ hgrad(ln(2(E � U )));0i0�

1

2
h

0
;

0
igrad(ln(2(E � U )))= 0 (16)
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in term softhe r derivative.By applying now Lem m a 2 to (16)we obtain,afterthe corresponding

reparam etrization and sim pli�cations,the equation

r _ _+ grad(U )= 0

i.e.the Newton equationsofthe m echanicalsystem .

Thisresultallowsto de�netheJacobi-m etriccriterion forstability ofthem echanicalsolutionsin

term softhecorresponding geodesicsoftheJacobim etric.

In an analogousway to theprevioussection,onecan linearizetheequations(14)ofthegeodesics

in (M ;h)by considering a fam ily ofgeodesics(s;�):

(t;�)= (t)+ �V + o(� 2)

with V (s)=
@(s;�)

@�

�
�
�
�= 0

.Following thesam e steps,one�nally arrivesto theexpression

r
J
0r

J
0V + K

J
0(V )= 0 (17)

whereV = V (s)� (vi(s)),and K J isthe sectionalcurvaturetensorofthe h m etric.

Equation (17)istheG eodesic Deviation Equation,orJacobiEquation,fora given geodesic (s)

of(M ;h).W e willdenote JacobiO perator,orG eodesic Deviation O peratorto:

� J
V = r

J
0r

J
0V + K

J
0(V ) (18)

Thusstability ofa solution ofNewton equations(t)willbe determ ined,in thiscriterion,ifthe

corresponding geodesic (s)isstable,that�nally leadsto equation (17).

In order to determ ine the exact relation existing between the Jacobi-m etric criterion and the

dynam icalo standard one,we willanalyze now equation (17),by using the resultsaboutconform al

transform ationsand re-param etrizationsincluded in the Appendix.

Applying Lem m a 1 and Lem m a 3 (seeAppendix)to theJacobioperator(18)and sim plifying the

expressions,equation (17)iswritten as:

� J
V = r 0r 0V + K 0(V )+

1

2
hF;V ir 0

0+


F;

0
�
r 0V �

1

2




0
;

0
�
r V F +

+

�


F;r 0V

�
+
1

2
hF;V i



F;

0
�
+


r V F;

0
�
�


0+

+

�
1

2



F;r 0

0
�
+
1

2



F;

0
�2
�
1

4




0
;

0
�
hF;F i

�

V +

+

�

�
1

2



r 0

0
;V

�
�



0
;r 0V

�
�
1

2



F;

0
� 


0
;V

�
�

F (19)

depending only on the m etric g,and where F denotes:F = gradln(2(E � U )).Re-param etrization

of(s)in term softhe t-param eter:


0(s)=

1

2(E � U ((t)))
_(t); r 0X =

1

2(E � U ((t)))
r _X

7



and application ofLem m a 2 to (19)lead to:

� J
V =

1

(2(E � U ))2

�

r _r _V + K _(V )+
1

2
hF;V ir _ _�

1

2
h_;_ir V F +

+ (hF;r _V i+ hr V F;_i) _+

+

�
1

2
hF;r _ _i�

1

4
h_;_ihF;F i

�

V +

+

�

�
1

2
hV;r _ _i� h_;r _V i

�

F

�

(20)

Expression (20) is written in term s of quantities depending only on the m etric g and the t-

param eter. In order to relate this expression with the Hessian operator � we need to rem em ber

that(t)isa solution ofthe Newton equations(3)ofenergy E ,and thus:r _ _ = � gradU ,h_;_i=

2(E � U ((t))).Using these factsand sim plifying we arrive to:

� J
V =

1

(2(E � U ))2

�

�V �
d

dt

�
hV;gradU i

E � U

�

_+
hgradU;V i+ h_;r _V i

E � U
gradU

�

(21)

wherewe have used theidentity:h_;r V gradU i= hV;r _gradU i.

O bviously,thetwooperatorsdonotcoincide,and correspondinglysolutionsoftheJacobiequation

� JV = 0 and the equation �V = 0 do notso. The two criteria ofstability are notequivalent. In

orderto investigate equation (21)to determ ine the reasonsofthisnon-equivalence between the two

criteria,wehaveto rem ark thatwhereasallthegeodesics(s;�)considered in thecalculation of� J

correspond to m echanicalsolutions ofenergy E (they are solutions ofthe equation ofgeodesics in

(M ;h),with h = 2(E � U )g),thesolutions(t;�)are in principleofenergy:

E � =
1

2
_qi(t;�)gij((t;�))_q

j(t;�)+ U (q(t;�)) (22)

But a correct com parison between two stability criteria is only wellestablished ifthe criteria act

overthe sam e objects.Thusthe com parison isonly licitifone restrictsthe fam ily (t;�)to verify:

E � = E .Expanding (22)in � we �nd:

E � = E + �(h_;r _V + hgradU;V ii)+ o(�2) (23)

And thustherequirem entE � = E reducesto the veri�cation of:h_;r _i= � hgradU;V i.

Thustherelation between theJacobioperatorand thehessian operatorrestricted toequal-energy

variationsis:

� J
V =

1

(2(E � U ))2

�

�V �
d

dt

�
hV;gradU i

E � U

�

_

�

(24)

and thetwo operatorsare notequivalent,even considering the equal-energy restriction.
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4 T he Variationalpoint ofview

As it has been explained in the Introduction ofthis work,we willapply now the above obtained

resultsto thespecialcaseof�xed end-points,i.e.wewillrestrictouranalysisto thesituation where

the conditions: (t0)= P and (t1)= Q ,with P and Q �xed,are im posed . From the m echanical

pointofview,thisisexactly the case ofthe calculation ofsolitonic solutionsin Field Theories(see

for instance [8])where asym ptotic conditions determ ine the starting and ending points. Using the

M aupertuis-JacobiPrinciple,thissituation istranslated to the problem ofcalculating the geodesics

connecting two �xed points in the m anifold M . W e thus use the fram ework of the Variational

Calculusfor�xed end-pointsproblem s.

The m inim izing character (localm inim um ) of a geodesic (s) connecting two �xed points is

determ ined by the second variation functional:

�
2
S0 = �

Z s1

s0



� J

V;V
�
ds; �

2
L = �

Z s1

s0

D

� J
V
?
;V

?

E

ds (25)

where� J isthe geodesic deviation operatorofh:

� J
V = r

J
0r

J
0V + R

J(0;V )0= r 0r 0V + K
J
0(V )

where V 2 �(TM )denotes any propervariation and V ? isthe orthogonalcom ponentofV to the

geodesic.

W ewillshow now two theorem s,in the�rstoneitisestablished thedi�erencebetween thesecond

variation functionalofthedynam icalproblem and thecorrespondingonetothefree-action functional

associated to the Jacobim etric. In the second one,a sim ilaranalysisiscarried outforthe Length

functional.

T heorem 1. Let (t) be an extrem alofthe functionalS[]=
Rt1
t0

�
1

2
h_;_i� U ()

�
dt,and let

SJ0[]=
Rs1
s0

1

2
h0;0i

J
ds be the free-action functionalofthe Jacobim etric associated to S[]and

corresponding to a �xed value,E ,ofthe m echanicalenergy,then the corresponding Hessian func-

tionalsverify:

�
2
S
J
0[]= �

2
S[]+

Z t1

t0

dt2h_;r _V ihF;V i (26)

whereF = gradln(2(E � U )).

T heorem 2. Let (t) be an extrem alof the S[] =
Rt1
t0

�
1

2
h_;_i� U ()

�
dt functionaland let

LJ[]=
Rs1
s0
k0kdsbethelength functionaloftheJacobim etricassociated toS[]and corresponding

to a �xed value,E ,ofthe m echanicalenergy,then the corresponding hessian functionalsverify:

�
2
L
J[]= �

2
S[]�

Z t1

t0

dt

2(E � U )
[hr _ _;V i� sh_;r _V i]

2
(27)

9



From (27)itisobviousthatm inim izing geodesicsare equivalentto m inim izing (stable)solutionsof

thedynam icalsystem ,i.e.a positive de�nitenessof�2LJ im pliesthesam ebehaviourfor�2S,butit

isnotnecessarily truethe reciprocalstatem ent.

Ifwe restrictthevariationsto the orthogonalones,V = V ? ,(27)can bere-written as:

�
2
S
�
�
V = V ?

= �
2
L
J +

Z s1

s0

ds

�

hF
J
;V

?
i
J
�2

Theproofsofthesetwo theorem sarebased on thebehaviourofthecovariantderivativesand the

curvature tensorunderreparam etrizationsand conform altransform ationsofthe m etric tensor. W e

thususethe technicalresultsincluded in theAppendix.

P roofofT heorem 1.W e startwith equation (25)particularized to thecase oftheJacobim etric:

�
2
S
J
0[]=

Z
s1

s0

ds


� � J

V;V
�J

with � JV = r J
0
r J
0
V + K J

0
(V ).

Usingexpression (21),deducedin theprevioussection afterchangingthem etricand re-param etrizing,

we can write:



r
J
0r

J
0V + K

J
0(V );V

�J
=

1

2(E � U )
hr _r _V + K _(V )+ r V gradU;V i+ (28)

+
1

2(E � U )

@

@t
(hF;V ih_;V i)+

1

(E � U )2
h_;r _V ihgradU;V i

And thus,thesecond variation functionaliswritten as:

d2SJ0[]

d�2
(0) = �

Z
s1

s0

ds


r
J
0r

J
0V + K

J
0(V );V

�J
=

= �

Z t1

t0

dthr _r _V + K _(V )+ r V gradU;V i+

+

Z t1

t0

dt2h_;r _V ihF;V i� hF;V ih_;V ij
t1
t0

Forpropervariations:V (t1)= V (t2)= 0

d2SJ0[]

d�2
(0)=

d2S[]

d�2
(0)+

Z t2

t1

dt2h_;r _V ihF;V i

with F = gradLn(2(E � U ))= �
1

E � U
gradU .

Q .E.D.

P roofofT heorem 2:Forthe Length functionalwe have:

d2LJ[]

d�2
(0)= �

Z s2

s1

ds

D

r
J
0r

J
0V

? + K
J
0(V

? );V ?

EJ

10



where

V
? = V �

�
0

k0kJ
;V

� J
0

k0kJ
= V �




0
;V

�

0

and thus:
d2LJ[]

d�2
(0)=

d2SJ0[]

d�2
(0)�

Z s2

s1

ds

�


0
;r

J
0V

�J
�2

By using Theorem 1,wehave that

d2LJ[]

d�2
(0) =

d2SJ0[]

d�2
(0)�

Z s2

s1

ds

�


0
;r

J
0V

�J
�2

=

=
d2S[]

d�2
(0)+

Z
t2

t1

2h_;r _V ihF;V dti+

Z
t2

t1

A(t)dt

where: Z t2

t1

A(t)dt= �

Z s2

s1

ds

�


0
;r

J
0V

�J
�2

= �

Z t2

t1

dt(2(E � U ))3



0
;r

J
0V

�2

From Lem m a 1 and Newton equations,we have

Z
t2

t1

A(t)dt= �

Z
t2

t1

dt
1

2(E � U )
(h_;r _V i+ (E � U )hF;V i)

2

Finally

d2LJ[]

d�2
(0)=

d2S[]

d�2
(0)�

Z
t2

t1

dt
1

2(E � U )
[h_;r _V i� hr _ _;V i]

2

Q .E.D.

5 A ppendix

Lem m a 1.G iven aconform altransform ation in ariem annian m anifold,(M ;g)! (M ;~g);~g = f(x)g,

f(x)6= 0,8x 2 M ,letr and ~r betheassociated Levi-Civita connectionsrespectively.Then,forall

X ;Y;Z 2 �(TM )itisveri�ed that:

~r X Y = r X Y +
1

2
hF;Y iX +

1

2
hF;X iY �

1

2
hX ;Y iF (29)

~r X
~r Y Z = r X r Y Z +

1

2
hF;Zir X Y +

1

2
hF;Y ir X Z �

1

2
hY;Zir X F +

1

2
hF;X ir Y Z +

+

�
1

2
hF;r Y Zi+

1

2
hF;ZihF;Y i�

1

4
hY;ZihF;F i

�

X +

+

�
1

2
hr X F;Zi+

1

2
hF;r X Zi+

1

4
hF;ZihF;X i

�

Y +

+

�
1

2
hr X F;Y i+

1

2
hF;r X Y i+

1

4
hF;X ihF;Y i

�

Z + (30)

+

�
� 1

2
hr X Y;Zi�

1

2
hY;r X Zi�

1

2
hX ;r Y Zi�

1

4
hF;ZihX ;Y i�

1

4
hF;Y ihX ;Zi

�

F

where the scalarproductsare taken with respectto the m etric g and F = grad(lnf)(grad stands

forthe gradientwith respectthe m etric g).
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P roof: By directcalculation.Letusconsiderthe expression ofthe Christo�elsym bolsofthe ~g m etric:

~�ijk =
1

2
~gir (@k~gjr � @r~gjk + @j~grk)

and substitute ~gij = fgij,~g
ij = 1

f
gij.So

~�ijk = �ijk +
1

2

�
grad(lnf)m

�
�
i
jgm k + �

i
kgm j

�
� gjkgrad(lnf)

i
�

and the covariantderivativewillbe

~r X Y = X
j~r jY = X

j

�
@Y i

@xj
+ ~�ijkY

k

�
@

@xi
= r X Y + A

i
jkX

j
Y
k @

@xi

whereA i
jk standsfor:

A
i
jkX

j
Y
k =

1

2

�
grad(lnf)m

�
�
i
jgm k + �

i
kgm j

�
� gjkgrad(lnf)

i
�
X

j
Y
k =

=
1

2

�
hgrad(lnf);Y iX i+ hgrad(lnf);X iY

i
�
�
1

2
hX ;Y igrad(lnf)i

Finally,sim plifying

~r X Y = r X Y +
1

2
hgrad(lnf);Y iX +

1

2
hgrad(lnf);X iY �

1

2
hX ;Y igrad(lnf)

and sim ilarly for(30).

Q .E.D.

Lem m a 2.G iven a (di�erentiable)curve:[t1;t2]! M on M ,let(s)= (t(s))bean adm issible

re-param etrization of,ds= f(x(t))dt(f(x(t))6= 0;8t2 [t1;t2]).Then 8X 2 �(TM ):

r 0X =
1

f(x)
r _X (31)

r 0
0=

1

f(x)2
(r _ _� hgrad(lnf);_i_) (32)

r 0r 0X =
1

f(x)2
(r _r _X � hgrad(lnf);_ir _X ) (33)

where _(t)=
d(t)

dt
and 0(s)=

d(s)

ds
.

P roof: Again by directcalculation

r 0X =

�
dX i

ds
+ �ijkx

0j
X

k

�
@

@xi
=

�
dX i

dt

dt

ds
+ �ijk _x

j dt

ds
X

k

�
@

@xi
=

1

f
r _X

r 0
0 =

1

f
r _

0=
1

f

�
dx0i

dt
+ �ijk _x

j
x
0k

�
@

@xi
=

�
1

f

d

dt

�
_xi

f

�

+ �ijk _x
j_xk

1

f2

�
@

@xi
=

=
1

f2

�

r _ _� @k lnf_x
k _xi

@

@xi

�

=
1

f2
(r _ _� hgrad(lnf);_i_)

r 0r 0X = r 0

�
1

f
r _X

�

= r 0

�
1

f

�

r _X +
1

f2
r _r _X =

=
dt

ds

d

dt

�
1

f

�

r _X +
1

f2
r _r _X =

1

f2
(r _r _X � hgrad(lnf);_ir _X )

12



Q .E.D.

Lem m a 3. G iven a conform altransform ation in a Riem annian m anifold: (M ;g) ! (M ;~g),~g =

f(x)g,letR and ~R betheassociated curvaturetensorsrespectively.Then,forany X ;Y;Z 2 �(TM ),

itisveri�ed that:

~R(X ;Y )Z = R(X ;Y )Z �
1

2
hX ;Zir Y F +

1

2
hY;Zir X F +

+

�
1

2
hr Y F;Zi�

1

4
hF;ZihF;Y i+

1

4
hY;ZihF;F i

�

X +

+

�

�
1

2
hr X F;Zi+

1

4
hF;ZihF;X i�

1

4
hX ;ZihF;F i

�

Y +

+

�
1

2
hr Y F;X i�

1

2
hr X F;Y i

�

Z + (34)

+

�
1

4
hF;Y ihX ;Zi�

1

4
hF;X ihY;Zi

�

F

where r isthe Levi-Civita connection associated to g,F = grad(lnf)and the scalarproductsand

thegradientare taken with respectto them etric g.

P roof: Apply Lem m a 1 to the form ula: ~R(X ;Y )Z = � ~r X (~r Y Z)+ ~r Y (~r X Z)+ ~r [X ;Y ]Z,and sim plify.

Q .E.D.
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