arXiv:math-ph/0201026v1 14 Jan 2002

O n the dervatives of generalized G egenbauer
polynom Bls

W .Garc a Fuertes, A .M .Perelom ov
D epartam ento de F sica, Facultad de C dencias, U niversidad de O viedo, E33007 O viedo, Spain

A bstract

W e prove som e new formulae for the derivatives of the generalized G egenbauer
polynom ials associated to the Lie algebra A ;.

Asitiswellknown [l], the classical G egenbauer polynom alsC, (z)su er,whendi erentiated
n z,a shift In the param eter , nam ely

de +1
= um 17
dz
m ! z
P, (z) = ( Cph (5); (= (+1)::( +m 1)

T he classical G egenbauer polynom ials are (up to a factor) the eigenfunctions of the sim plest
quantum C alogero-Sutherland Ham iltonian 31,31, that related to the Lie algebra A4 . It is
the purpose of this note to show that the same shift in  takes place In the derivatives of
the generalized G egenbauer polynom lsP, . (z1;2z;) giving the quantum eigenfuctions of the
C alogero-Sutherland system with Lie algebra A ,:

Pm;n = "m;n( )Pm;n(zl;ZZ);
P = 2z z; + ower tem s;
(Z 3z)Q + (7 3z)CL + (mze 98, @, + B + 1)z, + 26,,)

wn( ) = m?+n+mn+ 3 M+ n);

see @1,81,8101,8). Speci cally, we w ill prove the follow ing form ulae:
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Consider rst (f]). T he proof of this form ula proceeds by induction on the second quantum
num ber. T he generating function for the Jack polynom &2ls P, is known to be @1
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D i erentiation of this expression show s the validity of (ﬂ) when n = 0. On the other hand,
we can use the recurrence relations for the generalized G egenbauer polynom fals []]to express
P In temm s of polynom als with lowern:
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D i erentiating (El) w ith respect to z; under the assum ption that (ﬁ]) isvald when the second
quantum num ber is lower than n, and applying the recurrence relation () to get rid of the
rem aining z, factors, we obtain:
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and by explicit use of () and @), we nd:
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w hich establishes the desired result. T he proofof ) takes advantage of the tw in recurrence
relation to (§), see []], and is com pletely analogous. In conclusion we would lke to m ention
that the approach of this notem ay be usad also for the A, case. W e hope to retum to this
problem in the future.
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