arXiv:0907.2885v1 [math-ph] 16 Jul 2009

Q uantum scalar elds in the halt-lne.
A heat kernel/zeta function approach.

J.M ateos G uilarte',J.M .M unoz C astaneda?, and M . J. Senosiain’
1D epartam ento de F sica Fundam entaland IUFFyM ,
Universidad de Salam anca
°D epartam ento de F  sica Teorica
Universidad de Zaragoza, SPA IN .
3D epartam ento de M atem aticas

Universidad de Salam anca, SPA IN .

A bstract

In thispaperwe shall study vacuum uctuations ofa single scalar eld w ith D irichlet
boundary conditions In a nite but very long line. The spectral heat kemel, the heat
partition function and the spectral zeta function are calculated in tem s of R iem ann
T heta functions, the error function, and hypergeom etric p Fo fiinctions.

1 Introduction

Tn collaboration with J. Sean a, J. Abad devoted part of the last years of his fertile scienti ¢
career to studying the 0l of special functions in quantum eld theory. In this briefm em oir,
elaborated to honor Julio’s m em ory, we explore the In uence of using D irichlet boundary
conditions in quantum eld theory. Speci cally, we shall address the Higgsm odel In (1+ 1)-
din ensions but we shall restrict the spatial line to becom e a nite interval. Then, D irichlet
boundary conditions at the endpoints of the intervalw ill be In posed on the eld. Eventually,
we shallallow the length of the interval to tend to In nity to describe the situation In which
them esonsm eet an in penetrable wall. O ur playground is thus the analysis of scalar quantum
elds living In a halflne.

In this short work we shall concentrate on com puting very basic quantities. Essentially,
we shalldealw ith vacuum uctuations in such a way that the spectral zeta function of the
second-order di erential operator goveming an all uctuations around the vacuum w illbe used
to regularize the divergent zero-point energy. T he spectral Inform ation is also encoded in the
associated K -heat partition function and K -heat kemel. These spectral functions pem it a
high-tem perature asym ptotic expansion, which, in tum, detem ines via the M ellin transform
the m erom orphic structure of the spectral zeta function in tem s of the heat coe cients. The
m ain sources of our approach are R eferences [1l], 2], and @laswellas [@]and [1]. W e hope
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that Julio would have been pleased w ith our results. In recent tin es he was one of those rare
theorists trusted and praisaed by experin ental and applied physicists.

2 The H iggsm odel in a line

In the (1 + 1)din ensional toy H ggsm odel the action

s- ap 188 _agy My
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govems the dynam ics of the scalar eld (yo;y) :R'? | R. We choose themetricg =
diag(l; 1)in (1+ 1)-din ensionalR'? M inkow skian spacetin e. In the naturalsystam ofunits
~ = c= 1 thedimension of the eld, them ass, and the coupling constant are respectively:

[ 1=1,[ 1= m?]= L 2. In tem s of non-din ensional spacetin e coordinates and elds
p_
2 m
Y'Y=? X ; )l (y)=e= (x) ;

the action functionaland the el equationsofthe ( ) modelread:
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T he shift of the scalar eld from the hom ogeneous stable solution, (x )= 1+ H (x ), leads
to the action
2Z
2 1 2 3 1 4
S=— d x E@H@H 2H “(x ) 2H (x)+§H (x ) ;

which show s the spontaneous sym m etry breakdown of the intemal parity 7, symm etry.

3 Zero point vacuum energy w ith D irichlet boundary
conditions

The lnearized eld equations

—@ZH( ) —@ZH( )+ 4 H( )= 0 (1)
; X))+ iX)=
@XS Xg ;X a2 Xg X Xy ;X

allow usto expand theH iggs edd H (x;;x) as a linear superposition of solutions obtained by
m eans of separation of variables:
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1 X 1 ik ikox
H (x;x)= — — p——— ak)e ¥ E(x;k)+ a k)& E (x;k) : (2)
m
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(2) is the general solution of (1) if the dispersion Jfgelatjon between the frequency and energy
of the plane waves ki k* 4= 0 (ko= ! (k)= k?+ 4)hoHds. O fcourse, f (x;k) are the
elgenfunctions of the second-order uctuation operator:
d2
Ko= @+ 4 ; K of (x;k) = !?(K)f (x;k) : (3)
In thenom alization ntervall = [0;1],1= %% , the spectrum ofK ( w ith D irichlet boundary
conditions (follow ing the m ethod developed In [8])

K of, (x)= !2f, (x) ;o f0)= £, )= 0

n
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1 ¥ 1 1
T herefore, the classical Ham iltonian is tantam ount to an In nite num ber of oscillators given
by the Fourder coe cients of these standing waves:

Z
g @ m > g 1@H eH 1@ H @H+H( ' H gex)
— — — ;X ;X
P2 28x, @x, 2 @x  @x .
m X
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Canonicalquantization [&(k,);&Y (k, )]= . Prom otes the Fourier coe cients to creation and
annihilation operators and gives the free quantum Ham iltonian:
~(2) m Xl | v 1
Hy =19—§ P (kn) a(kn)a(kn)—i'a

n=1
Tt is clear that the vacuum &Y (k, )P >= 0;8n energy is not zero but:
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a divergent quantity.

3.1 The heat function

B etter expectations of convergence are o ered by another spectral function, the K j-heat func-
tion: 7
1

K e ()
T e 0 = dx Kk, (x;%x; )= e 2 (4)
0 n=1
where K ¢ | (x;y; ) Is the kemel of the K j-heat equation
@ 2
@—+Ko (x)= . @Jrél Kg,xjy; )=0 ; Kg,x;v;0)= x vy)



and = k‘B“—T is proportional to the nverse tem perature. M oreover, via the M ellin transform

the spectral zeta function is obtained:

Z 5
s 1 K o 1
K, (8)= o d Tpe 0= — : (5)

(=2 + 4y

n=1

W e shalluse thism erom orphic function of the com plex variable s (and w ill retum to this later)
to regularize the divergent sum of vacuum uctuations, E , by assigning to it the value of
the series at a regular point In the s com plex plane.

3.1.1 R iem ann T heta constants

The K (-heat function is essentially given by a R iem ann T heta constant:

Tn e . e ' et ¥ exp | 2n2] 1 e O 04— ) 1
I = = — —_— = - R
’ 2 Pl 2 0o “IE
(6)
Here, we denote the very wellknown R iem ann or Jacobi T heta functions in the fom :

X 1
(zj )= exp 2 iln+ a)(z+ b)+ 5(n+ a)y ;

n= 1

a
b

z 2 C ; 2C;Im > 0 ; a;b= O%. Thus, we need the Riem ann T heta function at the
z = 0 point (Theta constant), them odular param eter = 3 (determ ined by  and 1), and
the \characteristics" a = b= 0. U s of the Poisson form ula

1 0 ¥

0 (O;i? )= p— 0 (0;1—)

allow s us to w rite the K (-heat function in the new fomm :

k, ¢€° 1 0 L P
TrD e = 5 e— 0 (O;l—) 1

From this, an asym ptotic form ula for the behavior of the K g-heat function is obtained:

]_2 c 64 1 c

0;i—)=1+0(c ) ) TrDeK":!OT p— 1 +0 (e ) 2 (7)

3.1.2 Physicists’ derivation: the E rror function

W enow o era derivation of the asym ptotic form ula by m eans of physicists’ techniques. T he
dea is to look at the problem when 1 isvery large: 1 ! 1 . The gpectral density of the
standing waves can be determ ined from the phase shifts P (k)= Si(2kl) (Si(x) is the sine
Integral function) due to the re ected waves:

sh kl+ P (k) =0 kl+ P (k)= n ; n2zt



5 dn 1 da?’ 1 sin (2k1)
. k)= —=— — 1 —
0 dk dk k1l
Thus, we end w ith an integral, rather than a series, for the K -heat function in tem s of the
error function:

1
+_

Z

dk
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1 sin2k1 Kiia €° 1 1
— e = — P Erf p= : (8)

TrDeKO:

T he high—tem perature form ula agrees perfectly w ith (7)

1 < K o S 1 <
EIf[?t]= gol‘l‘O(e ) ) Ty e = 190 > e— 1 + 0O (e )

and , neglecting exponentially sn allcontribbutions,we nd the coe cientsofthe high-tem perature
expansion :
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3.2 The spectral zeta function
3.2.1 Epstein zeta function

M ellin’s transform of the K (-heat ﬁmcEjon (d) provides the spectral zeta function in term s of
the Epstein zeta function E (s;afp )= | L

=1 (An2+a)5:
|
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M ellin’s transform , how ever, of the Poisson inverted version
|
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gives the spectral zeta function as a series of m odi ed Bessel functions of the second type.
M oreover, fomula (9) show s that there are poles of [ (s) at the points

1 1 3 5 7 29+ 1 i
S= i S i Si i T i J2z
becauseK -, s (4In) are transcendental entire functions, ie. holom orhic functionsofs in C=1

with an essential shqularity at s= 1 .



3.2.2 Physicists’ derivation: H ypergeom etric ; Fy functions

M ellin’s transform of the (8) version of the K ,-heat flinction

5 1 ' ., e’ 1 1
x,(8) = o) O d 5 P— Erf p=
1 (s 1=2) 1 1 )
- p4_ = T e \Fo[1=2;3=2;3=2 s;4T7]
125 1
Fols;l=2+ s;1+ s;4¥%1 (10)
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supplies a third analytical expression of the spectral zeta function. Euler functions and
hypergeom etric » Fo functions, w ith pow er expansion around z = 0

X (ar e ( ;
1)k (@2 K oha z
Fo [@17a2; He YO ;0= — ;
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where (@), = a(@a+ 1)@+ 2) (@+ k 1) isthe Pochham m er sym bol, enter the third form ula
of ¢, (s). It is clear that the physical point s = - isa pole of at least (s 3). Other
poles com e from the other poles of (s %),s %= 0; 2; 3; 4; 5; , and the poles of

1Fo[1=2;3=2;3=2 s;4F]land 1F,[s;1=2+ s;1+ s;4F ], which are m erom orphic fiinctions of s.
From the residue representation of these fiinctions
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S
we nd poleswhen 3=2 s= k;1=2+ s=  ky;1+ s=ks;ki;ko;ks 2 27 f0g. ALl
together, there are poles of ;EO(S) at:

S = 5=2; 2; 3=2; 1; 1=2;1=2;3=2;5=2;7=2;

3.3 The heat equation kernel

F inally, In this sub-Section we analyze how the K -heat function, henceforth the spectral zeta
function, are obtained from the K j-heat kemel.

3.3.1 JacobiTheta functions

The K (-heat equation kemel satisfying the D irichlet boundary conditions

@ @2
T @zt Kg,®iy; )=0; K¢ (x;y;0)= (x y) ; K¢ (0;y; )=Kg (Ly; )= 0:

(11)



3 2, e4 x 2
Ky, Xiy; ) = —le4 sjn(—nx)sjn(—lny) e 7" = 1 sjn(—lnx)sjn(—lny) e 7"
n=1 n= 1
e4 b 2 5
= cos(—n (x cos(—n (x + e 7"
a (l ( v)) (l ( v))
4
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= = = : 12
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A Itematively, a m odular transform ation allow s us to express the heat kemel in the new fomm :

1 = y)? 0 X Y..l2
K, (xiy; ) = e p—=— e ¢ ( il Fi—)
4 0 2
(x+y)? 0 x+y. P
4 11- - .
e 0 S x ) ;

because the Jacobi theta functions involred are m odular form s of weight 1=2.

3.3.2 Physicists’ derivation: the Laplace transform

A nother route to solve (1) is to look for solutions of the form

Ky, iy )= Kg,(x;y; )+ e® D (x;y; ) (13)
where
e (x y)2
Kk, xy; )=194: eXP[T]

istheK (-heat equation kemelw ith periodic boundary conditions. (13) com pliesw ith D irichlet
boundary conditions if:

1 ﬁ 1 (ly)2
D (x;y;0)=0 ; D (O;y; )= p4: el 7 D (Lyyr )= 194: e+ (14)

& he D irichlet boundary conditions (I4) force the Laplace transform ofD (x;y; ),D (X;y;8)=
d e® D (x;y; ),to satisfy:

e e TSy
D (O;y;s)= —2p§ ; D (Ly;s) = —2p5— : (15)

M oreover, the ansatz (13) solves (1) ifD (x;y;s) solves the Laplace equation:

d2

@ s D (x;y;s)= 0 : (1o)

T he general solution of (14d) is

D (x;yis)= A (y)e



which com plies w ith (I3) if:

exp| ps(l+ x y)]l expl ps(x+ y D]
el s el s
p— S
exp[  s(l x+vy)] expl sl x vyl
o= P= H (17)
el s el s

D (x;y;s) =

1
2

0

+

T he last step is to take the inverse Laplace transform ofD (x;y;s) asgiven in (I7). To do
this, it is convenient to w rite the com m on denom inator as a pow er series expansion :

P-
1 _ e’ ® _ X ( 1)ne(2n+1)1p5 .
el's ol's 1 g2l's ’
n=10
or,
1 x . D P -
D(X;y;S)=§p—g ( 1) expl  s@ln+ 1)+ x  y)] expl  s@nl+ x+ y)]
n=10

+  expl pg(21(n+ 1) x+vy)] expl pE(Zl(n+ 1) x vl

T he Inverse Laplace transform of this is easy and gives:

® 2 2
1 2ln + 1)+ QIn + x+ v)
D (x;y; )= p=— (1) expl Glnx 1)+ x Y)] exp | ALy
4 L 4 4
ln+ 1) x+ y)? Cln+ 1) x vy
+  expl 1 ] expl[ : ]

From this form ula we derive the D irichlet K j-heat kemel at coinciding points

"

#
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n=10

which In tum provide the K ( heat function through integration on the interval:

|
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we again nd
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n the high—tem perature regin e.

4 Summ ary and outlook

In sum , we have found three di erent expressions for the K (-heat function:

e4 e4 e4
Tre “0= fi( )= —1%fHi(5 )= f3(5
nh > 1(12 ) > 2(l2 ) > 3(12 )
w here
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Figure 1 shows the M atham atica graphics of £1(3 J), £(j J) and (7 j. In Figure 2(a)
the graphics of £f1 (7 j) and £ (7 Jj) are shown together. Sin ilim odo, the graphics of £ (7 jand
f3(j J) are plotted together in Figure 2(b). It is clear that all three graphics agree perfectly
when ! 0 (high-tem perature) and/or 1! 1 (in nite length of the interval). f;(j j) and
f,(j j,however, start todi erat j j= 0:7,whereas there are no di erences in the graphics of
f1(j ) and 5(j Jj). It isam azing how two di erent derivations nvolring highly sophisticated
special functions lead to dentical curves ! From a physical point of view we are tem pted to
goeculate that f3(j J) would give the exact result £ (7 Jj) because the In nite rebounds of the
standing waves In the wallsat x = 0 and x = 1are accounted for. Instead, £, (x) counts a

single rebound In the x = 0 wall, which is a legitin ate approxin ation for 1!

1.
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Figure 2: Pltof: (left) £f;(j j) (continuous line) and £ (j j) (dashed line), and (right) fi (7 J)
(continuous line) and f3(j J) (dashed line).

W e plan to follow this work by extending these com putations to the kink sector of the
m odel. The dea is to com pute the one-loop kink m ass shift in the fram ework developed in
R eference [H]using D irichlet boundary conditions instead of the periodic boundary conditions
that arem ore conventional in quantum eld theory . ITtwillalso be of great interest to perform
the sam e program using m ore general fam ilies of boundary conditions, com bining the m ethod
developed in [4,[3]w ith the form alisn developed i references [@,[9,[81.
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