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A bstract

In thispaperweshallstudy vacuum 
uctuationsofa singlescalar�eld with Dirichlet

boundary conditions in a �nite but very long line. The spectralheat kernel,the heat

partition function and the spectralzeta function are calculated in term s ofRiem ann

Theta functions,theerrorfunction,and hypergeom etric P FQ functions.

1 Introduction

In collaboration with J.Sesm a,J.Abad devoted partofthe lastyearsofhisfertile scienti�c

careerto studying the r̂oleofspecialfunctionsin quantum �eld theory.In thisbriefm em oir,

elaborated to honor Julio’s m em ory,we explore the in
uence ofusing Dirichlet boundary

conditionsin quantum �eld theory. Speci�cally,we shalladdressthe Higgsm odelin (1+1)-

dim ensionsbutwe shallrestrictthe spatialline to becom e a �nite interval. Then,Dirichlet

boundary conditionsattheendpointsoftheintervalwillbeim posed on the�eld.Eventually,

we shallallow thelength ofthe intervalto tend to in�nity to describe thesituation in which

them esonsm eetan im penetrablewall.Ourplayground isthustheanalysisofscalarquantum

�eldsliving in a half-line.

In this shortwork we shallconcentrate on com puting very basic quantities. Essentially,

we shalldealwith vacuum 
uctuationsin such a way thatthe spectralzeta function ofthe

second-orderdi�erentialoperatorgoverningsm all
uctuationsaround thevacuum willbeused

to regularizethedivergentzero-pointenergy.Thespectralinform ation isalso encoded in the

associated K -heatpartition function and K -heatkernel. These spectralfunctions perm it a

high-tem peratureasym ptotic expansion,which,in turn,determ inesvia theM ellin transform

them erom orphicstructureofthespectralzeta function in term softheheatcoe�cients.The

m ain sourcesofourapproach are References[1],[2],and [3]aswellas[6]and [7]. W e hope
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thatJulio would havebeen pleased with ourresults.In recenttim eshewasoneofthoserare

theoriststrusted and praised by experim entaland applied physicists.

2 T he H iggs m odelin a line

In the(1+ 1)-dim ensionaltoy Higgsm odeltheaction

S =

Z

dy
2

�
1

2

@ 

@y�

@ 

@y�
�
�

4
( 2(y0;y)�

m 2

�
)2
�

governs the dynam ics ofthe scalar �eld  (y0;y) :R
1;1 ! R. W e choose the m etric g�� =

diag(1;�1)in (1+1)-dim ensionalR 1;1 M inkowskian space-tim e.In thenaturalsystem ofunits

~ = c = 1 the dim ension ofthe �eld,the m ass,and the coupling constantare respectively:

[ ]= 1,[�]= [m 2]= L�2 .In term sofnon-dim ensionalspace-tim ecoordinatesand �elds

y
�
! y

� =

p
2

m
� x

� ;  (y�)!  (y�)=
m
p
�
� �(x�) ;

theaction functionaland the�eld equationsofthe�(�)4
2
m odelread:

S =
m 2

�

Z

dx
2

�
1

2

@�

@x�

@�

@x�
�
1

2
(�2(x0;x)� 1)2

�

@2�

@x20
(x0;x)�

@2�

@x2
(x0;x)= 2�(x0;x)(1� �

2(x0;x)) :

The shiftofthe scalar�eld from the hom ogeneousstable solution,�(x�)= 1+ H (x�),leads

to theaction

S =
m 2

�

Z

d
2
x

��
1

2
@�H @

�
H � 2H 2(x�)

�

�

�

2H 3(x�)+
1

2
H

4(x�)

��

;

which showsthespontaneoussym m etry breakdown oftheinternalparity Z2 sym m etry.

3 Zero point vacuum energy w ith D irichlet boundary

conditions

Thelinearized �eld equations

@2�H

@x20
(x0;x)�

@2�H

@x2
(x0;x)+ 4�H (x0;x)= 0 (1)

allow usto expand theHiggs�eld �H (x0;x)asa linearsuperposition ofsolutionsobtained by

m eansofseparation ofvariables:

�H (x0;x)=
1

m
�

r
�

l

X

k

1
p
2!(k)

�
a(k)e�ik 0x0f(x;k)+ a

�(k)eik0x0f�(x;k)
	

: (2)

2



(2)isthe generalsolution of(1)ifthe dispersion relation between the frequency and energy

ofthe plane wavesk2
0
� k2 � 4 = 0 (k0 = !(k)=

p
k2 + 4)holds. Ofcourse,f(x;k)are the

eigenfunctionsofthesecond-order
uctuation operator:

K 0 = �
d2

dx2
+ 4 ; K 0f(x;k)= !

2(k)f(x;k) : (3)

Inthenorm alizationintervalI = [0;l],l= m Lp
2
,thespectrum ofK 0 withDirichletboundary

conditions(following them ethod developed in [8])

K 0fn(x)= !
2

nfn(x) ; fn(0)= fn(l)= 0

is:

kn =
�

l
n ; !

2

n =
�2

l2
n
2 + 4 ; fn(x)=

r
2

l
sin(

�

l
nx) ; n 2 Z

+
:

Therefore,the classicalHam iltonian istantam ountto an in�nite num berofoscillatorsgiven

by theFouriercoe�cientsofthesestanding waves:

H
(2) =

m 3

p
2�

Z

dx

�
1

2

@�H

@x0
�
@�H

@x0
+
1

2

@�H

@x
�
@�H

@x
+ �H (x0;x)� �H (x0;x)

�

=
m

2
p
2

1X

n= 1

!(kn)

�

a
�(kn)a(kn)+ a(kn)a

�(kn)

�

:

Canonicalquantization [̂a(kn);̂a
y(km )]= �nm prom otestheFouriercoe�cientstocreation and

annihilation operatorsand givesthefreequantum Ham iltonian:

Ĥ
(2)

0 =
m
p
2

1X

n= 1

!(kn)

�

â
y(kn)̂a(kn)+

1

2

�

:

Itisclearthatthevacuum
�
ây(kn)j0>= 0;8n

�
energy isnotzero but:

�E 0 =< 0jĤ j0>=
m

2
p
2

1X

n= 1

!(kn)=
m

2
p
2
TrD K

1

2

0 ;

a divergentquantity.

3.1 T he heat function

Betterexpectationsofconvergenceareo�ered by anotherspectralfunction,theK 0-heatfunc-

tion:

TrD e
��K 0 =

Z l

0

dxK K 0
(x;x;�)=

1X

n= 1

e
��

“

�
2
n
2

l2
+ 4

”

(4)

whereK K 0
(x;y;�)isthekerneloftheK 0-heatequation

�
@

@�
+ K 0

�

	(�;x)=

�
@

@�
�

@2

@x2
+ 4

�

K K 0
(x;y;�)= 0 ; K K 0

(x;y;0)= �(x � y)
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and � = m

kB T
isproportionalto the inverse tem perature.M oreover,via the M ellin transform

thespectralzeta function isobtained:

�K 0
(s)=

1

�(s)

Z 1

0

d� �
s�1 TrD e

��K 0 =

1X

n= 1

1

(�
2n2

l2
+ 4)s

: (5)

W eshallusethism erom orphicfunction ofthecom plex variables(and willreturn tothislater)

to regularize the divergentsum ofvacuum 
uctuations,�E 0,by assigning to itthe value of

theseriesata regularpointin thes com plex plane.

3.1.1 R iem ann T heta constants

TheK 0-heatfunction isessentially given by a Riem ann Theta constant:

TrD e
�� K 0 =

1X

n= 1

e
�� ! 2

n =
e�4�

2

 
1X

n= �1

exp[��
�2

l2
n
2]� 1

!

=
e�4�

2

�

�

�
0

0

�

(0ji
�

l2
�)� 1

�

:

(6)

Here,wedenotethevery wellknown Riem ann orJacobiTheta functionsin theform :

�

�
a

b

�

(zj�)=

1X

n= �1

exp

�

2�i[(n + a)(z+ b)+
1

2
(n + a)2�]

�

;

z 2 C ; � 2 C;Im � > 0 ; a;b = 0;1
2
. Thus,we need the Riem ann Theta function atthe

z= 0 point(Theta constant),them odularparam eter� = i�
l2
� (determ ined by � and l),and

the\characteristics" a = b= 0.UseofthePoisson form ula

�

�
0

0

�

(0;i
�

l2
�)=

l
p
��

�

�
0

0

�

(0;i
l2

��
)

allowsusto writetheK 0-heatfunction in thenew form :

TrD e
�� K 0 =

e�4�

2

�
l

p
��

�

�
0

0

�

(0;i
l2

��
)� 1

�

:

From this,an asym ptoticform ula forthebehavioroftheK 0-heatfunction isobtained:

�

�
0

0

�

(0;i
l2

��
)�= 1+ O (e

�
c

� ) ) TrD e
�� K 0 �= �! 0

e�4�

2

�
l

p
��

� 1

�

+ O (e
�

c

� ) :(7)

3.1.2 Physicists’derivation: the Error function

W enow o�era derivation oftheasym ptoticform ula by m eansofphysicists’techniques.The

idea is to look at the problem when lis very large: l ! 1 . The spectraldensity ofthe

standing wavescan be determ ined from the phase shifts�D (k)= �Si(2kl)(Si(x)isthe sine

integralfunction)dueto there
ected waves:

sin
�
kl+ �

D (k)
�
= 0 � kl+ �

D (k)= n� ; n 2 Z
+
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�
D
K 0
(k)=

dn

dk
=

l

�
+
1

�
:
d�D

dk
(k)=

l

�

�

1�
sin(2kl)

kl

�

:

Thus,we end with an integral,ratherthan a series,forthe K 0-heatfunction in term softhe

errorfunction:

TrD e
�� K 0 =

l

�

Z
1

0

dk

�

1�
sin2kl

kl

�

� e
��(k 2+ 4) =

e�4�

2

�
l

p
��

� Erf

�
l
p
�

��

: (8)

Thehigh-tem peratureform ula agreesperfectly with (7)

Erf[
l
p
�
]�= �! 0 1+ O (e

�
c

� ) ) TrD e
�� K 0 �= �! 0

e�4�

2

�
l

p
��

� 1

�

+ O (e
�

c

� )

and,neglectingexponentiallysm allcontributions,we�ndthecoe�cientsofthehigh-tem perature

expansion:

TrD e
�� K 0 = e

�4�
�

�
l

p
4��

�
1

2
Erf[

l
p
�
]

�

= e
�4�

�
X

n

cn(K 0)�
n�

1

2 ; n 2 f0g[ Z+

1=2

�= e
�4�

�
l

p
4�

�
1

2
+ O (e

�
c

� )

�

; c0(K 0)=
l

p
4�

; c1=2(K 0)= �
1

2
;

cn(K 0)= 0 ; 8n � 1 .

3.2 T he spectralzeta function

3.2.1 Epstein zeta function

M ellin’stransform oftheK 0-heatfunction (6)providesthespectralzeta function in term sof

theEpstein zeta function E (s;ajA)=
P

1

n= �1

1

(A n2+ a)s
:

�
D
K 0
(s) =

1

�(s)

Z
1

0

d� �
s�1 TrD e

��K 0 =
1

2�(s)
�

Z
1

0

d� �
s�1

 
1X

n= �1

e
��( �

2

l2
n2+ 4)

� e
�4�

!

=
1

2

1X

n= �1

1

(�
2

l2
n2 + 4)s

�
1

22s+ 1
=
1

2
E (s;4j

�2

l2
)�

1

22s+ 1
:

M ellin’stransform ,however,ofthePoisson inverted version

�
D
K 0
(s) =

1

2�(s)
�

Z
1

0

d� �
s�1

e
�4�

 
l
p
�
�
�

1

2

1X

n= �1

e
�

l
2

�
n2

� 1

!

=
1
p
�
�
�(s� 1=2)

4s�(s)
+

l

2s�1=2 �(s)
p
�

X

n2Z=f0g

(ln)s�1=2 K 1=2�s(4ln)�
1

22s+ 1
: (9)

gives the spectralzeta function as a series ofm odi�ed Besselfunctions ofthe second type.

M oreover,form ula (9)showsthattherearepolesof�DK 0
(s)atthepoints

s=
1

2
;�

1

2
;�

3

2
;�

5

2
;�

7

2
;� � � ;�

2j+ 1

2
;� � � ; j2 Z

+

becauseK 1=2�s (4ln)aretranscendentalentirefunctions,i.e.holom orhicfunctionsofsin C=1

with an essentialsingularity ats= 1 .
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3.2.2 Physicists’derivation: H ypergeom etric P FQ functions

M ellin’stransform ofthe(8)version oftheK 0-heatfunction

�
D
K 0
(s) =

1

�(s)
�

Z 1

0

d� �
s�1

e�4�

2

�
l

p
��

� Erf

�
l
p
�

��

=
l

p
4�

�
�(s� 1=2)

�(s)

�
1

22s�1
�

1

22(s�1)
�1F2[1=2;3=2;3=2� s;4l2]

�
l2s�1

s
�1F2[s;1=2+ s;1+ s;4l2]

�

; (10)

supplies a third analyticalexpression ofthe spectralzeta function. Euler � functions and

hypergeom etric P FQ functions,with powerexpansion around z = 0

P FQ [a1;a2;� � � ;ap;b1;b2;� � � ;bq;z]=

1X

k= 0

(a1)k(a2)k � � � (ap)k

(b1)k(b2)k � � � (bq)k
�
zk

k!
;

where(a)k = a(a+ 1)(a+ 2)� � � (a+ k� 1)isthePochham m ersym bol,enterthethird form ula

of�DK 0
(s). It is clear that the physicalpoint s = � 1

2
is a pole ofat least �(s� 1

2
). Other

polescom e from the otherpolesof�(s� 1

2
),s� 1

2
= 0;�2;�3;�4;�5;� � �,and the polesof

1F2[1=2;3=2;3=2� s;4l2]and 1F2[s;1=2+ s;1+ s;4l2],which arem erom orphicfunctionsofs.

From theresiduerepresentation ofthesefunctions

1F2[
1

2
;
3

2
;
3

2
� s;4l2] =

�(3
2
)�(3

2
� s)

�(1
2
)

�

1X

j= 0

resu

�
�(1

2
� u)(�4l2)u

�(3
2
� u)�(3

2
� s� u)

�(u)

�

(�j)

1F2[s;
1

2
+ s;1+ s;4l2] =

�(1
2
+ s)�(1+ s)

�(s)
�

1X

j= 0

resu

�
�(s� u)(�4l2)u

�(1
2
+ s� u)�(1+ s� u)

�(u)

�

(�j)

we �nd poles when 3=2� s = �k1;1=2+ s = �k2;1+ s = �k3;k1;k2;k3 2 Z
+
S
f0g. All

together,therearepolesof�DK 0
(s)at:

s= � � � � 5=2;�2;�3=2;�1;�1=2;1=2;3=2;5=2;7=2;� � � :

3.3 T he heat equation kernel

Finally,in thissub-Section weanalyzehow theK 0-heatfunction,henceforth thespectralzeta

function,areobtained from theK 0-heatkernel.

3.3.1 JacobiT heta functions

TheK 0-heatequation kernelsatisfying theDirichletboundary conditions

�
@

@�
�

@2

@x2
+ 4

�

K
D
K 0
(x;y;�)= 0 ; K

D
K 0
(x;y;0)= �(x�y) ; K

D
K 0
(0;y;�)= K

D
K 0
(l;y;�)= 0:

(11)
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is:

K
D
K 0
(x;y;�) =

2

l
e
�4�

1X

n= 1

sin(
�

l
nx)sin(

�

l
ny)� e

��
�
2

l2
n2

=
e�4�

l

1X

n= �1

sin(
�

l
nx)sin(

�

l
ny)� e

��
�
2

l2
n2

=
e�4�

2l

1X

n= �1

�

cos(
�

l
n(x � y))� cos(

�

l
n(x + y))

�

� e
��

�
2

l2
n2

=
e�4�

2l
�

�

�

�
0

0

�

(
x � y

2l
ji
�

l2
�)� �

�
0

0

�

(
x + y

2l
ji
�

l2
�)

�

: (12)

Alternatively,a m odulartransform ation allowsusto expresstheheatkernelin thenew form :

K
D
K 0
(x;y;�) = e

�4�
�

1
p
4��

�

�

e
�

(x� y)
2

4� �

�
0

0

�

(�il
x � y

2�
ji
l2

��
)

� e
�

(x+ y)
2

4� �

�
0

0

�

(�il
x + y

2�
ji
l2

��
)

�

;

becausetheJacobitheta functionsinvolved arem odularform sofweight1=2.

3.3.2 Physicists’derivation: the Laplace transform

Anotherrouteto solve(11)isto look forsolutionsoftheform

K
D
K 0
(x;y;�)= K K 0

(x;y;�)+ e
�4�

D (x;y;�) (13)

where

K K 0
(x;y;�)=

e�4�
p
4��

� exp[�
(x � y)2

4�
]

istheK 0-heatequation kernelwith periodicboundaryconditions.(13)com plieswith Dirichlet

boundary conditionsif:

D (x;y;0)= 0 ; D (0;y;�)= �
1

p
4��

� e
�

y
2

4� ; D (l;y;�)= �
1

p
4��

� e
�

(l� y)
2

4� : (14)

TheDirichletboundary conditions(14)forcetheLaplacetransform ofD (x;y;�),�D (x;y;s)=R
d� e�s� D (x;y;�),to satisfy:

�D (0;y;s)= �
e�

p
sy

2
p
s

; �D (l;y;s)= �
e�

p
s(l�y)

2
p
s

: (15)

M oreover,theansatz(13)solves(11)if �D (x;y;s)solvestheLaplaceequation:

�
d2

dx2
� s

�

�D (x;y;s)= 0 : (16)

Thegeneralsolution of(16)is

�D (x;y;s)= A(y)e�
p
sx + B (y)e

p
sx
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which com plieswith (15)if:

�D (x;y;s)=
1

2
p
s

�

�
exp[�

p
s(l+ x � y)]� exp[�

p
s(x+ y� l)]

el
p
s � e�l

p
s

+
exp[�

p
s(l� x + y)]� exp[�

p
s(l� x � y)]

el
p
s � e�l

p
s

�

: (17)

Thelaststep isto taketheinverseLaplacetransform of �D (x;y;s)asgiven in (17).To do

this,itisconvenientto writethecom m on denom inatorasa powerseriesexpansion:

1

el
p
s � e�l

p
s
=

e�l
p
s

1� e�2l
p
s
=

1X

n= 0

(�1)ne�(2n+ 1)l
p
s

;

or,

�D (x;y;s)=
1

2
p
s

�

1X

n= 0

(�1)n
�
exp[�

p
s(2l(n + 1)+ x � y)]� exp[�

p
s(2nl+ x + y)]

+ exp[�
p
s(2l(n + 1)� x+ y)]� exp[�

p
s(2l(n + 1)� x� y)]

�
:

Theinverse Laplacetransform ofthisiseasy and gives:

D (x;y;�)=
1

p
4��

�

1X

n= 0

(�1)n
�

exp[�
(2l(n + 1)+ x� y)2

4�
]� exp[�

(2ln + x + y)2

4�
]

+ exp[�
(2l(n + 1)� x+ y)2

4�
]� exp[�

(2l(n + 1)� x � y)2

4�
]

�

:

From thisform ula wederive theDirichletK 0-heatkernelatcoinciding points

K
D
K 0
(x;x;�)=

e�4�
p
4��

�

"

1+

1X

n= 0

(�1)n
�

2e
�

l
2
(n+ 1)

2

� � e
�

(ln+ x)
2

� � e
�

(l(n+ 1)� x)
2

�

�#

which in turn providetheK 0 heatfunction through integration on theinterval:

TrD e
��K 0 =

Z l

0

dxK
D
K 0
(x;x;�)=

le�4�
p
4��

 

1+ 2

1X

n= 0

(�1)n e
�

l
2
(n+ 1)

2

�

!

�
e�4�
p
4��

�

1X

n= 0

(�1)n
Z l

0

dx

�

e
�

(ln+ x)
2

� + e
�

(l(n+ 1)� x)
2

�

�

(18)

=
le�4�
p
4��

�

2� �

�
0

1=2

�

(0ji
l2

��
)

�

�
e�4�

2

1X

n= 0

(�1)n
�

Erf

�
l(n + 1)
p
�

�

� Erf

�
ln
p
�

��

:

Because
1X

n= 0

(�1)n
�

Erf

�
l(n + 1)
p
�

�

� Erf

�
ln
p
�

��

�= �! 0 1+ O (e
�

c

� )
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weagain �nd

TrD e
�� K 0 �= �! 0

e�4�

2

�
l

p
��

� 1

�

+ O (e
�

c

� )

in thehigh-tem peratureregim e.

4 Sum m ary and outlook

In sum ,wehavefound threedi�erentexpressionsfortheK 0-heatfunction:

TrD e
��K 0 =

e�4�

2
f1(

�

l2
�)=

e�4�

2
f2(

�

l2
�)=

e�4�

2
f3(

�

l2
�)

where

f1(j�j) = �

�
0

0

�

(0j�)� 1 ; j�j=
�

l2
�

f2(j�j) =
1

p
j�j

� Erf[

r
�

j�j
]

f3(j�j) =
2

p
j�j

�

1�
1

2
�

�
0

1=2

�

(0j�
1

�
)

�

�

1X

n= 0

(�1)n
�

Erf

�

(n + 1)

r
�

j�j

�

� Erf

�

n

r
�

j�j

��

:
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Figure1: Plotof:a)f1(j�j),b)f2(j�j),and c)f3(j�j).

Figure 1 shows the M athem atica graphics off1(j�j),f2(j�j) and f3(j�j). In Figure 2(a)

thegraphicsoff1(j�j)and f2(j�j)areshown together.Sim ilim odo,thegraphicsoff1(j�jand

f3(j�j)are plotted togetherin Figure 2(b). Itisclearthatallthree graphicsagree perfectly

when � ! 0 (high-tem perature)and/orl! 1 (in�nite length ofthe interval). f1(j�j)and

f2(j�j),however,startto di�eratj�j= 0:7,whereasthereareno di�erencesin thegraphicsof

f1(j�j)and f3(j�j).Itisam azing how two di�erentderivationsinvolving highly sophisticated

specialfunctionslead to identicalcurves! From a physicalpointofview we are tem pted to

speculate thatf3(j�j)would give theexactresultf1(j�j)because thein�nitereboundsofthe

standing waves in the walls atx = 0 and x = lare accounted for. Instead,f2(x)counts a

singlerebound in thex = 0 wall,which isa legitim ateapproxim ation forl! 1 .
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Figure2: Plotof:(left)f1(j�j)(continuousline)and f2(j�j)(dashed line),and (right)f1(j�j)

(continuousline)and f3(j�j)(dashed line).

W e plan to follow this work by extending these com putations to the kink sector ofthe

m odel. The idea isto com pute the one-loop kink m assshiftin the fram ework developed in

Reference[5]using Dirichletboundary conditionsinstead oftheperiodicboundary conditions

thatarem oreconventionalin quantum �eld theory.Itwillalsobeofgreatinteresttoperform

thesam eprogram using m oregeneralfam iliesofboundary conditions,com bining them ethod

developed in [4,5]with theform alism developed in references[6,9,8].
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