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Abstract

In this article, we investigate a two-dimensional (2-D) singularly perturbed convection—reaction—diffusion elliptic type
problem where two parameters € and p multiply the diffusion and convection terms, respectively. Furthermore, we assume
that jump discontinuities exist in the source term along the x- and y-axis. Due to the presence of perturbation parameters, the
solutions to such problems show boundary and corner layers. Moreover, the discontinuity in the source term adds the interior
layers to the solution whose suitable numerical approach is the important goal of this article. A numerical approach is carried
out using an upwind finite-difference technique that includes an appropriate layer-adapted piecewise uniform Shishkin mesh.
Some examples are presented which show the good performance of the proposed method and the agreement with the theoretical
analysis.
©2022 The Author(s). Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in Simulation
(IMACS). This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Discontinuous source term; Finite-difference method; Shishkin mesh; Elliptic equation; Two singular perturbation parameters; Two
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1. Introduction

A singularly perturbed differential equation has a small parameter that makes the behavior of the solutions very
different than when it is set to zero. In other words, the use of asymptotic expansions cannot make the problem-
solution uniformly approximated. The solution of a singularly perturbed problem has boundary (and/or interior)
layers, where the solution has an extremely high gradient. A boundary (and/or interior) layer of regular or parabolic
type may appear away from any corner of the domain. If the solutions of the reduced equation corresponding to €
=0 are very close to the boundary layer then it is said to be of parabolic type and in another case, it is said to be
of the regular type. A boundary (and/or interior) layer that is located near a corner is called a corner type boundary
layer.

Singularly perturbed elliptic problems are widespread in mathematical modeling. This article considers an
equation of convection—reaction—diffusion type; Morton [17] gives several examples that are modeled using similar
equations, ranging from simulation of oil and gas reservoirs, as well as magnetohydrodynamic flow, to chemical flow
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reactor theory (see, e.g. [19]), to boundary layers influenced by suction (or blowing) of some fluid (see, e.g. [27]).
In all circumstances, if the model has to be realistic, the equations are too difficult to solve exactly, so the use of
numerical methods is necessary. Classical approaches, on the other hand, can completely fail in the presence of
layers (see, e.g. [26,30]), therefore this is a particularly active topic of research for numerical analysts.

The literature on parameter-uniform numerical methods is very extensive (see, [26]). Here we survey those most
relevant to this work. Butuzov [4] investigated the asymptotic structure of a solution to a problem like the one
considered here. In that paper, a substantial relationship between the ordering of small parameters was observed.
When p = O(e'/?), we are getting close to the reaction—diffusion situation with the layer structure. In 2-D reaction—
diffusion problems, solutions have parabolic boundary layers along all the edges of the unit square (see, [5,15,23]).
Gracia and Clavero [8] explain a class of 2-D singularly perturbed problems with reaction—diffusion type, using a
compact finite-difference technique considering a piecewise uniform mesh to get more reliable estimates. When
n = 1, we are getting close to the convection—diffusion situation with an exponential layer near the outflow
boundary, and corner layers near the boundary layer junctions. In a 2-D elliptic convection—diffusion problem,
solutions may have boundary and interior layers. Thus, the norms on derivatives of the solution in [13] demonstrate
that the solution contains exponential type boundary layers on two sides of the domain under consideration, certain
bounds in [28] show a parabolic type boundary layer in the solution and the bounds in [25] reveal both parabolic
and exponential type boundary layers in the solution. The asymptotic character of singularly perturbed problems of
convection—diffusion type was investigated in [29] to better understand their solutions and the difficulties associated
with their numerical approaches. Lin et al. [12] handle an efficient approach based on a local discontinuous Galerkin
(LDG) discretization for the weak form of 2-D singularly perturbed problems of convection—diffusion type. Andreev
and Belukhina [3] explain the solution decomposition for a 2-D singularly perturbed problem of convection—
diffusion type in a square domain. Nhan and Vulanovic [18] propose a complete finite-difference technique of
positive type to solve a class of 2-D convection—diffusion singularly perturbed problems using a Bakhvalov mesh to
get more reliable estimates. In [24], they solve the 2-D singularly perturbed convection—reaction—diffusion problem
including boundary and interior layers, using the finite difference method (FDM) on a piecewise uniform Shishkin
mesh. In the case when p increases away from €!/? and remains small compared to & = 1, we have a completely
different layer structure.

In a 2-D singularly perturbed two-parameter elliptic problem Li [11] considers an approach based on a finite-
element method (FEM) with bilinear trial functions. O’Riordan et al. [20,22] consider the upwind finite difference
method on suitable Shishkin meshes for a singularly perturbed two-parameter convection—diffusion problem over
a two-dimensional domain with smooth boundaries. Zhang and Lv [32] handle an efficient approach based on the
FEM using a Bakhvalov mesh for the 2-D singularly perturbed convection—diffusion two-parameter problems.

In this paper, motivated by the work of O’Riordan et al. [20,22], Shanthi et al. [1] and Rao et al. [24], we are
introducing a finite-difference technique for solving the 2-D singularly perturbed convection—diffusion problem with
two parameters where f is discontinuous along two lines, one in each coordinate direction, and demonstrating its
robust convergence. Also, an upwind FDM is used but adjusted at the discontinuities.

Let us consider a two-parameter singularly perturbed elliptic convection—reaction—diffusion equation

Leju(x,y) = f(x,y), V(x, y) €, u(x,y)=qx,y), V(x,y)€af, (1.1a)
where the differential operator is represented by
ulx,y) | du(x,y)
0x2 + dy?

0 0
Leu(x, y) = 62( ) + /ﬁ(a<x, y)—a” +b(x, y)—”) — c(x Yu(x, y), (1.1b)
X ay

and

filx, y) if (x, y) € &
falx, y)if (x, y) € {2
flx, y)if (x,y) € §4
Sa(x, y)if (x,y) € 4
with f; sufficiently differentiable in their respective domains.
The two small perturbation parameters satisfy 0 < €, u < 1. The problem’s domain is 2 = U:Zl {2, being
£ =(0,d) x 0,d), £ =(d,1) x(0,d), 3 =(0,d) x (d,1) and {24 = (d,1) x (d,1). Let I} ={(d,y) : 0 <
y<1l,y#d}, I3 ={(x,d):0<x <1, x #d}, with d any point in (0, 1).

41

S, y)=



R. Shiromani, V. Shanthi and H. Ramos Mathematics and Computers in Simulation 206 (2023) 40—-64

Qs
) Q3,4 Q4,4 i

A A

03,1 -QB 033 04,1 Q4- Q4,3

Q3,2 Q4,2
Q1 I Q1,4 Q2,4 Q3

Q1,1 -Ql 013|021 .Qz Q2,3

\4 v
- 01,2 Iy Q2,2 >
Q2

Fig. 1. Notation for subregions and domain boundaries.

The convection and reaction coefficients are positive, and bounded as follows

a(x,y)>a; >0, bx,y)>a, >0 and c(x,y) >0, (1.2)

C C

for some constants «, ;. We use the notations « = min(«y, &), A = min D{z, %}, and assume that the reaction
and convection coefficients a(x, y), b(x, y), c(x, y) belong to the Holder space C*7(£2) and the given boundary
function g (x, y) € C*7(342), for some y € (0, 1]. We also assume that there are enough compatibility and regularity
conditions [10,14] such that u € C*Y (%), k = 1,2, 3, 4.

Furthermore, we assume that the source term f(x, y) has a jump discontinuity at both lines x =d and y = d. As
usual, we denote the jump discontinuities in any function w at a point (x, y) € {2 along the lines x =d or y =d as
[wld, y) = wd™,y) —w(d™, y) and [w](x, d) = w(x,d") — w(x, d™), respectively. The average of any function
w at those points are denoted as [w](d, y) = 3[w(d", y) + w(d™, y)] and [w](x,d) = %[w(x, dT) + w(x,d)],
respectively. Also, we use the notation [w;, wy](d,d) = %([li)]](d, d) + [w;](d, d)), where w,; and w, are the
averages along x = d and y = d, respectively.

The boundaries are defined using the following symbols:

90 — 01={0.»0=<y=<D}), os={L.y(O=<y=D}
0={x00=<x=<D}, a={xD[0=<x=<D}

and o = 01 U 02 U g3 U g4. Recalling from (1.1) that u = g on the boundary, we denote by g; the restriction of g
onto g;, i = 1,2, 3, 4.

We further denote the continuous subsets of the boundaries and the interior line segments of the discontinuity
as O, j, ¢k j, where j = 1,2, 3, 4 indicates the edges and corners of (% , respectively (see Fig. 1).

The article is structured as follows. In Section 2, we derive the minimum principle, stability estimate, and
bounds of the continuous solution and its partial derivatives exhibiting their dependence on the singular perturbation
parameters. Section 3 explores the numerical approach of the standard 5-point finite-difference scheme built on a
Shishkin mesh. In Section 4, we derive the error estimation. In Section 5, some test problems are provided to verify
the theoretical results, and Section 6 ends the article with some conclusions.

2. A priori bounds on the solution and its derivatives

The present Section contains the minimum principle, a stability estimate, and some useful bounds for the
derivatives of the true solution. In addition, we obtain some bounds of the regular, singular, and corner layer
components of the solution.
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Lemma 2.1. (Minimum principle): Let L., be the differential operator given in (1.1). If ¢(x,y) = 0 on 912,
Leyd(x,y) <0 forall (x,y) € 2, [§2](d,y) <0 on I, [§7](x.d) <0 on I, and [52, 52](d. d) < O, then it is
¢(x,y) >0 forall (x,y) € 0.

Proof. Consider the function @ on 2 defined through ¢(x, y) = w(x, y)¥(x, y), with the function

2 2
ud—xyy  pu(d—ye -
yY) = , ,y) € f2.
Yix,y) exp( s x.y)
Let be w(x*, y*) = min, \cp{w(x, )} If @(x*, y*) > 0, then there is nothing to prove. Suppose w(x*, y*) < 0. At
2 2

ad a ad a
the point (x*, y*) it is a—w(x*, y*) = a—w(x*, y*)=0and a—C;)(x*, y*) >0, 8—?(x*, y*) > 0. By the assumption on
X X
the boundary values, either the point (x*, y*) € £2 or (x*, y*) € I'1 U I, U {(d, d)}. Let us consider the two cases.

Case(i): Firstly, assume that (x*, y*) € (2.
Since, by our assumption it is w(x*, y*) < 0, then we have

4 4
* kY * * 2 noo ﬂ_ * * Koo a_z_ * * * *
Le,mx,y)—w(x,y)(e Aw+<2€2(2 at*. ) + 553 b(x,y>)>w(x,y)

— co(x™, y*)) >0,

which contradicts the hypothesis. Thus, it must be w(x*, y*) > 0, and therefore the desired result is obtained.

Case(ii): (x*, y*) e [N U I U{d, d)}.
Let us assume (x*, y*) = (d, y*). Since w takes minimum value at (x*, y*), this implies that g—‘)‘:(d*, y*) >0 and
89(d~, y*) < 0. Then, it is evident that [52](d, y*) > 0. Now, since w(d, y*) < 0, it follows that

3¢ . prar(d —y)\ ([ e .
[ =en(=52) (5 ) -0

which contradicts the hypothesis [%](x, y) <0, V(x,y) € I'. The remaining two cases can be proved similarly.
This completes the proof. [J

A consequence of this minimum principle is the parameter uniform boundedness of the solution of (1.1) given
below.

Lemma 2.2. (Stability result): Let u(x, y) be the continuous solution of (1.1). Then, it holds

1
el = —1f 12 +maX{llullg1, lluellgy s Mluellos |Iullg4},

where ||.|| represents the pointwise maximum norm.

Proof. We define the barrier functions

M+ Mol ey d)syi,y), (x,y) el0,dl x[0,d],

. M+ Mol _xp oy d) sy y), () e 11x[0,d],
¢t(x, y) = T
+e(d+s—2+4) tux,y), (x,y)€l0,d]x 1],

M+Wo(l_x 2y d)yuxy), (xy) e 11xWd 1],

where M = max{||ully,, lullo,, lllg5, lllloq}-
Then, clearly ¢*(x, y) > 0, V(x, y) € 312.
For each (x, y) € {2, we have
Leyu$™(x,y) <0.
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Since u(x, y) € C(fZ) n CZ(Q) we have

+
i o
r +
Bi}(w) 3||f||gi[3u }( D=0
L Sar dy
+ +
8¢ 99 ](d d) <0.
i ox

It follows from Lemma 2.1 that ¢*(x, y)>0, V(x,y) € f), which allows to get the bound on |[u(x, y)|lp. U

The derivatives of the solution satisfy the parameter-explicit bound shown below.

Lemma 2.3. Let u be the continuous solution of (1.1). Then, for 1 <i+ j <4,
ifocu2 < Ae, it holds

itj
R @.1)
ax'oy/ g —
and if ap® > Ae, then it is
5i+iy e\ ~20+D)
— <C|(— , (2.2)
ax'ay/ || o n

where C denotes a generic positive constant which is independent of the parameters €, |L.

Proof. It can be easily obtained using standard procedures, as in [16,31]. [

Now, we decompose the continuous solution u(x,y) into regular and singular components. The regular
components vi(x, y), k =1, 2, 3, 4, are obtained as the solution of the problem

Leyvr = f, Y(x,y) € 2, (2.3a)
with the following boundary conditions, respectively, according to the values of &,

v, ) =qi(y), Vx,y)€o1, k=13, wx,y)=g3(y), VY, y)€os k=24, (2.3b)

v(x, ¥) = qa(x), V(x,y) €02, k=1,2, wx,y) =qx), VY, y) €o4 k=34, (2.3¢)

[vedCx, ) =0, [velx, y) =0, V(x,y)eINU I, (2.3d)
and

(D1, D, 1(d. d) = 0. 2.3¢)

Lemma 2.4. The regular components vi(x, y) at (2.3) and their derivatives satisfy the bounds:

3" vy 2—(i+)) S . 2

—— <Cll+e€ , for 1 <i+4+j<4, if au” <Ae,
axiay’
8t v, € 4-2(i+j) . . . s

—— <C|l+|— , for 1<i+4j<4, if apu” > Ae.
ax'oy/ || o I

Proof. Let us consider the two cases.

Case(i): Firstly, assume that au” < Xe.
Suppose the regular components v(x, y), k = 1, 2, 3, 4, can be decomposed as

v(x, y) = v(x, y) + ev)(x, y, €, 1) + €2v(x, v, €, 1), (2.4)
where
32 92 LA 9
0 1
- =/, =€l —5+— —|a—+b ,
=S 6<8x2 + dy? ) v+ € < 0x + 8y>vk
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RN & 2 8 d
LE,HU,§=—6<W+8—y2)U,§ —?(aaﬁ-b@)v;, v} =0, Y(x,y) € d%, k=1,2, 3, 4

Since v,? and v,l satisfy zero order differential equations and there are no compatibility issues, the term v,f denotes the
2 2

9 _
+ —)v,‘g € C27 (D), k =

solution of the elliptic problem on the domain (2. Since, v,? € C4’V(f2k), we get (ﬁ 57
X y

1, 2, 3, 4.
Applying Lemmas 2.2 and 2.3 to the problem (2.3), it results that v, € C*7(§2) and

‘ 8i+jvk

oOxioy/
Case(ii): Now, consider that op? > Ae.
Suppose the regular components v(x, y), k = 1, 2, 3, 4, can be decomposed as

<C+ex)y, 1<i4+j<4, k=12 3,4 (2.5)

v(x, y) = vp(x, y, 1) + €2v(x, ¥, W) + €vpx, v, €, ),

where

0 1 82 82 0
Lkazf, Lkaz_ W-i_a_)ﬂ Vs

92 32
Le,vi= _<@ + a—yz)v,i, V=0, Y(x,y) € 3%, k=1, 2,3, 4.
Applying Lemmas 2.3 and 2.6 to the problem (2.3) we get

9ii 4=21+)
‘ Uk §c<1+(5> ) l<itj<d4 k=123 4 2.6)
m

axioy/
Now, let us consider the first order problem

O

2 du ou
Lyu(x,y)=pu"{alx, y)a + b(x, y)@ —c(x, yu= f(x,y), V(x,y) € 12, (2.7a)

M(XaY)ZCIi, (X7Y)€Qi,i=3,4~ (27b)

Note that L, satisfies the following comparison principle:
Lemma 2.5. Let L, be the differential operator given in (2.7). If ¢(x, y) > 0 on ¢;, i = 3,4, L,p(x,y) <0 for
all (x,y) € 2, [%]d,y) <0on I, [g—f](x,d) <0on I}, and [32, %](d, d) <0, then it is ¢(x, y) > 0 for all
(x,y) € 2.
Proof. The proof is similar to the one of Lemma 2.1. [
Lemma 2.6. Let u(x, y) be the continuous solution of problem (2.7). Then, it holds the stability estimate
1
lullp < EHL;LM”Q +maX{|Iu||93, IIMIIQ4}-

Proof. This Lemma can be proved similarly to Lemma 2.2. [

Corresponding to the edge x = 0 in (2; (see Fig. 1), a layer function wg, exists that is determined by:

Leywg, =0, Y(x,y) e, (2.8a)

wr, (x,y) =u—v;, Y,y €01, (2.8b)

wg, (x,y) =0, V(x,y)€eos1Uo2UgzUos, (2.8¢)

[wg, 1(x, y) =0, [wg1(x,y) =0, V(x,y)el1UlI, (2.8d)
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Fig. 2. Situation of the layer functions in the domain f2: (a) when au? < Ae; (b) when au? > Ae.

(g1, (Wgy2lx, y) =0, V(x,y)=(d,d). (2.8¢)
The following Lemmas give some bounds on the derivatives of the layer components, which are necessary for

the convergence analysis.

Lemma 2.7. Let wg, be the boundary layer component satisfying the equations in (2.8). If ap’® < Xe, then it
holds

i
d WR,y
ox!

<C(+€, i=1,273,4.

€ 2-2i
§C(1+<—> ) i=1,2,34
"

Proof. It can be referred from the works by O’Riordan et al. [20,22]. [

ar
|lwg, (x, y)| < Cexp<—?x>, H

If apu? > Ae, then it holds

2 i

oau a WR

|lwg, (x, y)| < Cexp<——2x>, H—’l
€ 0x

Similarly, as has been done for wg,, for the different edges of {2, k = 1,2, 3,4, (see Fig. 1) we can consider
the corresponding boundary layer components wg,, i = 2,3, ..., 16, (see Fig. 2) for which we can obtain similar
bounds as in Lemma 2.7.

Related to the corner at ¢;; = (0, 0) in {2, we consider the corner layer component wc,, which is determined
by

Leywe, =0, Y(x,y) e 2, (2.9a)

We, = —Wg,, Y(x,y) €011, W, =—Wg,, Y(x,y) € 01,2, (2.9b)
we, (x,y) =0, Y(x,y) € 022U 031 U3 U4, (2.9¢)

[we, I(x, y) =0,  [we,1(x,y) =0, V(x,y)e Ul (2.9d)

[(we ), (we2lx, y) =0, V(x,y)=(d,d). (2.9¢)

Lemma 2.8. Let wc, be the corner layer component satisfying the equations in (2.9). If ap?® < Ae, then it holds

A A it
Jwe, (x, )| < Cexp<—“—x> exp(_“_y), H&
€ €

e, <CA+e ), 1<i+j<4
xtdy
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If au® > Ae, then it holds

2 2 i+j
op o " we
|wC1(~x’y)| Scexp<_6_2x> exp<_€_2y>a H—l

e\ 20+
oxTdy] _C(—) , 1 <i+j<4

n

Proof. It can be referred from the works by O’Riordan et al. [20,22]. O

Similarly, we can describe other corner layer components we,, k = 2,3, ..., 16, corresponding to the different
corners of {2, k = 1,2, 3, 4, which verify similar bounds as the ones in Lemma 2.8.
Finally, from the above lemmas we can establish the following theorem.

Theorem 2.9. The continuous solution u(x,y) of (1.1) may be written as

4 16 16
M=E Uk+§ ij-I—E wc;,
k=1 j=1 j=1
where

Leyve=f, Leuwg; =0, Leywe; =0, k=1,2,3,4, j=1,2,3,...,16.

we, #0, ifoe//v2 <xe, k=3,7,11,15,
we, =0, ifau2>X6, k=3,7,11,15.

Furthermore, the regular and singular components and their derivatives satisfy the following bounds

8i+jv o
‘ 9xi9 ]; < C(1 + > 40y, l<i+j<4 k=1,2734, ifau? < re,
x'dy
ity A2t
‘ Bxiayl; =C+(3) T N<itj<4k=1.23.4 ifau’ > le,
lwg, (x, y)| < Ce™™; lwe, (x, y)| < Ce f1re=0,
lwey(x, ) < Ce™; lwe, (x, y)| < Cem®2@=De=f1y,
Ao Ao |
lwr,(x, y)| < Ce™?2@=); ey (v, y)| < Ce™ 3W=0,=5@=),
lwe,(x, )| < Ce™@9; wg,(x, y)| < Ce %020,
lwps(x, )| < Ce1C=D: (fwe(x, y)| < Ce N Deb,
wix, ) < Ce; e, (x.y)| < Ce 0=y,
M A
lwg,(x, )| < Ce™2079; N we,(x, y)| < Cem 2 mem 2@
lwgg(x, y)| < Ce=®d=y); lweg(x, y)| < Ce1ade=tad—y),
lwey(x, y)| < Ce 1%, lwey(x, y)| < Ce N1¥e=010=d),
|U)R10(.x, )’)| =< Ce_el(y_d); |wc10(x, y)l < C‘eiéZ(d*K)e*gl()’*d)7
Aa Ao :
[wry (e ) < CeT5 uey (x, y)l - < Cem #Ue50),
wr, (. Y < Ce™0 ey, (x, y)] - < CeM7e™?07),
lwgyy(x, y)| < Ce 1D, lwes (X, y)| < Ce1G—De=010=d),
[wr,, (X, Y)| < Ce™10=D: Nwe, (x,y)] < Cem2U0e=010-d),
Aa Ao X
wrys (e, W = Ce0; lwe,s(x, y)| < Cem2emem 27,
lwg,o(x, y)| < Ce 0=, lwe, (. y)| < Cetil=de=02(1=y),
Ao 1 2 A . 2
=, if ap” < ke, 2 0f ap” < Ae,
where 01 = 42 f > r=17% / > (2.10)
i ap® > he, 5 Fap” > he
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i
0 WRy
ox!

| = (2) )
Gl =e(+G) )

alek c( _}_6(271))
2— 2])

< C(1 +€27D),

2-2i

IA

oy’

8ijk ( (e)
ay/ o

0/ wg, ( ( 1 )
ay/ 5

‘ ai+ij H 8’+]wc
max -
dxidyJ dxi 0yl
i+ —2(i+j)
Pwe | _c(£)
ax'ay’ nm
8ka c i azwck
ax | = \wu?/) | ox?
83ka C [,L_z 84wck
ax3 ||~ et )| x4
i —2i
Ywe | _ ¢ ,
axt || n
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where k =2,4,6,8,10,12,14,16 and 1 <i <4, ifot,u2 < A€,
where k =2,6,10,14 and 1 <i <4, ifom2 > A€,
where k =4,8,12,16 and 1 <i <4, ifozu2 > A€,
where k=1,3,5,7,9,11,13,15 and 1 < j <4, ifotu2 < A€,
where k=1,5,9,13 and 1 < j <4, iftx,u2>)»€,

where k=3,7,11,15 and 1 < j <4, i]‘au2>ke,

< Ce™ D, 1<i+j<4, ifau’®<2ie,

1<i+j<4, ifau’>>re, k=1,59,13,

1
< C(—2> ifotu2 > A€, k=2,6,10, 14,
€

4
< c(“—6> if au® > re, k = 2,6, 10, 14,
€

1<i<4, ifap’> > re, k=4,8,12,16. (]

The continuous solution u(x, y) of (1.1) can be determined as follows

(v1 + wg, + wg, + wry + wWr, + wWc, + We, + wey + wey)(x, Y), V(x,y) € {2,
(V2 + Wrs + Wgy + Wr, + Wry + Wes + Weg + Wey + Weg)(X, Y), V(x,y) € (b,
(V3 + wry + Wgyy + Wg,, + Wg,, + Wey + We,, + We,, + Wep)X, Y), V(x,y) € {k,
u(x,y) = q (g + wgy; + wr, +Wg;s + Wry + W,y + Wey, + Weyps + Wy X, ), Y(x,y) € (X,
[(v+ wr + we)l(x, y) =0, V(x,y) eI,
[(v+ wg + we)l(x, y) =0, V(x,y) € I3,
([vr+, v2x] + [Wgr, wgrs] + [Weyr, wezDx, y) =0 (x,y)=(d,d),

4 16 16
where, v =) _ | Vi, WR = ) o WR,, WC =D poy Wey»

we, #0, if au?® < re, k=3,7,11, 15,
we, =0, if au?® > re, k=3,7,11, 15,

and vy, w RY> u")cf are the averages along the y-axis and vy+, U_)RE’ u")c; are the averages along the x-axis.

3. Discretization of the problem
3.1. Shishkin Mesh

In this Section, we construct a Shishkin mesh for problem (1.2) and use the finite-difference technique on this
mesh to get a numerical solution. To make an appropriate fitted piecewise uniform mesh, we first subdivide the unit
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interval in x-direction into six subintervals as

[0, 11 =[0,011U[0oy,d —02]U[d —02,d]U[d,d +01]U[d + 01,1 — 0] U[]l — 07, 1]. 3.1
Similarly, we can subdivide the unit interval in y-direction into six subintervals, where the transition points o
and o, are expressed as

. |ad 2 . |d 2
op=miny—, —InN}, op =min{—, —InNy,
46, 4° 6,
where 6, and 6, are defined in (2.10) and N is the total number of subintervals determined by the grid points.
The grid points of the space variables are defined by

ih if 0<i<N/8,

o1+ ({ — N/8)H,; if N/8<i<3N/8,
v d—07)+(@—3N/8)h, if 3N/8<i<N/2,
"7 ) d4+ (G — N/2)h if N/2<i<5N/8,

d+o,+( —5N/8)H, if 5N/8<i<7N/S,
(1—03)+ (i —7N/8)h, if TN/8<i <N,

and the y; are described similarly, where the step sizes are given by

8 4d — o) — 8 41 -0y —0p—d
b=k ==L, H1=K1=M, hy=ky =2 Hy=K,= dzon—o ),

N N N N
hivi =Xiy1—x, kipi=yin—y;, 0<i,j<N-1,

- h; hi _ k; k:
and hizL_‘_l, kaw,lﬁi,ij—l.
2 2
The interior regions of the mesh are defined by 2V = U:zl 2V, where the subdomains are given by

N N

-QlNZ{(-xiij):lfl.S —1}§ 92N={(xi,yj')23+1 <i<l1 Sj53—1},

9§={<xi,y,->:1si<——1,—+l<1<N—1 :

N N . ;

G =iy Hlsislo+1=jsN=—1p
The boundaries and interior line segments of these subdomains are denoted as

o = {(0, y)|0<j< N)}, 0 = {(xi,0)|(0 i< N)},

N __ . N _ .

03 = {(l,y.,-)!(ofj sN)}, 0y = {(xi’l)‘(ofl SN)},

N N

F{V={(x12v,y_,->:1sjszv,j7é3}, F2N={(xi,y1;')11§l'§N,i7éE},
and o = o U Ued Vel
3.2. Finite difference method (FDM)

On the piecewise-uniform mesh 2V, we discretize the problem in (1.1) as follows

LY, U(xi,y)) = F(xi,y;)), Vxi,y) € YUY UL Uxn, ynp)
Ui, y))=q1(y;), (xi,yp)eol, U, y)=qx), (xi,y;) €0y, (3.2)
Ui, y) = q3(yj), (xivy)) €0y, Ulxi,yj) =qaxi), (xi,y;) €0y,
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where
LY Ui, y), Yxi,y)e2V,
LY Ui, y)= LN Ui y). Y. y)elYury, (3.3)
L) Uiy, Y(xi,yj) = (2, yngo)s
fxinyy), Y(xi,yj) e 2V,
F(xi,yj) =9 fGa, v)), V(xi,yj)eFfVUF;V, (3.4
f&iyp), Y&, y) = (v, yng2),
LY, Ui, yp) = €87, + 8 )U(xi, yj) + i*(aij D + biy DU (xi, yj) — ¢ijU(xi, ;)
= f(xi, y;), Y(xi, y;) € 2V,
LY UG, y) =82, + 82)U(x;, yj) + n@;; D + bi; DU (xi, y;) — & U (x;, ;)
= f(xi, yj), V(xi, yp) € (Y U LY,
LZ’G’MU(X[, yj) = 62(83{ + 8§y)U(X[, yj) + Mz(fl,'ij + b,‘jD;_)U(X,', yj) — 5,-jU(x,-, yj)
= f(xi, y;), (xi, ¥5) = (Xny2, YN/2),s

3.5)

where
_ Xit1 +Xi— _ Xioq + xi_
a(xi, yj) = a(%, yj>, (xi,yp) e I, [, i) = f(% y/‘), (xi,y)) e I,
_ Yi+1 + Y- = Yi+1 + -1
a(x;, yj) = a(xi, %) (xi,y))ely, f&xi,y) = f(xi, HTJ) (xi,y;)) eIy,
A Xiyl +Xi—1 Yj+1 + Y1
f(xl’yj):{f< & 2 s s ) ! >,(Xi,)’j)=(d7d),
and b, ¢, a, b and ¢ can be defined similarly on V. FZN and (d, d), respectively.
Further, the discrete differential operators in (3.5) are defined as follows
U is Yj) — U i—1s)j U isVj) — U is Vj—
DiU()C[,yj): (x yj) ()C 1 )’J)’ D,U(xi’yj): ()C y;) (x Yj 1),
. h; Y k;j
U i s Vi) — U is Vj U iv )] — U isJ)Vj
D;FU()C[,yj): (x+1 YJ) (x yj)’ D*U(x,-,yj)z ()C thl) (x yj)’
X hit1 Y 1kj+1
82 U(xi, y;) = ﬁ—(DjU(x,», vj)— D7 U(xi, y})), 5§yU(Xi, yj) = ];—(D;U(Xi, yj) — DyU, y))).
i J

The following Lemmas demonstrate that the discrete operator above yields a stable numerical solution.

Lemma 3.1 (Discrete minimum principle). Let L?f u be the discrete operator given in (3.2). If ¢(x;,y;) > 0 on
oV, LY  ¢(xi,y;) <0, V(xi,y;) € 2V and LY . $(xi,y;) < 0, V(x;,y;) € TN U LY, LY ¢(xi.y) <0,

u€, m,e,p m,e,p

(i, ) = (enj2, yng2)s then @(xi, y) = 0, V(xi, y)) € 028
Proof. It can be proved using the procedure adopted from [1] and suitable barrier functions. [

Lemma 3.2 (Discrete stability result). Let U(x;, y;) be the discrete solution of (3.2). Then it holds the stability
estimate

1
1U i, ypllon < ;”f”.QN +maX{IIUllgN},

where ||.|| denotes the pointwise maximum norm.

Proof. It can be proved using Lemma 3.1. O
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4. Error analysis
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Lemma 3.2 will be used to prove the uniform convergence. Using standard techniques, the local truncation error

may be readily bounded as

1LY (U = w)xi, y)l <

Céz(l’_l,'

3

93u 0°u

2
Py 3y ) +Cu (hi+l

if x; =01,d —02,d +01,1 — 0y, or

+k;j

9%u
dx2
Y=

9%u

w )

Olad_027d+0111_021

+Kjti

*u 9*u 9%u 3%u
ce2(n?|—| +k|— Cu?l hill — 1| +k;||—=1l ), otherwise.
( x4 T ay* ton dx? T dy? W
4.1
To get suitable bounds of this error, we decompose the discrete solution as
4 16 16
U=ZVk+ZWR1 +ZWCm7
k=1 =1 m=1

where

We,, # 0, if au® < xe, m=3,7,11, 15,

We,, =0, if au? > re, m=3,7,11, 15,
and Vi, k = 1,2,3,4 are the discrete smooth components, Wg,, [ = 1,...,16 are the discrete boundary and
interior layer components, W¢,,, m = 1, ..., 16 are the discrete corner layer components. These components are
the solutions of the following problems, respectively:

Lguvk(xisyj)zf(xi,Yj), V(xivyj)e‘QN9 k=172’374s

Vi(xi, i) = ve(xi, y)), Y(xi,y;) € oV, 42)

Vilxi, ) =0, [Vil(xi, ;) =0, Y(x;,y)elNury,

[Viys Vi I(xi, y;) =0, (xi, yj) = (xny2, Yny2)-

L?{MWR,(xi,yj)zQ V(x,-,yj)GQN, I=1,...,16,

Wgr,(xi, y;) = wg,(x;, ¥;), Y(xi, y;) € oV, 4.3)

[(Wr1(xi, ) =0, [Wglxi,y)=0, Y(x;,y)elNury,

[(Wr)1, (Wg)21(xi, y;) =0, (xXi, ;) = (Xny2, YN/2)-

LZMWCm(xi,yj)=(), V(xi,yj)e .QN, m = 1,...,16,

We,, (xi, yj) = we,, (xi, yj), Y(xi, y;) € oV, (4.4)

(W, I(xi, y)) =0, [We,1(xi,y) =0, V(x;,y)elNury,

[(We,)1, (We,)21(xi, y;) =0, xi, ¥j) = (Xny2, Yn)2)-

Using the result (2.5), from (2.3) and (4.2) we get the following straightforward estimate

ILY (Vi — v)(xi, y))l <

CeN~',
CN~2,

otherwise.

Following [5,16], we consider the barrier function

U(x;,y;) = CN2(¢(x;) + ¢(y;) + CN 2,
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where ¢(z) represents the piecewise-linear polynomial

1, 0<z<o,

1—2((1:—(;1,02), 01 <z=<d-o2,
50 = fi%g, d—oy<z<d,

el d<z<d+o,

- raeAs, d+o<z<l-o,

%, l-0op<z=<1

Noting that 1/0, > 4, we have that

=12

820 (x;) = {O( N,
07

O(-N~'e?),

e85 U(y) = { o

and

xi =01,d —03,d+o0y,1

otherwise,

yj =01,d —o03,d + 0y,
otherwise,

D} W(x) <0, D} W(y)) <0.
Combining this with Lemma 3.2 we get

Vi —wull <CN7?% k=1,2,3,4,

Mathematics and Computers in Simulation 206 (2023) 40—-64

— 02,

1 — oo,

4.5)

which shows a suitable bound for the errors of the regular components.

We utilize evidence-based on suitable barrier functions to show e-uniform bounds of the errors related to the
corner and edge components. We consider the barrier functions as shown below:

s Ma+he™ i#0.1<i <5,
WRy! a=1
1, i=0,
J
B o 1_[(1+ka91)_], j#0,15j<%,
WRysJ — a=1
L j=0
N
2
sV IJa+ney", i#50<i<¥,
PR i
) [ = %
N
2
g ) TTa+ken™ j#¥0=j<,
YRS ) =
L i=5%

52

B =

[T a+hon",
u:%ﬂ
i#N, Y+1<i<N,
1, i

WRsH T

I
=

J
[Ja+kon,

a=1
jEY =<k,
1, Jj

N
[Ta+h07",

a=i+1
. N .
l;éN,7+1§l<N,
1, i

B P =

WRg

0=

wRyi =

I
=

=

[T +kat)™,
a=j+1
J#ES 0<j<4,

1, J

WRg:J

oz




R. Shiromani, V. Shanthi and H. Ramos Mathematics and Computers in Simulation 206 (2023) 40—-64

[T +na60" [T a+hon,
= Ja=1 = Ja=N11
ot =07 Lo 1< <8, Bt = ;¢N;§+1§i<M
L 1=0, 1, i=N,
J J
[T a+koD, [T a+koD,
Bleo;j = o=t BU}R14§j = je=i
JEN, ¥ +1<j<N, J#EN, 5+1<j<N,
1, j=N, 1, j=N,
g N
[T +n60" [T +no0"
BwR”;i = e=it] . . Bles?i = Ja=it] N ‘
i#5,1<i<3, i#N,5+1=<i<N,
1, i=4, L, i=N,
J J
[T a+kb)™, [T 0 +kt)™
Bwklzi,j = qa=%+1 BwR16§j = qe=yt!
j#N, ¥ +1<j<N, J#EN, Y +1<j<N,
1, j=N, 1, j=N.

The above functions depict first-order Taylor estimates of the exponential functions associated with the singular
components of problem (1.1). For all j, we have exp(—6,x;) = ]_[;:1 exp(—6ih,) < B and for o1 < % and
N/8 <i < N/2 we have

le,i’

16 In N\ "/ 5 A
Bug,s = Bugws = (14— <CN?, (4.6)
LgﬂBleJ =< (62912 — pa(x;, y;)or — c(x;, yj))Ble‘i. 4.7

Similar bound may be obtained for the remaining edge functions.

Lemma 4.1. If wg, and Wg, are the solutions of (2.8) and (4.3), respectively, then, for | = 1,2, ..., 16,
lwg, (xi, y;) = We,(xi, y)l < C(NT?In* N), i ap® < he.

Proof. If 5; = d/4 the proof can be obtained using standard techniques by taking into account that e > < C(In N)?.
Thus, we will assume that 0y < d /4. Here we merely provide the specifications pertaining to the edge layer function
wg, . Similar results are valid for the remaining boundary layer components. From (4.3) and Theorem 2.9, we have

W, (xi, y)I = lwg, (i, y)l < Ce™ < CByy o, (xi, y)) € 0", (4.8)
Further, for all internal grid points (x;, y;) € QIN , from (4.3), (4.7), and the discrete minimum principle, we have
W, (i y)| < Bug, - 4.9)
After applying (4.9) and Theorem 2.9, we conclude that
lwg, (xis yj) = W, (xi, )| < [wg, (xi, y)| + W, (xis )l < CBuy ;
Finally, from (4.6), we have

lwr, (xi, yj) — Wg, (xi, y))| < CN72, N/8<i<N/2, 0<j=<N/2 (4.10)
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To get appropriate bounds of the error in the region Q{Yl = {(xi, yi)l0<i<N/8 0<j< N/Z}, we proceed
as follows. Applying Taylor expansions, we get

84U)R - 83wR BZU)R - 82U)R
C62 hi2 1 . 1 C 2 hi 1 . 1 ,
( ox?t Hay3 ton 0x2 I ay?
N ifj =%, 3N
_ X . - 8 9 8 9
|L€,M[WR1 wR]](Xh yj)| < 5 5 84wR1 5 a4wR1 5 aszl aszl
Ce h[ — | + kj — + C/L hl' j ,
x4 ay* 0x?2 dy?
otherwise.
4.11)
If a;ﬂ < Ae, from Theorem 2.9, we have
CN 21> N+ CuA (N '+ N-'In’N), if j=2%, 3
LY [Wg, (xi, ;) — wg, (xi, y)| < ’ 87 87
I EeulWr (i v1) i (i YUl < {CNzlnzN + CuN~'In* N, otherwise,
and using the discrete minimum principle and a suitable barrier function on f){\_’ |» We obtain
|wr, (i, ) = Way (i, )l < CNT I N, (i, yp) € 27 4.12)
The result follows easily from (4.10) and (4.12).
Similar results can be obtained for the remaining boundary and interior layer components wg,, [ =2,3,...,16. [

Lemma 4.2. If wg, and Wy, are the solutions of (2.8) and (4.3), respectively, then, for au? > ke it holds

CN-'In*N, ifl=1,2,56,9,10,13, 14,

e, (Xi, yj) — Wr(xi, yj)| =
W @i yj) = W, (i, )] {CNllnN, ifl=3473811,12, 15, 16.

Proof. If 0, = d/4 the proof can be obtained using standard techniques by taking into account that (ﬁ)2 <ClnN

and (%)2 < CInN. Thus, we will assume that o, < d/4. Here we merely provide the specifications pertaining to
the edge layer function wg,. Similar results can be obtained for the remaining boundary layer components. From
(4.3) and Theorem 2.9, we have

W, (xi, )l = lwg, (i, y)l < Ce™1 ™ < CB,, ., (xi,y)) € 0" (4.13)
Further, for all internal grid points (x;, y;) € 921‘/ , from (4.3), (4.7), and the discrete minimum principle, we have
W, (i ) < Bug, - (4.14)
Therefore, applying Theorem 2.9 and (4.14), we conclude that
lwr, (xis yj) = Wry (xis y)I < [wry (X, ) + [Wg, (X, yj)| < CBug, ;-
Therefore, from the corresponding result as in (4.6), we have
lwr,(xi, yj) — Wy (xi, y)l < CN72, 0<i=<7N/8, 0<j<=d. (4.15)

To get appropriate bounds for the error in the region 2, = {(x;,y;,) | IN/8 <i < N, 0 < j < N/2}, we
proceed as follows . Applying Taylor series, we get

34wR - 83wR BZwR - 82wR
C 2 hi2 7 . 7 +C 2 hi 7 . 7 ,
¢ ( dx4 oay3 ) ” 0x2 T ay?
¢+ _ N 3N
ILY [Wg, — wg,1(x;, y;)| < =5 48 4 ) )
eul "Ry 7 = cen? 3 wg, k2 0" wg, v n, 0 wg, Tk 0 Wg,
o oaxt Tyt AN ox2 Hay? ’
otherwise.
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If om2 > A€, from Theorem 2.9, it follows that

CN~'InN, ifj=2%, 3

LY [Wg (xi, ;) — wg,(xi, y)]| < 8
L ulWey (xi 75) 7 yj)”_{CN"lnN, otherwise.

Therefore, the discrete minimum principle, only on f)zl\f \» leads to
Wy (xi, ¥)) = Way (i, )l < CNT'In N, (xiy y)) € ). (4.16)

The result follows easily from (4.15) and (4.16).

Likewise, we can prove the corresponding bounds for the other boundary and interior layer components wg,, [ =
3,4,7,8,11,12, 15, 16.

If ap® > Le, we examine the boundary layer function wg, . From (4.6)—(4.11) and Theorem 2.9, we have

Cu*e (N 'mN+ N7, ifj=4%& 34,

LY [Wg, (xi, ;) — wg, (xi, )| <
Bl W (xi- ;) m (i Il = Cute™>(N~'InN), otherwise.

After using the barrier function u?e~2(o — x;) to get a feasible bound on the error in the layer region QIN , the
application of the discrete minimum principle on QlN 1» gives
|wr, (xi, ¥)) = Wy (i, y)l < CNTURPN, - (i, ) € 27 (4.17)
Finally, the result follows from (4.10) and (4.17).
We can proceed similarly to get appropriate bounds for the remaining boundary and interior layer functions
wg, 1 =2,5,6,9,10,13,14. O
Lemma 4.3. [If wc, and Wc¢,, are the solutions of (2.9) and (4.4), respectively, then for m =1, ..., 16, it holds

C(N2In’N), ifap® < Ae,

4.18
C(N“'In>N), ifau® > ie. (4.18)

lwe,, (xi, y;) — We,, (xi, yj)| <

Proof. We merely provide the proof of (4.18) for the corner layer component w¢, and in case of oy < %. Proceeding
similarly as in Lemma 4.1, we get

[We, (i, y)l < Cmin{Buy s Buy ) if (i, y)) € 0",

lwe, (xi, ¥;) — We, (x;, yj)| < Cmin{Bszij, BwRN.}, if (xi,y;) € 2V, 0< i,j <N/2.
Then, applying (4.6) we conclude that
lwe, (i, ) — We, (i, y)l SCN T2 (xinyy) € 2M\2Y,, (4.19)

where, 911\,,2 = {(xi, y;) | 0 <i,j < N/8}. Ultimately, in .QIA"Z the truncation error satisfies

|L2’u[WC1(xi7 yj) —we, (xi, y)Il < Cez(hi2 8‘;1;)5, ;2 a‘;z;)f, ) + C;ﬁ(hi azl;fl J 821;}51 )
If ap? < Ae, from Theorem 2.9 it follows that

ILY [We,(xi, yj) — we, (i, y)1 < C(NT2In* N) + Cp> (N~ In N),
and using a suitable barrier function and Lemma 3.1 on f)f‘g we get

|we, (xi, yj) = Wey (xi, y)l < CNT I N, (i, y)) € 27, (4.20)

The result follows from (4.19) and (4.20).
If ap® > Ae, from Theorem 2.9, we have

ILY  [We, (i, ¥;) — we, (xi, y)I < Cpte 2(N~'InN).

Using the barrier function e ~2(o7 — x;) to attain a feasible bound on the error in the layer region £2",,
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and the discrete minimum principle on Ql 5> We obtain
e, (i, yj) = Wey (i, y)l < CNTHP N, (i, yp) € 27 (4.21)

The result follows from (4.19) and (4.21).
We can proceed similarly to get appropriate bounds for the remaining corner layer components we,,, m =
160 O

The discrete solution U (x;, y;) of (3.2) can be written as

(Vi + Wg, + Wg, + Wgy + Wg, + Wc, + We, + We, + We,)(x, y), Y(x,y) e &V,
(Vo + Wry + Wre + W, + Wy + Wiy + Weg + We, + Weg(x, y), Y(x,y) € &V,
(V34 Wry + Wryg + Wry, + Wry, + Wey + Weyg + Wey, + Wep)(x,y), Yix, y) € 257,
U(X, y): (V4+WR13 +WR]4 +WR]5 +WR1(, +WC13 +WC14 +WC]5 +WC](,)(xs )’), V()C, y)e inv

[(V + Wg + Wo)l(x, y) =0, Y,y ey,
[(V + Wr + WO)l(x, y) =0, Vx,y) eIy,
([Vi=, Var] + [Wgy, Wrsl + [Wey, Weg D(x, y) =0, (x,y) = (xy, yy).

with V = 350 Ve, We = 2008 W, We = 30,0, W,

WCm 7& 0’ lf al'l/z S )\'67 m = 3, 7, 11, 15,
We, =0, ifap®>re, m=3,7,11,15,

where Vi«, WRT’ WCT are the averages along the y-axis, and 17 WR§, WC; are the averages along the x-axis.

Lemma 4.4. At the discontinuities (x;, y;) € I" IN ur. 2N U (d, d), we have the following estimates:

CN~'InN, ifau® < e,

Ui, y) —ulx;, yi)| <
| (l )’1) (l y])| CN7111’12N, ifo[l,L2>)\,€.

Proof. We follow a similar methodology as shown by De Falco and O’Riordan in [6], B
Let i, and h, be the mesh interval sizes to the right and left sides of the point x = d, h = @ and
h = max{h, hy}. Now the error at (d, y;) € F]N is denoted by

Thus, we have

LY &d,yy) =LY, (U, y)) —a(d,y;))

d+hy 82 1 d t 92 )
< / “(szy’ ds dt+—/ / eszy")dsdt
hz —d dx t=d—hy Js=d dx
d+h2/ 2, au( yj s ) oy L / 2 8u(s y,)d dt
s d t=d—hy Js=

uld, 92u(d, _
% % ‘ +(f +cu)d, y;)

d+hz/ azu(s y,) 2 BM(S yJ) det
_h2 x

+ Ezlgj +/L2kj+1

s=d .X
9%u(s, yj) ou(s, y;) - || 83ud, yi)
2 J 2 j 2 ;
hy dsdt + %k, | L8
- hy /t—d—hl /s:d (6 oz YTy sdt+€°k; 8y3
2ud.y)| -
+ w2k S 2 (F 4 e, v)

1 d+hy d t _
<— / <(f + cu)(s, y])>dsdt + — / / ((f + cu)(s, yj))dsdt
hy s=d hy Ji—a—n, Js=a
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Table 1
Maximum point-wise errors EV and orders of convergence Q" for Example 5.1.
e=103
N/ 64 128 256 512 1024
1.00e—03 2.957e—02 1.203e—02 4.431e—03 1.481e—03 4.923e—04
1.2975 1.4409 1.5811 1.5890 -
1.00e—04 2.946e—02 1.196e—02 4.392¢—03 1.460e—03 4.813e—04
1.3005 1.4453 1.5889 1.6010 -
1.00e—05 2.946e—02 1.196e—02 4.392¢—03 1.460e—03 4.812e—04
1.3005 1.4453 1.5889 1.6013 -
1.00e—06 2.946e—02 1.196e—02 4.392e—03 1.460e—03 4.812e—04
1.3005 1.4453 1.5889 1.6013 -
1.00e—07 2.946e—02 1.196e—02 4.392¢—03 1.460e—03 4.812e—04
1.3005 1.4453 1.5889 1.6013 -
1.00e—08 2.946e—02 1.196e—02 4.392¢—03 1.460e—03 4.812e—04
1.3005 1.4453 1.5889 1.6013
EN 2.957e—02 1.203e—02 4.431e—03 1.481e—03 4.923e—04
ov 1.2975 1.4409 1.5811 1.5890 -
- [ 9udd, y)) duld, y;) 7
2 » Vi 2 Vi
+ €°%; Ty Wkjt o +(f +cu)d, y))

d+h d+h
2/ / 2(3(f+€u)(p y])>dpdsdl‘
=d J p=

a(f +
+—/ /f (M@,m)dpdsdr
hl t=d—hy Js=d J p=d—h, 0x

- | d%u(d, y;) d%u(d, y;) hac(d + ha) (912 du(t, y;)
2 » )] 2 ) )
k: k. ——"dt
+ k| | k| | -
hied —hy) (4 ult.y;
y med=h) 9, ) 4. (4.22)
2 t=d—h, ax

When au? < Ae, using the derivative bounds in Theorem 2.9 on (4.22), we get
ILY (U —i)d, y)l<CN'InN.

m,e, ,u,
When au? > Ae, using the bounds on the derivatives in Theorem 2.9 and methodology given in O’Riordan et al. [21]
and Gracia et al. [9], we obtain

Ly (U —i)d,y)] <CN'In*N.

We can obtain similar bounds for (x;, d) € Iy’ and (d,d) = (xn2, yny2). Thus, V(x;, y;) € IV U Iy U{(d, d)},
we get

CN7'InN, if au® < he,

O
CN7'I®N, ifau? > re.

\U(xi, yj) — ulxi, yj)l <

Theorem 4.5. Let u be the continuous solution of problem (1.1) and U the discrete solution of (3.2) on the
constructed piecewise-uniform Shishkin mesh. Then the error at the mesh points (x;, y;) € 2V satisfies

CN72In®N, ifau® < e,

Uxi, yj) —ulxi, yj)l <
UG- y)) (i )l CN~'In’N, ifau?®> re.

Proof. When au? < Ae, we adopt a similar methodology as shown by De Falco and O’Riordan [6].
Consider 07 < }1 and 0y < %.
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Table 2
Maximum point-wise errors EV and orders of convergence Q" for Example 5.1.
"= 107!
N/e 64 128 256 512 1024
1.00e—3 9.166e—02 6.874e—02 4.580e—02 2.868e—02 1.696e—02
0.4151 0.5858 0.6753 0.75791 -
1.00e—4 9.208e—02 6.901e—02 4.604e—02 2.880e—02 1.703e—02
0.4160 0.5840 0.6767 0.75799 -
1.00e—5 9.209e—02 6.902e—02 4.604e—02 2.880e—02 1.703e—02
0.4160 0.5840 0.6767 0.75799 -
1.00e—6 9.209e—02 6.902e—02 4.604e—02 2.880e—02 1.703e—02
0.4160 0.5840 0.6767 0.75799 -
1.00e—7 9.208e—02 6.902e—02 4.604e—02 2.880e—02 1.703e—02
0.4160 0.5840 0.6768 0.75799 -
1.00e—8 9.248e—02 6.883e—02 4.597e—02 2.878e—02 1.690e—02
0.4259 0.5825 0.6755 0.76804 -
EN 9.248e—02 6.902e—02 4.604e—02 2.880e—02 1.703e—02
oV 0.4160 0.5840 0.6768 0.75799 -
Table 3
Maximum point-wise errors EV and orders of convergence Q" for Example 5.2.
e=10"3
N/ 64 128 256 512 1024
1.00e—03 2.958e—02 1.200e—02 4.450e—03 1.480e—03 4.735e—04
1.3016 1.4312 1.5882 1.6442 -
1.00e—04 2.945e—02 1.192e—02 4.391e—03 1.448e—03 4.541e—04
1.3049 1.4408 1.6005 1.6730 -
1.00e—05 2.945e—02 1.192e—02 4.391e—03 1.448e—03 4.540e—04
1.3049 1.4408 1.6005 1.6733 -
1.00e—06 2.945e—02 1.192e—02 4.391e—03 1.448e—03 4.540e—04
1.3049 1.4408 1.6005 1.6733 -
1.00e—07 2.945e—02 1.192e—02 4.391e—03 1.448e—03 4.540e—04
1.3049 1.4408 1.6005 1.6733 -
1.00e—08 2.945e—02 1.192e—02 4.391e—03 1.448e—03 4.540e—04
1.3049 1.4408 1.6005 1.6733 -
EN 2.958e—02 1.200e—02 4.450e—03 1.480e—03 4.735e—04
ov 1.3016 1.4312 1.5882 1.6442 -

Let ¢(z) be a piecewise-linear polynomial defined by

z
or 0=z=o,
1, U]SZSd_GZa
d—z
_— — < <
o)=1°" d-m=z=d
55 d=z=d+o,
I, d+o1<z=1-o09,
1—z _
oy -0y <z<1

From Lemma 4.4, we have
\U(xi, yj) —ulxi, y)l < CN"'In N, ¥(x;, y)) € IV U LY U{(d, d)}.
Now, choose the barrier function £* given by
E5(x;, y)) = CN?In’ N<1 + ¢(x;) + ¢(yj)> =+ e(xi, y)),
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Table 4

Maximum point-wise errors EV and orders of convergence QV for Example 5.2.

"= 107!

N/e 64 128 256 512 1024

1.00e—3 1.231e—01 9.449e—02 6.735e—02 4.409e—02 2.711e—02
0.3818 0.4885 0.6112 0.70163 -

1.00e—4 1.234e—01 9.465e—02 6.747e—02 4.416e—02 2.715e—02
0.3825 0.4883 0.6115 0.70179 -

1.00e—5 1.234e—01 9.465e—02 6.747e—02 4.416e—02 2.715e—02
0.3825 0.4883e 0.6115 0.70179 -

1.00e—6 1.234e—01 9.465e—02 6.747e—02 4.416e—02 2.715e—02
0.3825 0.4883 0.6115 0.70179 -

1.00e—7 1.234e—01 9.465e—02 6.748e—02 4.416e—02 2.715e—02
0.3824 0.4882 0.6116 0.70179 -

1.00e—8 1.240e—01 9.448e—02 6.760e—02 4.401e—02 2.697e—02
0.3918 0.4829 0.6194 0.70648 -

EN 1.240e—01 9.465e—02 6.760e—02 4.416e—02 2.715e—02

oV 0.38967 0.48558 0.61428 0.70179 -

Table 5

Maximum point-wise errors EV and orders of convergence Q" for Example 5.3.

e=1073

N/ 64 128 256 512 1024

1.00e—03 6.548e—02 2.483e—02 8.784e—03 3.025e—03 9.684e—04
1.3990 1.4991 1.5379 1.6433 -

1.00e—04 6.487e—02 2.443e—02 8.562¢—03 2.921e—03 9.124e—04
1.4089 1.5126 1.5515 1.6787 -

1.00e—05 6.487e—02 2.442e—02 8.560e—03 2.920e—03 9.119e—04
1.4095 1.5124 1.5516 1.6790 -

1.00e—06 6.487e—02 2.442e—02 8.560e—03 2.920e—03 9.119e—04
1.4095 1.5124 1.5516 1.6790 -

1.00e—07 6.487e—02 2.442e—02 8.560e—03 2.920e—03 9.119e—04
1.4095 1.5124 1.5516 1.6790 -

1.00e—08 6.487e—02 2.442e—02 8.560e—03 2.920e—03 9.119e—04
1.4095 1.5124 1.5516 1.6790 -

EN 6.548e—02 2.483e—02 8.784e—03 3.025e—03 9.684e—04

ov 1.3990 1.4991 1.5379 1.6433 -

where e(x;, y;) = U(x;, y;) — u(x;, y;). Therefore, applying the discrete minimum principle to £*(x;, y;), we get
that

|U(xi, y;) —u(xi, y;)l < CN*In* N, Y(x;,y;) € 2V.

When « ,u2 > A€, from Lemmas 4.1-4.4, the required result follows. [

5. Numerical experiments

We have considered three examples of the type in (1.1) to illustrate the performance of the method developed
in the previous sections.

Example 5.1.  €(u,(x, y) + uyy(x, ¥)) + 32 (u(x, y) +uy(x, y) = 3u(x, y) = f(x,y), V(x,y) € 2, filx,y) =
0.5; folx,y) =—1; fz(x,y) =3; falx,y) = —=2.5; d = 0.5, where each f; is defined over (%, k = 1,2, 3,4,
with boundary conditions

u(x,0)=ulx, 1) =u0,y)=u(l,y)=0.
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Table 6

Maximum point-wise errors EV and orders of convergence QV for Example 5.3.

"= 107!

N/e 64 128 256 512 1024

1.00e—3 2.055e—01 1.428e—01 9.840e—02 6.138e—02 3.709e—02
0.5256 0.5370 0.6809 0.72674 -

1.00e—4 2.059e—01 1.429¢—01 9.855e—02 6.146e—02 3.713e—02
0.5267 0.5365 0.6812 0.72706 -

1.00e—5 2.059e—01 1.429¢—01 9.855e—02 6.146e—02 3.713e—02
0.5267 0.5365 0.6812 0.72706 -

1.00e—6 2.059e—01 1.429¢—01 9.855e—02 6.146e—02 3.713e—02
0.5267 0.5365 0.6812 0.72745 -

1.00e—7 2.059e—01 1.429¢—01 9.856e—02 6.146e—02 3.712e—02
0.5267 0.5365 0.6813 0.72745 -

1.00e—8 2.066e—01 1.425e—01 9.837e—02 6.141e—02 3.670e—02
0.5356 0.5349 0.6799 0.74269 -

EN 2.066e—01 1.429¢—01 9.856e—02 6.146e—02 3.712e—02

oV 0.53183 0.5365 0.6813 0.72745 -

Example 5.2. €2(u,,(x, y)+utyy (x, Y)+12(B4+2)ux (x, y)+(54+x0)uy(x, y)—Q+x)ulx, y) = f(x,y), V(x,y) €
0, filx,y) =2x +y = falx,y); falx,y) = —(x +y) = f3(x,y); d = 0.5, where each f; is defined over
2, k=1,2,3,4, with boundary conditions

u(x,0)=u(x, 1) =u(,y)=u(l,y)=0.

Although in the previous pages we have considered the same point of discontinuity in the two axis, two
different values could be considered, one for each axis. In the following example we consider different points
of discontinuities (d = d; # d») on the x- and y-axis, respectively.

Example 5.3, €2(uy.(x, y) + tyy (x, ¥)) + #?((3 + exp(x)u(x, y) + (4 + exp(y)uy(x, y) — 2+ xy/u(x, y) =
flx,y), Y(x,y) € 12, filx,y) = 4dcos(mx/2)cos(mwy/2); falx,y) = —2cos(w(x — dy)/2)cos(mwy/2); fz(x,y) =
—6c¢cos(mx/2)cos(m(y — da)/2); falx,y)=5cos(m(x —dy)/2)cos(m(y —d>)/2); dy =0.5, d, = 0.3, where each
fx is defined over (2, k = 1,2, 3, 4, with boundary conditions

u(x,0) =u(x, 1) =u,y)=u(l,y)=0.

The exact solutions of these problems are not known. Therefore, we use the double mesh principle explained
in [7] to estimate the maximum point-wise error. It is given by
EY, = max_ |UN(xy,y2) — UV (xi, )
N
(x;.y))el2
where UM (xy;, y2;) represents the approximate solution on a mesh with 2N subintervals. The parameter uniform
maximum point-wise errors are determined applying the formula

S
€,

The numerical order of convergence is given by

EN
N _
0 —10g2<ﬁ>-

In Tables 1, 3 and 5 we have taken € = 1072 and p values varying from 1073 to 1073, These tables show
the maximum point-wise errors and orders of convergence corresponding to Examples 5.1 and 5.2. Further, from
these tables, it is clear that our numerical scheme has an almost second-order convergence as ;& — 0, which is the
rate required (see, e.g., [2]) when dealing with a reaction—diffusion problem. In Tables 2, 4 and 6 we have taken
w = 107" and € values varying from 103 to 1073, From these tables it is clear that our numerical scheme has an
almost first-order convergence as au> > Ae or u = 1 when dealing with a convection—diffusion problem.
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(a) When e = 1072, p = 104, N =128, d = 0.5;
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Computed Solution
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(b) When e = 107%, p =10"1, N = 128, d = 0.5;

Fig. 3. Surface graphs of the numerical solution U for Example 5.1.
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(a) When e = 1072, =104, N =128, d = 0.5; (b) When € = 1074, p = 107!, N = 128, d = 0.5;

Fig. 4. Surface graphs of the numerical solution U for Example 5.2.

Figs. 3(a), 3(b) and 4(a), 4(b) show the numerical solution when € = 1072, w = 10* and € = 107, u =
107!, N = 128, d = 0.5 for Examples 5.1 and 5.2, respectively. Figs. 5(a) and 5(b) show the numerical solution
for Example 5.3 when € = 1072, u = 10~ and € = 1074, u = 107", N = 128, d; = 0.5, d, = 0.3, respectively.
Figs. 6 and 7 show the layer appearance (boundary, corner and interior layers) of the numerical solution U for
Examples 5.2 and 5.3, taking € = 1072, 4 = 10™*, N = 128 and € = 1073, u = 107!, N = 128, respectively.
The boundary layers associated with the boundaries gy ; interact at the corners ¢y ; giving rise to the corner layers
shown in Fig. 2. Further, Fig. 8 shows the error graph of the numerical solution U for Example 5.2.

6. Conclusion

This paper deals with two-parameter singularly perturbed elliptic convection—reaction—diffusion problems with
non-smooth data. A parameter-uniform discrete solution is obtained using a finite-difference scheme that produces
almost second-order convergence approximations when . — 0 or au? < Ae and almost first-order convergence
when apu? > e or u = 1. To address the numerical analysis and obtain finer bounds, the analytical and discrete
solutions are split into a sum of regular, singular, and corner components. The presented numerical experiments
provide results that agree with the theoretical analysis.
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Fig. 5. Surface graphs of the numerical solution U for Example 5.3.
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Fig. 6. Contour graphs of the numerical solution U for Example 5.2.
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Fig. 7. Contour graphs of the numerical solution U for Example 5.3.
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Fig. 8. Error graphs of the numerical solution U for Example 5.2.
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