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boundary conditions is a virtual cyclic cellular automaton. These virtual automata have
two special characteristics: they have active and non active cells at specific steps of times
and they reflect certain periodicity. We will relate these particularities with a finite cyclic
group action on the cellular automaton, and prove that the inverse transition dipolynomial

égg;g”sc" is an invariant dipolync?mial under this aFtion. Secondly, we use a recyrsive estimation of
68Q70 neighbours (REN) algorithm to produce direct examples of virtual cyclic cellular automata,
20C40 which moreover generalize some of the cellular automata used in applications like collec-
68W30 tive control or traffic patterns. We also propose a new REN algorithm which allows us to
94A08 reinterprete a (2R + 1)-cyclic cellular automata as a recursive sequence originated from

the elementary cellular automaton with base rule 150, and which motivate us to introduce
Keywords: a new notion of a recursive Wolfram number for a (2R + 1)-cyclic cellular automaton.

Elementary cellular automata

o Finally we show that this recursive Wolfram number can be computed by the new REN
Reversibility

Rule 150 algorithm applied to the base rule 150 and its complementary 105 rule.

Cyclic cellular automata © 2022 The Author(s). Publishe.d by Elsevier Inc. This is an open access article under the CC
Recursive rule BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Wolfram number

1. Introduction

A one dimensional cellular automaton (CA) is a simple model of computation capable to simulate complex phenomena
which can be described as a finite number of cells, endowed with a state in a finite state set, and uniformly arranged in a
one dimensional grid; the states change in discrete steps of time according to a local transition rule depending on the states
of the neighbour cells at the previous steps of time [19]. Elementary cellular automata (ECA for short) are CA where the cells
are linearly arranged and the state set is given by the finite field [,. The state of each cell is ruled by a three-variable boolean
function whose variables are the states of the main cell and its two nearest cells (neighbours) on each side, and they have
been extensively studied (see [18]). The reversibility for these cellular automata and computing the inverse of a reversible
cellular automaton are problems which have been treated in many works ([1,7,11,13,14]).

Local transition functions for one dimensional CA can be also defined using more than the two nearest cells by including
the notion of neighborhood radius R, and a particular type of them are the (2R + 1)-cyclic cellular automata with periodic
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boundary conditions over the finite field F,, (2R + 1)-CCA with p.b.c. for short, studied in [5]. The most important issue in the
reversibility problem, due to wide range of applications in signal and image processing, linear forecast or error correcting
code theory (see [2]), is to explicitly compute the inverse cellular automaton. In [5], an explicit formula for the inverse tran-
sition polynomial of a reversible (2R + 1)-CCA with p.b.c is given for any value of R (see [4,8-10] for the R = 1 case, which
corresponds to the ECA with rule number 150, ECA150). If we take a closer look the formula there contained, we can observe
the inverse of a reversible (2R + 1)-CCA has also a cyclic CA structure (with, in general, a different neighbourhood radius) but
in this CCA not all the cells are active, some of them are not appearing in the explicit expression.

In these notes we are interested in this type of CCA where not all the cells are active at a specific time. We will define in
Section 4 a new class of CCA called virtual CCA (VCCA) having both an standard neighbourhood radius and a new extra radius
(which we call the virtual radius) which keeps track of the active cells. We will prove that the inverse of a (2R + 1)-CCA is a
VCCA. The specific formula for the inverse transition dipolynomial says, a priori, that we can compute the inverse, but that
we can not determine the exact location or distribution of the active cells. Nonetheless, it reflects certain symmetry beha-
viour among the active cells. We will introduce a finite cyclic group action on a CCA and use it to prove that the virtual tran-
sition dipolynomial of the inverse can be shown to be invariant under a Z/N action (N = 2R + 1) and proved to be equal to a
dipolynomial with neighbourhood radius d but in a different weighted variable. That is, for this particular VCCA we know the
exact distribution of active cells. This nice and clean formula (given in Section 5) presents the inverse as particular type of
VCCA and simplifies the results of [5].

The notion of an extra perception radius is also treated in [6] from a different perspective, let us briefly introduce it here.
In [12] the motion of a simulated flock of birds is artificially created by a distributed model, where each bird is an indepen-
dent entity moving accordingly to its local perception, an extra radius (which have lead to other applications such collective
control of robots, traffic patterns or 3D patterns in animation). To study the relationship between this and the information
processing and fluctuation control in CA pattern formation, and using a recursive estimation of neighbours (REN) algorithm,
an extended CA (having an extra radius used to define the local perception area) is defined in [6]. We will prove that the REN
algorithm proposed in this paper and applied with base rule ECA150, recursively produces CCA rules which are VCCA, where
the virtual radius is the extra radius which codifies the local perception. Moreover, we propose a different REN algorithm
which allow us to prove that the (2R + 1)-CCA can be thought of as a recursive sequence parametrised by R and originated
from the base rule ECA150 (the R = 1 case), thus we could have certain control on the fluctuation in this particular group
formation. This suggests that the (2R + 1)-cyclic cellular automata might be defined by a Wolfram type rule obtained recur-
sively by the base rule ECA150. In fact, we will define a new recursive Wolfram number (RWN) which is recursively gener-
ated by the ECA150 and its complementary rule, the ECA105.

The paper is organized as follows: in Section 2 the mathematical background related to elementary cellular automata
with neighborhood radius R and its subclass of (2R + 1)-cyclic cellular automata is defined; Section 3 is devoted to show
how to explicitly compute the transition dipolynomial of the inverse of a reversible (2R + 1)-CCA with p.b.c. In Section 4
we introduce a new class of CCA, the virtual CCA, and prove that the inverse of a reversible (2R + 1)-CCA is a virtual CCA.
Section 5 starts by giving some basic notions on finite cyclic group actions in the context of CCA and follows by proving that
the virtual transition dipolynomial of the inverse can be shown to be invariant under a Z/N action (N = 2R + 1) and proved
to be equal to a dipolynomial with standard neighbourhood radius but in a different weighted variable. This drastically sim-
plifies the explicit expression of the inverse of a reversible CCA and some of the results of [5]. This section ends by illustrating
the results of the last two sections working out the examples for the R = 1 (corresponding to the ECA150) and the R =2
(which is the penta-cyclic rule) cases. The aim of Section 6 consists of showing that the REN algorithm of [6] recursively pro-
duce examples of non trivial VCCA, where the virtual radius is the extra radius which codifies the local perception area. This
proves the existence of VCCA beyond being the inverses of certain reversible CCA. Moreover, we propose a different REN
algorithm which allow us to prove that the (2R + 1)-CCA can be shown to be a recursive sequence parametrised by R and
originated from the base rule ECA150. We finish these notes by defining in Section 7 a recursive Wolfram number for a
(2R + 1)-CCA, which can be recursively computed by the new REN algorithm applied to the base rule ECA150 and its com-
plementary ECA105 rule.

2. The basic theory of elementary cellular automata

Elementary cellular automata with neighborhood radius R are linear cellular automata characterized by the following
features:

1)The n cells constituting the cellular space are uniformly arranged in a one-dimensional grid.

2)The state set is F, = {0, 1}, such that s} stands for the state of the i-th cell at the step of time t.

(3)The state of each cell at time t + 1 depends on the states of R left and right neighbour cells and the cell itself at the
previous step of time. Consequently, the local transition linear function is as follows:

(
(

t+1 t t t ot t
Si —f<5i7R>"'>5i7175i’5i+1ﬂ"'75i+R)‘

(4)As the number of cells is finite, boundary conditions must be taken into account. Usually periodic boundary conditions
(p-b.c.) are assumed, that is, if i = j (modn) then s} = s/.
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The (2R + 1)-cyclic cellular automata with p.b.c, (2R + 1)-CCA, are defined by the local transition function:
ST =S ® BSOS BS, B DS, 1IN, (1)

where @ denotes the sum in F,. If C' = (s§,s5,...,s,) € Fy is the configuration at step of time t, its global dynamics can be
represented in [, [x]/(x" — 1) as follows:

P (x) = T,(x)- P'(x) mod x" —1, )

where P'(x) = 31 ;six’ is the configuration polynomial at step of time ¢, and

R

To(x) =Dr(x) =1+ Z(xj +x7)

j=1

is the transition dipolynomial (of neighbourhood radius R).
In [5] the following properties for dipolynomials are proven (over [F,):

(a)Dp(x) = % In particular Dg(x) = %

(b)Dn4i(x) = Di(x) (mod x" — 1). In particular D, (x) = 1(mod x" — 1).
(c)Dn- ( )= D ( ) (mod X" — 1). In particular D, _1(x) = 1(mod x" —1).
(d)(x~" +x')Dp(x) = Dp-i(x) + Dp..i().

(e)Dq(x)Dy(x) = szanﬂ( )-

xb (fo(l 12k) ) x b (1426170)

(HIf we formally define Dy(x) = =

T+x¢ T+x¢

, then:

Da(x)D_»_ (x*™1) = Dgp().
Let us also recall here (since we shall use it in the last section) that the local transition functions for one-dimensional ECA
are boolean three-variable functions (the neighborhood radius is 1), thus there are 22 possible elementary rules leading to
256 elementary cellular automata. Each ECA is indexed by its rule number (the Wolfram number) 0 < w = Zfzooci .21< 255
where:
f(07070) = 0o, f(07071) =0, f(Oa 170) = 0, f(0717]) = 03, (3)
f(17070) = U4, f(170'~1) = Us, f(]7170) = U, f(]vl,]) = 07. (4)

In particular, the ECA150 is defined by means of the following local linear transition function:
150 .
5?*1 :f (Sz ]7Sl7sl+1) = Sf—l 6951? EBS?H’ 1 SIS mn, (5)

and its Wolfram number 150 is obtained by w = 2 + 2% + 2% 4+ 27,

3. The inverse of a reversible (2R + 1)-cyclic ECA

Let N = 2R+ 1 and n = Nk + r where k is a natural number and r € {1,...,N — 1} denotes the remainder of n modulo N. A
(2R + 1)-cyclic CA with p.b.c has, modulo x" — 1, the following transition dipolynomial:

To(X) =Dp(x) =1+ zR:(xf +x7).

In [16] it is shown that a (2R + 1)-cyclic ECA is reversible if N and n are coprime, and notice that if N = [[",p;" is the prime
factorization of N, we need (r,p;) = 1 foralli=1,..., m to achieve reversibility. In [5] an explicit and closed formula is given
for the inverse of a reversible (2R + 1)-cyclic ECA:

xrr’—tN + x(t+] IN—11"

D) =

, whereb=n+tN-—r1r. (6)
It is shown that the inverse a reversible CCA has also a CCA structure, but with a different neighborhood radius, and its
inverse rule will be given by a particular dipolynomial which we shall study next in detail (and which shall be simplified
in Section 5).

Expression (6) is no yet formulated as a dipolynomial and it depends on the additional numbers r7 and t. These numbers
are computed by the CES algorithm we write below in detail, which determines a correct sequence of couples (17, t) for all the
values of r € {1,2,...,N — 1}. Then we can introduce a particular number n = Nk + r and obtain its unique pair (r7,t).
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The algorithm will be only written for the values 0 < r < R, since the remaining values will be achieved later on by using
N —r. The CES algorithm is the following:

1. We start by computing, in increasing order, the following sequence:

R R R R _R

R=1 b5k =gl =1

and store 1 and R.

2. In increasing order and for each j € {2,...,R — 1} such that gcd(j,p;) =1 (for alli = 1,...,m), we divide R by j and write
R = ¢qj + h, where q is a natural number and h € {0,1,...,R— 1}

e Ifj—h=1 we store js = [¥] and, if and only if j # js, we then also store j = [¥]. For the value j» we introduce two new
variables s and t (that we will need later on) and define (r/,s,t) = (j,1,0); similarly, for the value j we define
(r1,s,t) = (jr,1,0). We continue this procedure for the values which do not produce already stored numbers.

e Ifj—h##1, remove (3—?] and continue in increasing order with the sequence.

3. Ifje{2,...,R—1} (with ged(j,p;) =1 for all i =1,...,m) is the first number such that [;%] = [¥], then compute [*f]
where s:= 2t + 1 is the smallest odd integer number which is smaller or equal that j and such that [ST.R] # [B] for all
i=2,...,j-1.

4, Foreach2 <j<R-1,letjr= PTR} be the result of the previous step and let h be such that SR = Qj + h (aso that 0 < h < j).
e Ifj—h—t=0,1then we store jr = [3}—.R1 and, in the case that j # js, we also store j = ﬁ—’f]. For the value j» we now update

the variables by setting (17,s,t) = (j,s,5!); and for the value j we set (17,s,t) = (jr,s,51).

e Ifj—h-—t+#0,1, then remove jr = PTR] and go back to step 3 starting from that js, moving in increasing order and not
considering the already stored numbers.

Now we know how to compute the couple (r/,t) for the values in {1,...,R}, let us show how to deal with the values
{R+1,...,2R}. Let us define 5 = 217 — s and set 5 = 2t + 1. Once we apply the CES algorithm for the values in {1,2,...,R},
the couple (17, t) for the entries ¥ € {R+1,...,2R} is computed as follows:

e Writer=N -7 € {1,2,...,R} and apply the CES algorithm to look for its associated r7 and s = 2t + 1.
e Use s =2r7—s=2f+ 1 and apply the following result ([5, Lemma 4] to compute its associated f: if r = [%£] then:

) [2r—sik) if hr=0
r=N-r= @r-1)R . _
=—4+1 if =0

r

where v =h —r + 2.
Let us illustrate the CES algorithm by performing an example:

Example 1. We shall deal with the N = 11 case, that is, a (2R + 1)-CCA with neighbourhood radius R = 5 (notice that since
11 is prime, coprime conditions in the algorithm are always satisfied). The possible values for the remainders r of n modulo N
(n=Nk+r) are in the set {1,2,...5,6,...,10}. Let us apply the CES algorithm for the first five entries of these values
{1,2,3,4,5}:

o For the entry 1: we do [3] =2 =5 so that j =1 and js = 5 and R = gj + h implies that j — h = 0. We then store jr = 2 =[5]
and j = 2 = [T] (since j # j). Then, for the value js = 5 we introduce s and t by defining (17,5, t) = (1,1,0); for the value j = 1
we define (r/,s,t) = (5,1,0).

o For the entry 2: one has [3] = 3 and then R = g2 + h, so that j — h = 1. We then store jr = [3] =[3] and j = [3] =[2] (since
Jj # jr and none of them are already stored). That is, for the value js = 3 we define (r/,s,t) = (2,1,0) and for the value j = 2
we define (r7,s,t) = (3,1,0).

e The entry 3 is already stored.

o For the entry 4: we firstly obtain that [§] = 2, which is already store, so we perform [2] = 4, this one not being stored.
Then we have that j = jr = 4,s = 3 (so that t = 1) and h = 3. Thus j — h — t = 0 and therefore we can store jr = [3%] =[4].
For the value jr = 4 we define (17,s,t) = (4,3,1).

e The entry 5 is already stored.

Now we compute 17 and ¢ for the entries in {6,7,8,9,10}:
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e If T =6itisr=N-T=>5=2so that we set (r.,s,t) = (1,1,0). Then we have [6]=7 =N —r =2+ 1 and therefore r’ = 1
ands=1=1t=0.
Thus, for the value 6 we define (17,5,t) = (1,1,0).

o Iff=7itisr=N—7=4=[3] sothat (17,s,t) = (4,3,1). Then we have [7] =7 = N — r = [2?] (since s +5 = 2r7). Thus, for
the value 7 we define (17,5,t) = (4,5,2).

o IfF=8itisr=N—7=3=[3] so that (r7,s,t) = (2,1,0). Then we have 8] =7 = N — r = [32] (since s +5 = 27). Thus, for
the remainder 8 we define (17,5,t) = (2,3, 1).

e IfF=9itisr=N—7=2=[3] so that (r7,s,t) = (3,1,0). Then we have [9] =7 = N — r = [%2] (since s +5 = 2r7). Thus, for
the remainder 9 we define (17,5,t) = (3,5, 2).

o Iff =10itisr=N—7=1=2sothat (17,s,t) = (5,1,0). Then we have[10] = 7 = N — r = %> + 1 (since s + § = 2rv). Thus, for
the remainder 10 we set (17,5,t) = (5,9, 4).

Finally we end up with the following table (see Table 1):

Now, let us show how to compute the inverse of a reversible (2R + 1)-CCA using the CES algorithm and giving its inverse
rule by a transition dipolynomial:

Step 1.Apply the CES algorithm to compute the sequence of pairs (r7,t) for the entries in {1,2,...,R}.

Step 2.In order, and for each entry 7 in {R+1,...2R}:

e Dor=N - (which belongs to {1,2,...,R}) and look for its associated pair (7, t) given by step 1.

e The associated pair for 7 is (r7,t) where t := 17—t + 1.

e Step 3.Divide n by N so that n = Nk +r, where 1 <r <N

e If1 <r <R, localise its associated pair (r/,t) from step 1 and use the [5, Theorem 2] to compute the inverse transition

dipolynomial:
Tn(X) -1+ Z (X(IN rj) +X (IN— rj ++ Z I<+I/N r(r—1)) +X k+l/)N7r(r/71)))_ (7)
=1,k I=1,..t
Jj=01,..r-1
e IfR+1 <7< 2R, localice its associated pair (r7,t) from step 2 and use the [5, Theorem 2] to compute the inverse tran-

sition dipolynomlal.

Tn(x) -1+ Z (X(IN—fj) +x—(lN—ij)) ++ Z ( (keI )N=F(rr— 1)+x ((k+l/)N—f(r/—1)))

l:l ok T=1,..f

(8)

4. Virtual cyclic cellular automata

In this section we are interested in defining a particular class of cyclic cellular automata with p.b.c. having a transition
dipolynomial of the form 1 + Zleaj (¥ +x7), where some a; might be zero. The reason is motivated by the specific shape
of the inverse transition dipolynomial of Eq. (7) (and also Eq. (8)), where there is a neighbourhood of radius
b= (k+t)N—r(rr— 1) = n+ Nt — rr1, but there are only 2d + 1 active neighbours or cells, where d = krs + t.

We shall define virtual cyclic cellular automata with p.b.c. (VCCA from now on) and we will prove that the inverse of a
(2R + 1)-CCA is a VCCA.

Definition 1. Let d < b be natural numbers. We define a one dimensional virtual (2b + 1)-cyclic cellular automaton with

virtual neighbourhood radius d as a particular subclass of (2b + 1)-CCA with p.b.c. having the following local transition
function:

1

b
st =stg Z aj (s,{j ® sfﬂ), where a;#0 only for d elements in {a;,...,a}, 9)
j=1

where both Y and @ denote the sum in F,. We’ll refer to it as a (b, d)-VCCA.

Table 1

Applying the CES algorithm for R = 5.
r 1 2 3 4 5 6 7 8 9 10
ceilings 3 H 31 ki i i1 %1 ki ki %1
r 5 3 2 4 1 1 4 2 3 5
sors 1 1 1 3 1 1 5 3 5 9
tort 0 0 0 1 0 0 2 1 2 4
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Remark 1. Since it is defined as a particular subclass of (2b + 1)-cyclic cellular automata, we are assuming that a, # 0.

Remark 2. Working over F, only d coefficients are 1, so that the local transition function can be written as:

t+1 _ ot t t
sit=sie ) (Si—jm@swm)v

where j; = b (since we are assuming in the definition that a, # 0) and thus s,; = s,,.

Remark 3. Notice that the virtual cyclic cellular automata are linear CA over a finite field, and that their associated transition
matrix can be understood as a particular circulant matrix having a special diagonal band (having both 1’s and 0’s) deter-
mined by the virtual radius d. From this point of view, we shall be proving in this section that the inverse of a circulant
matrix (coming from a reversible CCA with p.b.c.) is a matrix of this particular form (see [3,15,17,20] for the general theory
of circulant matrices and how to compute their inverses).

Definition 2. Let C' = (88,85, ...,s%) € FS be the configuration at step of time t. The global dynamics of a (b, d)-VCCA can be
represented in F2[x]/(x" — 1) by:

P“'(x) =D{(x) - P'(x) mod x"—1,
where P'(x) = > ;six’ is the configuration polynomial at step of time t and
b
Dj(x) =1+ a;(¥ +x7), where a;#0 only for d elements in {a,,...,a}.
j=1

We will refer to this transition dipolynomial as a (b, d)-virtual transition dipolynomial.

Remark 4. Working over F, only d coefficients are 1 in Dg(x), so that:

Dyx) =1+ D (¥m4x7m),
m=1,.d
Jme{1,..b}

where xi¢ = xP,

Remark 5. The definition of virtual CCA can be extended to other finite fields, we shall study its properties elsewhere.
Notice that if d = b =R then a (b,d)-VCCA is just the (2R + 1)-CCA with p.b.c defined by Eq. (1):

ST =Sg @ BSOS DS D DS, 1<i<n,
and thus Dj(x) = Dr(x) = 1+ 35, (¥ +x7).

Then, we can reformulate [5, Theorems 2 and 3] as:

Proposition 1. Let N = 2R+ 1 and n = Nk + r, where r < Rand gcd(n, N) = 1. The inverse of a reversible (2R + 1)-CCA with p.
b.c.is a (b,d)-VCCA where b = (k + t)N —r(r7 — 1) and d = kr7 + t. Its transition dipolynomial is given, modulo x" — 1, by the

(b, d)-virtual dipolynomial D (x).

Proposition 2. Let N =2R+ 1 and n = Nk + 7 where R < ¥ < N and gcd(n,N) = 1. The inverse of a reversible (2R + 1)-CCA
with p.b.c. is a (b,d)-VCCA where b= (k+tN —7(rr—1) and d = ki’ + . Its transition dipolynomial is given, modulo
x" — 1, by the (b, d)-virtual dipolynomial D (x).

Corollary 1. For r = R,R+ 1, the inverse of a reversible (2R + 1)-CCA with p.b.c. is a (b,d)-VCCA where b = kN and d = k and its
transition dipolynomial is given virtual dipolynomial D%(x) = Dy (xN) = DE, (%)

5. Cyclic group actions and Virtual Cyclic Cellular Automata

The specific formula for the inverse transition dipolynomial has a complicated shape. We will prove next that the virtual
transition dipolynomial D (x) of the inverse of a reversible (2R + 1)-CCA is invariant under a Z/N action (N = 2R + 1), and we
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will prove that it is in fact equal to the dipolynomial D4(y) with neighbourhood radius d but in the weighted variable y = xN.
This nice and clean formula show the inverse as particular type of VCCA and simplifies the results of [5].

5.1. Cyclic group action on a CCA

Let the finite cyclic group Z/N act on the polynomial ring k[x] by x — &x, where ¢¥ = 1 (that is, ¢ is a N-th root of unity, an
element of the dual group py ~ (Z/N)").
Since we have that:

¥ =x¥ < &d=1 < j=0modN,
the ring of invariants is k[x]*/N ~ k [¥N] = k[y], where we are denoting y = x". Thus, we have a immersion k[y]—k(x] of rings
which endows k[x] with a k[y]-module structure:
k[x] ~ k[y] @ xk[y] @ - - - & xN""k[y]
and presents a decomposition of the polynomial ring k[x] into an invariant part k[y], and N — 1 parts ¥k[y] which are usually
referred to as anti-invariant parts or j-th twisted sectors.
Remark 6. From the point of view of the algebraic geometry we are working with a cyclic N : 1 cover
7 : X = Speck[x] — Y = Speck[y],
where the space Y is identified with the quotient space
Y ~ X/(2/N) ~ Speck[x]"/" ~ Speck[x"].
The direct image of the ring k[x] has then a natural k[y]-module structure 7.k[x] ~ k[y] ® xk[y] & - - - & xN~1k[y].

We can do analogous considerations for the polynomial ring k[x,x~'] where the invariant part under the Z/N action
(xx ") (ex, &%) s

k[x,xﬂZ/N ~k[y,y].

It is worth to notice that, in general, the decomposition of a dipolynomial in k[x,x~!] could have an anti-invariant part
living in ¥'k[y] but it might not have an anti-invariant part in x7k[y~'] for j = 0,1,...,N — 1. Since in these notes we are only
considering a particular type of elements in k[x,x~'] which are invariant under the substitution x — x~!, which are the tran-
sition dipolynomials Dy (x) =1+ ", (x '+ x') € k[x~!,x], this situation can not happen (if there is a term ¥y necessarily

there is also the term x7y-!). By abuse of language, we shall refer to these particular anti-invariants parts lying on
Xk[y] ® xTk[y~!] as the j-th twisted sectors of k[x,x!].

5.2. The inverse VCCA as an invariant CCA under a cyclic group action

If we look at the formula for the inverse transition dipolynomial of Eq. (7), we observe that this virtual dipolynomial
seems to have not only an invariant part in k[y,y '], but also some anti-invariant parts living in the twisted sectors. We will
see that this is not the case and that in fact, the inverse transition dipolynomial of a reversible (2R + 1)-CCA can be expressed
in terms only of the invariant part. This improves and simplifies the results of [5].

Let us note that a simple computation shows the following:

Lemma 1. Let us consider the dipolynomial Dy (x) = 1+ Y[ (x '+ x') € k[x ", x]. Then its invariant part under the Z /N action
on k[x,x~1] defined by (x,x7') — (éx, f’lx*l) is:

Dyn ()N = Din(y) =1+ Zm:(y"' +y) ekly Lyl

i=1

where y = xV.

Theorem 1. Let N = 2R+ 1 and n = Nk + r, where r < R and gcd(n, N) = 1. The inverse of a reversible (2R + 1)-CCA with p.b.c. is
a (b,d)-VCCA where b = (k+ t)N — r(r7 — 1) and d = kr/ + ¢, and its transition dipolynomial is given, modulo x" — 1, by the Z /N-
invariant dipolynomial:

Dj(x) = Dan(x)""™ = Dq(y),
where y = xN.
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Proof. Notice that by [5, Theorem 1] we have Dg(x) = D% (x¥) mod x" — 1, where the fractional dipolynomial is defined in
Section 2. Thus, using Eq. (7) and Lemma 1, we have to prove that D’% (xN) = Dq(). Since n = Nk + r and we are working mod-
ulo x" — 1, we have that XN = x". Bearing in mind that b = n + tN — rr7, we then have:

x—b (1 + XN+2b) x—(EN=117) (1 + XN+2(tN7rr/))

1-+xN 1+xN
X~ (EN+kNrr) (1 + XN+2(tN+kNr/)) X—Nd<l + XN(1+2d))

1+xN 1+xN
= Dy(y) = Dan(x)"'".

)
—
=

=

N
Il
Il
Il

Similarly we can prove:

Theorem 2. Let N = 2R + 1 and n = Nk + ¥ where R < T < N and gcd(n,N) = 1. The inverse of a reversible (2R + 1)-CCA with p.b.
c.is a (b,d)-VCCA where b = (k + ©)N — #(rr — 1) and d = krr +t, and its transition dipolynomial is given, modulo x™ — 1, by the
7 /N-invariant dipolynomial:

Dj(x) = Day(x)"" = Dy(y).

Corollary 2. For r = R,R+ 1, the inverse of a reversible (2R + 1)-CCA with p.b.c. is a (b,d)-VCCA where b = kN and d = k and its
transition dipolynomial is given by the 7 /N-invariant dipolynomial:

Dy(X) = Dyi(x)"" = Die(y).

Remark 7. In the context of algebraic geometry, if one consider the orbifold (stack quotient) # = [X/(Z/N)] defined in the
weighted coordinate y = xV, then the coordinate x is often referred to as an orbinate. From this point of view, we should have
been called a (b,d)-VCCA as a d-orbifold (2b + 1)-CCA or a (2b + 1)-CCA with orbifold neighbourhood radius d, since it is
defined using the transition dipolynomial in the orbinate x. Nonetheless, we have finally proved in 1 and 2 that the inverse
of a reversible (2R + 1)-CCA (the (b, d)-VCCA) is in fact an ordinary cyclic cellular automaton with neighbourhood radius d in
the weighted variable y = xV.

5.3. Examples: the ECA150 and the penta cyclic cellular automaton

The ECA150 with p.b.c. defined by the local transition function s{*' =st_ | @st@st | (1 <i<n), corresponds to the
(2R + 1)-CCA with p.b.c for R=1. Given n =3k +r, its transition dipolynomial is D;(x) = x!' + 1+ x and the transition
dipolynomial corresponding to its inverse cellular automaton (when n and 3 are coprime) can be determined by the virtual
dipolynomial:

k
D5, (%) = D3 (0)? =D (x*) = 1+ > (¥ +x7%),
i=1
since b = 3k and d = k. Almost everything here, was contained in [5], so let us study next the R = 2 case, where the virtual
context and the cyclic group action really makes apparent.

The cellular automaton with penta cyclic rule, defined by the local transition function s{*' =sf , &st ; @st@st | @5t
(1 <i<n=>5k+r where r <5), corresponds to the (2R + 1)-CCA with p.b.c for R =2 and its transition dipolynomial is
Dy(x)=x2+x1+1+x+x2 (mod x" —1). If gcd(5,n) = 1 it is reversible and the transition dipolynomial of the inverse
can be described (modulo x" — 1) as virtual dipolynomials and simplified using the Z/5 cyclic action.

e For r = 1 by Proposition 1 we have that the inverse is the virtual dipolynomial
D3 1(X) = Daa (x°),

so that the inverse has 2d = 4k symmetric active neighbours fitted in a radius of b = 5k — 1, but in order to know how
these active neighbours are distributed we need, a priori, its explicit expression as a dipolynomial given by Eq. (7) (proved
in [5, Theorem 1]):

k
DSL](XS) :1+Z(X51+X—51) +Z(XSI_1 +X_(5'_1)). (10)
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Nonetheless, we have proved in Theorem 1 that in fact this is an ordinary (2d + 1)-CCA in the variable y = x> given by:
Dt (X°) = Daok(X)”® = Dok (x )—1+Z(x5"+x*5”). (11)
Let us work out two explicit cases to see the equivalence of Egs. (10) and (11) modulo x" — 1.
Ifn=6=>5k+1 then k =1 and thus Eq. (11) gives
Ds(x°) = Dio(x)"° =D (°) = 14 + x> + X' +x71°
which is equivalent, modulo x® — 1, to
T4+X +x° +x + X7 =Dy(x),

that is, the result of Eq. (10).
If n=11 =5k + 1 then k = 2 and thus Eq. (11) gives

5) — z/5 — 5) —
D%(x ) =Daxn(x)7” =D4(x°) =
=14+ +x° X0+ x 104X X1 4 X204 x %0,
which is equivalent, modulo x!' — 1, to
1 +X5 +X—5 +X10 +X—10 +X4 +X—4 +X9 +X—9 — D%(XS)7
that is, the result of Eq. (10).
The cases r = 2 and 7 = 3 are easily described by Corollary 2:

k
D%, (x) = Dy (x°) = Z (X% +x %)

that is, the inverse has 2k symmetric active neighbours fitted in a radius of 5k and regularly distributed by jumps of 5
slots.

For ¥ = 4 then (see [5, Section 5])r=1,r7 =2 and t = 1, so that b = 5k + 1 and d = 2k + 1 and by Proposition 2 we have
that the inverse is the virtual dipolynomial

D100 = Das (),

so that the inverse has 2d = 4k + 2 symmetric active neighbours fitted in a virtual radius of b = 5k + 1, but in order to
know how these active neighbours are located we need, a priori, its explicit expression as a dipolynomial given by Eq.
(8) (proved in [5, Theorem 1]):

Dsier (XS) =1 _,’_Z X +X—51 +Z 5! 4 —(51-4) ) +X5k+1 _~_X—(5k+1). (12)

Nonetheless, we have prove in Theorem 2 that in fact this is an ordinary (2& +1)-CCA in the variable y = x> given by:

2k+1
D1 (¥°) = Doaknys(X) 7 = Dot (8°) = 1+ Z XN x7). (13)

Let us work out two explicit cases to see the equivalence of Egs. (12) and (13) modulo x" — 1.
Ifn=9=5k+4thenk=1,b=6,d=3 and thus Eq. (13) gives

Dg(Xs) = D15(X)Z/5 = D3(X5) -1 JrXs +X’5 JrX10 +X’10 +Xls +X’]S
which is equivalent, modulo x° — 1, to

T+X°+x° +x+x"1+2°+x7° =Dy (x°),

that is, the result of Eq. (12).
Ifn=14=5k+4then k=2,b=11,d =5 and thus Eq. (13) gives

— z/5 _
Dy (x°) = Das(x)*° = Ds (x°) =
:1+X5 +X75 +X10 +X—10 +X15 +X—15 +X20 +X—20 +X25 +X—257

which is equivalent, modulo x4 — 1, to
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10

T+ +x° x4 x 0 x4 x 420 +x7° x4 x71 =Dy (x),

that is, the result of Eq. (12).

6. Algorithms of recursive estimation of neighbours

In [12] an artificial life algorithm was developed to study the motion of a flock of birds. The motion of the simulated flock
is created by a distributed model where each bird is an independent entity which moves according to its local perception, but
there is no a central entity controlling the boid. Among other applications, this leads to the study of collective control of
group motion like herds of animals or robots, traffic patterns or 3D patterns in animation programming. To study the rela-
tionship between this and the information processing and fluctuation control in CA pattern formation, in [6] an extended CA
is introduced using a recursive estimation of neighbours (REN) algorithm. This extended CA have an extra radius used to
define the local perception area and a base rule is used to recursively estimate the neighbours’s states.

We will see that if one uses the REN algorithm proposed in [6] with base rule the ECA150, one can recursively produce CA
rules which are examples of the virtual automata (b, d)-VCCA defined in Section 4. Thus, we are proposing the virtual radius d
as a different extra radius to codify the local perception, and then Theorem 1 not only says that the inverse of a reversible
(2R +1)-CCAis a (b, d)-VCCA, but also that (in the appropriated coordinate) the inverse can be written as a regular CCA hav-
ing neighbourhood radius the virtual perception radius d.

Moreover, we will introduce a different REN algorithm which allow us to prove that the (2R + 1)-CCA can be shown to be
a recursive sequence parametrised by R and originated from the base rule ECA150, thus we could have certain control on the
fluctuation in this particular group formation.

6.1. The REN algorithm

Let us denote the ECA150 by #150R1 and call it the base rule. The recursive estimation of neighbors (REN) algorithm pro-
posed in [6], and used with the ECA150 as a base rule, is:

1 150 1 1
ri =f (d)?n ip sz7¢§?+1,i+1>7 (14)
where ¢ is the i-th cell in a neighbourhood of radius R at evolution time t + 1 and ¢} ., indicates the estimate states of

neighbours at t + 1 with an estimated radius R — 1. They have:

[+1 150 t+1 t+1
R —j,i—j _f <¢Rj 1,i—j-11 1]7¢R j—lj—jH)

¢r+1 7f150 t+1 ¢t+1
R—ji+j — R—j—1,i+j-1> 1+17 R—j—1,i+j+1

forj=1,2,...,R—1, and

1
0iiR = Xisks ¢0 itRy2 — 1iR;2'

When R = 1 this is just the 150ECA and using the formulas we can easily perform higher radius cases. For R = 2 we end up
with the penta-cyclic rule

t41
2 =Si, S ©S DS, ©Siy,

which is the 5-CCA or, analogously, the (b, d)-VCCA defined by b =d = 2.
The case R = 3 gives:

t+1
3 5 3@51 2695 ®51+2@51+3>

which is the (3,2)-VCCA having a neighbourhood radius b = 3 and a virtual radius d = 2 (that is, 2d + 1 = 5 active, and sym-
metric, cells in a total of 2b + 1 = 7 cells). Notice that this is the xor summation of the 7-CCA plus the ECA90.
The case R = 4 gives:

t+1
4.i —Sz 4@51 3@51 ZQBS @51+2@51+3€B51+47

which is the (4,3)-VCCA having a neighbourhood radius b = 4 and a virtual radius d = 3. Notice that this is the xor summa-
tion of the 9-CCA plus the ECA90.
The case R = 5 gives:

t+1
5, _51 5@51 46951 2695 ®51+2€B51+4®51+57

which is the (5, 3)-VCCA having a neighbourhood radius b = 5 and a virtual radius d = 3.
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6.2. A different REN algorithm

We shall show that, with a different REN algorithm to that of [6], we can use the ECA150 to recursively generate the
(2R + 1)-CCA rules parametrised by the neighbourhood radius R. The REN algorithm we propose is given by:

90:;1] ::f]SO( iR (pltiﬂll z+R>7 (15)

where (pf“ is an estimated state of the i-th cell with radius R at evolution time ¢ + 1. Notice that ¢! = si*! and that applying
the definition for the R = 1 case (which is the ECA150, the base rule #150R1):

t+1 _ £150 t+1 ot ot t+1 t
v = (S 001 St ) = Si © @6 ®Sin

we have that @f! =st.
The R = 2 case corresponds to the 5-neighbour rule:

t+1 150 1 ot _ ot t t t t
sit=f ( i2: P> 1+2) =S5 2051 DS DS PSipn- (16)

Therefore, the #150R2 recursive rule corresponds again to the penta-cyclic ECA. Now, straight forward computations shows
that:

Proposition 3. The recursive sequence, represented by:
[150] = {#150R1,#150R2, .. .},
is the equivalent to the family of (2R + 1)-CCA with periodic boundary conditions.

7. Wolfram based classification for (2R + 1)-cyclic ECA

The REN algorithm of Eq. (15) suggests that the (2R + 1)-cyclic cellular automata might be defined by a Wolfram type rule
obtained recursively by the base rule #150R1. In this section we will define a Recursive Wolfram number (RWN) for
(2R + 1)-CCA and we will proof that this RWN is recursively generated by both the Wolfram number of the ECA150 and that
of its complementary rule ECA105.

Recall that the ECA150 is defined by means of the following local transition function:

5?*1 f150(s 1 sl7sl+1) :Sf—l ®s§®s§+l7 1 < lgn (17)
and notice that its Wolfram number 150 is obtained by the binary expression:
Wiso =2 422 +2*+27=(0,1,1,0,1,0,0,1).

The ECA150 has the ECA105 as its complementary rule (this late one beeing also a Class Il rule), which is defined by the local
transition function:

S =1 (sslsh) = 1os esfest,, 1<i<n,
and its Wolfram number is obtained by:
wigs = 2° +2° +2°+2°=(1,0,0,1,0,1,1,0).

Since ECA105 is the complementary rule of ECA150, let us use the notation wygs = Ws,.
We start by analyzing the R = 2 case, which is the penta-cyclic CA defined by the local transition function of Eq. (16) and
that we write here as:
0R2
H] f#15 : (sl 2751 1751751+1 Sl+2) z 2 6951 1 @S EBSH] 69sz+2

There are 2%’ possible elementary rules leading to 4.294.967.296 cellular automata. Each CA is indexed by its rule number
w =321 o - 2', where o; = f*"°°(i,) and i, stands the binary expression of 0 < i < 31:

i=a02° + a2 + 2% + as2° + a2 = i, = (ao,01,03,03,04).

That is, o; = f*"*°®(i,) = ap ® a; ® a, ® as @ as. Thus, for the penta-cyclic CA #150R2 we have that the Wolfram number is:
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31 31 )
Wyisore = » 02 = Zf#lsom(iz) 2=
i-0 i—0
—2 122124 27 128 1l 13 14 9i6,
4219 4271 2% 1 2% 1 220 1 2% 4 2% = 2.523.490.710
Notice that this big number can be grouped and rewritten as:
Wiysore =2 +2°4+2% 427 +28<20 +2°42° +26)+
Jr216<20 Jr23 +25 Jr26) +224(2 +22 Jr24 +27) _
= Wiso + 28Wigs + 2"°Wigs + 2% w50 =
23 223 3.23
= Wysg + 2 W§50+2 W€50+2 Wis0
For R = 3 we have the hepta-cyclic CA defined by the local transition function:

t+1  _ f#150R3 / t t t t oot t t _
sto=f (St3. 812, SE1. 85, SE 1 SEae STas) =

—ct t t t t . t
=353 DS, B BS; DSipq D Siv2 DSiy3

and it has the following RWN:

271
#150R3 /. i 8 16 24
Wyis0r3 = E f (lz) 2h = Wiso + 2 WﬁSO +2 WgSO + 27" Wyso+
i=0

+22 W50 + 2Wiso + 2% wisp + 27w 5o+
+2% W5y + 272 wiso + 2 wiso + 2% W5+

96 104 16 120
+2 W]50+2 W%SO +2 W§12+2 Wis0 =
_ 223 c 22.23 c 23»23
= (Wis0 + 27 Wis + Wis5o + Wiso |+
32 23 223 323
+2 <W§50 +2° Wisp + 277 Wiso + 2 W‘{50)+
B 3 . 3 . 3
+22 32 (MSO + 2? Wiso + 222 Wis0 + 232 M50)+
3.32 23 2.23 3.03
+2 (wlso + 27 W5 + 277 wigy + 2 WISO) =
2° 2.2° 3.2°
= Wyisorz + 27 Wisopy + 277 Wi s0ra + 277 Wyasore-
Where the RWN W<, 5, is given by:
21 4105R2 i 23 2.23 3.23
. i : .
Wo1s0r2 = Witos = Zf (i2) - 2" = Wiso + 27 Wiso + 277 Wiso + 277 Wi,
i—0
Let us now state the general case.
Definition 3. Given the local transition function:
t+1 _ f#150RR (.t t t ot t _ ot t t
st =f (Sickro 2 Si1050:Sis10 2 Siep) =Sig @ DS B DSp
and its complementary rule:
t+1 _ g#105RR /¢ ¢ t oot t _ t t ¢
sit=f (Sigs---oSi1sSESiats- -2 Siip) = 1BS @ B D BSipp,

let us write Np =2R+ 1 and let i, = (ao,ay,...,0r_1,02;) be the binary representation of a natural number i such that
0 < i< 2™ — 1. We define the following Recursive Wolfram Numbers:

Np_1 Np_1

2
W150RR -= Zf#ISORR(iz) -2 Wis0rg ©= Zf#wSRR(iz) 2!
i=0 i=0
We have the following result.

Proposition 4. The recursive Wolfram number for the (2R + 1)-cyclic CA given by the local transition function FHISORR 4o
recursively generated by the Wolfram number of ECA150 by the following formula:

2MR-1 ¢ 2.2Mr-1 3.2Nr-1
Wyis0rr = Wy1sorg-1) + 27 Wiysopp_1) + 2 Wiisorr_1) + 2 W4150R(R-1)
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where Np 1 =2(R—-1)+1=2R-1.

Proof. We have that

2NR 1 2NR-1-1

150RR / » i 150RR / » i
Wy150RR = Zf# (i) -2' = Z FrE% ) - 21+
i—0 i=0
22801 4150RR i 32V R 1-1.4150RR 2 150RR i
+ > PGy 2T m PR 2 Y R - 2,
i—2VR-1 =227k i=3.2Mr1
Where i, = (ao, a1, . . ., a2r_1,02¢) is the binary representation of 0 <i < 2™ — 1. Let us study the following cases:
o If 0 <i< 21 —1=2%"1_1, we have that ay_; = az = 0 and then i, = (ay, ..., dsz_2,0,0). Therefore:
f#150RR(l-2) —Q @B ) :f#]SOR(R—l)(l-Z)
o If2Nk1 = 221 i < 2. 2N _ 1 =2 _1 we have that a;z_; = 1 and ax = 0 and then i, = (ay, . .., a2z 2, 1,0). Therefore:

f#lSORR( ) -1 @ Wo-- o aZ(Rfl) :f#'IOSR(R—l)(iZ)
o If 2. 2NR T = 22R <1< <3 2NR4 —1= 22R + 22R7] — 1, we have that arr1 = 0 and ayr = 1 and then iz = ((10, - ,azR,z,O, 1)
Therefore:

f#lSORR( ) —1oae @ ok 1) :f#IOSR(R—l)(iZ)
o If 3.2M1 = 2R 4 221 <7< 3.2 _ 1 =22"1 _1 we have that ax_; =1 and a- = 1 and then i, = (o, ..., a2k 2,1, 1).
Therefore:

0i OR(R—1) ,+
f#15 RR( ) 101 @D B Ayr_1) =g B -+ & Aa(r_1 :f#ls R(R 1)(12)

And thus we conclude:

2NR-1_1 2.2Nr-1 -1
150R(R-1) 105R(R—1) i
W150RR = Z f* Z f* (i2) - 2'+
i=0 i=2NR-1
3.2MR-1-1 2NR 1
105R(R-1) i 150R(R-1) /+ i
o )2 S ) 2 =
i=22NR-1 i= 32NR 1

2NR-1_1

Zf#lsoRRl (i) - 24 22'“ Zf#IOSRRl( )'21_’_

_~_22.2NR712 z lf#losRR 1)( b2 +232 Rt Z ]f#]SOR(R—l)(iz) i

i=0 i=0

MR- ¢ 2.2Nr-1 3.2NR-1
= WyisorR-1) + 27 Wisop-t) + 2 W1s0rg-1) + 2 W4150RR-1)-

O

8. Conclusions

We have developed a mathematical framework to introduce virtual cyclic cellular automata as a certain class of cellular
automata having active and non active cells at specific steps of times, and also reflecting certain periodicity. We have show
that the inverse of a reversible (2R + 1)-cyclic cellular automaton with periodic boundary conditions is a virtual cyclic cel-
lular automaton, and using algebro-geometric tools, the inverse transition dipolynomial is characterised as an invariant
dipolynomial under the action of a finite cyclic group, which moreover simplifies the main results of [5] and reduces its com-
putational implementation. Secondly, we have used a recursive estimation of neighbours (REN) algorithm to produce other
examples of virtual cyclic cellular automata, which generalize the CA used in [6,12] to study, among others, the relationship
involving herds and information processing. We hope that this will open a door to using VCCA in applications similar to those
given in these references, such as the collective control of entities or traffic patterns. This line of research will be conducted
elsewhere. We have also proposed a new REN algorithm which presents the (2R + 1)-cyclic cellular automata as a recursive
family of cyclic cellular automata parametrised by R, and which is originated from the elementary cellular automaton with
base rule 150. This reinterpretation of a (2R + 1)-CCA allow us to define a new notion of recursive Wolfram number for a
(2R + 1)-CCA, and show that it can be recursively computed using the new REN algorithm applied to the base rule 150
and its complementary 105 rule.
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