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1. Introduction

The classification of mathematical objects is a classical problem: try to determine the structure
of a quotient set up to some equivalence. The classification of endomorphisms on finite-dimensional
vector spaces, where the group of automorphisms acts by conjugation, is well known.

In this work we generalize this classification to finite potent endomorphisms on arbitrary vec-
tor spaces (this notion was introduced by ]. Tate as a tool for his elegant definition of Abstract
Residues [5]): that is, if ¢ and ¢ are finite potent endomorphisms on a k-vector space V, we give
conditions for the existence of an automorphism 7 € Aut,(V) such that ¢ = @t ~!. As a particular
case, we classify nilpotent endomorphisms on arbitrary infinite-dimensional vector spaces. As far as
we know, this result is not stated explicitly in the literature.

If X{f’ is the subset of Endy (V) consisting of all the finite potent endomorphisms of V, we also pro-
vide an explicit description of the quotient set X{f / Aut, (V) for countable dimensional vector spaces.
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The paper is organized as follows. In Section 2 we briefly recall the basic definitions of this work:
the definition of finite potent endomorphisms with the decomposition of the vector space given
by M. Argerami, F. Szechtman and R. Tifenbach in [1]; Tate’s definition of the trace of a finite po-
tent endomorphism [5]; and the definition of the determinant for these objects recently offered by
D. Hernandez Serrano and the author in [3]. Moreover, in this section we describe the well-known
theory of the classification of endomorphisms on finite-dimensional vector spaces.

Section 3 is devoted to giving the main results of this work. Indeed, we offer invariants to clas-
sify nilpotent endomorphisms on arbitrary vector spaces (Theorem 3.10). As an example we offer
the explicit description of the quotient set obtained from the classification of nilpotent endomor-
phisms on a countable dimensional vector space (Example 1). Using this classification of nilpotent
endomorphisms, we offer invariants to solve the proposed problem: the classification of finite potent
endomorphisms on arbitrary vector spaces (Theorem 3.18). Finally, we characterize the quotient set
of finite potent endomorphisms for countable dimensional vector spaces (Example 2), and we show
that the determinant and the trace of a finite potent operator are invariant under the classification
offered.

2. Preliminaries
This section is added for the sake of completeness.
2.1. Basic definitions

Let k be an arbitrary field, and let V be a k-vector space.

Let us now consider an endomorphism ¢ of V. We say that ¢ is “finite potent” if ¢"V is finite
dimensional for some n. This definition was introduced by J. Tate in [5] as a basic tool for his elegant
definition of Abstract Residues.

In 2007 M. Argerami, F. Szechtman and R. Tifenbach showed in [1] that an endomorphism ¢ is
finite potent if and only if V admits a g-invariant decomposition V = U, ® W, such that Plu,, is

nilpotent, W, is finite dimensional, and Plw, - W, — Wy, is an isomorphism.
Indeed, if k[x] is the algebra of polynomials in the variable x with coefficients in k, we may view V
as k[x]-module via ¢, and the explicit definition of the above @-invariant subspaces of V is:

e Uy, ={v eV such that x™v =0 for some m}.
e Wy ={v eV such that p(x)v =0 for some p(x) € k[x] relative prime to x}.

Note that if the annihilator polynomial of ¢ is x™ - p(x) with (x, p(x)) =1, then U, =Ker¢™ and
Wy = Ker p(¢).

Hence, this decomposition is unique. In this paper we shall call this decomposition the g-invariant
AST-decomposition of V.

For a finite potent endomorphism ¢, a trace try (¢) € k may be defined as try (¢) = tryy (<p|W¢ ).

This trace has the following properties:

1. If V is finite dimensional, then try (¢) is the ordinary trace.
2. If W is a subspace of V such that pW C W then

try () = trw (@) + try,yw (@).
3. If ¢ is nilpotent, then try (¢) =0.

For details readers are referred to [5].

With the previous notation, and using this AST-decomposition of V, recently D. Hernandez Serrano
and the author have offered in [3] a definition of a determinant for finite potent endomorphisms as
follows:

det, (1 +¢) := det"‘,vw(1 + Plw,,)-
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This definition generalizes the one given by A. Grothendieck for operators of finite rank in [2], and
satisfies the following properties:

e If V is finite dimensional, then det"‘,(l + @) is the ordinary determinant.
e If W is a subspace of V such that W C W, then

det} (1 + @) = detfy, (1 + ) - et} (1 + ).

e If ¢ is nilpotent, then detk vl+e) =1
2.2. Classification of endomorphisms on finite-dimensional vector spaces

Let E be a finite-dimensional vector space over a field k, and let T € Endi(E) be an endomorphism
of E. We shall write Er to denote the vector space E with this k[x]-module structure induced by T.

It is known that two endomorphisms T, T € Endi(E) are equivalent, i.e. there exists an automor-
phism 7 € Auty (V) such that T = tTt~! if and only if the k[x]-modules E7 and Ez are isomorphic.

Let ar(x) = p1(X)™ - --- - pr(x)™ be the annihilator polynomial of T, where p;(x) are irreducible
polynomials on k[x]. The decomposition of k-vector spaces

E=Kerpi(T)"" @ --- @ Kerp,(T)",

where the subspaces Ker p;(T)™ C E are invariant by T, is compatible with the respective k[x]-module
structures.

Indeed, the classification of endomorphisms on finite-dimensional vector spaces is reduced to
studying the k[x]-module structure of Ker p(T)", p(x) being an irreducible polynomial on k[x]. This
structure is determined by a decomposition of k[x]-modules:

Ker p(T)" ~ [kix]/po"] P
where v, (E, p(T)) £ 0 and

vi(E, p(T)) = dimg (I(erp(T)i/[I(erp(T)i_l + p(T) Kerp(T)H—l])’

with K =k[x]/p(x).
Again writing the annihilator polynomial of T as

@@ [kix/pe ] EPT

ar(x) =p1(x)™" - -+ - pr()™,

the invariant factors {(vi(E, pj(THh<j<r 1<i<n; determine the k[x]-module structure of Et and,
therefore, they classify the endomorphism T.

Furthermore, if K; =k[x]/p;(x), then p;(x) is a polynomial of degree d; = dimy K.

The well-known theory of classification of endomorphisms on finite- dlmensmnal vector spaces
shows that there exist families of vectors {eh h<hgiE.p;(m) with

e}{ e Kerp;(T)',
e;'{ ¢ Kerp;(T)' ™' 4 p;(T)Kerp;(T)",
for all 1< j<r and 1 <i<nj, such that if we set
)= pi[ef] oM [T(E)]. -, b T4 (e])]).
0<s<i—1

then

1<jsr
1<i<n;
1<h<yi(E,p;j(T))
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Indeed, the family of vectors

U {e;{}1<h<vi(5,pj(r)) (2.1)

1<jsr
1<i<n;

generates a Jordan basis of E for T.
3. Classification of finite potent endomorphisms

Let V be an arbitrary k-vector space, and let End,(V) be the k-vector space of endomorphisms
of V. Let us consider the subset X{f C Endg (V) consisting of all the finite potent endomorphisms

of V (note that X{f) is not a vector subspace of End(V) because, in general, the sum of two finite
potent endomorphisms is not finite potent).

We have an action of the group of automorphisms of V, Aut,(V), on X{f by conjugation:

Aut (V) x XIP — X,
(T,0) — ToT L

This section is devoted to offering the main result of this work: the characterization of the quotient
set X7/ Aut (V).

Henceforth, if f € Endi(V) and H is a k-subspace of V invariant for f, to simplify we shall again
write f:H — H and f:V/H — V /H to refer to the induced linear operators.

3.1. Classification of nilpotent endomorphisms

Let V again be an arbitrary vector space over a ground field k, and let B = {v;};ic; be a basis of V.
It is known that dim(V) = #B is independent of the basis chosen, # being the cardinal of the set 5.

Let Xﬁ be the subset of X{f consisting of all nilpotent endomorphisms of V, that is:

X{ = {f € Endy(V) such that f" =0 for a certainn € N}.

It is clear that the group of automorphisms of V, Aut,(V), acts on Xy by conjugation. We shall
characterize the quotient set Xy / Auti (V).

To start, we shall construct a Jordan basis of V for a nilpotent endomorphism.

Let us consider f € Xg of order n (f®" =0 and f"! = 0). We have a sequence of k-subspaces
of V:

{0} S Ker f CKer f2G .- CKer f" 1 CKer f'=V.
Let H,{ be a supplementary subspace of Ker f"~! on V, i.e.
Ker f™ '@ H! = V.
Note that the dimension of H,{ , dim H,{ , is independent of the choice made because
H) ~ v /Ker f*1.
Lemma 3.1. With the previous notation, we have that:

1 f(HDH N HL = 0.
2. f(HD) nKer f-2 = {0}.
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Proof.

1. Since f(H) c Ker f*~' and H nKer f"~1 = {0}, the first assertion is deduced.

2. Let us consider v € f(H!)NKer f-2.
If v = f(h), with h € H., since v € Ker f"~2, then f"~1(h) = 0.
Thus, h e Ker f*~1N H,{ = {0}, and we conclude that v=0. O

Hence, we can now consider a k-subspace of V, HS

2_1» such that

Ker f*~! =Ker f" 2 & f(H]) @ H/

n—1-
Since V =Ker f" and f(Ker f™1) C Ker f"2, it is clear that
Ker f"~" = [Ker f*2 + f(Ker f")] @ H! |
Recurrently, we can fix k-vector subspaces of V, {Hrf }1<r<n, such that

Ker f' =Ker f~' @ f"{(H])® - @ f(H],,) ® H/,

for every 1 <i<n.
Similarly to Lemma 3.1, since

PPN ) o4 (] 4 Ker [ e Ker f,

we can prove that

Lemma 3.2. If 1 <i < n, one has that

FIEHD) AL HL) + -+ (D) + Ker £171] = (o),

foralli+1<j<n.

As above, bearing in mind that

Ker f™1 @ f"(H)) @--- @ f(H],,) = Ker f™" + f(Ker fi*1),

one has that
Ker f' = [Ker f=1 + f(Ker f*")] @ H/.
If we now set
W¢ =V /Ker f"1,
WY | =Ker f""!/[Ker f"~2 + f(Ker f")],

w? =Ker f'/[Ker f=! + f(Ker f1)],

WY =Ker f?/[Ker f + f(Ker f3)],
WY =Ker f/ f (Ker f?),

by construction the dimension of the k-subspace Hif is independent of the choices made for all 1 <

i<n, and

dimH/ =dimw?.
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Accordingly, we can assign to each f € Xy a family of cardinals {u;(V, f)}1<i<n where u;(V, f) =
dimw?.
1

Remark 3.3. If f € XN, with f"=0 and f" ! #£0, one has that u,(V, f) #0.
We should emphasize that there is no relationship of order between the invariants {u;(V, f)}.
Thus, if V is a k-vector space of countable dimension with a basis {eq,e2,...,ep,...}, and we
consider f,ge Xy defined by:

fes ifi=1,2,
Fe =140 ifi>3
0 ifj=1.2.

glej)=1ej+1 ifj=>3odd,
0 if j >4 even,

then f2 = g2 =0, and one can choose

H£ =(e1), f(Hzf) = (e3), and Hlf = (e1 —ez,e4,€5,...);
1V, f) =R, and u2(V, f) =1,

HS = (e2j11)j>1, 8§(H5) = (e2)j>2, and Hf = (e1, e2);
n1(V,g) =2, and pa(V, g) = Ro;

No being the cardinal of the set of all natural numbers.

Henceforth, for indexing bases, S, f will be a set such that #S, v r) = ui(V, f), with
Swwv.py N Su;v.p =9 for i # j. In particular, if ©«;(V, f) is a natural number N, then S, v 5 =
{i1,1i2,...,iN}. Note that

®

A~ .
#[ U (Sm(V,f)'—' '—'Sui(v,f))]:dlm(V).
1<ign

Proposition 3.4. If 1 <i <nand {v}ses is a basis of Hif, then:

wi(V.f)

L A{fT(vs)}sies,, v g, is a basis offr(Hl.f)for all1 <r<i.
2. U {VSl" QD(Vsi)a---’@i_](VS,‘)}

SIES (V. f)
1<i<n

is a Jordan basis of V for ¢.
Proof.

1. We only have to show that {fr(vs,.)}siesm(v_f) is a system of linearly-independent vectors.
If ] CSuv.f), and Zje] Ljf"(ej) =0, since f" is linear one has that

fr[zxje]} =0.
je]

Thus, Zje] rjejeKer fN Hl.f = {0} with r <i, and we conclude that 1; =0 for every j € J.
2. The existence of bases of V with the required structure is a direct consequence of the decompo-
sition of V obtained recurrently from expressions (3.1). O
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Remark 3.5. Recall from [4] that for every ¢ € End(V) possessing an annihilating polynomial of an ar-
bitrary infinite-dimensional vector space V there exists a Jordan basis of V associated with ¢. We
should note that the above construction of Jordan bases for nilpotent endomorphisms is compatible
with the results of [4]. However, from the proof of the existence of Jordan bases given in [4] a Classi-
fication Theorem for these endomorphisms is not obtained, because from the statements of this paper
it is not possible to deduce that the dimensions of the vector subspaces that determine a Jordan basis
are independent of the choices made.

We shall use the existence of Jordan bases for nilpotent endomorphisms to characterize the quo-
tient set XJ/ Auty (V).

Note that a Jordan basis of V for a nilpotent endomorphism of order n, ¢, is determined by
a family of vectors

{VS1 }51 ESMl(V’f) U---u {vSn }SnESMn(V'f) ’ (32)

{Vsi}siesﬂi<v,f> being a basis of Hl.f.
Let T be an automorphism of V.

Lemma 3.6. [f v € V, then

FF=0 < [(t(v)=0
with f =t fr~ 1.
Proof. One has that

Flrm) < t[ffn]=0 < Ffwvm=0 o

Corollary3.7.1f f =t ft !, then:

° t[l(erff]:l(erfrfo_rallr>1. N ) B
e t[Ker fi=1 + fKer fi+1] =Ker fi=1 + fKer fi*! foralli >1.

Proposition 3.8.If f = 7 ft 1, then u;(V, f) = wi(V, f) forall 1 <i<n.

Proof. The statement can be deduced bearing in mind that Corollary 3.7 implies that H { =1t(H f ) is
a valid choice forall 1< j<n. O

Remark 3.9. Let f be a nilpotent endomorphism of order n, and let

{VS1 }51 Esul(\/’f) U---u {VS,—, }Snesun(v,f)

be a family of vectors determining a Jordan basis of V for f.
If f=1ft~!, one has that

Plrvs)]=t[f(vs))]
for all 1 <i<n and s> 1, and we have that
{t(v‘ﬁ)}S]GSM](V.D U e U {T(VSH)}SnGSMn(V,f)

determines a Jordan basis of V for f.

Theorem 3.10 (Classification Theorem). Let f, g € Xy be two nilpotent endomorphisms of order n. Thus,
f ~ g (mod. Auty(V))ifand only if ui(V, f) = ui(V, g) forall 1 <i<n.
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Proof. (=) If [f]1=1[g] € X}/ Auty(V), there exists T € Aut,(V) such that g= 7 fr~!, and it follows
from Proposition 3.8 that w;(V, f)=pui(V,g) forall 1 <i<n.

(<) If wi(V,f) = ui(V,g) for all 1 <i < n, let us consider two families of vectors
Ur<icnlVsidsies,v.p and Urcicn{Wsilsies,, v, determining Jordan bases of V for f and g respec-
tively.

Let T € Auty (V) be the automorphism defined by

f[fr(Vs,-)] =g (wy,),
for all s; € Sy;v, ), 1<i<nand 0<r <i.
By construction, one has that
(efr ) ws)] =@ H[F )] =T [ (vs)] =g (ws).
Accordingly, 7 ft~! =g and [f]=[g] € X}/ Auty (V). O

Example 1. Let V be a k-vector space of countable dimension. If Y = {0} UN U {Xg}, 8¢ being the
cardinal of the set of all natural numbers, one has a bijection

XY/ Aute(v) — | []‘[’Y],

neN-n
[f]|—> (Ml(vsf)vvl‘l‘n(v’ f))a

where

n,y:{(yl,,,.,yn) withy;eY, yp#0, and y; =Rg foratleastonej}.
n

Remark 3.11. If E is a finite-dimensional k-vector space, and f € Endg(E) is nilpotent of order n with
invariants {;(V, f)}1<i<n, we should note that w;(V, f) =v;(V, f) for all i (see Subsection 2.2), and,
hence, the structure of E as a k[x]-module induced by f is:

Ef~ (k[x]/x)“l(v’f) D P (k[x]/xi) @ - @ (K[x]/x")

3.2. Invariants for finite potent endomorphisms

Let V be an arbitrary k-vector space, and let ¢ be a finite potent endomorphism of V. Let us
consider the AST-decomposition of V' induced by ¢, that is: V = U, @ W, such that ¢, is nilpotent,

Wy, is finite dimensional, and ¢, : Wy, —> W, is an isomorphism.
Let T € Auty (V) again be an automorphism of V.

Lemma 3.12. If ¢ = ot~ !, and V = Up ® Wy is the AST-decomposition of V induced by ¢, then
T[Upl=Ug and T[Wy] = Wy

Proof. From the uniqueness of the AST-decomposition, since ¢ is nilpotent on 7[Uy] and it is an iso-
morphism on t[Wy], the claim is deduced. O

Corollary 3.13.If ¢ = gt !, then:
o Tlpy, It = Ply,-
o T[Qy, 1T =Py,
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With similar arguments to Lemma 3.6 and Corollary 3.7 one has that
Lemma 3.14.1f ¢ = Tt !, then:
o T[Ker(gy, Y= I(er(¢|u¢)r CUg forallr > 1.
o T[(9)y,) Ker(gy,, )= (¢|U¢)Ker(¢\%)" CcUg foralli>1.
And, analogously, one can see that

1

Lemma 315.If ¢ =tpt ™', and p(x) € k[x], then:

° t[Kerp(<p|Ww )= I(erp(¢|W¢ )Y CWg forallr > 1.
° t[(<p|Ww)Kerp((p|W(p)"] = p(<p|w¢)l(er(gb|w¢)i C Wy foralli>1.

If ¢y, is a nilpotent endomorphism of order n of Vy, and
= L n
Gy, = P10 pr™
is the annihilator polynomial of Plw,, let us consider the invariant factors that classify Py, € X{L

and Plw, € Endg(Wo):

o {1i(Ug, @1y, ) hi<in (see Subsection 3.1);
o (vs(Wy. pj(@1w, N }<j<r 1<s<n; (see Subsection 2.2).

It is clear that

Lemma 3.16. Keeping the previous notation, if Plu, is a nilpotent endomorphism of order n of Uy, and
agy,, (X) is the annihilator polynomial of<p|W¢, then:
4

1. (Z)|U¢ is also a nilpotent endomorphism of order n of Ug;
2. a‘P\w¢ (x) = a(,—)‘wq) (x).

1

Proposition 3.17. If ¢ is a finite potent endomorphism of V, and ¢ = Tt~ ', one has that:

o {Mi(U<p,<P|U¢)}={Mi(U¢,¢|U¢)}f0T0”1 <i<ng
o (Vs(Wo, pj( @1y, N} = (vs(Wg, pj(@y, D} forall1 < j<ril<s<nj.

Proof. Similarly to Proposition 3.8, the claim is a direct consequence of the statements of Lemma 3.14
and Lemma 3.15 because if i is a finite potent endomorphism with

aW|Wl/I (x) = p1(x)”1 e pr(x)”f,
then

{Mi(Ul//’ 1/’Iuw)} = #(Ker(wluw )i/[Ker(I/’luw )14 W(Ker(l/’lu,/, )i+1)])
and

(vs(Wy. pj (i, )

= dimg, (Ker pj (1w, )*/[Ker pj (Wi, )™ + i Wi, ) Ker pj (i, )*"']),
where Kj =k[x]/pj(x). O
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Theorem 3.18 (Classification Theorem). Let ¢, ¢ € X{f’ be two finite potent endomorphisms of an arbitrary
k-vector space V. Thus, ¢ ~ ¢ (mod. Auty(V)) if and only if

o {iUg, Py, )} = {1iUg, @iy, )} forall 1 <i<n;
o (Vs(Wey, pj(@w, N} = {vs(Wy, pjdy Niforall 1< j<r;1<s<n;.

Proof. (=) If [¢] = [¢] € Xf‘f/Autk(V), there exists 7 € Auty(V) such that ¢ = T@7r~!, and
hence ¢y, and Ply,, have the same order of nilpotency, and ag ~(x) =ag  (X).
¢ ¢

Accordingly, it follows from Proposition 3.17 that:

o {iUg, Py, )} = {1iUg, ¢y} for all 1 <i<n;
o (Us(Wy, pj(@rw, N} ={vs(Wp, pj(d)y, )} forall 1<j<r 1<s<n;.

(<=) Let us now assume that the invariant factors of ¢ and ¢ referred to in the statement are
equal.

Let us consider families of vectors: |J;¢jcnilsls; , determining a Jordan basis of Uy,

ESMi(U(p,(/J'Uw
for @y, s Ur<icnlVsi }Sfesuiw(p,m%) determining a Jordan basis of Uy for Py,

sj
U {wy }1<h<vs(w¢,pj(<p|ww)>
1<j<r; 1<s<n;

generating a Jordan basis of W, for ¢, ; and U1<j<r;1<s<nj{e;]}1<h<vs(w¢,p,-(¢|w¢)) generating
a Jordan basis of W for ¢|W¢ (see (2.1) and (3.2)).

Thus, we can construct isomorphisms 71: Uy, — Uy and 12: W, — Wy, from the following assig-
nations:

71 [@a (usi)] = ¢a(VSi)a
[P @) [¢°(Wi)]] = pj@)[¢°(e})]
for all 1<i<n; si€Suwy.e, )
¢
0<b<s—land 0<c<dj—1.
Moreover, since V =U, ® W, and V = Uy @ Wy, there exists a unique automorphism 7 € Auty (V)
such that Ty, =T1 and Ty, = T2. Thus, an easy check shows that ¢ = Tt ~!, and, therefore, [¢] =

[¢] € XP/ Aut (V). O

0<a<i-11<j<n 1<s<n; 1<h<vs(Wy, pj(dyy,));

Remark 3.19. If V and V are two k-vector spaces, and ¢: V — V is an isomorphism, it follows from
the above statements that the induced map

s XP/ Aut (V) — X2/ Auty (V),
[l — [Yoy ']

is bijective.

Example 2. Let V be a k-vector space of countable dimension. For each finite potent endomorphism
RS X{f , since W, is a finite-dimensional vector space, one has that V and U, are isomorphic as
k-vector spaces.

For each n € N, let E; be a k-vector space with dimy(E,;) = n. If we consider the quotient sets

X, = Endy(E)/ Auty (Ey), Theorem 3.18 shows that
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X/ Aut (V) = XY/ Auti (V) x [U xn],
neN

X{}’ / Auty (V) being the set characterized in Example 1.

3.2.1. Trace and determinant of finite potent endomorphisms
Given an arbitrary k-vector space V, for each finite potent endomorphism ¢ on V, and from
the AST-decomposition V = Uy, @ Wy, it is possible to define a trace try(¢) and a determinant

det"‘, (14 ¢) (Subsection 2.1).
If T € Auti(V), it is known that

deti, (1+ 1ot ") =dety,(1+¢) ([3], Lemma3.13).
Thus, considering the map

J: X{f — k,

@ +—> det"‘,(l + @),

the commutative diagram

X g k
nl /
xP/ Aut (V)

makes sense with 3([@]) = det’\‘,(l + @), T being the quotient map.
On the other hand, if C‘p‘Ww (x) is the characteristic polynomial of the endomorphism Plw, €

Endg(Wy), it is clear that

C(p|W(p x) = c¢,‘w¢ (x), (3.3)

for all endomorphisms ¢ ~ ¢ (mod. Aut(V)).
Since C‘lew (X) =x" —try (@)x™ 1 +... withm= dim(Wy,), from (3.3) we deduce that

try (¢) =try (¢),

for all p,¢ € X{f such that [¢p] =[¢] € X{f/Autk(V).
Then, writing

)/:X"CﬁJ — k,
@ — try (@),

one has the following commutative diagram

X{f Y k
nl /
X/ Aut (V)

with ¥ ([¢]) = try (¢).
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Remark 3.20 (Final Consideration). We have shown that the determinant and the trace of a finite po-

tent operator are invariant under the classification offered. It should be noted that this invariance also

holds for all the coefficients of the characteristic polynomial oy (x). Thus, it makes sense to define
¢

objects from these coefficients, and to explore their properties, to attempt to obtain new intrinsic
reciprocity laws using similar arguments to the proofs of the Residue Theorem [5] or the Reciprocity
Law for the Segal-Wilson pairing [3].
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