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Abstract

We introduce a new approach for the study of two-dimensional symbols, #* x F* x F* — G,
where 7 is a discrete valuation field and G is a commutative group. From central extensions of groups
we obtain a three-cocycle {-, -, };ﬁ; v, and the symbol is a differentiated element of the cohomology
class [{-, -, - f;/.v s €H 3(? *, G). Our construction generalizes well-known two-dimensional sym-
bols, such as the Parshin symbol on a surface, and we offer a proof and a conjecture for reciprocity
laws on curves related to these symbols.
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1. Introduction

The aim of this work is to contribute to a better understanding of two-dimensional Stein-
berg symbols. Given a field &% and a commutative group G, a two-dimensional
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Steinberg symbol is a map y: F* x F* x #* — G such that:

e 1 is multiplicative in each argument:

lp(fl : f27 g»h) :lp(flv gvh) : lp(f29 g,]’l),
Y(f 818, ) =y(f, g1, h) - Y(f, g, h),
l,b(f, g1h1 h2) :lp(f9 g,hl) : lp(fv gvh2)

forall f;, gi,h; € F*.
L d lﬁ(f,l—f,g):lp(f,g,l—f)=lp(g,f,l—f)=lf0rallf751

Parshin [11], and Brylinsky and McLaughlin [2] have studied these symbols on surfaces
and have offered reciprocity laws for them. Explicitly, in 1985 Parshin introduced a symbol
associated with a sequence p € C C S, where C is a curve on an algebraic surface S, and
p is a closed point of C. If f, g and h are three functions on S, the expression of the symbol
is (fv 8 h)(p,C) =

ve (8)-vp (h)—ve (h)-vp(g)
(—DH%r.0 fre ! ‘ ! . pre (N vp(@)—ve (@) vp(f) (p)
ng(f)'rp(h)_vc(h)'ﬁ(f) ’

lc

where

op,cy =vc(f) -ve(g) - vp(h) +ve(f) - ve(h) -v,(g) +ve(g) - ve(h) - v, (f)
+uc(f)-vp(8)-v,(h)+vc(g) - vy (f) - vp(h) +vc(h) -v,(f) - v,(8),

vc being the discrete valuation induced by C (a codimension one subvariety of S), and v,
being a discrete valuation induced by the closed point p and a function z on S, such that
ve(z) =1.

We point out that this explicit expression is not completely due to Parshin: i.e., the higher-
dimensional tame symbol was defined by Parshin up to the sign, and the full definition,
including the sign, was given by Fesenko in his thesis in 1986 and published in 1988 [4]
(for the English translation, see [5]).

This symbol is independent of the choice of z, and it satisfies the reciprocity laws:

(D l_[p(fi 8 h)(p,C) =1,
(2) l_[C(f7 8> h)(p,C) = 1’

where C is a complete, irreducible and non-singular curve in (1), and the second reciprocity
law is the product over all irreducible curves containing a fixed point p € S. Moreover,
in 1996 Brylinski and McLaughlin [2] interpreted the expression of this symbol as the
holonomy of a gerbe around a torus and provided a new proof of the above reciprocity
laws. Recently, the author [10] offered a new interpretation of that symbol as iterated tame
symbols in order to deduce its first reciprocity law from the finiteness of the cohomology
groups H(C, O¢) and H'(C, O¢). Here we offer a definition of Steinberg symbols on
discrete valuation fields that generalizes the Parshin symbol on a surface. From “tame
central extensions” associated with two discrete valuation fields, .# and ¢~ (related with
each other), we obtain a 3-cocycle {, -, '}fy,vy/ that coincides, except for the sign, with
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the expected expression of the symbol. The main result of this work (Theorem 2.15 and
Corollary 2.16) shows that the symbol offered is a differentiated element of the cohomology
class [{-, -, ~}f%w] € H3(Z*, G). Indeed, this symbol is the only Steinberg symbol in the
cohomology class that satisfies a usual property in the theory of arithmetical symbols.
Several examples of geometric two-dimensional Steinberg symbols are provided, and we
prove, with the same method as Tate’s proof of the Residue Theorem [13], a reciprocity law
that generalizes the first Parshin reciprocity law. Finally, we formulate a conjecture in order
to generalize the second Parshin reciprocity law.

2. 3-Cocyles and symbols
2.1. Central extensions and 3-cocycles
Given a central extension of groups

1—>H—>ﬁi>H—>1,

if h 1] and ho are two commuting elements of H, and h~1 , }Tz € H are elements such that
¢(h1) = hy and ¢(hy) = hy, then one has a commutator pairing:

~ o~ o~ o~
{hi,halgg=h1-hy-hy  -hy €ll

Let us now consider three commutative groups H, II and G.
If we have two central extensions of groups,

| >0 —H—H— 1, 2.1

1> G-I —1—1, (2.2)
by fixing a morphism of groups t: H — Z and an element z € H we can define the map

T,z .

{ - ﬁﬁ.HxHxH—>G
by the way:

Uios firs Fd 5= T W 2 i D) o2,

JEZ/3

where {-, -} 77 is the commutator of the central extension (2.1); where {-, -} is the commu-
tator of the central extension (2.2), and where [. . . */) means a power with exponent 7( f),
which makes sense because 7( f) is an integer number.

Bearing in mind that the commutator of a central extension is a bimultiplicative map, one
has that {-, -, ~}%Z 7 is multiplicative in each argument:

{fl : f2, 1) h}r'l_}z’ﬁ = {flv 8> h}THLZ,ﬁ{f2a 8> h}l:[_;z,ﬁ,
{f’ 81 82, h}%z’ﬁ = {fa 81, h};’;‘z’ﬁ{f’ 82, h};_;[z’ﬁ’
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with f;, gi, hi € H. Moreover, since the commutator of a central extension is skew-
symmetric, the map {-, -, -}TH’Z 7 satisfies the property

U s =e N =g f V=1

for all f, g € H. Furthermore, from the definition of {-, -, -}%Z 7> One also has that

o for fod)F 5 = U1 fon SYVE I
for any permutation o.

Lemma 2.1. The map {-, -, '}%Zf[ is a 3-cocycle.

Proof. It is clear that
7,2 7,2 T2 (g Tz LTI
{gvhvt}ﬁyﬁ{fvg.hvt}ﬁ’ﬁ{fvgvh}ﬁ,ﬁ_{f g7h7t}H’H {fagth t}H,H
which is the definition of a 3-cocycle [3]. O
2.2. 3-Cocycles on discrete valuation fields

Let Z be a discrete valuation field and let #" (v ) be its residue class field. The valuation
ring associated with v is denoted by ¢, -, and m,; is its maximal ideal. Let us consider a
field ¢, such that 2#"(v#) is a finite separable extension of ¢, deg(vy#) = dim A4 (v#),
and Ny (y5), is the norm of the extension of fields 4~ = A (vg).

Definition 2.2. We shall use the term “tame central extension” to refer to a central extension
of groups

| > H* = T — F* > 1,

such that its commutator is

vz (g)
{f 8l =Nawsn |:'gvf—(f)(mod mvy)j| eA* for f,ge 7"

Remark 2.3. Let C be an irreducible and non-singular curve over a perfect field k and let
x € C be aclosed point on it that defines a discrete valuation vy, on X ¢ (the function field of
C). We use k(x) to denote the residue class field of x, which is a finite separable extension
of k, with deg(x) = dimy k(x). Let us consider @‘X = A, (the completion of the local ring
0y) and (@x)o = K, (the field of fractions of @x, which coincides with the completion of
2 ¢ with respect to the valuation ring (/). By using commensurable subspaces, it follows
from the results of [8] that there exists a central extension of groups

1>k — 55— Z5 — 1,
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whose commutator is
x(g)
K. S
{f. 8}a) = Nk (W(x)> € k*.

Thus, this exact sequence of groups is a tame central extension, and we should note that it
was defined by Arbarello et al. [1] for an algebraically closed ground field. In this case, the

commutator { f, g}f}f coincides, except for the sign, with the tame symbol
(3 Dyt 20 X Z¢ = k()7

defined by Milnor [7]. Moreover, we recall that the main results of the theory of commen-
surable infinite subspaces are related to the integer number

indfﬁ (f) =dimg(Ax/Ax N fA,) —dimg(fA /A N fA,) =deg(x)ve(f),
where f € 2%, and A,, fA, are subspaces of K.
Proposition 2.4. Let F be an arbitrary field with a discrete valuation vz, whose residue

class field is # (v ). For each field 4" such that # (v ) is a finite separable extension of
A there exists a tame central extension associated with (¥, vz, X).

Proof. This follows from the statements in [10] that there exists a central extension of
groups
1= A r) = Fo— F* > 1 (2.3)

such that its commutator is

(Ov/;- vz (8) i N .
(U 8lz: =) 8hm,, = W(modmw) € A (vy)" for f,geF™.

Hence, from 2.3 the morphism of groups Ny, : # (v#)* — A determines a tame
central extension
| > H* > F > F* 1,

because its commutator is

vz (8)
vz

@ .
{f. gtz =1/, g}m,,?,N,y/(u'?)/% =Ny x [W(mOd mu,«;):| en

forall f,g e F*. O

If we now consider two tame central extensions of groups,
> A% > F - T 1, (2.4)

1= k* = A — a* > 1, (2.5)
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fixing an element z € Z * such that v (z) = 1, and the group morphism
—ind%, 7"
fr—= —vz(f) - deg(vy)

by using the method of the previous section, we obtain an induced 3-cocycle

— 7

—i 2
{-, ~};* T TFIXT T — k.

To simplify, we denote this 3-cocycle by {-, -, -} Moreover, if f € %, we write

V7, Uyt
fz, vy) = Niwy) k[N g )y (f (mod ) (mod )] € k¥,
which is a well-defined map when vz (f) =0 and

Vo [Ny gy (f (mod iy ;2 ))] =0

Proposition 2. 5 Iff, g h e 7, and vi, (f) = vy ({f, 2} 5+), the value of the 3-cocycle
{f.ghY, 0,0

(f[vf(g)-vf,f(h)Uf(h%vf}/(g)]

’ ’ - plvF (D05 @ —vr ()0 (N1 ¢ 7z v, K
ol (P (= ()05 (D] gz vz, vy) €

Proof. Since {f, z} 7+ = Nf(w)/f[zv;—m (mod m, )], one has that

{f 2 g 2 )

v5,(8)
NJ/(U,»)/%[ IPavl) (m"dmw)]
= Nk /k — 7 (mod )
Vi (f)
N%(UJ)/A/I: vz (8) (mOd‘mU/)jI
(@) . )
_ ﬂ F @V DNV ® ) (7 v p),
g% (D)

which is a well-defined element of k*. Bearing in mind the definition of the 3-cocycle
{ - '}zsz,v( | computation shows that the statement holds. [
Note that v® isa discrete valuation field on % when # (vy) =

Corollary 2.6. The 3-cocycle {-, -, -};__,  is independent of the choice of z.

Proof. If we replace z With another 77 € Z* such that v#(z') = 1, we have induced a
transformation v? P e Ve ,/ + v, for some integer A. Thus, bearing in mind the explicit
expression computed in the prev10us Proposition, one has that {-, -, -}, ~is invariant
under transformations v%- — v%- + Avg, and hence it is independent of the choice
ofz. O
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Lemma 2.7. Fixing an element g € F*, let us consider the morphism of groups
Uiif: F* =7
f v gh ).

One has that:

(1) V8, () =vz(8) - vy (f) —vz(f) - vy (g) forall f,g € F*.
() If f.he F*and f -h~' = =1 (mod m, ), then v$,(f) = v%,(h) for each g € F*.

Proof. If z € 7" with vz (z) =1, and f, g € F*, the first part of the statement can be
deduced from the computation:

¢ fvxf(g)
Vo (F) =vr | Novwryyn 7D (mod ;)

f vz (8)
=vy N%‘(v?;)/f (Zl)f—(ﬁ (mod lﬂuy))

g vz (f)
=V | Ny wz)yy <m (mod mvf)>

=v7(8) vy (f) — vz (f) - v (9.
Moreover, if f,h € Z* and f - hl=—1 (mod ny ), then vf//(f . h_l) =0, and thus
V8 (f) =05, (h) forall g € 7*. [

Remark 2.8. It follows from Lemma 2.7 that another explicit expression of the 3-cocycle

{'9 ty " i,a;,v,y is

{f. g, h}f}7v/ — (fv.//({h,g};,*) . gv%({f,h}(,;*) . hvky/‘({gvf};q*))deg(v,af)(vy_’ V)
= (fU L (D L i @)ydesvR) (y gy €

which is clearly independent of the choice of z.

Remark 2.9. With the hypothesis of Proposition 2.5, for each morphism of commutative
groups ¢:k* — G, the tame central extension of groups associated with (4", vy, k)
determines another central extension

1—>G—>:h7f;—>%*—>l (2.6)

such that the 3-cocycle, induced by the tame central extension associated with (%, vz, A7)
and the central extension 2.6, is

o8 1oy o= WS g Y, )

which is an element of G and is also independent of the choice of z.
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2.3. Steinberg symbols

This subsection is devoted to constructing symbols from the 3-cocycles {-, -, -}, and
o B, o referred to previously. With the above notations, let us now consider a map

VT X F*x F*¥— G.
We say that  satisfies the Steinberg relations when:

(1) W is multiplicative in each argument:

lﬁ(fl : f27 g»h) ZW(flv gvh) : lﬁ(fZ? g:h),
V(S 81 8. ) =y(f, g1, h) - Y(f g, h),
lﬁ(f, gshl h2) =lp(f, g,l’ll) : lp(fv gth)

forall f;, gi,h; € F*.

Definition 2.10. A map y: 7% x F* x F* — G is called a “Steinberg symbol” when it
satisfies the Steinberg relations.

Remark 2.11. It follows from its definition that a Steinberg symbol also satisfies the rela-
tions:

o U(fott)s fo)s fo3) = W(f1, fa, f3)518"7 for any permutation o.
L4 lﬁ(f’ 8> g) :W(fi 8, _1) and lﬁ(f, 8, _g) =1

The 3-cocycle {-, -, -}; ,, satisfies the first property of the list of Steinberg relations.
However, {-, -, -}]__ ,  is not a Steinberg symbol because it follows from Proposition 2.5
that:
{f. g _g}iy,vl — (_l)deg(v,f)deg(v.zf)[vf(f)v}f(g)+v.¢(g)vf;/(f)]_

We shall now give a cohomological definition of a Steinberg symbol from the 3-cocycle
{-.+}3,.v,- According to the definition of the 3rd-cohomology group, H 3T k) =
Z3(F*, k%) B3 (F*, k*) ([3, p. 53]), one has that {-, -, - %70, determines a cohomology
class

o ¥, 1€ H (F* k).

VTV

Moreover, this symbol is independent of the choice of z. We should recall that ¢ € Z3
(F*,k*) is a 3-coboundary—i.e., ¢ € B3(§7*, k*)—if there exists a function on two
variables ¢ on .Z * to k* such that

e(x,,2) = (6P (x,y,2) =y, DP(x -y, 2) ' p(x, y - 2)Pp(x, y) !

forall x,y,z € 7.



102 F. Pablos Romo / Journal of Pure and Applied Algebra 205 (2006) 94116

Z

vs vy N the cohomology class

Lemma 2.12. There exists a unique 3-cocycle (-, -, -
b, 0,1 € H3(F*, k*) satisfying the conditions:

¢, - f;;v s multiplicative in each argument.

Q) (fo) fo) fo3)yn, = L(f12 f2u 305, 1VEC forany o € S3.
() (f.g, =85, v, =1foral f,g e F*.
@ (f.g. )5, ., =1f 80, ifve(f) =v5,(f)=0.

Proof. Since (-, -, - fmw/ el{,- - f)%v_%], one has that
(fv 8> h)f)¢,v” = C(f7 8, h) : {fs 8, h}if,uy’
¢ being a 3-coboundary. It follows from the properties of {-,-,-};_, ~and the above

hypothesis that ¢ is multiplicative in each argument and that
c(fotys fo)s fo3) = c(f1u fo, f3)5800

for any permutation . Let us now consider the morphism of groups:
v X v;/:f’* — 7 x 7.

Bearing in mind that c(f, g, h) = lwhen vz (f) = v}(f) =0, and that the same property
holds when vz (g) = v, (g) = 0 and when vz (h) = v, (h) = 0, one has a commutative
diagram of morphisms of groups:

TF*EXTF*XT*
S (vz vac)l
[, (Zx Z) ——— k",
where ¢'is a 3-coboundary satisfying the properties:

c(x1 +x2,y,h) =¢c(x1,y,h) - c(x2, y, h);
c(x, y1 + y2, by =¢(x, y1, h) - ¢(x, y2, h);
E()C, Y, hl + h2) :E(x, Y, hl) : E:(xv.y’ hZ),
C(Xa(1), X6(2)s Xa(3)) = C(x1, y2, 23)¥€" ? for any permutation o

forall x;, y;, hy € Z x Z.To simplify, we puta =deg(vy) - deg(v.y). Moreover, it follows
from the expression

{f. g, —g}’ — (_1)a[W](f)U}(g)JrUf(g)U}(f)]

VF Vg
that ¢(x, y, y) = (—D)¥1240122] for each x = (x1, x2), y = (y1, y2) € Z x Z. Thus,

Z:(xs (11 O)s (11 0)) = (_])a-xz’
¢(x, (0, 1), (0, 1)) = (=DH*™

for all x = (x1, x2) € Z x Z. Furthermore, ¢(x, (1, 1), (1, 1)) = (=1)*®1+%2) 'and hence

E(x, (0, 1), (1,0)) =(x, (1,0), (0, 1))~
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One also has that

c(x, (1,0), (1,0)) = (=) =¢((1, 0), (1, 0), x1 (1, 0) + x2(0, 1))
=72((1,0), (1,0), (0, 1) forallx € Z x Z.
Therefore, ¢((1, 0), (1, 0), (0, 1))=(—1)“. Moreover, carrying out a similar computation for
¢(x, (0, 1), (0, 1)), one sees that ¢((0, 1), (0, 1), (1, 0)) =(—1)“. Hence, ¢(x, (1, 0), (0, 1))
=C(x, (0, 1), (1,0)) = (—1)*™1+%2) "and the only ¢ € Z3(Z x Z, k*) that satisfies the
required properties is

Cx,y,2) = (_1)a(X1y112+X1yzm+X1yzzz+xzym+xzylzz+my211).

This 3-cocycle is a 3-coboundary because ¢ = 6(¢), ¢ being the function on two variables
on Z x Z to k* defined by

Gy oy +2x1y9)

d(x,y) = (=1 2 for each x = (x1, x2), y = (y1, y2) € Z x Z.
Thus, the only 3-cocycle in the cohomology class

X, 1€ H (F* kY

VZ U

satisfying the conditions of the lemma is
(f’ 8> h)f)(ai,v% = C(f, 8, h) . {fv 8, h}f)a;,v[
forall f, g, h € Z*, ¢ being the 3-coboundary c(f, g, h) = (—1)*%7vx /&M with
%y (fs 8 1) = deg(vy) deg(vy) vz (fHvz (v, (h) + vz (v, (gvs (h)
+v7 (@5, (h) + v (HHvz(gvz (h)
+ 5, (Hvz (@5, (h) + v, (HHvs, (v ().
Since the expression of c is invariant under transformations
vzl — vZ;;, + vz,
the defined 3-cocycle is independent of the choice of z. [

Proposition 2.13. If 7 (vy) = A", one has that (f, 1 — f, g)ie%w =1forall f,g € F*,
with f # 1.

Proof. Let us consider two elements f, g € F*, with f # 1. Bearing in mind that
{fv 1 - f}g’l* — (_I)Uf(f)vf(l—f) c %*7

one has that vy ({f, 1 — f}5+) = vr(1 — f) - v (f) — vz (f) - v (1 = f) =0, and
it follows from the above lemma and the explicit expression of the 3-cocycle {-, -, -};
referred to in Remark 2.8 that

, v (- 1)
(Fol = .80y = (Deren P1f0 . L

VF U (vz,vy) € k¥,

(1= v
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% vy (f, 1 — f, g) being the integer number

deg(vy) vz (&)viy (FHve, (1 = f) + vy (@vr (Huz 1 — )]

As in the proof of Milnor [7] related to the tame symbol, the proof of this proposition will
be divided into several cases. If v (f) <0, then f~! € -, and hence
1-7f

— = —1+ 7' = —1(mod m, ).

Therefore, v7 (f) = vz (1 — f). It follows from Lemma 2.7 that v{igl/-(f) = vi,(l — f) for
all g € #*, and one has that
deg(vy)v®
{f, 1 — f, g}f)y‘w =(=1 eg(vy)vy, (f)
— (_1)deg(vl/)[vi1{ @v7 (N)Fvz (v (H]

Thus, (f,1— f, 8)y, ., = | in this case.

Let us now assume that vz (f) > 0. Then 1 — f = 1 (modm, ), vz (1 — f) =0, and
v¥,(1 — f)=0forall g € 7* Hence,

g -
(fil—1.8s%, ~=Llf)(vf,v%)=1,
V7 va (1 — f)”i,/(f) )

with the assumptions made. Moreover, the case vz (1 — f) > 0 is similar.
Finally, when vz (f) = v# (1 — f) =0, the explicit expression of the symbol is

(f, 1— f, g)Z — (_1)‘152(”.//)1{?(g)vf;((f)v;f(l—f) . {f’ 1 — f’ g}Z

V7, Vy V7, Uy

with

. fvif(l_f) vz (g)
{f,1—f, g}vf,v_,/ = m(vf» V)

vr (1={f,2} %) vz (8)

{fi2) o

a
(1= (.2} )" 3179

= N[ )

= (- 1)deg(v%)vxf(g)vf}/(f)vif(l—f).

= Ni(y)/k (mod nty )

Accordingly, one also sees that (f, 1 — f, g)f)%v_ = 1 in this latter case, and the claim is
proved. [

Remark 2.14. When .7 is a two-dimensional local field, one can directly prove that the

3-cocycle (-, -, ~)f}],v » coincides with the two-dimensional tame symbol [4], which will

therefore imply its Steinberg property.
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Theorem 2.15. Let us assume that 4 (vz)=A". Then, (-, -, -)* is the unique Steinberg

V7,V

symbol in the cohomology class [{-, -, - 1 € H3(F*, k*) satisfying the condition:

Z
V7L,V

Proof. The statement follows immediately from the results proved in Lemma 2.12 and
Proposition 2.13. [

Corollary 2.16. With the notations of Remark 2.9, if # (vz)= A", one has that there exists

a unique Steinberg symbol (-, -, -)f)%w,,(p in the cohomology class

[ F 1€ H(F*,G)

VFL VP

satisfying the condition
(o815 ny 0= 8 1Y 0y i () = V5 () =0,

Proof. A direct consequence of the previous theorem and the definition of the 3-cocycle

{30 vy, 18 that

(F8 150y =Co(f.8. 1) {f 8 0}, , forall fig.heF*
where ¢, (f, g, h) = (h_) ™7 xS with h_y = p(~1). O

Remark 2.17. According to [12], if A is an additive commutative group, Fy is the p-adic
number field and Uy : =1+p, asymbol c: F; X F;‘ — A s called “tame” if ¢(Uq, Fg) =0.
With the notations of the previous corollary, the condition

81 sy o = AL 8 Y0y i 07 () =05 (/) =0

implies that (U7 N U, 7%, %), =1, withU}” : =1 +m,, and U;" : =1+

My . Thus, the requir'ed cor}dition is not strange in the theory of symbols and (-, -, )f);v o2
is somehow a “two-dimensional tame symbol”.

Let B be a system of representatives of # (vg) in O, , where (), is the valuation
ring associated with the discrete valuation vg; m,, is the unique maximal ideal, and
A (vz) = Oy, /My, is the residue class field. Let us assume that 0 € B. If t € 0, is a
parameter such that m, . = (¢), and ¢, is the m, ;. -adic completion of ¢, ;, each element
a of O, can be written in the form

a= Z b;it' with b; € B.
i=0

In general B is not a subring of ¢, -, and the multiplication of two elements of B is a element
of 0, , that must be expanded in a power series of 1. Moreover, if f € (0, ); then one has
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that

f=too [ 14> bt |,

i>1
with b; € B, p € Z and by # 0. Thus, with the above notations, one has that
U7 ={f € (0,)f suchthat f=1+ bit'}.
i>1

It is clear that Ulv 7 is a multiplicative group, and that Ulv 7 N Z* is an open subset of
Z* with the structure of the topological group induced by the valuation vg. Therefore,
if we consider 7 * as a topological group with the vg-topology and we consider G as a
topological group with the discrete topology, the symbol

A Y4 . gk Tk 772
G, -, v XTTXT - G

is a continuous map because

[('s N if,l}(y‘,(p]_l(g)
- U [(A-1* U xu-tP U x50 U7

2., 0€B; o, ByeZ
Ol(—=1)S B2 160) p (e, By 5 11.6) 1=

N(F* x F*x T,
with
r(o, By, 4, 1, 0)
<p =y -0
sup () _up(l) vty .
= Nty K INA gy G F G5 (mod my,, )]9807) ¢
7, I, de A (vy)* being the respective classes of A, u and 6 in O, /m, -, and with
5@t B, 2 1 8) = deg(v) deg(v) ey (N ooy )V (N o5y ()
+ Bvy (N oy oy j e )V (N g (v ) 1 (0))
+ 900 (N @zt NV (N g oy (1)

+ 2BV (N oy ) + Byvor (N oy (2))
+ oy (N oy g ()]

Moreover, when .7 (vg) = A, since v () = 1 and

Uy" =1 feZ*suchthat f=1+ Y bit'with vy (bp)>17 .
i>ho

one analogously sees that the symbol

Z . Gk ar ¥k gk
(""‘v%v%q;-f XF*"XF*—> G
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is a continuous map when Z * is a topological group with the vf%-topology and that G is
again a topological group with the discrete topology. Furthermore, if z € 7 * with vz (z)=1,
it follows from the equality véf = vf%/- + Avg that our symbol is also a continuous map
when Z* is a topological group with the vf%,-—topology for a general z € . * satisfying the
required condition.

Remark 2.18. Assuming again that %" (vy) = ", we can consider in Z* two structures
of a topological groups:

o the structure of the topological group induced by the valuations vz and v’ (the smallest
topology that contains the vz -topology and the v’,-topology);

e the structure determined by the product of the discrete topology on two copies of Z
(corresponding to the choice of two local parameters of the discrete valuation fields .7
and ¢, of the discrete topology on the group of multiplicative representatives of %, and
of the trivial topology on the groups of principal units of #.

Let us consider G as a topological group with the discrete topology. Similar to previous
works by the author [8§—10], an interesting issue in this theory is to determine which is the
best topology for studying these symbols and also to offer an answer for the question:

How many continuous Steinberg symbols are in the cohomology class

z 3 g%
[ 8yl € (T, G)?
In this case we are not sufficiently confident to conjecture that (-, -, )7 o 1s the only
continuous Steinberg symbol in the cohomology class referred to.
Since (-, +, )y, and ()5, , are independer(;t of the choice of z, we shall hence-
forth denote these symbols by (-, -, Vg vy and (-, -, vz v,

Example 1. Let 7 be a two-dimensional local field: that is, a complete discrete valuation
field whose residue field " is a local field. If & is the residue field of %", the respective
tame central extensions induce a symbol

('5 y .)U'/?,U'%/:fg;* X eg;* X .97* —> k*.
In particular, if we consider # = k((u))((s)), and v is the valuation induced by the

parameter u, #" = k((s)), vy is the valuation induced by the parameter s, z = u, v, (f) =

?)y/(ﬁ), and f, g, z € k((u))((s))*, we have that the value of the symbol ( f, g, M)y s vy
is

(—1)2r v (f.8.h) (

fu, S)Ux?(g)-vij(h)*vf(h%vf‘,/(g)

0 () (&) 7 () v ()
2, 5)'7 DV W=z W0 () hiu, 5) )

‘u:O 5s=0
with
Uz vy (fs & h) = deg(vg) deg(v ) vz (v (9)v'y (h) + vz (v, (gvs (h)
+ vz (Hv'y (' (h) + vy (HHvz(gvz(h)
+ 0% (HHvg (V' (h) + v’y (/v (vz (h)].
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Example 2. Let C be an irreducible and non-singular algebraic curve on a smooth, proper,
geometrically irreducible surface S over an algebraically closed field k. If 2'g is the function
field of S, the curve C defines a discrete valuation v¢: Z’g — Z, whose residue class field
is 2 ¢ (the function field of C). Moreover, since C is non-singular, each closed point x € C
defines another discrete valuation vy: Zz — /Z, whose residue class field is k. Hence, for

F =2g, vy =vc, A =2Zc, vi(f) = vx(—zvcf(f)) (z being an element of Xg such that
ve(z) =1), and f, g, z € 2%, one has that

(f. 8 Wypn, = (=DM F8M rg o py

where oy 4, (f, g, h) is the integer number referred to in Example 1 (by replacing v4 with
vc, and v', with v}), and

Fre(@-vE) —ve ()i(g)
Moo, = ,
W& e =\ ctpaim—emai

. hvc(f)'vi(g)—vc(g)'vi(f)) (x) € k*
lc

The symbol (-, -, )y, 18 the Parshin symbol associated with the sequence of varieties
xeC CS(11].

Example 3. With the hypothesis of Example 2, if the ground field & is perfect (instead of
algebraically closed); k(x) is the residue class field of a closed point x € C, deg(x) =
dimgk(x), and Ny (x)/k is the norm of the finite extension k < k(x), our method gives a
symbol

(f, 8 Mypy, = (=Dt g oy ek,
where

fre (g)-vi (W—vc (h)-v3(g)

gvc(f)~v§(h)—vc(h)-v§(f)

(s 8 Mhoc.v, = N/ ( ~h”c<f>'“i<g>“C@'”f-(f)) )

lc
and
Buev, (fs 8 1) = deg(x)[vc (f) - ve(g) - vi(h) + v (f) - ve(h) - vi(g)
+vc(g) -ve(h) -vi(f) +ve(f) - vi(g) - vi(h)
+ve(g) - vi(f) - vi(h) 4+ ve(h) - vi(f) - vi(g)]

forall f,g,h e’ ’; Moreover, if k is a finite field that contains the mth roots of unity, with
#k = ¢, one has the morphism of groups

¢m:k* — M

g—1
m

Ab— Am |

which induces a symbol

‘d’m -
(f. g )om, = (—1)WEun el (g o pybn ey
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{fs g h}i’fg’,vx being equal to

g—1

m

(8)-03 (1) —ve (0)-v5 ) ,
Neoe| [ i@ e i) )y
DN\ gre(D i —ve®ui(f) |
C

and 007, (f. g, h) = g o (frg h)forall f, g, h € Ik

Example 4. Let us now consider a perfect field ¢, together with a discrete valuation v -,
whose residue class field is denoted by k(v ). If C is an irreducible and non-singular curve
over A, A (x) is the residue class field of a closed point x € C, and N4 (y),.4 is the norm
of the finite extension % < /" (x), setting deg(x) = dim % (x), # = XZ¢, vz = vy, and
/> g, h € X%, we obtain the symbol

(fr & My = (= DPorse BED L p 0 py e k(ug)*,

where {f, g, h},, ., is equal to

z z deg(x)
O BT DN (05 @) e (@5 (1)
[N'm)/ - (( g g o A A (mod .y,

where z € E”& with v, (z) =1, and /)’UX,U% (f, g, h) is the integer number:

Buy vy (fs 8 1) = deg()[vx (f) - vx(g) - V5 (h) + vx(f) - vx(h) - V5, (8)
+ vx(g) - vx (1) - 05 () + vx (f) - 05 (8) - vy (h)
+ 02 (8) - vy (f) - vy () + vx (h) - 05, (f) - 05 (89)]
Thus, when C is a curve over (D, ((x) is the residue class field of a closed point x € C,
deg(x) =dimgQ(x); No(),q is the norm of the finite extension @ < Q(x), and v, is the

p-adic valuation on Q, with p a prime number (p # 2), there exists a symbol (-, -, Vv,
whose explicit expression is

(f 8 W)y, = (= DPren B8N gy, e 2/ p),

where {f, g, h}vx’vp is equal to

PGRADENORAR) o (0o ) deg()
. Uy ‘U“) 8)—ux(g 'U“)
N@(X)/@ gvx(f)'v?)(h)_vx(h)'v;(f) h ! ’ (x) (mOd P)

forall f,g,h e X *& Furthermore, if i1, consists of the 2nd roots of unity, from the morphism
of groups

¢p:(Z/p)" — 1y
A )L%,
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we can obtain an induced symbol

d)l’ * * *
{ - - e, 2o X 20 X 20 —> o,

¢m

with an explicit expression analogous to the symbol (-, -, -)y/ y, referred to in Example 3.

Example 5. Let X be an irreducible and non-singular curve over a perfect field k, such that
2x is also a perfect field. By considering an irreducible and non-singular curve Y over 2y
and two closed points y € Y, x € X, and putting deg(y)=dimy, XZx (), deg(x)=dimgk(x),
F =2y, vF =vy, A = 2x,and vy = vy, it follows from the method offered that there
exists a symbol

oo gy € 22 (5, K
whose explicit expression is
v ve (1801
(f. 8 )y uy = (DTSN f e ) ek,

where {f, g, h},. ,, is equal to

f[vy(g)~v§ (h)—=vy(h)-v3(g)]
N Ny (s _ -
k) ke | H2x(G)/2x gDV v ()0 ()]

deg(y)
: h[v_v(f»v;;<g>—v;<g>~vi<f”(?)) x)

and

evyv, (f, g, 1) = deg(y) deg(x)[v5(f) - v5(g) - vy () + v5(f) - vy(h) - v(g)
+v5(8) - vy(h) - v (f) + vy (f) - vi(g) - v (h)
+v5(8) - v (f) - vr(h) +v5(h) - v (f) - v (@],

forall f,g,h € Z;i,.

3. Reciprocity laws

This final section is devoted to providing reciprocity laws for the symbols defined above
by using a method similar to Tate’s proof of the Residue Theorem [13].

3.1. Reciprocity law for 4" = X ¢

Let us now consider an irreducible and non-singular curve C over a perfect field k£ and a
closed point x € C.If " = X, vy = vy, k(x) is the residue class field of a closed point
x € C,deg(x) = dimgk(x), and N(x),« is the norm of the finite extension k < k(x), for
a discrete valuation field %, such that there exists a tame central extension associated with
(#,vg, A, and for a morphism of commutative groups ¢:k* — G, we recall from
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Section 2 that the 3-cocycle {, -, ~}fy,vx is

w1~ V7 (fi; 5)-d 7
Uios fir Fidorwe =0 | T] U, e iy ) o) 11707 Vi) 08020 ) ¢ 6
JjEZ/3

and the explicit expression of the induced symbol is

Yoz, ’ ’h
(f. 8 )0, = (hoy)vmu P8 (e m?  €G,

where h_1 = o(—1),{f, g, h}ff%vx is equal to
fdegwa)lvz ()-vi(h)—vr (h)-vi(g)]
N Ny n z
P\ RN\ AR deglulor (k0 —vs 3 ()]

. pdega)lvz (f)vi(8)—vz (8)-vi ()] (mod 1, ,)>> (x):|>
T s

Ny (v5), being the norm of the finite extension 4" < # (vz), and

Vg, (s & 1) = deg(x) deg(vz) vz (f) - vz (g) - vi(h)
+vz(f) vz (h) - vi(g) + vz (8) - vz (h) - vi(f)
+vz(f) - v3(g) - vi(h) + vz (g) - vi(f) - vi(h)
+uz(h) - vi(f)-vi(g)] forall f,g,heF* .

We shall recall from [8,9] the properties of the commutator {-, -}fi" 0 of the central extension
of groups
1 >G> S5 s
— — Iol Ax,(P — C —

induced by ¢ on the tame central extension associated with the discrete valuation v, on 2.
To simplify we denote this commutator by {-, -}ﬁx, and it has the following properties:

(1) Given f, g € X%, if we consider the central extension of groups associated with two
closed points x, y € C:

1> G — (i’*&)i%y — T 1, 3.1

which is determined by commensurable subspaces to Ay ® A, in K @ K, we have
that

{f, g}ixeaAy = (h_l)deg(x)deg(Y)[Ux(f)vy(g)"l‘vx(g)vy(f)] Af. g}ﬁx Af, g}ﬁy

with i_j = o(—1).

(2) If Cis a complete curve and X = {xq, ..., xx} is a finite subset of closed points of C
such that it contains all zeros and poles of f, g € 2%, there exists a central extension of
groups

1—>G—>(2’T\é — Xt — 1, (3.2)

)¢
Ay ® DAy,
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whose commutator satisfies the condition
k
8V, @pa,, = | [h-)® o D@ 1 )T
i=1

(3) If Cis a complete curve, by using the theory of adeles, and with a similar method to
Tate’s proof of the Residue Theorem, one has that

0 > deg(x)ue(fue(g)
[Ttr 8} =@ .

xeC

Let us now assume that .7 is an arbitrary discrete valuation field and that there exists a tame
central extension associated with (%, vg, "), such that 4 = X with C an irreducible and
non-singular curve over a perfect field k. Let us also fix an element z € &, with vz (z) = 1.

Lemma 3.1. For each pair of closed points x, y € C, one has a 3-cocycle

@ 3 g*
IR > e Z (7 ) G >
by G, €29

induced by the central extension (3.1) and the tame central extension associated with
(F, v, X)), such that

{f.g.n}’ = (hoy) o7 e CED e MY, S 8 MYy,

v7 () Ay
with

Yoy (ry) (f: g0 h) = deg(x) deg(y) deg(vr) vz ()0 (V3 (h) + vi (M)vi(8)
+ 07 (LN () + Vi) + vz (W) (Wi () (f)
+ Vi (Vi)

forall f,g,h € F*.

Proof. Since

{fio’ ﬁl’ fiz}:j; (";

®
7 ZC)AxeaAy

—vz7(fi. ) deg(vs
= 1_[ [{{f,-j,z}ﬁ*,{ﬁj+l,z}§*}ﬁx@Av] vz (fij4)-degvs) |
jez/3 '

the statement is a direct consequence of the properties of the commutator {-, ~}Zx. U

Proposition 3.2. Given f, g, h € Z*,if Cisacomplete curve and X ={x1, ... x}} is a finite
subset of closed points of C such that it contains all zeros and poles of
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{f. 2} 5+, {8, 2} 5+ and {h, 2} 5=, the 3-cocycle

{7 € Z3(7*, G),

_(3ENP
v7 ’(ZE)AXI S ®Axy
induced by the central extension (3.2) and the tame central extension associated with

(F, vz, A, satisfies the condition that

k
= (ho)" e XD TS 8 )G,

i=1

gy’
S }w,(zpﬁxl@..%k

with

vorx(f. g h) =Y deg(x;) deg(vz)lvz (f)vs, (9)v3, (h)

xieX

+ Uz (@ (FIVE () + vz (WS (U, (@)1,

Proof. Using induction over #X and bearing in mind that deg(x)?> = deg(x) mod. 2, the
formula holds by Lemma 3.1 and the property of complete curves

Y deg(p)vp(d) =Y deg(p)vy(¢h) =0

peC peX

for all ¢ € X7 such that X contains all zeros and poles of ¢. [J

Theorem 3.3. If # is an arbitrary discrete valuation field and there exists a tame central
extension associated with (¥ , vz, X") such that " = X ¢, C being a complete, irreducible
and non-singular curve over a perfect field k, and f, g, h € F*, for each morphism of
commutative groups @:k* — G, one has that

1_[ {f» g, h}g;z,vx — (h_l)v,,ry,C(.ﬂg,h)’

xeC

with

vozc(f, g )= deg(x)deg(vr) vz (fIv(2)vi(h)

xeC

+ vz (VIO + vz (Wi (fHvi(g)].

Proof. Using the theory of adeles and with a similar method to Tate’s proof of the Residue
Theorem, the statement follows from the characterization of the commutator {-, -}1?[ A
xeC x

This result is a direct consequence of the finiteness of the cohomology groups H°(C, O¢)
and H'(C, O¢). O

Corollary 3.4 (First Reciprocity Law). If 7 is an arbitrary discrete valuation field and
there exists a tame central extension associated with (# , vz, A") suchthat # =X ¢, C being
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a complete, irreducible and non-singular curve over a perfect field k, and f, g, h € F*,
for each morphism of commutative groups @:k* — G one has that

H(fa 8> h)l()’i%»vx = 1

xeC

Proof. The claim follows immediately from Theorem 3.3 because

g (g =) vy, (frg k). O

xeC

Remark 3.5. The Parshin Symbol (-, -, -)(, ¢), associated with a sequence of complete
varieties x € C C S, is a particular case of our construction (Example 2). Hence the
formula

[]¢f g mucy=1 forall fg.he X}

xeC

is a direct consequence of the finiteness of the cohomology groups H’(C, O¢) and
H'(C, Oc) ([10]). We should note that this reciprocity law is already known also in the
case of algebraic varieties over a perfect field [6, Chapter 7].

Remark 3.6. With the hypothesis of Example 3, one has a symbol
OB S S

which satisfies the law
H(f, g, h)vd)é”,vx =1 forall f,g,heZ%.

xeC

Remark 3.7. If~ k is a field of characteristic 0, one has that k(¢) is a perfect field and the
projective line ¥ = P,l{(t) is a curve over k(t) satisfying the conditions of Example 5, X

being the projective line IP’}( — Spec k. Thus, for each closed point y € P,i(,) and for each
morphism of commutative groups ¢: k* — G, one has that

[](f8.mb0, =1 forall fg.hext, .
» Py

1
xelPy

Explicitly, if k is an algebraically closed field, ZP}(() = k(t)(s); y is a rational point with
t

y = {s = a(t)}, and z = s — a(t), for each morphism of commutative groups ¢: k* — G
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one has that

fa. s)v)ag)v,*,?’(h) )

l_[ @ (_l)“vy'vt—[j(f,g,h)
a 8(,s)

-h(t, s)“v(f)v: @) —vy(e)v ) “(’)(f)) ]
|Y o(t),1=f

vV ()=o) (9)
1-0 1o

oy (N i —vy v ()

am [ F(3.5)

R OE Wy )
g(7:9)

1SN @@ 700
()

-, S
t

Lvgv g
—p| ()T

|s:x(:),}:0

forall f, g, h € k(t)(s)*, g, v, (f, g, h) being the integer number

v (N up(@)n O () + vy ()0 (v (h)
+ vy (N O @y O () + v (Nug(e)vs(h)
+ 0O (Fyug(g)vy O () + vy O (FHus 4O () vy (h),

with v D (£ (2, ) = v ({f (2, 5), 5 — oc(t)}f\f), for a closed point x € P}.
3.2. Reciprocity law for F = X¢
Finally, we formulate the following conjecture:

Conjecture 3.8 (Second Reciprocity Law). Let us assume that " is an arbitrary discrete
valuation perfect field and there exists a tame central extension associated with (A", vy, k).
If C is a complete, irreducible and non-singular curve over A", and f, g, h € X, for each
morphism of commutative groups @:k* — G one has that

[T embn, =1

xeC

Remark 3.9. Itis clear that proving this conjecture directly implies several new reciprocity
laws on curves. In particular, reciprocity laws for the symbols defined in Example 4 are
deduced immediately from the statement of the conjecture.
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