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The Ho+Hs2 system has long been considered as a benchmark system for ro-vibrational energy
transfer in bimolecular collisions. However, most studies thus far have focused on collisions involv-
ing Hy molecules in the ground vibrational level or in the first excited vibrational state. While
Hs+H2/HD collisions have received wide attention due to the important role they play in astro-
physics, Da+Ds collisions have received much less attention. Recently, Zhou et al. [Nat. Chem.
14 658 (2022)] examined stereodynamic aspects of rotational energy transfer in collisions of two
aligned Do molecules prepared in the v = 2 vibrational level and j = 2 rotational level. Here, we
report quantum calculations of rotational and vibrational energy transfer in collisions of two D2
molecules prepared in vibrational levels up to v = 2 and identify key resonance features that con-
tribute to the angular distribution in the experimental results of Zhou et al. The quantum scattering
calculations were performed in full dimensionality and using the rigid-rotor approximation using a
recently-developed highly-accurate six-dimensional potential energy surface for the Hs system that

allows descriptions of collisions involving highly vibrationally excited Hs and its isotopologues.

I. INTRODUCTION

Bimolecular collisions involving diatomic molecules are
topics of active investigation due to the continuing inter-
est in cooling and trapping of molecules and their ap-
plications in sensing, precision spectroscopy, quantum
information processing, and ultracold chemistry @@]
Heteronuclear alkali-metal dimers due to their easily ac-
cessible optical transitions and open-shell molecules with
their nearly-diagonal Franck-Condon factors permitting
laser cooling and trapping are the molecules of choice in
these experiments |. These systems are largely not
amenable to full-quantum scattering calculations due to
their high density of states, chemically reactive nature,
and possible non-adiabatic effects. Thus, most theoreti-
cal studies of cold and ultracold diatom-diatom collisions
involving these systems have resorted to approximate
models or not explicitly considered geometries in which
all four atoms are in close proximity ﬂE, @] From a
computational perspective, lighter molecular systems are
preferable for explicit comparisons and benchmarking be-
tween theory and experiment. However, molecules such
as Ho and Do that serve as benchmark systems for bi-
molecular collisions are not amenable to laser cooling or
other molecule cooling methods that rely on properties
such as a permanent dipole moment or magnetic moment.

In the last several years, Mukherjee, Zare, and cowork-

ers have reported a series of experiments on rotational
quenching of optically state prepared (and aligned) HD
in collisions with unpolarized Hs, Do and He ].
More recently, they have extended this approach to
Do+He [23, é] and Do+Ds collisions [26] in which the
D5 molecule is prepared in the v = 2 vibrational level
and j = 2 rotational level. A scheme to optically pre-
pare Do molecules in the v = 4 vibrational level has also
been proposed ] For the first time, rotational trans-
fer in Dy(v = 2,j = 2)4+Da(v = 2,j = 2) collisions was
reported in which state-preparation and the alignment
of both D2 molecules were controlled using the Stark-
induced adiabatic Raman passage (SARP) technique [26].
Additionally, co-expansion of the molecules (or the two
colliding species) in the same molecular beam allows rel-
ative collision energies to be reduced to the vicinity of
1 K. This permits studies of cold molecular collisions in-
volving He, HD and D5 in the 1 K range where collisions
are dominated by a few low-lying partial waves in the
incident channel. Further, the SARP method can align
the molecular bond axis relative to the initial relative ve-
locity vector allowing stereodynamic studies of molecular
collisions in a regime where collision dynamics is domi-
nated by isolated partial wave resonances. For rotational
transfer in Da(v = 2, j = 2)4+Ds(v = 2,j = 2) collisions
Zhou et al. concluded that the angular distribution is
primarily governed by a | = 2 partial wave resonance in
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the incident channel at around 1 K. However such con-
clusions, obtained by fitting outgoing partial wave scat-
tering amplitudes to experimental angular distributions,
may not tell the full story especially due to the relatively
broad collision energy distribution of the molecules in
the beam. In fact, as discussed in this manuscript and
elsewhere, our results show that several resonances con-
tribute in this regime, with dominant contributions from
an [ = 4 partial wave resonance ﬂﬂ]

While Ho+Hs and Ho+HD collisions have been the
topics of numerous prior investigations, Do+Ds collisions
have received much less attention. A survey of previous
studies of Ho+Hy and Ho+HD collisions was provided
in our recent work that reported a new full-dimensional
potential energy surface (PES) for the Hy system [28].
Early studies of Hy4Hs collisions have used the rigid ro-
tor (RR) approximation. This includes the seminal work
of Green [29] that reported one of the earliest calcula-
tions of rotational transitions in Ho+Hs collisions using

the analytic interaction potential developed by Zarur and
Rabitz [30]. This is followed by theoretical studies of
Flower [31] and Flower and Roueff [32,33] using the in-

teraction potential of Schwenke [34]. Lee et al. [35] re-
ported rotational transitions using a more accurate four-
dimensional (4D) PES of Diep and Johnson [36, [37], re-
ferred to as the DJ PES.

The first full-dimensional quantum calculations of ro-
vibrational transitions in Ho+Hs collisions were reported
by Pogrebnya and Clary Hﬁ] within the coupled-states
(CS) approximation using the six-dimensional (6D) po-
tential energy surface of Bothroyd et al. @], referred to
as the BMKP PES. However, the BMKP PES yielded
rate coefficients that are too large compared to ex-
perimental results owing to the presence of high-order
anisotropic terms in the interaction potential and its less
accurate description of the long-range interaction. A
restricted version of this PES, referred to as BMKPE
PES Hﬁ], that excluded high-order anisotropic terms,
yielded results in better agreement with experiments.
Quantum wave packet calculations of ro-vibrational tran-
sitions within the CS approximation were also reported
by Lin and Guo [40-142] on the BMKP PES. Gatti et
al. [43] and Panda et al. [44] reported cross sections
for rotational transitions in para-He+para-He and ortho-
Ha+para-Hy collisions using the multiconfiguration time-
dependent Hartree (MCTDH) algorithm and the BMKP
PES. The BMKP PES was also used in full-dimensional
coupled-channel (CC) calculations of ro-vibrational tran-
sitions in Hy+H, collisions [45, ] An interaction poten-
tial developed by Hinde [47] has been used in a number
of recent CC studies of rovibrational transfer in Ho+Hs
collisions by Quéméner et. al [4850] that yielded good
agreement with experiments for both pure rotational
and ro-vibrational transitions. A 4D interaction poten-
tial developed by Patkowski et al. ﬂ5__1|] that employed a
larger basis set than the Hinde PES also yielded results
in good agreement with experiments for pure rotational
transitions. Extensive calculations of rotational transi-

tions involving collisions of highly rotationally excited
Hs molecules were reported by Wan et al. @] employing
the 4D PES of Patkowski et al. This potential was also
used in recent studies of Hy+Hs collisions by Hernandez
et al. [53]. None of the Ho-Hy PESs discussed above are
constructed to study collisions of Hs and its isotopologues
with vibrational excitation beyond the v = 1 vibrational
level. Here, we report rotational and vibrational transi-
tions in collisions involving Ds molecules for vibrational
levels v = 0-2 using a recently reported full-dimensional
H, PES [2§]. This potential was chosen in this work
because it covers a large configuration space and is con-
structed specifically for collisions between molecules in
excited vibrational levels up to v = 10.

Cross section measurements for elastic scattering in n-
Ds+n-Ds and 0-Da+0-Ds collisions were first reported by
Johnson, Grace, and Skofronick [54] for relative velocities
in the range of 190-1000 m/s (~ 4-121 K). Accompany-
ing theoretical calculations by the same authors using a
model potential developed by Schaefer and Meyer ﬂ%]
revealed a three peak structure arising from orbital res-
onances | = 4 near 170 m/s, | = 5 near 280 m/s, and
I = 6 near 400 m/s. While these resonance peaks were
not, resolved in the experiments the minimum between
the [ = 4 and [ = 5 resonances was reproduced by the
experimental data. We are not aware of any subsequent
theoretical studies that reproduced these resonance fea-
tures or provided more rigorous comparisons with experi-
ments. To the best of our knowledge the only theoretical
work on Do+Ds inelastic collisions corresponds to recent
work of Montero and Péréz-Rios @] within a rigid rotor
formalism using the PES of Diep and Johnson [36, [37] to
evaluate bulk viscosity and rotational relaxation rates.

The paper is organized as follows. In Sec. [[Il we pro-
vide a brief description of the scattering calculations. In
Sec. [T Al we present results for elastic collisions between
D2 molecules in their ground vibrational state, and com-
pare with the experimental results of Johnson et al. ﬂ@]
In Sec. we present rotational quenching cross sec-
tions for collisions between Do molecules in excited vi-
brational states, focussing on Dy in v = 2 to compare
with the experimental results of Zhou et al. HE] Finally
we conclude with a summary of our findings in Sec. [Vl

II. METHODS
A. Potential Energy Surface

Computations were performed wusing the full-
dimensional Hy PES of Zuo et al. [28]. Fig. 0 shows
the dominant terms in the potential expansion with the
D distances fixed at their vibrational averaged values
of r =1.435a¢ for the ground ro-vibrational state. The
angular dependence of the potential was expanded as

U(ri, 75, R) = > Ax(ri, 2, R)Ya(i1, 72, R), (1)
A
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FIG. 1. Dominant terms in the spherical harmonic expansion
of the angular dependence of the interaction potential as a
function of the distance between the two diatoms.

with

Ya(f1, 72, R) =Y (Aimadama| Mamaz) Ya,m, (1)

XY)\ZWZ(TA2)Y;12W12(R)7 (2)
where A = A AoA12, m = mimomis, 71(r1,71) and

73(r2, o) denote the vector connecting the two Ds in each
diatom while R(R, R) denotes the vector joining the cen-
ters of mass of the two molecules. For the scattering cal-
culations it was found that A up to six was sufficient to
converge the cross sections for all transitions considered
here.

B. Scattering calculations

Scattering calculations were performed in full-
dimensionality using a modified version of the TwoBC
code ﬂﬁ] The methodology for the collision between
two indistinguishable molecules is well established and
has been outlined in detail elsewhere , , , @@],
and been applied to other similar systems involving var-
ious isotopologues of hydrogen m, l4d, [50, @—I@] Here
we briefly review the methodology in order to define no-
tation. The scattering calculations are performed within
the time-independent close-coupling formalism yielding
the usual asymptotic S matrix @] For convenience, we
label each asymptotic channel by the combined molecular
state (CMS) a = v1j1v272, where v and j are the vibra-
tional and rotational quantum numbers respectively and
the subscript refers to each molecule. Since the molecules
are indistinguishable we follow the “well ordered” states
classification, and include states where v; > vs or when
vl =2, J1 = J2 @—@]

The integral cross section for state-to-state rovibra-
tionally inelastic scattering for a given exchange permu-

tation, ep, and collision energy F, is given by,
ep _ W(l + 5U1U25j1j2)(1 + 6U{U§6j{jé)
e (21 + 1) (22 + 1)KZ

x Y @I+ 2

aljiz,a’l'j1,
Jj12,410.0,1

g

3)

3

where k? = 2uE/h%, p is the reduced mass of the
molecule-molecule system, 77 = 1 — S7, [ is the orbital
angular momentum, J the total angular momentum (J =
1+ ji2), and ji2 = j1 + jo2. There are a number of conven-
tions for the cross sections for collisions between indistin-
guishable molecules that differ by factors of 2 [60, [66-68].
The difference has been discussed by a number of au-
thors m, 559, @@], and all conventions yield the same
physically observable rate. We adopt here the convention
of Green HE] The corresponding energy dependent rate
coefficient is
wh

kéP = - - 4
o0’ = @+ (% + 1) )

Y

Jg12,312.0,1

(2 + )T 2.

aljiz,a’l'j1,

In general, experiments cannot select the nuclear spin
state for the colliding molecules and in which case the
state-to-state cross section (rate) is given by a statis-
tically weighted sum of the exchange-permutation sym-
metrized cross sections (rates):

Oa—a! = WJFO';__}O[/ + Wio';_n)/? (5)
kasa = WJFIC;_HO/ + Wﬁka_ﬁa/- (6)

The D3 molecule consists of two spin 1 D atoms, as such
for collisions between molecules in even rotational levels
W+ = 21/36 and W~ = 15/36, while for collisions be-
tween molecules in odd rotational levels W* = 6/9 and
W= =3/9 [54].

Finally the experimental observable rate of molecules
produced in v} j] from v;j; per unit time is

ANy, iy —so! 57
1J1 V10 n
— s = g E (1+ 5viyé(§j1jé)ka~>a’”’vlj1 v2j2s

v4jh v2J2
(7)

where the extra delta function accounts for the fact that
each collision event produces two molecules and n, refers
to the density of molecules in state a ﬂﬁ, @]

In the scattering calculations the CC equations were
propagated from 3 to 103ag with a radial step size of
0.05a using a log-derivative method [75]. The number
of points in the radial coordinate for each diatom for the
discrete variable representation was 24; the number of
points in the angular coordinate 6 between R and 7 for
each diatom for the Gauss-Legendre quadrature was 14;
the number of points in the dihedral angle between 6; and
0y for the Chebyshev quadrature was 8. The rotational
constant of Dy is around 41K, as such the Dy(j = 4) ro-
tation level is around 584 K above the 7 = 2 level while
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FIG. 2. Elastic cross section as a function of the collision

energy for ortho-D2 + ortho-D2 collisions. Both the total
cross section as well as the contribution from each exchange
permutation symmetry are shown.
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FIG. 3. Elastic cross section as a function of the collision

energy for ortho-D2 + para-D2 collisions.

the depth of the interaction potential between two Do
molecules is only around 30 K. The basis set contained
rotational levels up to 5 = 4 within each vibrational man-
ifold. Scattering calculations were performed for each
parity, exchange permutation symmetry and total angu-
lar momentum quantum number up to and including 16.

IIT. RESULTS

A. Elastic collisions between molecules in their
ground vibrational state

By convention Dy molecules in j = 0 are called ortho-
deuterium (ortho-D2) while Dy molecules in j = 1 are
called para-deuterium (para-Dy) [54]. Figs. 2l Bl and H
show elastic scattering cross sections for ortho-ortho col-
lisions (Fig. BI), ortho-para collisions (Fig. Bl), and para-
para collisions (Fig. H). Collisions between ortho-ortho
and para-para correspond to indistinguishable molecules
and Figs. Bl and M show both the statistically weighted
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FIG. 4. Elastic cross section as a function of the collision

energy for para-D2 + para-D2 collisions. Both the total cross
section as well as the contribution from each exchange permu-
tation symmetry are shown.
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FIG. 5. Elastic cross section as a function of the relative

collision velocity for ortho-Da + ortho-Das collisions. The blue
dots are experimental results taken from Ref. @] which have
been scaled to those from the present calculations.

total cross section as well as the separate even and odd
exchange permutation cross sections. Collisions between
ortho and para-Do molecules are distinguishable since
they have different nuclear spins and Fig. [3] shows just
the total cross section. Results are shown for the full 6D
calculations as well as for rigid rotor calculations with
the Dy internuclear distance fixed at the vibrational av-
eraged value of r =1.435 ag for the ground ro-vibrational
state. It is seen that except at low energies below ~ 1 K
there are no significant differences between the full 6D
and the rigid rotor calculations.

Figure [l compares the present results for ortho-ortho
collisions with the experimental data of Johnson et
al. ﬂ@] scaled to the present theoretical cross sections.
Note that the experimental results are relative cross sec-
tions although in Ref. ﬂ@] Johnson et al. presented their
results scaled to calculations on several 1-D potentials.
The present calculations are in a general good agreement
with those shown in Ref. [54).
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FIG. 6. Rotational quenching cross sections as a function of
the collision energy for Da(v =0, j = 2) + Da(v =10, j = 2)
collisions. Showing both the total cross section as well as the
contribution from each exchange permutation symmetry. The
dashed lines are for the 0202 — 0002 while the solid lines are
for the 0202 — 0000 transition.

Figure [6] shows the rotational quenching cross sections
for collisions between Da(v = 0, j = 2) molecules. It is
seen that even at the lowest energies shown (1 mK), for
the 0202 — 0002 collisions (using the CMS notation), the
Wigner threshold regime (o ~ E~% for s-wave collisions)
has not been reached @, @] This is generally the case
when a near threshold resonance [78] is present. In this
case the resonance appears as a broad peak at 3 mK, and
it is associated with [ = 1. This resonance is not present
for the 0202 — 0000 transitions, for which the Wigner
threshold regime is reached at 3 mK.

B. Collisions between molecules in excited
vibrational states.

It is now possible using the SARP method to achieve
complete population transfer of molecules from the
ground vibrational level of Dy to excited vibrational lev-
els , , ] Since SARP is a two photon process the
change in vibrational level is accompanied by a Aj = 2
rotational excitation. As such here we examine collisions
between two Dy molecules in the same vibrational ex-
cited state and both in j = 2. Figures [l and [§ show the
rotational quenching cross sections for collisions between
Doy molecules in the first and second vibrational excited
states. For collisions below 100 K our results show that it
was not necessary to include basis functions correspond-
ing to energetically closed vibrational levels.

Both Figs. [ and [ show the same general features,
however significant differences are seen compared to the
v = 0 cross section shown in Fig. Unlike the v = 0
case, for both v = 1 and v = 2, the Wigner threshold
regime is already reached by around 0.1 K. This appears
to be due to the absence of a near-threshold resonance
for the vibrationally excited collisions, that appear for
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FIG. 7. Rotational quenching cross sections as a function of
the collision energy for Da(v =1, 5 =2) + D2(v =1, j = 2)
collisions. Showing both the total cross section as well as the
contribution from each exchange permutation symmetry. The
dashed lines are for the 1212 — 1012 while the solid lines are
for the 1212 — 1010 transition.

v = 0, Il = 1. Such resonances are very sensitive to
the channel potential and off-diagonal coupling matrix
elements which vary with the initial ro-vibrational level.

Figure [B] corresponds to the collisions experimentally
studied by Zhou et al. HE] They examined collisions in
the 1-3K range and measured the angular distribution
of scattered Dao(v' = 2, 5/ = 0) molecules (which are
produced by both transitions shown in Fig. ) due to col-
lisions between aligned Dy molecules. It can be seen that
the cross sections for the double rotational quenching pro-
cess are much smaller, and to a reasonable approximation
can be ignored in the analysis of the experimental data.
Analyzing the angular distribution they attributed the
observed scattering behavior to a d-wave (I = 2) shape
resonance @] In order to gain insight into the nature of
the resonances seen in Fig. 8 Fig. @ shows the [ resolved
partial cross section, ¢!(E). The dominant contribution
to the total cross section over the 1-3 K is seen to be from
I = 4, consistent with the elastic cross sections reported
by Johnson et al. @], as well as our previous analysis ﬂﬂ]
The cluster of resonances at around 2 K was present also
for v = 0 and v = 1 collisions, although in the case of
v = 2 it shows a dense structure which is associated with
different J, for [ = 4. Fig. shows the contribution
of different total angular momentum J to the dominant
two partial waves (I = 2,4) seen in Fig.[@ Tt is seen that
the various peaks of the broad [ = 4 feature are due to
contributions from different total angular momentum .J,
while the narrow resonance at around 1 K is due to J = 3
alone with contributions from | = 2 and 4 and is absent
in the double de-excitation.

While it is possible to switch off the 1K resonance
by a suitable preparation of the internuclear axis of Do
molecules, this is unlikely for the 2 K group of resonances,
which have contributions from different values of J. How-
ever, it is still possible to modulate the strength of the
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FIG. 8. Rotational quenching cross sections (upper panel)
and rates (lower panel) as a function of the collision energy
for Da(v =2, j = 2) + Da(v =2, j = 2) collisions. Showing
both the total cross section as well as the contribution from
each exchange permutation symmetry. The dashed lines are
for the 2222 — 2022 while the solid lines are for the 2222 —
2020 transition.

resonance peaks, and it would be possible to split the
overall resonance peak, as demonstrated for H+HF colli-
sions [80].

In order to gain insight into the nature of the reso-
nances seen in Figs. [§ and [ we analyzed the isotropic
part of the potential, evaluated with Do distances kept at
their vibrationally averaged values of 1.575aq (for v = 2,

J=2)

R +1)
2u R?

3
where Vis, = Aooo/(4m)2. We also analyzed the effec-
tive potentials corresponding to different incoming par-
tial waves [,

VJ(R) =€v1j1v2j2 (9)
I+ 1)k

J
+U, (R) + e

vij1vagaljiz,vijiviisljis
The first term is the energy of the CMS obtained by
adding the asymptotic rovibrational energies of the two
D5 molecules, the second term is the potential energy
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FIG. 9. [ resolved partial integral cross section for the 2222
— 2022 transition as a function of the collision energy for
Dao(v =2, 5=2) + D2(v =2, j =2) collisions.
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FIG. 10. [ and J resolved partial integral cross sections for the
2222 — 2022 transition as a function of the collision energy
for Do(v =2, j = 2) + Da2(v = 2, j = 2) collisions. The top
two panels show the contribution from [ = 4 for even J (left
panel) and odd J (right panel) while the bottom two panels
show the contribution from ! = 2 for even J (left panel) and
odd J (right panel).

matrix in the channel basis, and the third term is the
centrifugal potential for the orbital angular momentum .
Fig.MTshows both the radial potentials with the solid line
showing the isotropic potential (Eq. ) while the dashed
line shows the effective potential for v; = 2,j; = 2, vy =
2,j2 = 2,512 = 0,J = 0 (Eq.[@). The height of the cen-
trifugal barriers are 0.13, 0.69, 1.96, 4.21, and 7.76 K for
I =1 to 5 for the isotropic potential (for the effective
potential the barrier heights are almost identical—0.13,
0.69, 1.96, 4.26, and 7.77K). This suggests that in the
1-3K region it is [ = 3 and 4 partial waves which will
be the dominant contributions to the experimental cross
section. It is clearly seen that the radial potentials dif-
fer little suggesting that using the isotropic part of the
potential captures the main physics of the problem. The
depth of the radial potentials increases with vibrational
quantum number. This explains why the low energy [ = 1
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resonance seen for the 0202 collisions (see Fig. [@) is not
seen for the 1212 (see Fig. [1) or 2222 (see Fig. B) cases
since the resonance has been shifted to below threshold.

To further investigate the nature of the resonances seen
in FigRland @ we performed a semiclassical WKB analysis
to find the approximate locations of bound states for the
system. The WKB phase was evaluated from the integral

bwics — / dR\2u(V(R) = B)JIZ,  (10)

where the integration is carried out between the classical
turning points at the energy F for the radial potentials
shown in Fig.[[dl The corresponding quantization condi-
tion is fwks = 7(n + 3), for the n'™™ bound state of the
potential. Figure[12]shows the WKB phase as a function
of the energy for each of the radial potentials shown in
Fig.[Il along with a vertical line identifying the quantiza-
tion condition. It can be seen that WKB predicts at most
a single bound state in each channel with a bound state
for [ = 0,1,2,3 while an above threshold quasi-bound
state at around 2K for [ = 4, which manifests itself as a
shape resonance in the scattering experiments, in excel-
lent agreement with the full 6D scattering results shown
in Figs. Bland[@ For [ = 5 there is no quasi-bound state
with the WKB phase not reaching w/2 below the height
of the centrifugal barrier.

This analysis shows that for these types of systems it
is possible to predict the relevant partial waves that will
contribute to the cross section in the 1K range using
simply the isotropic part of the potential combined with
a WKB analysis. This suggests that using such an ap-
proach to identify the relevant partial waves to inform

an experimental analysis would be fruitful.

IV. CONCLUSION

We have presented full-dimensional scattering calcula-
tions of rotational and vibrational transitions in collisions
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FIG. 12. The WKB phase for the radial potentials shown in
Fig. [ The vertical line shows the quantization condition
for the lowest energy state.

between two Dy molecules prepared in vibrational levels
v = 0-2 and rotational levels j = 0-2. Computations
are performed using a recently reported full-dimensional
ab initio potential energy surface for the Hy system de-
signed to treat collisions of highly vibrationally excited
Hs and its isotopologues. Our calculations show that
resonance features in low energy collisions of two Do
molecules below 5 K arise primarily from a [ = 4 partial
wave resonance, consistent with the prediction of Johnson
et al. M] for elastic collisions using an isotropic potential.
For collisions between two D5 molecules in the v = 2 vi-
brational state and j = 2 rotational state, cross sections
for double rotational relaxation is found to be about two
orders of magnitude smaller than that of relaxation of
only one molecule.
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