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A bstract

The kinksofthe (1+ 1)-dim ensionalW ess-Zum ino m odelwith polynom ic superpotentialare investi-

gated and shown to be related to realalgebraic curves.
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The dim ensionalreduction ofthe (3+ 1)-dim ensionalW ess-Zum ino m odel,produces an interesting (1+ 1)-

dim ensionalBose-Ferm isystem ;this �eld theory enjoys N= 2 extended supersym m etry provided that the

interactionsare introduced via a realharm onic superpotential,see [1]. In a recentpaper[2]G ibbons and

Townsend have shown the existence ofdom ain-wallintersections in the (3+ 1)D W Z m odel,the authors

relying on the supersym m etry algebra ofthe (2+ 1)D dim ensionalreduction ofthe system . Although the

dom ain-walljunctionsaretwo-dim ensionalstructures,theirpropertiesarerem iniscentoftheone-dim ensional

kinks from which they are m ade. In this letter we shallthus describe the kinks ofthe underlying (1+ 1)-

dim ensionalsystem .

The basic�eldsofthe theory are:

� Two realbosonic�elds,�a(x�),a = 1;2 thatcan beassem bled in thecom plex �eld:�(x�)= �1(x�)+

i�2(x�)2 M aps(R1;1;C). x� = (x0;x1)are localcoordinatesin the R1;1 M inkowskispace,where we

choosethe m etricg��;g00 = � g11 = 1;g12 = g21 = 0.

� Two M ajorana spinor�elds  a(x�),a = 1;2. W e work in a M ajorana representation ofthe Cli�ord

algebra f
�;
�g= 2g��,



0 = �

2
; 


1 = i�
1
; 


5 = 

0


1 = �

3

where �1,�2,�3 are the Paulim atrices,such that  a� =  a. W e also de�ne the adjoint spinor as

� (x�)=  t(x�)
0 and considerM ajorana-W eylspinors: a
� (x

�)=
1� 


5

2
 a(x�)with only onenon-zero

com ponent.

Interactionsareintroduced through theholom orphicsuperpotential:W (�)= 1

2

�
W 1(�1;�2)+ iW 2(�1;�2)

�
.

O necould in principle startfrom the supercharges:

Q̂
B C
� =

Z

dx
1
X

a;b

�
f
B
�ab

"

(@0�
a
� @1�

a) b
� �

X

c

�
f
C
�bc @W C

@�c
 
a
�

#

where W B ,B = 1;2,are respectively the realpartifB = 1 and the im aginary partifB = 2 ofW (�)and�
fB

�
iseitherthe identity orthe com plex structureendom orphism in R2 [3]:

�
f
B = 1

�
=

�
1 0

0 1

�
�
f
B = 2

�
=

�
0 1

� 1 0

�

:
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Nevertheless,the Cauchy-Riem ann equations:

@W 1

@�1
=
@W 2

@�2

@W 1

@�2
= �

@W 2

@�1
; (1)

tellusthatthetheory isfully described by choosing eitherW 1 orW 2.W ethussetW C = W 1 and �nd the

basicSUSY chargesto be Q̂ B 1
� = Q B

� :

Q
B
� =

Z

dx
1
X

a;b

�
f
B
�ab

�

(@0�
a
� @1�

a) b
� �

@W 1

@�b
 
a
�

�

(2)

From the canonicalquantization rules

[�a(x1);_�
b(y1)]= i�

ab
�(x1 � y1)= f 

a
� (x1);i 

b
� (y1)g (3)

onechecksthatthe N = 2 extended supersym m etricalgebra

fQ
B
� ;Q

C
� g = 2�B C

P� fQ
B
+ ;Q

C
� g = � (� 1)B (�B C 2T + �

B C 2~T) (4)

isclosed by the fourgeneratorsQ B
� ,de�ned in (2).Here

P� =
1

2

Z

dx
1
X

a

�
(@0�

a
� @1�

a)(@0�
a
� @1�

a)� 2i a
� @1 

a
�

�
+

+
1

2

Z

dx
1
X

a

"
@W 1

@�a

@W 1

@�a
� 2i

X

b

@2W 1

@�a@�b
 
a
+  

b
�

#

arethe light-conem om enta and

T =

Z

dx
1

�
@W 1

@�1

@�1

@x1
+
@W 1

@�2

@�2

@x1

�

=

Z

dW
1 = W

1(1 )� W
1(� 1 )

~T =

Z

dx
1

�
@W 1

@�1

@�2

@x1
�
@W 1

@�2

@�1

@x1

�

=

Z

� dW
1 = W

2(1 )� W
2(� 1 )

the centralextensions.
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From the SUSY algebra one deduces,

2P0 = 2jTj+ (Q B
+ � (� 1)B Q B

� )
2 = 2j~Tj+ (Q B

� � (� 1)B �B C
Q
C
� )

2
;

see[4].W e thusde�ne the chargeoperatorson zero m om entum states:

~Q 1

� = Q
1

+ � Q
1

� = �

Z

dx
1
X

a

�

@1�
a
�
@W 1

@�a

�
�
 
a
+ �  

a
�

�

~Q 2

� = Q
1

� � Q
2

� = �

Z

dx
1
X

a

 

@1�
a
�
X

b

�
f
2
�ab @W

1

@�b

!  

 
a
� �

X

c

�
f
2
�ac

 
c
�

!

Spatially extended coherent states built from the solutions of any of the two system s of �rst order

equations,[5]:

d�1

dx1
= �

@W 1

@�1

d�2

dx1
= �

@W 1

@�2
(5)

d�1

dx1
= �

@W 1

@�2

d�2

dx1
= �

@W 1

@�1
(6)
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havem inim um energy becausethey arerespectively annihilated by ~Q 1
� (system (5))and ~Q 2

� (system (6)).

The 
ow in R 2 ’ C ofthe solutionsof(5)isgiven by:

d�2

d�1
=
@W 1

@�2

�
@W 1

@�1

� � 1

�
@W 1

@�2
d�

1
�
@W 1

@�1
d�

2 = dW
2 = 0

IfW (�)ispolynom icin �,thesolutionsof(5)liveon therealalgebraiccurvesdeterm ined by theequation:

W
2(�1;�2)= 
? (7)

where
? isa realconstant.Sim ilim odo,the solution 
ow of(6)in C,

d�2

d�1
= �

@W 1

@�1

�
@W 1

@�2

� � 1

�
@W 1

@�1
d�

1 +
@W 1

@�2
d�

2 = dW
1 = 0

runson the realalgebraiccurves:

W
1(�1;�2)= 
 (8)

where 
 isanotherrealconstant.There are two observations:(I)Solutionsofsystem (5)live on curvesfor

which W 2 = constantand solutionsof(6)havesupporton curvesforwhich W 1 = constant.(II)Thecurves

thatsupportthe solutionsof(5)areorthogonalto the curvesrelated to the solutionsof(6).

Assum e thatW (�)hasa discretesetofextrem a,form ing the vacuum orbitofthe system : @W

@�

�
�
�
v(i)

= 0,

i= 1;2;:::;n.K inksaresolutionsof(5)and/or(6)such thatthey tend to v(i� ) when x1 reaches� 1 .v(i+ )

and v(i� ) thus belong either to curves (7) or (8),and this �xes the values of
 or 
? for which the real

algebraiccurvessupportkinks.In Reference [6]a generalproofbased in singularity theory ofthe existence

ofthese soliton solutions,thatcountsitsnum ber,isachieved.The energiesofthe statesgrown from kinks

are P0 = jTj=
�
�W 1(v(i+ ))� W 1(v(i� ))

�
�for solutions of(5) and P0 = j~Tj=

�
�W 2(v(i+ ))� W 2(v(i� ))

�
�for

solutionsof(6). The kink form factorisobtained from a quadrature: one replaceseither(7)or(8)in the

�rstequation of(5)or(6)and integrates.

Therefore,the ferm ionic charges ~Q 1
� and ~Q 2

� are annihilated on coherent states
�
�K 1

�

�
and

�
�K 2

�

�
that

correspond tothetensorproductofthequantum antikink/kink,livingrespectively on curvesW 2 = constant

and W 1 = constant,with itssupersym m etricpartners(thetranslationalm odetim esa constantspinor).W e

�nd

~Q 1

�

�
�K 1

�

�
=

Z

dx1

X

a

2

4@1�
a

K 1

�

�
@W 1

@�a

�
�
�
��

a

K 1
�

3

5 @1�
a

K 1

�

�
1

� 1

�
�
�K 1

�

�
= 0

~Q 2

+

�
�K 2

+

�
=

Z

dx1

X

a

2

4@1�
a

K 2

+

+
X

b

�
ab @W

1

@�b

�
�
�
��

a

K 2
+

3

5

 
@1�

a

K 2
+

�
P

c
�ac@1�

c

K 2

+

!
�
�K 2

+

�
= 0

~Q 2

�

�
�K 2

�

�
=

Z

dx1

X

a

2

4@1�
a

K 2

�

�
X

b

�
ab @W

1

@�b

�
�
�
��

a

K 2
�

3

5

 P

c
�ac@1�

c

K 2

�

@1�
a

K 2

�

!
�
�K 2

+

�
= 0

on solutionsof(7)and/or(8);the SUSY kinksarethus 1

4
-BPS states.The energy ofthese statesdoesnot

receivequantum corrections[1],becauseN = 2 supersym m etry forbidsany anom aly in the centralcharges.

3

W e focuson the casein which the potentialis:

U (�)=
1

2

X

a

@W 1

@�a

@W 1

@�a
=
1

2

�

1� 2(�21 + �
2

2)
n � 1

2 cos

�

(n � 1)arctan
�2

�1

�

+ (�21 + �
2

2)
n� 1

�

see[2]and [7].In polarvariablesin the R2 internalspace,
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�(x�)= +
p
[�1(x�)]2 + [�2(x�)]2; �(x�)= arctan

�2(x�)

�1(x�)

the potentialreads:

U (�;�)=
1

2

�

1� 2�n� 1 cos(n � 1)� + �
2(n� 1)

�

(9)

Thereissym m etryundertheD 2(n� 1) � Z2� Zn� 1 dihedralgroup:�
0= � �,�0= �+

2�j

n� 1
,j= 0;1;2;:::;n� 2.

In Cartesian coordinates,these transform ationsform the D 2(n� 1) sub-group ofO (2)given by:

(1) �02 = � �2; �01 = �1

(2) �1
0
= cos

2�j

n � 1
�
1
� sin

2�j

n � 1
�
2
; �

20= sin
2�j

n � 1
�
1 + cos

2�j

n � 1
�
2

The vacuum orbitisthe setof(n � 1)-rootsofunity:

M =

n

v
(k) = e

i2� k
n � 1

o

=
D 2(n� 1)

Z2

= Zn� 1: (10)

W hen the v(k) vacuum ischosen to quantize the theory,the sym m etry underthe D 2(n� 1) group issponta-

neously broken to the Z2 sub-group generated by �
0= � � � 2�k

n� 1
;thistransform ation leavesa �xed point,

v(k),ifn iseven and two �xed points,v(k) and v(k+
n � 1

2
),ifn isodd.

The Zn� 1-sym m etry allows for the existence of(n � 1) harm onic superpotentials that are equivalent:

W (j)(�)= 1

2

h

�(j) �
(�

(j)
)
n

n

i

,�(j) = e
i
2� j

n � 1 �,allofthem leading to the sam epotentialU .Thus:

W
(j)1 = � cos�(j)�

1

n
�
n cosn�(j) W

(j)2 = � sin�(j)�
1

n
�
n sinn�(j)

where�(j)= � +
2�j

n� 1
.Thereisroom forclosing the N = 2 supersym m etry algebra (4)in n � 1 equivalent

form s:de�ne the n � 1 equivalentsetsofSUSY charges:

Q
(j)

�

B

=

Z

dx
1
X

a;b

�
�
f
B
�ab

(@0�
(j)a

� @1�
(j)a) 

(j)b

� �
@W (j)1

@�(j)a
 
(j)b

�

�

;

also in term softhe "rotated" ferm ionic �elds 
(j)a

� ,and the corresponding centralchargesT (j) and ~T (j).

O bservethattheN = 2 supersym m etry isunbroken,whilethechoiceofvacuum thatspontaneously breaks

the Zn� 1 sym m etry doesnota�ectthe physics,which isthe sam efordi�erentvaluesofj.

The j pairsof�rst-ordersystem sofequations:

d�

dx1
= sin�(j)� �

n� 1 sinn�(j) �
2
d�(j)

dx1
= � cos�(j)� �

n cosn�(j) (11)

d�

dx1
= cos�(j)� �

n� 1 cosn�(j) �
2
d�(j)

dx1
= � � sin�(j)+ �

n sinn�(j) (12)

correspond to (5)and (6)forthisparticularcase.Thesolutionslie respectively on the algebraiccurves

� sin�(j)�
1

n
�
n sinn�(j) = 
? (13)

� cos�(j)�
1

n
�
n cosn�(j) = 
 (14)

which form two fam iliesoforthogonallinesin R
2. In the fam ily ofcurves(13)there are kinksjoining the

vacua v(k) and v(k
0
) ifand only if:

sin
2�(k+ j)

n � 1
�
1

n
sin

2�(k + j)n

n � 1
= sin

2�(k0+ j)

n � 1
�
1

n
sin

2�(k0+ j)n

n � 1
= 


K
? (15)
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This�xesthe valueof
? = 
K? forwhich the algebraiccurvesupportsa topologicalkink.Sim ilim odo,

cos
2�(k+ j)

n � 1
�
1

n
cos

2�(k + j)n

n � 1
= cos

2�(k0+ j)

n � 1
�
1

n
cos

2�(k0+ j)n

n � 1
= 


K (16)

isthe value ofthe constantifthe kink belong to the orthogonalfam ily (14). Solutionsof(15)and/or(16)

exist,respectively,ifand only if

2(k+ k
0+ 2j)= n � 1m od 2(n � 1) (17)

and/or

k+ k
0+ 2j= 0m od n � 1 (18)

G iven the kink curves,the kink form factorsareobtained in the following way:

O nesolvesfor� in (13)or(14),

� +
2�j

n � 1
= h(
K ;�) ; � +

2�j

n � 1
= h? (


K
? ;�) (19)

and plugstheseexpressionsinto the �rstequation of(12)or(11),

d�

dx1
= sinh(
K ;�)� �

n� 1 sin[nh(
K ;�)] ;
d�

dx1
= cosh? (


K
? ;�)� �

n� 1 cos[nh? (

K
? ;�)]

which areim m ediately integrated by quadratures:ifa isan integration constant

Z
d�

sinh(
K ;�)� �n� 1 sin[nh(
K ;�)]
= (x1 + a) (20)

Z
d�

cosh? (

K
?
;�)� �n� 1 cos[nh? (


K
?
;�)]

= (x1 + a) (21)

4

W e �rst consider the lower odd cases,only for W (j= 0). The other kinks are obtained by application ofa

Zn� 1 rotation.

� n = 3:

{ Superpotential:W (�)= 1

2

�

� �
�
3

3

�

W
1 = �1 �

�31

3
+ �1�

2

2 W
2 = �2 � �

2

1�2 +
�32

3

{ Potential:U (�1;�2)=
1

2
[(��� � 1)2 + 4�22]

{ Vacuum orbit:M = D 2

Z2
= fv0 = 1;v1 = � 1g

{ R ealalgebraic curves:

�1 �
�31

3
+ �1�

2

2 = 
; �2 � �
2

1�2 +
�32

3
= 
?

{ K ink curve:
? = 0(� W 2 = 0),tantam ountto �2 = 0.

{ K ink form factor:

a)Solutionsof
d�1

dx1
= � (1� �21)on �

2 = 0:�
K

1

�

1
(x1)= � tanh(x1 + a)

{ K ink energy:P0[�
K

1

� ]= jTj=
�
�W 1(v0)� W 1(v1)

�
�= 4

3

{ C onserved SU SY charge: ~Q 1
�

�
�K 1

�

�
= 0

5



� n = 5:

{ Superpotential:W (�)= 1

2

�

� �
�
5

5

�

W
1 = �1

�

1�
�41

5
+ 2�21�

2

2 � �
4

2

�

W
2 = �2

�

1� �
4

1 + 2�21�
2

2 �
�42

5

�

{ Potential:U (�1;�2)=
1

2
[(��� + 1)2 � 4�21][(��

� + 1)2 � 4�22]

{ Vacuum orbit:M = D 4

Z2
= fv0 = 1;v1 = i;v2 = � 1;v3 = � ig

{ R ealalgebraic curves:

�1

�

1�
�41

5
+ 2�21�

2

2 � �
4

2

�

= 
; �2

�

1� �
4

1 + 2�21�
2

2 �
�42

5

�

= 
?

{ K ink curves:a)
? = 0 � �2 = 0,b)
 = 0 � �1 = 0.

{ K ink form factor:

a) Solutionsof�
d�1

dx1
= 1� �41 on �2 = 0:arctan�

K
1

�

1
+ arctanh�

K
1

�

1
= � 2(x1 + a)

b) Solutionsof�
d�2

dx1
= 1� �42 on �1 = 0 :arctan�

K
2

�

2
+ arctanh�

K
2

�

2
= � 2(x1 + a)

{ K ink energies:(a)P0[�
K

1

� ]= jTj=
�
�W 1(v0)� W 1(v2)

�
�= 8

5

(b)P0[�
K

2

� ]= j~Tj=
�
�W 2(v1)� W 2(v3)

�
�= 8

5

{ C onserved SU SY charges: (a) ~Q 1
�

�
�K 1

�

�
= 0;(b) ~Q 2

�

�
�K 2

�

�
= 0

� n = 7:

{ Superpotential:W [�]= 1

2

�

� �
�
7

7

�

W
1 = �1 �

�71

7
+ 3�51�

2

2 � 5�31�
4

2 + �1�
6

2 W
2 = �2 � �

6

1�2 + 5�41�
3

2 � 3�21�
5

2 +
�72

7

{ Potential:U (�1;�2)=
1

2

�
(���)6 � 2(�21 � �22)

�
(���)2 � 16�21�

2
2

�
+ 1

	

{ Vacuum orbit:

M = D 6

Z2
=

n

v0 = 1;v1 = 1

2
+ i

p
3

2
;v2 = � 1

2
+ i

p
3

2
;v3 = � 1;v4 = � 1

2
� i

p
3

2
;v5 = 1

2
� i

p
3

2

o

{ R ealalgebraic curves:

�1 �
�71

7
+ 3�51�

2

2 � 5�31�
4

2 + �1�
6

2 = 
; �2 � �
6

1�2 + 5�41�
3

2 � 3�21�
5

2 +
�72

7
= 
?

{ K ink curves:therearetwo choicesof
? and threechoicesof
 forwhich one�ndskink curves.

The otherkinksassociated with the othersuperpotentialscan be obtained by Z6 rotations.

a) 
? = 3
p
3

7
:kink curvejoining v1 with v2


? = � 3
p
3

7
:kink curvejoining v4 with v5

b) 
 = 3

7
:kink curvejoining v1 with v5


 = � 3

7
:kink curvejoining v2 with v4

c) 
 = 0 :kink curvejoining v0 with v3

{ K ink energies:a)P0[�
K

1

� ]= jTj= jW 1(v
�k)� W 1(v

�k+ �1)j= 6

7

b)P0[�
K

2

� ]= j~Tj= jW 2(v
�k)� W 2(v

�k+ �2)j= 6
p
3

7

c)P0[�
K

1

� ]= jTj= jW 2(v
�k)� W 1(v

�k+ �3)j= 12

7

{ C onserved SU SY charges: (a) ~Q 1
�

�
�K 1

�

�
= 0.(b)and (c) ~Q 2

�

�
�K 2

�

�
= 0

6



W e now study two even cases.

� The �rstand m ostinteresting m odeloccursforn = 4.Here,we�nd thatthekink curvesarestraight

linesin W -space(true forany n)and curved in �-space,in agreem entwith Reference[8]:

{ Superpotential:W [�]= 1

2

�

� �
�
4

4

�

W
1 = �1 �

�41

4
+
3

2
�
2

1�
2

2 �
�42

4
W

2 = �2
�
1� �

3

1 + �1�
2

2

�

{ Potential:U (�1;�2)=
1

2

h

(���)
3
� 2�1(�

2
1 � 3�22)+ 1

i

{ Vacuum orbit:M = D 3

Z2
= fv0 = 1;v1 = � 1

2
+ i

p
3

2
;v2 = � 1

2
� i

p
3

2
g

{ R ealalgebraic curves:

�1 �
�41

4
+
3

2
�
2

1�
2

2 �
�42

4
= 
; �2

�
1� �

3

1 + �1�
2

2

�
= 
?

{ K ink curve:
 = � 3
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