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A bstract

Thelow energy dynam icsofdegenerated BPS dom ain wallsarisingin ageneralized W ess-

Zum ino m odelisdescribed asgeodesic m otion in the space ofthese topologicalwalls.

1 Introduction

According to a fruitfulidea by M anton,geodesicsin them odulispacedeterm inetheslow m otion

oftopologicaldefects,[1].Theadiabaticprinciple[2]hasbeen successfully applied to black holes

[3],m agnetic m onopoles[4],and self-dualvortices,both in Higgs,[5],and Chern-Sim ons-Higgs,

[6]-[7]-[8]-[9],m odels.Recently,them odulispaceofBPS dom ain wallshasbeen discussed by Tong

[10]and,following M anton’s m ethod,the low energy dynam ics ofsolitons has been studied by

Townsend and Portugues[11]in variationsoftheW ess-Zum ino m odel.

In this paper we shallstudy the low energy dynam ics ofBPS kinks living in a topological

sectorofa super-sym m etric(1+1)-dim ensionalsystem proposed by Bazeia and co-workersin [13].

In [14]Shifm an and Voloshin have shown thatthe (1+1)D system com es from the dim ensional

reduction ofa generalized W ess-Zum ino m odelwith two chiralsuper-�elds;in thislattercase,the

kink solutionsappearasBPS dom ain walls.

From a one-dim ensionalperspective,the system encom passes severaltopologicalsectorsand

Shifm an and Voloshin in [14]discovered thatthereexistsadegeneratefam ily ofBPS dom ain walls

in a distinguished sector. In [15],three ofusfound thatforsom e criticalvaluesofthe coupling

param eterthereexistm oredegeneratekink fam iliesin othertopologicalsectors,although thenew

wallsaregenerically non-BPS.

Each BPS dom ain wall,however,seem s to be m ade from two basic walls,which belong to

other topologicalsectors. This interesting structure has been explored by Sakaiand Sugisaka,

who found in [16]an intriguing bound-state ofwall/anti-wallpairs. The aim ofthiswork isto

describehow thebasickinksm ovein thespaceofBPS topologicalkinks.To achievethisgoalwe

shallapply M anton’sm ethod and weshallthusextend theapplicability oftheadiabaticprinciple

to one-dim ensionaltopologicaldefects.
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The organization ofthe paper is as follows: in Section x2 we briey sum m arize the general

fram ework of(1+1)D super-sym m etric�eld theory.Section x3isdevoted todescribingthem oduli

spaceofBPS super-kink solutions.In Section x4weunveilthem etricinherited from theadiabatic

kink m otion in the space ofkink solutions,determ ine the geodesic orbits,and describe the low

speed m otion ofBPS kinks. Finally,in Section x5 we interpret these results from the point of

view ofm oving walls.

2 N = 1super-sym m etric(1+ 1)-dim ensional�eld-theoretical

system s

Using non-dim ensionalspace-tim ecoordinatesand �eldsasde�ned in Reference[15],weconsider

Bose,~̂�(x�)=
P

2

a= 1
�̂a(x�)~ea,and Ferm i,

~̂ (x�)=

2X

a= 1

�
 ̂a
1(x

�)

 ̂a
2
(x�)

�

~ea ;

�elds.Here,x� = (x0;x1)arelocalcoordinatesin R 1;1 space-tim e;~ea:~eb = �ab isan ortho-norm al

basisin R 2 internal(iso-spin)space,and the Ferm i�eldsbelong to the M ajorana representation

oftheSpin(1;1;R)group:iff�;�g = 2g��,g�� = diag(1;�1),istheCli�ord algebra ofR 1;1,we

choose0 = �2;1 = i�1.Also,5 = 01 = �3,with �1;�2;�3 the2� 2 Paulim atrices.

Thecanonicalquantization proceduredictatestheequal-tim ecom m utation/anticom m utation

relationsam ong the�eldsand theirm om enta.De�ning ~̂�(x�)=
@~̂�

@x0
(x�),wehavethat:

[̂�a(x);̂�b(y)]= i�
ab
�(x� y) ; f ̂

a

�(x); ̂
b

�(y)g= �
ab
����(x� y) ; (1)

where�;� = 1;2 areM ajorana spinorindicesand a naturalsystem ofunits-~ = c= 1-hasbeen

chosen.

Interacting N = 1 super-sym m etric�eld theory isbuiltfrom thenorm al-ordered super-charge

operator:

Q̂ =

Z

dx:

h


�

0 ~̂ (x�)@� ~̂ (x

�)+ i
0 ~̂ (x�)~r Ŵ (x�)

i

: : (2)

Interactions com e from the gradient ofthe super-potential~r Ŵ (x�) =
P

2

a= 1

^@W
@�a

(x�)~ea and the

super-sym m etry algebra:

fQ̂ �;Q̂ �g = 2(�0)�� P̂� � 2i1�� T̂ ; �;� = 1;2 (3)

encom passestheenergy,

P̂0 =
1

2

Z

dx:

2

4~̂�~̂� +
@~̂�

@x

@~̂�

@x
+ ~r Ŵ ~r Ŵ � i~̂� 1

@~̂ 

@x
+ ~̂� 

~~� Ŵ ~̂ 

3

5 : ; (4)
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them om entum ,

P̂1 = �

Z

dx:

2

4~̂�
@~̂�

@x
+
i

2
~̂ t
@~̂ 

@x

3

5 : ; (5)

and theanom aloustopological/centralcharge,

T̂ =

Z

dx:

2

4
@~̂�

@x
:~r

�

Ŵ +
1

4�
� Ŵ

�
3

5 : ; (6)

operators.In form ulas(4)-(5)-(6)wehavede�ned ~̂� (x�)= ~̂ t(x�)0,and

~~� Ŵ = ~r 
 ~r Ŵ =

2X

a= 1

2X

b= 1

~ea 
 ~eb
@2Ŵ

@�a@�b
;� Ŵ = ~r ~r Ŵ =

2X

a= 1

@2Ŵ

@�a@�a

arerespectively theHessian and Laplacian operatorsapplied to Ŵ .Notethatthereisnoanom aly

in thecentralchargeifthesuper-potentialisharm onic,thecondition fortheexistence ofN = 2

super-sym m etry.

Theusualde�nition ofBPS statesin thissystem ,[12],isderived from (3):

P̂0 =
1

2

�

Q̂ 1 � Q̂ 2

�2
+ ĵTj ;

�

Q̂ 1 � Q̂ 2

�

jB PSi= 0 (7)

astherequirem entofm inim alenergy in each super-selection sector.To �nd thesestatesa varia-

tionalm ethod,using thecoherentstates

~̂�(x)j~�(x);~ (x)i= ~0 ;~̂�(x)j~�(x);~ (x)i= ~�(x)j~�(x);~ (x)i;~̂ (x)j~�(x);~ (x)i= ~ (x)j~�(x);~ (x)i

as trialstates,is conventionally applied. ~�(x) and ~ (x) are respectively scalar and M ajorana

spinorstaticclassical�eld con�gurationsand,on thesestates,the(7)BPS condition becom es:

~ � (x)

 
d~�

dx
� ~r W

!

j~�(x);~ (x)i= 0 ;~ � (x)= ~ 1(x)� ~ 2(x) (8)

because the expectation values in this kind ofstate ofnorm al-ordered operatorfunctionals are

equalto theirclassicalcounterparts,seee.g.[17].

Thus,theBPS statesarethecoherentstatesforwhich thescalar�eld con�gurationscorrespond

to the ow lines of�gradW ,whereas the corresponding 1 eigen-spinor ~ � con�gurations are

zero. M oreover,super-sym m etry forcesthe surviving (non-null) spinorcon�gurations to satisfy

theequation:

d~ �

dx
(x)= �

~~�W (~�)~ � (x) (9)
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3 T he B PS kink m odulispace

Ourchoiceofsuper-potentialis:

W (~�)= 4
p
2

�
1

3
(~� � ~e1)

3
�
1

4
~� � ~e1(1� (~� � ~e2)

2)

�

:

Thus,we dealwith the super-sym m etric extension ofthe BNRT m odelanalyzed in [15]forthe

specialvalueoftheparam eter� = 1

2
.

In Reference[15]theBPS kinkswereshown to bein one-to-onecorrespondencewith thekink

orbits:

�
2

1 +
1

2
�
2

2 =
1

4
+ c�

4

2 : (10)

Theexplicitanalyticalexpressionsforthesefam iliesofBPS kink/anti-kink solutionsare:

~�
K [x;a;b]= �

0

@
1

2

sinh
�
2
p
2(x+ a)

�

cosh
�
2
p
2(x+ a)

�
+ b2

~e1 +
b

q

b2 + cosh
�
2
p
2(x + a)

�~e2

1

A (11)

for arbitrary integration constants a;b 2 (�1 ;1 ). The constant b is de�ned in term s ofc 2

(�1 ;1
4
)as: b= �

q
1p
1� 4c

,see [15]. Thus,the plane isthe space SK ofBPS kinks: there isa

one-to-onecorrespondencebetween thepoints(a;b)2 SK ’ R
2 and thespaceoftopologicalkink

solutionsofthe�eld equations.The �1-and �2-com ponentsofthese solitary wavesareshown in

Figure 1 fora = 0 and severalparticularvaluesofb. The dependence on a ofthe kink pro�le is

trivial;thevalueofa only determ inesthe\center" ofthekink.

ThissequenceofFiguresshowsusthem ain characteristicsofthedi�erentBPS kinks.Ifb= 0only
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Figure1:Solitary waves(11)corresponding to:(a)b= 0,(b)b=
p
0:5,(c)b= 1 and (d)b=

p
30.

oneofthetwo �eld com ponents-�K1 -isdi�erentfrom zeroand thekink con�guration interpolates

between them inim um ,A + = 1

2
~e1,and them axim um ,A � = � 1

2
~e1,ofW ,thevacua ofthetheory.

Therefore,the(a;0)kinksaretopologicalsolutionswith onenon-nullcom ponentand,forobvious

reasons,in the literature they are called TK1 kinks. Ifb6= 0,�K2 isalso di�erentfrom zero but

the �eld con�gurationsstillinterpolate between the A + = 1

2
~e1 and A � = � 1

2
~e1 vacua. Allthese

topologicalkinkshavethetwo �eld com ponentsdi�erentfrom zero and they arethuscalled TK2

kinks.Notethatchanging bto �bm erely am ountsto changing �K
2
to ��K

2
.
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Theassociated BPS ferm ionicform factors,thesolutionsof(9)for~�K ,are:

~ 
K

� (x)= 0 ; ~ 
K

� [x;a;b;d;f]=

"

d
@~�K

@a
[x;a;b]+ f

@~�K

@b
[x;a;b]

#

"� ; (12)

where d;f are realintegration constantsand "� = "K
�

1 � "K
�

2 = 2;"K
�

=

�
1

�1

�

are constant

eigen-spinorsof1. (See Figures2 and 3,where the ferm ionic partnersofthe bosonic solitary

wavesforthesam evaluesofthebparam eterasabove,areplotted ).
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Figure2:First(a)and second (b)com ponentsof @~�K

@a
.
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Figure3:First(a)and second (b)com ponentsof @~�K

@b
.

The M ajorana-W eylspinorsshown in (12)span the tangentspace to the space ofBPS kink

solutionsTSK ’ TR 2 becausethey arelinearcom binationsofthebosoniczero m odes.M oreover,

these ferm ionic con�gurations also solve the static Dirac equation ofthe coupled system and

therefore,do notcontribute to h~ (x);~�(x)j:P̂0:j~�(x);~ (x)i;the BPS super-kinks,form ed by the

com bination ofthebosonicand ferm ionicsolutions,also saturatethetopologicalbound.

The properties ofa solitary wave determ ined by a point in SK are encoded in the bosonic

energy density:

E
K [x;a;b]=

@~�K

@x
:
@~�K

@x
=
4+ 7b2cosh[2

p
2(x + a)]+ 4b4cosh[4

p
2(x + a)]+ b2cosh[6

p
2(x+ a)]

2(b2 + cosh[2
p
2(x+ a)])4

(13)
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Figure 4 showsa plotofEK [x;a;b]fora = 0 and the sam e valuesofb asin the above Figures.

The identity EK [x;a;b]= EK [x;a;�b]isa consequence ofthe invariance ofthetheory underthe

action ofthe group G = Z2 � Z2 generated by the reections�1 ! ��1;�2 ! ��2. �1 ! ��1

m erely replaceskinksby antikinksbuttaking a quotientby �2 ! ��2 both in (10)and (11)we

�nd them odulispaceM K ’ SK =Z2 ofBPS kinks.Thus,a and b
2 aregood coordinatesin M K ,

which isisom orphicto theupperhalf-plane:H = (�1 ;1 )� [0;1 ).

There are two regim es in the b2-param eterclassi�ed by the dependence on b2 ofthe critical

pointsoftheenergy density,i.e.thezeroesof:

@EK

@x
[x;a;b]= 2

�
@�K

1

@x

@2�K
1

@2x
+

@�K
2

@x

@2�K
2

@2x

�

=
4
p
2sinh2

p
2(x + a)

(b2 + cosh2
p
2(x + a))5

P3(cosh2
p
2(x+ a))(14)

P3(cosh2
p
2(x+ a)) = �b

2cosh
3
2
p
2(x+ a)� b

4cosh
2
2
p
2(x + a)+

+ (�3b2 + 4b6)cosh2
p
2(x+ a)+ 5b4 � 4 :

Notethat(14)relatestheshapeoftheenergy density to theshapeofthekink pro�le.

-4 -2 2 4

1

2
ε(x)

x

Figure4:Energy density EK [x;0;b].

Apartfrom the obvioussolution,x = �a,i.e. sinh2
p
2(x + a)= 0,8b2,we can classify the

solutions of @EK

@x
[x;a;b]= 0 in term s ofthe rootsofthe cubic polynom ialP3(cosh2

p
2(x + a)).

W riting P3 as P3(cosh2
p
2(x + a)) = �b2 ~P(u),where ~P(u) is the bi-cubic polynom ial ~P(u) =

(u2)3 + (b2 + 3)(u2)2 � (4b4 � 2b2 � 6)(u2)� 4
�
b4 + b2 � 1� 1

b2

�
in the variable u2(x) = �1 +

cosh2
p
2(x + a),a classicalanalysis ofthe rootsof ~P(u),based on the Cardano and the Vieta

form ulaeand useofRolle’stheorem ,showsthat:

� ~P(u)hasno realrootsin u(x)ifb2 2 [0;1]. Thus, @EK

@x
[x;a;b]= 0 only forx = �a,which

isthe only criticalpointofEK asa function ofx. M oreover,EK [�a;a;b]= 2

(b2+ 1)2
isthe

m axim um valueofEK on therealline;b2 thereforem easurestheheightofthesolitary wave

energy density ,seeFigure4.

� Thingsare m oreinteresting ifb2 2 (1;1 ): ~P hastwo realroots.Asa cubic polynom ialin

u2, ~P hasa single positive rootr(b2)thatdependson the value ofb2;hence,u = �
p
r are
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therealrootsof ~P(u).Besidesx = �a,which isa m inim um ,two othercriticalpointsofEK

ariseatx = �a� m (b2)ifb2 > 1,wherem (b2)= 1

2
p
2
arccosh(1+ r(b2)).

Thesetwo pointsarem axim a ofEK and thesolitary waveism adefrom two lum psifb2 > 1.

The distance between the peaksgrowswith b2,and b2 m ustbe understood asthe relative

coordinate ofa system oftwo \particles" ifb2 > 1,whereas �a isstillthe centerofm ass

coordinate.

Alternatively,onecan trustM athem atica and justlook atFigure4.

Exactly attheb= �1 lim its,thesolutions

~�
B � [x;x0;�;�]= (�1)�

 
1

4
(1� (�1)�tanh(

p
2(x+ x0))~e1 �

r
1

2
(1+ (�1)�tanh(

p
2(x+ x0))~e2

!

;

(15)

(�;�;= 0;1)living in othertopologicalsectors,appear,see Figure 5. The integration constant

x0 2 R determ ines the center ofm ass ofthe lum p: xCM = �x0 +
1

2
p
2
ln 1+

p
17

8
-the shift with

respectto whatoneexpectsforthecenterofm assisseen in Figure5(b).Notethattheinection

pointsin �B
1
and �B

2
do notcoincide.~�B � [x;x0;�;�]arealso ow linesofgradW butstartorend

ata saddlepoint�~e2 ofW -theothertwo vacua ofthetheory-.Theshapeoftheenergy density
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Figure5:O neofthe solitary waves(15)(a)and itsenergy density (b).

forlarge valuesofjbjsuggeststhatthe ~�B � solitary wavesare the basic kinksin the topological

sectorofthe ~�K fam ily.Nearjbj= 1 theidentity

~�
K [x;a;b]

’

b! �1
~�
B � [x;x+

0
;1;0]�(�x� a)+ ~�

B � [x;x�
0
;0;1]�(x� a) ; (16)

x
�
0 = �a� m (b2)+

1

2
p
2
ln
1+

p
17

8

where �(z)isthe Heaviside step function,approxim ately holds. In fact,one can prove thatthe

approxim ation becom es exact at the jbj= 1 lim it,where the two ~�B � kinks becom e in�nitely

separated. Thus,they are notaccessible in the kink space SK butbelong to the boundary;the

circleofin�niteradiusin R 2:@SK = S1
1 .

7



Besides b = 0 and b = �1 ,there are two other specialpoints in SK : b = �1. The corre-

sponding kink orbitsaretheupperand lowerhalf-ellipses�2
1
+ 1

2
�2
2
= 1

4
and weshallusetheterm

TK2E� to referto these two-com ponentkinks,which form the frontierin M K between solitary

wavescarrying oneortwo lum psofenergy density.

4 G eodesic m otion in the kink space SK

In ourfram ework,the adiabatic principle isequivalent to restricting tim e-evolution to the sub-

space ofBPS kink states. The expectation value ofthe kinetic energy in these states -there is

no contribution ofthe ferm ionic variablesto the kinetic energy because the Dirac Lagrangian is

�rst-orderin tim ederivatives-is:

K =
1

2

Z

dx h~�
K [x;a(t);b(t)]j:̂~�(x)̂~�(x):j~�K [x;a(t);b(t)]i=

=
1

2
gaa(a;b)_a

2 + gab(a;b)_a_b+
1

2
gbb(a;b)_b

2 (17)

where:

gaa(a;b)=

Z 1

� 1

dx
@~�K

@a
�
@~�K

@a
; gab(a;b)=

Z 1

� 1

dx
@~�K

@a
�
@~�K

@b
; gbb(a;b)=

Z 1

� 1

dx
@~�K

@b
�
@~�K

@b

(18)

W e think ofK as the Lagrangian for geodesic m otion in the kink space SK with a m etric

inherited from the dynam icsofthe bosonic zero m odes. Alternatively,the ferm ionic partnersof

theBPS kinksacquirea directgeom etricalm eaning;they arethezweig-beins(\thesquareroot"

)ofthem etricin thesensethat,

g11(a;b) =

Z

dx ~ 
K

� [x;a;b;1;0]
~ 
K

� [x;a;b;1;0] ;g22(a;b)=

Z

dx ~ 
K

� [x;a;b;0;1]
~ 
K

� [x;a;b;0;1]

g12(a;b) =

Z

dx~ 
K

� [x;a;b;1;0]
~ 
K

� [x;a;b;0;1]= g21(a;b) :

Them etrictensorisZ2-sym m etric-invariantunderb! �b-:

gaa(a;b) =
2
p
2

3
; gab(a;b)= 0 ; gbb(a;b)=

2
p
2

3
h(b)

h(b) =
1

4(b4 � 1)2

2

42b6 � 5b2 + 3
arctan

�p
1� b4

b2

�

p
1� b4

3

5 : (19)

Com putation oftheintegrals(18)hasbeen perform ed bychangingvariablestoy = exp[2
p
2(x+ a)]

in such a way thatthequadraturesreduceto rationalde�niteintegralsin y.Thetransition from

one to two lum ps is seen in form ula (19)in the trading ofarctan by iarctanh thathappens at

8



b= �1.h(b),however,isalso realforjbj> 1 becausethedenom inatorbecom espurely im aginary

in thisregim e,seeFigure6.

-3 -2 -1 1 2 3
b

0.2

0.4

0.6

0.8

1

1.2

h(b)

Figure6:G raphicofthefunction h(b).

There isan im portantdi�erence with the low energy dynam ics ofother topologicaldefects.

In thiscasethem odulispaceM K isan orbifold:theorbitofevery pointin theTK1 line(a;b=

0) 2 SK by the action ofthe Z2-group is a single point whereas any other point in SK is not

invariant under the b ! �b reection. Therefore,geodesic m otion in M K would lead to non-

sm ooth dynam icsattheTK1 line.Fortunately,thegenericorbitisa two-elem entsetand onecan

safely pursuetheanalysisofgeodesicm otion in SK .

Thegeodesicsofa m etricin thekink spaceSK oftheform :

ds
2 =

2
p
2

3

�
da

2 + h(b)db2
�

areeasilyfound(atleastim plicitly).W ritingthem etricinterm sofanew variable,�b=
R p

h(b)db,

wehave:
3

2
p
2
ds

2 = da
2 + d�b2 ; d�b =

p
h(b)db

and the geodesic curves are straight lines in the a � �b plane. Ifk1,k2,k
0
1,k

0
2,are integration

constants,thegeodesicsare:

a(t)= k1t+ k2 ; �b(t)=

Z
p
h(b)db= k

0
1t+ k

0
2 : (20)

In term s ofthe new integration constants,�1 =
k0
1

k1
;�2 = k02 � �1k2,we can also represent the

geodesicpathsby writing �basa function ofa:

�b=

Z
p
h(b)db= �1a+ �2 : (21)

W e im m ediately identify a sim ple kind ofgeodesic m otion: taking �1 = 0 in (21),orbits with

b= constantarefound.Thism otion correspondsto freedisplacem entofthekink centerofm ass,

foralltypesofsolitary wave,withoutchanging theshapeofthekink pro�le,seeFigure7.
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Figure 7:Energy density evolution along straightgeodesic lineswith b= constant: (a)b= 0:9,a single

lum p ism oving (b)b= 10,synchronousm otion oftwo lum ps.Tim e runsfrom leftto right

In a search forthe m ore generalgeodesic m otion,the problem isto �nd the explicitform ofR p
h(b)db.Becauseperform ing thisintegration explicitly isoutofreach by analyticalm eans,we

proposetwo alternativewaysfordescribing thegeodesicm otion ofBPS kinks.

4.1 N um ericalintegration

In Figure8(a)a M athem atica num ericalplotofseveralgeodesicorbits(21)isshown.�1 hasbeen

setto 3, 2 and 1,whereasthe freedom in �2 hasbeen �xed by setting the valueofb= 0:1 -near

the TK1 pointin the space SK -atthe instantt= � k2

k1
. The featurescom m on to these generic

geodesicsare asfollows: the starting pointatt= �1 isthe pointin @SK thatcorrespondsto

the b! �1 lim itof(16). Com ing from very farapart,the two basic lum psbegin to approach

each otherwhen jbjdecreases.Thisapproach occurssim ultaneously toaglobaldisplacem entfrom

�1 ofthecenterofm ass:a increases.Thetwo kinksm ergein a singleTK2E� lum p atthepoint

b= �1 in thespaceSK ,and then m ovetogether,becom ing higherand thinneruntilthey becom e

the TK1 kink when b = 0. From this pointthe com posite lum p m oves towards the ~�B + kinks,

becom ing shorterand thickeruntilthecriticalvalueb= 1isreached,wheream eiosisofaTK2E+

kink takes place,giving back rise to two separate lum ps. The geodesic evolution is com pleted

through theincreasingseparation ofthetwolum ps,jbjincreasing ,and thecenterofm assm otion,

a increasing ,asym ptotically running towardstheb! 1 lim itofthe(16)con�guration.

A closerlook atthegeodesicorbitsneartheTK1 pointdepicted in Figure8(b)showsusthat

the bigger�1 the shorterthe tim e thatthe two lum psrem ain aggregated.Atthe �1 = 1 lim it,

thegeodesiccurvebecom esa verticalstraightlinein thespaceSK and thereisno m otion ofthe

centerofm assatall.Di�erentvaluesof�2 givedi�erentgeodesicorbitsby setting thekink point

crossed attheinstantt= � k2

k1
.

In sum m ,a genericorbitdescribesthefollowing low energy dynam ics:them otion startsfrom

two in�nitely separated ~�B � [x;x0;�;�]kinks(15)living in the topologicalsectorsin which any

con�guration asym ptotically connectsthevacuum ~vA� = � 1

2
~e1 with thevacuum ~vB

+
= ~e2,and,~v

B
+

10
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Figure8:G eodesic orbitsin thea� bplane(a).Detailofthegeodesic orbits(b).

with ~vA+ = 1

2
~e1.The end point,however,correspondsto two ~�B + [x;x0;�;�]kinks,also in�nitely

separated,(15)connecting ~vA� = � 1

2
~e1 with ~v

B
� = �~e2,and,~v

B
� with ~vA

+
= 1

2
~e1.Thewholepicture

issynthesized in Figure9.Theenergy density along thegeodesic�1 = 2,k1 = 1,k2 = 0 isplotted

asa function ofx and t,showing theadiabaticevolution ofthetwo basic kinks.In thedrawing,

tim erunsfrom leftto rightand thespatialcoordinatex growsfrom bottom to top.

Figure9:Evolution ofenergy density along a generic geodesic curve.

4.2 A sym ptotic behaviour ofgeodesics

It is possible and indeed appropriate to �nd analytically the geodesics near the specialpoints

b= 0,b= �1 and b= �1 in SK .

4.2.1 b� 0

ClosetotheTK1pointin SK ,them etriccan beobtained approxim ately from theseriesexpansion

ofh(b)around b= 0:

h(b)=
3�

8
� 2b2 + O (b4) :
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Thegeodesicorbitsaregiven in thisregion by :

�1a+ �2 =

Z
p
h(b)db’

Z r
3�

8
� 2b2db=

4b
p
3� � 16b2 + 3� arcsin( 4bp

3�
)

16
p
2

: (22)

Therefore,equation (22)analytically describeshow theTK1 kink isreached from kink con�gura-

tionsin itsneighbourhood and vice-versa.Notethatthisstatem entistantam ountto saying that

(22)determ ineshow thetwo basickinksbecom ecom pletely aggregated on theTK1 kink,b= �",

and how they startto split,b= ".

4.2.2 b� �1

Theexpansion ofh(b)around theb= �1 points;

h(b)=
1

2

1

b2
+ O (

1

b6
) ;

leadsto thegeodesicasym ptoticbehaviour

�1a+ �2 =

Z
p
h(b)db’

1
p
2
sign(b)lnjbj ; (23)

which showshow the two ~�B + [x;1 ;�;�]kinks(15)are reached exponentially fastin a,or,how

fastthetwo ~�B � [x;�1 ;�;�]lum psstartto approach each other.

There isa subtlety:lim b! � 1 h(b)= 0 and them etric ceasesto bea rank-two tensoratthese

lim its.Dynam ically thisbreakdown ofthegeom etricalm eaning isdueto thefactthatby taking

thejbj= 1 lim itwego outofSK becausetheseparation between thetwo basickinksisin�nite.

4.2.3 b� �1

There are stilltwo otherspecialpointscorresponding to the two-com ponenttopologicalTK2E�

kinkswhere the m elting into a single lum p -b= �1-orthe splitting into two lum ps-b= 1-take

place. Despite appearances,the m etric atb= �1 isregularand the seriesexpansion ofh(b)in

thevicinity ofthesepointsreads:

h(b)=
2

5
�
4

7
(b� 1)+ O ((b� 1)2) :

Therefore,thegeodesicequations

�1a+ �2 =

Z
p
h(b)db’ �

7

6

�
34

35
�
4

7
b

� 3

2

analytically rulethelow energy processoftwo-lum p fusion into TK2E� / TK2E+ �ssion into two

lum psin thevicinity oftheTK2E� kink pointsoftheSK space.
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5 From low -energy kink dynam ics to the slow m otion of

dom ain w alls

W e�nish thispaperby o�ering som ecom m entsabouttheim portanceofthem odelthatwehave

studied within the context ofthe low energy e�ective theories inspired in string/M theory. In

Reference[14],theauthorsanalyzed ageneralized N = 1super-sym m etricW ess-Zum ino m odelin

(3+ 1)-dim ensionalspace-tim ewith two chiralsuper-�elds,� 1;�2 ,and interactionsdeterm ined

by thesuper-potential:

W (�1;�2)=
4

3
�3

1
� �1 + 2��1�

2

2
: (24)

W e im plicitly assum e non-dim ensional�eld variables and that � is a non-dim ensionalcoupling

constantbetween the two chiralsuper-�elds. Distinguishing am ong realand im aginary partsfor

thesuper-�elds,� 1 = �1+ i 1,�2 = �2+ i 2,therealand im aginary partsofthesuper-potential

W = W 1 + iW 2 read:

W
1(�1;�2) = �1[

4

3
�
2

1
� 4 2

1
+ 2�(�2

2
�  

2

2
)� 1]� 4� 1�2 2 (25)

W
2(�1;�2) =  1[4�

2

1
�
4

3
 
2

1
+ 2�(�2

2
�  

2

2
)� 1]+ 4��1�2 2 :

Therefore,the restriction to the realpart ofthe m odel- 1 =  2 = 0;W 2 = 0 -leads to the

BNRT system proposed in [13]and discussed from the pointofview ofkink defectsin [15]. In

fact,theBPS kinksdescribed in [15]arein one-to-onecorrespondencewith theBPS dom ain walls

discovered in [14]. In particular,the m odulispace ofBPS kinksisidenticalto the m odulispace

ofBPS wallsofthegeneralized W ess-Zum ino m odeland allthatwe have concluded forthe slow

m otion ofBPS kinksin the � = 1

2
case can safely be translated to the adiabatic m otion ofBPS

wallsin thecorresponding generalized W ess-Zum ino m odel.

This com bination ofdim ensionalreduction and reality conditions poses a problem from a

(1+1)-dim ensionalperspective. W e denote by W = W 1 the realpart ofthe reduced super-

potential.Ithasbeen shown in Reference[14]thatthereisa partner\quasi-super-potential", ~W ,

in thesensethatthegeneralized Cauchy-Riem ann equations

@W

@�a
= 2�"abj�2j

2

�
+ 1
@ ~W

@�b
;"ab = �"ba ;a = 1;2 ;b= 1;2 : (26)

are satis�ed . �(�2)= 2�j�2j
2

�
+ 1 isthe integrating factorused in Reference [15]to �nd the ow

linesofgradW .In fact,thesolutionsofthe�rst-orderequations(9)in [15]-written herein (10)

for� = 1

2
-satisfy:

@W

@�2
d�1 �

@W

@�1
d�2 = �(�2)d ~W = 0 :

Thus,d ~W isan exact one-form on the solutions (in R
2 )and ~W rem ains constant on the kink

orbits. Only if� = �2 willthe dim ensionalreduction thatwe are considering coincide with the

13



outcom eofthestandard dim ensionalreduction in thegenuineW ess-Zum ino m odel.In thislatter

case,thereisnoneed foranyintegratingfactorbecause(26)becom esstrictlytheCauchy-Riem ann

equationsand W ; ~W areconjugateharm onicfunctionsthatallow acom plex super-potentialtobe

built.If� 6= �2 thisisnotso and thereisno possibility ofobtaining N = 2 (1+1)-dim ensional

super-sym m etry,which,in turn,m eansthatonem ustexpectone-loop correctionsin the surface

tension ofthewalls.
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