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J.Fern�andezN�u~nezy,W .Garc��a Fuertesy,A.M .Perelom ov z �

y Departam ento de F��sica,Facultad de Ciencias,Universidad de Oviedo,E-33007 Oviedo,Spain
z M ax Planck Institutf�ur M athem atik,D-53111 Bonn,Germ any

A bstract

W e expressthe Ham iltonian ofthe quantum trigonom etricCalogero-Sutherland m odelrelated to the

LiealgebraD 4 in term sofa setofW eyl-invariantvariables,nam ely,thecharactersofthefundam ental

representationsoftheLiealgebra.Thisparam etrizationallowsustosolvefortheenergyeigenfunctions

ofthetheory and to study propertiesofthesystem oforthogonalpolynom ialsassociated to them such

asrecurrencerelationsand generating functions.

1 Introduction

Integrable m odels play a prom inentrole in theoreticalphysics. The reason is not only the direct phe-

nom enologicalinterestofsom eofthem ,butalso thefactthatthey often providesom edeep insightsinto

them athem aticalstructureofthetheoriesin which they arise.Som etim es,they even revealunexpected

relationsam ong di�erentphysicalorm athem aticaltheories.In classicalm echanics,integrability notonly

showsup itselfin som eofthem ostim portantand tim e-honored problem s,such astheK eplerian m otion

ortheLagrangeorK ovalevskaya top.Itappearsalso in a plethora ofnew hypothetical,highly nontrivial

sytem s discovered m ainly during the three last decades ofthe past century (see [1,2]for com prehen-

sives reviews). Am ong these,the so-called Calogero-Sutherland m odels form a distinguised class. The

�rst analysis ofa system ofthis kind was perform ed by Calogero [3]who studied,from the quantum

standpoint,the dynam ics on the in�nite line ofa set ofparticles interacting pairwise by rationalplus

quadratic potentials,and found thatthe problem wasexactly solvable. Soon afterwards,Sutherland [4]

arrived to sim ilarresultsforthequantum problem on thecircle,thistim ewith trigonom etricinteraction,

and M oser [5]showed that the classicalversion ofboth m odels enjoyed integrability in the Liouville

sense. The identi�cation ofthe generalscope ofthese discoveries com es with the work ofO lshanetsky

and Perelom ov [6,7],who realized thatit was possible to associate m odels ofthiskind to allthe root

sytem s ofthe sim ple Lie algebras,and that allthese m odels were integrable,both in the classicaland

in the quantum fram ework [8,9]. Nowadays,there is a widespread interest in this type ofintegrable

system s,and m any m athem aticaland physicalapplications forthem have been found,see forinstance

[10].

TheeigenfunctionsoftheCalogero-Sutherland Ham iltonian associated to therootsystem ofa sim ple

Lie algebra L are proportionalto som e polynom ials which form a com plete orthogonalsystem in the

quantum Hilbert space. For the specials values �� = 1, where g� = ��(�� � 1) are the coupling

constants,they coincide with the irreducible characters ofL. For L = A n,these polynom ials provide

naturalgeneralizations to n variables ofthe classicalorthogonalpolynom ials in one indeterm inate. In

�
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particular,forthe case with a trigonom etric potential,one obtainsa generalized system ofG egenbauer

polynom ials.Asitwasshown in thepapers[11,12,13],thesegeneralized G egenbauerpolynom ialsobey

asetofrecurrencerelationswhich constitutea�-deform ation oftheClebsch-G ordan seriesofthealgebra.

The�ndingoftheserecurrencerelationsopened theway toobtain m any concreteresultson thesystem of

polynom ials,asforexam ple explicitexpressions,ladderoperatorsorgenerating functions[14,15]. The

recurrence relations are also the key ingredient to form ulate a perturbative approach to m ost general

am ong theCalogero-Sutherland m odels,thatinvolving the W eierstrass}-function aspotential[16].

The aim of this paper is to extend som e of the results which have been obtained for A n to the

polynom ialsrelated to othersim ple algebras. W e think thatitisa good idea to begin with a concrete

case.W echooseto work in the�rstplacetheproblem associated to D 4 becauseofthetriality sym m etry

exhibited by this algebra,which willhelp us in sim plifying ofthe treatm ent. The organization ofthe

paperisasfollows.In Sect.2,weexplain how to expresstheCalogero-Sutherland Ham iltonian in term s

ofthe fundam entalcharactersofthe algebra and how to solve the Schr�odingerequation.Then,in Sect.

3,we obtain the m ain recurrence relations am ong the polynom ials and use them to give algorithm s to

calculate som e subsetsofthem . Sect. 4 is devoted to �nd the generating functions forsom e classes of

charactersand m onom ialsfunctionsofD 4.M orerecurrrencerelationsand som eotherrelevantresultsare

included in Sect.5,and �nally,in Sect.6,wegivesom ebriefconclusions.Also,weo�ertwo appendices.

In Appendix A,forthe convenience ofthe reader,we collectsom e ofthe basic factsaboutD 4 which we

usein them ain text.In Appendix B we listsom e polynom ials,charactersand m onom ialfunctions.

2 T he eigenvalue problem

The Ham iltonian operatorforthe trigonom etric Calogero-Sutherland m odelrelated to the rootsystem

ofa sim pleLie algebra ofrank r hasthe form

H =
1

2
(p;p)+

X

�2R +

��(�� � 1)sin� 2(�;q); (1)

whereq= (q1;:::;qr),p = (p1;:::;pr),(;)istheusualeuclidean innerproductin R
r,R + isthesetof

positive rootsofthe algebra,and �� are constantssuch that�� = �� ifjj� jj= jj� jj.In particular,for

thecase ofthe algebra D 4 (see Appendix A),thisleadsto thefollowing Schr�odingerequation:

H 	 � = E (�)	 �
;

H = �
1

2
� + �(�� 1)

0

@

4X

j< k

sin� 2(qj� qk)+

4X

j< k

sin� 2(qj+ qk)

1

A ; �=

4X

j= 1

@2

@q2j
: (2)

The q coordinates are assum ed to take values in the [0;�]interval,and therefore the equation can be

interpreted asdescribing the dynam icsofa system offourparticlesm oving on the circle. Letusnotice

thatthereisnottranslationalinvariance.W erecapitulate som eim portantfactsaboutthism odelwhich

follow from thegeneralstructureofthequantum Calogero-Sutherland m odelsrelated to Liealgebras[9].

Theground state energy and the (non-norm alized)wavefunction are

E 0(�) = 2(�;�)�2 = 28�2;

	 �
0(q) =

8
<

:

4Y

j< k

sin(qj � qk)sin(qj + qk)

9
=

;

�

; (3)

where � isthe standard W eylvector,� = 1

2

P

�2R + �,with the sum extended overallthe positive roots

ofD 4.Theexcited statesdepend on a four-tupleofquantum num bersm = (m 1;m 2;m 3;m 4)

H 	 �
m

= E m (�)	
�
m
;
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E m (�) = 2(�+ ��;�+ ��); (4)

where� isthe highestweightofthe irreduciblerepresentation ofD 4 labelled by m ,i.e.,� =
P

4
i= 1m i�i,

and �i are thefundam entalweightsofD 4.By substitution in (4)of

	 �
m
(q)= 	 �

0(q)�
�
m
(q); (5)

we areled to the eigenvalue problem

� ����
m
= "m (�)�

�
m

(6)

with

� � =
1

2
�+ �

4X

j< k

 

ctg(qj� qk)

 

@

@qj
�

@

@qk

!

+ ctg(qj + qk)

 

@

@qj
+

@

@qk

! !

(7)

and

"m (�)= E m (�)� E0(�)= 2(�;�+ 2��): (8)

Introducing theinverse Cartan m atrix A � 1
jk

= (�j;�k),wecan give a m oreexplicitexpression for"m (�):

"m (�) = 2

4X

j;k= 1

A
� 1
jk
m jm k + 4�

4X

j;k= 1

A
� 1
jk

m j = 2(m 2
1 + m

2
3 + m

2
4)+ 4m 2

2 + 2(m 1m 3 + m 1m 4 + m 3m 4)

+ 4m 2(m 1 + m 3 + m 4)+ 12�(m 1 + m 3 + m 4)+ 20�m 2: (9)

The m ain problem is to solve equation (6). As it has been shown for the case ofthe algebra A n

[11,12,13],the bestway to do thatis to use a setofindependentvariables which are invariantunder

the W eylsym m etry ofthe Ham iltonian,nam ely,the charactersofthe fourfundam entalrepresentations

ofthe algebra D 4. Unfortunately,the expression ofthese characters in term softhe q-variables (which

play the role ofcoordinateson the m axim altorusofD 4)isnotvery sim ple. Denoting the characterof

theirreduciblerepresentation ofm axim alweight�j aszj,we �nd

z1 =

4X

j= 1

xj +

4X

j= 1

x
� 1
j

z2 =

4X

i< j

xixj+

4X

i< j

(xixj)
� 1 +

4X

i;j

x
� 1
i xj

z3 = �x

4X

i= 1

1

xi
+
1

�x

4X

i= 1

xi;

z4 = �x +
1

�x
+
1

�x

4X

i< j

xixj

wherexj = e2iqj,and �x =
p
x1x2x3x4.Theseexpressionsm ake the directchange ofvariablesfrom qi to

zk quitecum bersom e.W erefrain from trying thatapproach,and choosean indirectroutewhich hasthe

added advantage ofbeing also applicable to other algebras in which the expressions for the characters

are even m oreinvolved.W e can inferfrom (7)the structureof� � when written in thez-variables:

� � =

4X

j;k= 1

ajk(zi)@zj @zk +

4X

j= 1

h

b
(0)

j (zi)+ �b
(1)

j (zi)
i

@zj: (10)
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O n the other hand,as it is wellknown [17],the ��
m
are polynom ials which,with som e precise partial

ordering forthe m onom ialsto bedescribed later,startasfollows:

��
m
(zi)= P

�
m
(zi)= z

m 1

1 z
m 2

2 z
m 3

3 z
m 4

4 + � � � : (11)

Therefore,m aking useof(9),we conclude that

ajk(zi) = 2A
� 1

jk
zjzk + lowerorderterm s;

b
(r)

j (zi) = c
(r)

j zj + d
(r)

j ; r= 0;1: (12)

Now,to obtain the fullexpressionsforthese coe�cients,we rely on the factthat,for� = 1,the P �
m

polynom ialgivesthe character ofthe irreducible representation ofD 4 with m axim alweight
P

4
i= 1m i�i,

while for � = 0 the sam e polynom ialis the corresponding sym m etric m onom ialfunction [9]. Both,

charactersand m onom ialfunctions,can becom puted by using theinform ation availablein theliterature

(see,forinstance,the\Reference Chapter" of[18]).In fact,the following shortlistofpolynom ials

P
(1)

2;0;0;0(z) = z
2
1 � z2 � 1;

P
(1)

1;1;0;0(z) = z1z2 � z3z4;

P
(1)

1;0;1;0(z) = z1z3 � z4;

P
(1)

0;2;0;0(z) = z
2
2 � z1z3z4 + z2;

P
(0)

2;0;0;0(z) = z
2
1 � 2z2

isallwe need to obtain � �. By substituting these polynom ialsin (6)and using (9),(10),(12)and the

triality sym m etry (thathereim pliesthatthe�nalexpression for� � should beinvariantunderperm uta-

tionsoftheindices1,3,4),we getenough sim ple linearalgebraic equationsto �x allthe coe�cients.W e

give hereonly the �nalresult:

1

2
� � =

�

z
2
1 � 2z2 � 8

�

@
2
z1
+
h

2z22 � 4
�

z
2
1 + z

2
3 + z

2
4

�

� 2z1z3z4 + 8z2

i

@
2
z2
+
�

z
2
3 � 2z2 � 8

�

@
2
z3

+
�

z
2
4 � 2z2 � 8

�

@
2
z4
+ (2z1z2 � 6z3z4 � 8z1)@z1 @z2 + (z1z3 � 8z4)@z1 @z3

+ (z1z4 � 8z3)@z1 @z4 + (2z2z3 � 6z1z4 � 8z3)@z2 @z3 + (2z2z4 � 6z1z3 � 8z4)@z2 @z4

+ (z3z4 � 8z1)@z3 @z4 + (6�+ 1)z1@z1 + [2(5�+ 1)z2 + 8(�� 1)]@z2 + (6�+ 1)z3@z3

+ (6�+ 1)z4@z4: (13)

O ncetheexplicitexpression fortheoperator� � in thez variablesisgiven,theSchr�odingerequation

can besolved iteratively.By directapplication of� � to zm � z
m 1

1
z
m 2

2
z
m 3

2
z
m 4

4
,we �nd

� �
z
m = "m (�)z

m

�

4X

i= 1

a
i
m
z
m � �i �

X

j2I

b
j
m
z
m � (�2+ �j)�

X

ij2T

c
ij
m
z
m � (�2+ �i+ �j)

� 2a2
m

X

ij2T

z
m � (2�2+ �i+ �j)� dm z

m � (�1+ 2�2+ �3+ �4)

� 4
X

j2I

a
j
m
z
m � (�1+ 2�2+ �3+ �4+ �j); (14)

wherethesetsofindicesare I = f1;3;4g and T = f13;14;34g,and

a
i
m

= 4m i(m i� 1); b
j
m
= 12m 2m j;

c
ij
m

= 16m im j; dm (�)= 16m 2

0

@ 2� m2 � �+
X

j2I

m j

1

A :
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Allm onom ialsin � �zm taketheform zm � � with � asa positiveroot.Thus,thepolynom ialP �
m
hasthe

form

P
�
m
(z)=

X

�2Q + (m )

c�z
m � �

; (15)

wherewechoose thenorm alization c0 = 1 and,ifQ + isthe cone ofpositive roots,

Q
+ (m )=

�
� 2 Q

+
jz

m � � iswellde�ned ifz1z2z3z4 = 0
	
: (16)

The above-m entioned partialordering ofm onom ials is given sim ply by the height of�,i. e. zm � �1 >

zm � �2 ifht(�1)< ht(�2).From (14),thecoe�cientsc � obey theiterative form ula

c� =
N �

"m � �(�)� "m (�)
(17)

with

N � =

4X

i= 1

a
i
m � (�� � i)

c�� � i
+
X

j2I

b
j

m � (�� � 2� �j)
c�� (� 2+ �j)

+
X

ij2T

c
ij

m � (�� � 2� �i� �j)
c�� (� 2+ �i+ �j)

+ 2
X

ij2T

a
2

m � (�� 2� 2� �i� �j)
c�� (2� 2+ �i+ �j)

+ d
m � (�� � 1� 2�2� �3� �4)

c�� (� 1+ 2�2+ �3+ �4)

+ 4
X

j2I

a
j

m � (�� � 1� 2�2� �3� �4� �j)
c�� (� 1+ 2�2+ �3+ �4+ �j)

:

Alongwith theexplicitexpressionsfortherootsgiven in AppendixA,itissuitablefortheim plem entation

on asym boliccom puterprogram .A listofpolynom ialsobtained through theuseofthisform ulaiso�ered

in Appendix B.

3 T he structure ofthe recurrence relations

Asitiswellknown,allthesystem soforthogonalpolynom ialsin oneindeterm inatez,such thatPm (z)=

zm + � � � satisfy a recursive form ula zPm (z)= am Pm + 1(z)+ bm Pm (z)+ cm Pm � 1(z). In particular,the

orthogonalpolynom ials associated to the trigonom etric Calogero-Sutherland m odelfor the case oftwo

particlesand Liealgebra A 1 aretheclassicalG egenbauerpolynom ials,whoserecursiveform ula isknown

to be

zP
�
m (z)= P

�
m + 1(z)+

m (m � 1+ 2�)

(m � 1+ �)(m + �)
P
�
m � 1(z):

This form ula is rem iniscent ofthe Clebsch-G ordan series for A 1. In fact,for � = 1 it reduces exactly

to thisClebsch-G ordan series:the polynom ialsare the charactersofA 1 and the coe�centsare equalto

one.Im m ediately thequestion arisesabouttheexistenceofanalogousrecurrencerelations,i.e.,with the

structure of�-deform ations ofthe corresponding Clebsch-G ordan series,forthe polynom ialsrelated to

Calogero-Sutherland m odelsassociated to othersim pleLiealgebras.Asitwasshown in [11],theanswer

turns out to be in the a�rm ative for allroot system s,but to obtain the expressions for the deform ed

coe�cients itisnecessary to proceed through a case-by-case analysis. O nce the coe�cients are known,

m any applications are possible. The aim ofthis section is to �x the structure ofthe basic recurrence

relationsforthe case ofD 4 and to give a sim ple illustration oftheiruse.

W e wantto study the form ulasforziP
�
m
(z),i= 1;2;3;4. Therefore,asP

(1)
m (z)= zi form j = (�ji),

and the recursive form ulasare deform ationsofthe Clebsch-G ordan series,we need to know the weights

oftheirreduciblerepresentationswhoseintegraldom inantweightsare�1,�2,�3 and �4.Forthecaseof

5



�1,�3 and �4,these representationshave dim ension eight. O n the otherhand,ifwe acton the highest

weightwith the W eylgroup in the way explained in the Appendix A,we obtain eightdi�erentweights.

Thus,theserepresentationsincludeonly oneorbitoftheW eylgroup and wearedone.Forthecaseof�2,

therepresentation hasdim ension 28 and theorbitoftheW eylgroup containing �2 hasonly 24 elem ents.

But �2 = �
+

12,the highest root,and thus this representation is the adjoint one and includes a second

orbit:theCartan subalgebra,with fourelem entsofweightzero.Letussum m arize.

� W eightsin z1: � �1; � (�1 � �2); � (�2 � �3 � �4); � (�3 � �4):

� W eightsin z2: � �2; � (�2� 2�j); � (2�2� �1� �3� �4); � (�2+ �i� �j� �k); � (�i+ �j�

�k); � (�2 � �1 � �3 � �4); 0,with i;j;k 2 I:

� W eightsin z3: � �3; � (�3 � �2); � (�2 � �1 � �4); � (�1 � �4):

� W eightsin z4: � �4; � (�4 � �2); � (�2 � �1 � �3); � (�1 � �3):

W ith theseweights,the structureofthe recurrencerelationsresultsto beasfollows:

z1P
�
m 1;m 2;m 3;m 4

(z) = P
�
m 1+ 1;m 2;m 3;m 4

(z)+ a
1
m
(�)P �

m 1� 1;m 2;m 3;m 4
(z)+ b

1
m
(�)P �

m 1+ 1;m 2� 1;m 3;m 4
(z)

+ c
1
m
(�)P �

m 1� 1;m 2+ 1;m 3;m 4
(z)+ d

1
m
(�)P �

m 1;m 2+ 1;m 3� 1;m 4� 1
(z)

+ e
1
m
(�)P �

m 1;m 2� 1;m 3+ 1;m 4+ 1
(z)+ f

1
m
(�)P �

m 1;m 2;m 3+ 1;m 4� 1
(z)

+ g
1
m
(�)P �

m 1;m 2;m 3� 1;m 4+ 1
(z)

z2P
�
m 1;m 2;m 3;m 4

(z) = P
�
m 1;m 2+ 1;m 3;m 4

(z)+ A m (�)P
�
m 1;m 2� 1;m 3;m 4

(z)+ B m (�)
1�

P
�
m 1� 2;m 2� 1;m 3;m 4

(z)

+ B m (�)
3�

P
�
m 1;m 2� 1;m 3� 2;m 4

(z)+ B m (�)
4�

P
�
m 1;m 2� 1;m 3;m 4� 2

(z)

+ Cm (�)
�
P
�
m 1� 1;m 2� 2;m 3� 1;m 4� 1

(z)+ D m (�)
1�

P
�
m 1� 1;m 2� 1;m 3� 1;m 4� 1

(z)

+ D m (�)
3�

P
�
m 1� 1;m 2� 1;m 3� 1;m 4� 1

(z)+ D m (�)
4�

P
�
m 1� 1;m 2� 1;m 3� 1;m 4� 1

(z)

+ E m (�)
1�

P
�
m 1� 1;m 2;m 3� 1;m 4� 1

(z)+ E m (�)
3�

P
�
m 1� 1;m 2;m 3� 1;m 4� 1

(z)

+ E m (�)
4�

P
�
m 1� 1;m 2;m 3� 1;m 4� 1

(z)+ Fm (�)
�
P
�
m 1� 1;m 2� 1;m 3� 1;m 4� 1

(z)

+ G m (�)P
�
m 1;m 2;m 3;m 4

(z);

z3P
�
m 1;m 2;m 3;m 4

(z) = P
�
m 1;m 2;m 3+ 1;m 4

(z)+ a
3
m
(�)P �

m 1;m 2;m 3� 1;m 4
(z)+ b

3
m
(�)P �

m 1;m 2� 1;m 3+ 1;m 4
(z)

+ c
3
m
(�)P �

m 1;m 2+ 1;m 3� 1;m 4
(z)+ d

3
m
(�)P �

m 1� 1;m 2+ 1;m 3;m 4� 1
(z)

+ e
3
m
(�)P �

m 1+ 1;m 2� 1;m 3;m 4+ 1
(z)+ f

3
m
(�)P �

m 1+ 1;m 2;m 3;m 4� 1
(z)

+ g
3
m
(�)P �

m 1� 1;m 2;m 3;m 4+ 1
(z);

z4P
�
m 1;m 2;m 3;m 4

(z) = P
�
m 1;m 2;m 3;m 4+ 1

(z)+ a
4
m
(�)P �

m 1;m 2;m 3;m 4� 1
(z)+ b

4
m
(�)P �

m 1;m 2� 1;m 3;m 4+ 1
(z)

+ c
4
m
(�)P �

m 1;m 2+ 1;m 3;m 4� 1
(z)+ d

4
m
(�)P �

m 1� 1;m 2+ 1;m 3� 1;m 4
(z)

+ e
4
m
(�)P �

m 1+ 1;m 2� 1;m 3+ 1;m 4
(z)+ f

4
m
(�)P �

m 1� 1;m 2;m 3+ 1;m 4
(z)

+ g
4
m
(�)P �

m 1+ 1;m 2;m 3� 1;m 4
(z);

whereB m (�)
1� P �

m 1� 2;m 2� 1;m 3;m 4
(z)m eansB m (�)

1+ P �
m 1+ 2;m 2� 1;m 3;m 4

(z)+ B m (�)
1� P �

m 1� 2;m 2+ 1;m 3;m 4
(z),

etc,and it is understood that allpolynom ials involving negative quantum num bers are zero. The re-

currence relationsre
ecttriality in the factthatnotallthe coe�cientsappearing in these form ulasare

independent.Thereare coincidencesupon perm utationsofthe quantum num bers,forinstance

a
1
m 1;m 2;m 3;m 4

= a
3
m 3;m 2;m 1;m 4

= a
4
m 4;m 2;m 3;m 1

; (18)
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and sim ilarly forb
j
m ;c

j
m ;d

j
m ;e

j
m ;f

j
m ;g

j
m .In thesam e fashion,we have also

B
1�
m 1;m 2;m 3;m 4

= B
3�
m 3;m 2;m 1;m 4

= B
4�
m 4;m 2;m 3;m 1

(19)

and sim ilarly forD
j�
m ;E

j�
m .

Asan exam ple,letusconsiderasim plecasein which onlyoneofthequantum num bersisnonvanishing,

nam ely,

z1P
�
m ;0;0;0(z)= P

�
m + 1;0;0;0(z)+ am (�)P

�
m � 1;0;0;0(z)+ cm (�)P

�
m � 1;1;0;0(z); (20)

wherewewrite am (�)= a1m ;0;0;0(�)and cm (�)= c1m ;0;0;0(�).Using form ulae

P
�
m ;0;0;0(z) = z

m
1 �

m (m � 1)
�
4�2 + 4(m � 2)�+ (m � 1)(m � 2)

�

(m � 1+ �)(m � 1+ 3�)(m � 2+ �)
z
m � 2
1

�
m (m � 1)

m � 1+ �
z
m � 2
1

z2 + � � �

P
�
m ;1;0;0(z) = z

m
1 z2 +

4�(�� 1)(m � 2+ 2�)

(m + 1+ 5�)(m + 2�)(m � 1+ �)
z
m
1 + � � � ;

we obtain the coe��cientsin (20)

am (�) =
m (m + 2�)(m � 1+ 4�)(m � 1+ 6�)

(m � 1+ �)(m � 1+ 3�)(m + 3�)(m + 5�)
;

cm (�) =
m (m � 1+ 2�)

(m + �)(m � 1+ �)
:

Asa byproductoftriality,we can also write othertwo recurrencerelationswith thesam e coe�cients:

z3P
�
0;0;m ;0(z) = P

�
0;0;m + 1;0(z)+ am (�)P

�
0;0;m � 1;0(z)+ cm (�)P

�
0;1;m � 1;0(z)

z4P
�
0;0;0;m (z) = P

�
0;0;0;m + 1(z)+ am (�)P

�
0;0;0;m � 1(z)+ cm (�)P

�
0;1;0;m � 1(z): (21)

The �rstofthese recurrence relations can be used to devise an algorithm forthe calculation ofthe

polynom ials ofthe form P �
m ;0;0;0(z) and P �

m ;1;0;0(z). By m ultiplying (20) by the di�erentialoperator

� � � "m � 1;1;0;0(�),theterm involving P �
m � 1;1;0;0 cancels.Using theexplicitexpressions(9),(13),we�nd

P
�
m + 1;0;0;0 =

1

4(m + �)
[� �

;z1]P
�
m ;0;0;0(z)�

1+ 4�

2(m + �)
z1P

�
m ;0;0;0(z)

+
m (m + 2�)(m � 1+ 4�)(m � 1+ 6�)

(m � 1+ �)(m � 1+ 3�)(m + �)(m + 3�)
P
�
m � 1;0;0;0(z);

where,from (13),

[� �
;z1] = 4

�

z
2
1 � 2z2 � 8

�

@z1 + 2(z1z3 � 8z4)@z3 + 2(z1z4 � 8z3)@z4

+ 4(z1z2 � 3z3z4 � 4z1)@z2 + 2(6�+ 1)z1:

where,from (13),

[� �
;z1] = 4

�

z
2
1 � 2z2 � 8

�

@z1 + 2(z1z3 � 8z4)@z3 + 2(z1z4 � 8z3)@z4

+ 4(z2z2 � 3z3z4 � 4z1)@z2 + 2(6�+ 1)z1:

O nce the polynom ials P �
m ;0;0;0(z) are known,the recurrence relation (20) provides a form ula for each

P �
m ;1;0;0(z):

cm + 1(�)P
�
m ;1;0;0(z)= z1P

�
m + 1;0;0;0(z)� P

�
m + 2;0;0;0(z)� am + 1(�)P

�
m ;0;0;0(z): (22)
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4 Som e generating functions

W e presentin thissection the generating functionsforsom e characters and sym m etric m onom ialfunc-

tions. Let us consider �rst the case ofthe m onom ialfunctions with only one non-vanishing quantum

num berin theform P
(0)

m ;0;0;0(z).Thegenerating function forthissubsetis

F0(t;z)=

1X

m = 0

t
m
P
(0)

m ;0;0;0(z): (23)

In term softhe x variables,the generalexpression forthesem onom ialfunctionsis

P
(0)

m ;0;0;0(x)=

4X

j= 1

�

x
m
j + x

� m
j

�

; (24)

and,in particular,we de�neP
(0)

0;0;0;0(z)= 8.In these variables,thecom putation ofF0(t;x)only requires

to sum the geom etric series:

F0(t;x)=

4X

j= 1

0

@
1

1� txj
+

1

1� t
xj

1

A : (25)

The change to the originalz variablescan bedone by the inspection ofthe coe�cientsofthe powersof

tin both thenum eratorand denom inatorofthisrationalexpression,with theresult

F0(t;z)=
N 0(t;z)

D (t;z)
; (26)

where

N 0(t;z) = 8� 7z1t+ 6z2t
2
� 5(z3z4 � z1)t

3 + 4(z23 + z
2
4 � 2z2 � 2)t4 � 3(z3z4 � z1)t

5

+ 2z2t
6
� z1t

7
;

D (t;z) = 1� z1t+ z2t
2
� (z3z4 � z1)t

3 + (z23 + z
2
4 � 2z2 � 2)t4 � (z3z4 � z1)t

5

+ z2t
6
� z1t

7 + t
8
: (27)

Thereisan alternative approach.Asthem onom ialfunctionsareeigenfunctionsof� (0) with eigenvalues

"m ;0;0;0(0)= 2m 2,we have

1

2
� (0)

F0(t;z)=

1X

m = 0

m
2
t
m
P
(0)

m ;0;0;0(z);

and,therefore,we can write a di�erentialequation forF0(t;z):

�
1

2
� (0)

� (t@t)
2

�

F0(t;z)= 0; F0(0;z)= 8: (28)

O ne can verify by substitution that(26) satis�es thisequation. W hen F0(t;z)is known,we can easily

obtain thegenerating function

G 0(t;z)=

1X

m = 0

t
m
P
(0)

m ;1;0;0(z) (29)

by only recalling (20),which for� = 0 issim ply

z1P
(0)

m ;0;0;0(z)= P
(0)

m + 1;0;0;0(z)+ P
(0)

m � 1;0;0;0(z)+ P
(0)

m � 1;1;0;0(z): (30)
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Thisgives

G 0(t;z)=
M 0(t;z)

D (t;z)
(31)

with

M 0(t;z) = z2 � 4+ (6z1 � 3z3z4)t

+ (� 8� 2z21 � 10z2 � z
2
2 + 4z23 + 2z1z3z4 + 4z24)t

2

+ (10z1 + 5z1z2 � 3z1z
2
3 � 4z3z4 + z2z3z4 � 3z1z

2
4)t

3

+ (8z2 � 4z21 + 2z22 � z2z
2
3 + 4z1z3z4 � z2z

2
4)t

4

+ (� 6z1 � 6z1z2 � z3z4 + z2z3z4)t
5 + (8+ 6z21 + 2z2 � z

2
2)t

6

+ (� 10z1 + z1z2)t
7 + (4� z2)t

8
:

Thecom putation ofthegenerating functionsforthecharactersP
(1)

m ;0;0;0 and P
(1)

m ;1;0;0 goesthrough sim ilar

argum ents.In thiscase,the eigenvaluesare "m ;0;0;0(1)= 2m 2 + 12m .Hence,

F1(t;z)=

1X

m = 0

t
m
P
(1)

m ;0;0;0(z); P
(1)

0;0;0;0(z)� 1 (32)

isthe solution ofthe equation

�
1

2
� (1)

� (t@t)
2
� 6t@t

�

F1(t;z)= 0; F1(0;z)= 1: (33)

The W eylcharacter form ula im pliesthatthe denom inatorofF1(t;z)should be the sam e D (t;z)found

before.Thus,we try an Ansatz

F1(t;z)=
N 1(t;z)

D (t;z)
(34)

and obtain the sim pleanswer

N 1(t;z)= 1� t
2
: (35)

Applying the recurrence relation (20)) we obtain the generating function G 1(t;z) for the characters

P
(1)

m ;1;0;0:

G 1(t;z)=
1

D (t;z)

n

z2 � z3z4t+ (z23 + z
2
4 � 2z2 � 1)t2 � (z3z4 � z1)t

3 + z2t
4
� z1t

5 + t
6
o

: (36)

5 M ore recurrence relations and other results

In thisSection,wegive therem aining recurrencerelationsinvolving theproductofa fundam entalchar-

actertim esa polynom ialwith only onenon-vanishing quantum num ber.W ealso com m enttheexistence

ofsom e peculiar values for � for which the polynom ials associated to som e specialexcited states are

proportionalto integerpowersofthefundam entalstate wavefunction.

To obtain the m entioned recurrence relations,itisnecessary to com pute the coe�cientsofa lim ited

num ber ofterm s ofthe polynom ials involved. O nce the form ofthese term s is known,we can obtain

thecoe�cientsin therecurrencerelationssolving a system oflinearalgebraic equations.W edo notgive

here the fullexpressions for the coe�cients ofthe required term s,because som e ofthem are too long,

and only listthem :
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P
�
1;0;m ;0(z) = z1z

m
3 + A z

m � 1
3

z4 + � � � ;

P
�
0;m ;0;0(z) = z

m
2 + B z

m � 1
2

+ C z
m � 2
2

+ D z1z
m � 2
2

z3z4 + E z1z
m � 3
2

z3z4

+ F (z21z
m � 2
2

+ z
m � 2
2

z
2
3 + z

m � 2
2

z
2
4)+ � � � ;

P
�
1;m ;0;0(z) = z1z

m
2 + G z1z

m � 1
2

z4 + H z
m � 1
2

z3z4 + � � � ;

P
�
0;m ;1;1(z) = z

m
2 z3z4 + Iz1z

m
2 + � � � ;

P
�
m ;0;0;0(z) = z

m
1 + J z

m � 2
1 + K z

m � 2
1 z2 + � � � ;

P
�
m ;1;0;0(z) = z

m
1 z2 + L z

m � 2
1

z2 + N z
m � 1
1

z3z4 + M z
m
1 + � � � ;

P
�
m ;0;1;1(z) = z

m
1 z3z4 + N z

m � 1
1

z2 + O z
m + 1

1
+ � � � ;

P
�
1;m ;1;1(z) = z1z

m
2 z3z4 + P z

m
2 + Q z1z

m � 1
2 z3z4 + R (z21z

m
2 + z

m
2 z

2
3 + z

m
2 z

2
4)+ S z

m + 1

2 + � � � ;

P
�
2;m ;0;0(z) = z

2
1z

m
2 + T z

m
2 + U z1z

m � 1
2

z3z4 + W z
m + 1

2
+ � � � :

The use ofthe quantities denoted A to W in the previous form ulas in the generalstructure ofthe

recurrencerelationsgive the following results:

� Form ulae oftypez1P
�
0;0;m ;0(z):

z1P
�
0;0;m ;0(z) = P

�
1;0;m ;0(z)+ bm (�)P0;0;m � 1;1(z)

z1P
�
0;0;0;m (z) = P

�
1;0;0;m (z)+ bm (�)P0;0;1;m � 1(z)

z3P
�
m ;0;0;0(z) = P

�
m ;0;1;0(z)+ bm (�)Pm � 1;0;0;1(z)

z3P
�
0;0;0;m (z) = P

�
0;0;1;m (z)+ bm (�)P1;0;0;m � 1(z)

z4P
�
m ;0;0;0(z) = P

�
m ;0;0;1(z)+ bm (�)Pm � 1;0;1;0(z)

z4P
�
0;0;m ;0(z) = P

�
0;0;m ;1(z)+ bm (�)P1;0;m � 1;0(z)

with

bm (�)=
m (m � 1+ 4�)

(m � 1+ �)(m + 3�)
:

� Form ulae oftypez1P
�
0;m ;0;0(z):

z1P
�
0;m ;0;0(z) = P

�
1;m ;0;0(z)+ dm (�)P1;m � 1;0;0(z)+ em (�)P

�
0;m � 1;1;1(z)

z3P
�
0;m ;0;0(z) = P

�
0;m ;1;0(z)+ dm (�)P0;m � 1;1;0(z)+ em (�)P

�
1;m � 1;0;1(z)

z4P
�
0;m ;0;0(z) = P

�
0;m ;0;1(z)+ dm (�)P0;m � 1;0;1(z)+ em (�)P

�
1;m � 1;1;0(z)

with

dm (�) =
2m (m + �)(m � 1+ 3�)(m � 1+ 4�)(2m � 1+ 6�)

(m � 1+ �)(m � 1+ 2�)(m + 3�)(2m � 1+ 5�)(2m + 5�)
;

em (�) =
m (m � 1+ 3�)

(m � 1+ �)(m + 2�)
:
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� Form ulae oftypez2P
�
m ;0;0;0(z):

z2P
�
m ;0;0;0(z) = P

�
m ;1;0;0(z)+ fm (�)Pm � 2;1;0;0(z)+ gm (�)P

�
m � 1;0;1;1(z)+ hm (�)P

�
m ;0;0;0(z)

z2P
�
0;0;m ;0(z) = P

�
0;1;m ;0(z)+ fm (�)P0;1;m � 2;0(z)+ gm (�)P

�
1;0;m � 1;1(z)+ hm (�)P

�
0;0;m ;0(z)

z2P
�
0;0;0;m (z) = P

�
0;1;0;m (z)+ fm (�)P0;1;0;m � 2(z)+ gm (�)P

�
1;0;1;m � 1(z)+ hm (�)P

�
0;0;0;m (z)

with

fm (�) =
m (m � 1)(m � 2+ 2�)(m + 2�)(m � 1+ 4�)(m � 1+ 5�)

(m � 2+ �)(m � 1+ �)2(m � 1+ 3�)(m + 3�)(m + 4�)
;

gm (�) =
m (m � 1+ 3�)

(m � 1+ �)(m + 2�)
;

hm (�) =
4
�
� 3�3 + 5�2 + (6m � 1)�+ (m2 � 1)

�

(m � 1+ �)(1+ 3�)(m + 1+ 5�)
:

� Form ula forz2P
�
0;m ;0;0(z):

z2P
�
0;m ;0;0(z) = P

�
0;m + 1;0;0(z)+ km (�)P0;m � 1;0;0(z)+ pm (�)P

�
1;m � 1;1;1(z)+ qm (�)P

�
1;m � 2;1;1(z)

+ rm (�)
h

P
�
2;m � 1;0;0(z)+ P

�
0;m � 1;2;0(z)+ P

�
0;m � 1;0;2(z)

i

+ sm (�)P
�
0;m ;0;0(z)

with

km (�) =
4m (m + �)2(m + 2�)(m � 1+ 3�)(m � 1+ 4�)2(2m � 1+ 4�)(m � 1+ 5�)(2m � 1+ 6�)

(m � 1+ �)(m � 1+ 2�)2(m + 3�)2(m + 4�)(2m � 2+ 5�)(2m � 1+ 5�)2(2m + 5�)
;

pm (�) =
m (m � 1+ 2�)

(m � 1+ �)(m + �)
;

qm (�) =
2m (m � 1)(m + �)2(m � 2+ 2�)(m � 1+ 3�)3(2m � 1+ 6�)

(m � 2+ �)(m � 1+ �)2(m � 1+ 2�)2(m + 2�)2(2m � 1+ 5�)(2m + 5�)
;

rm (�) =
m (m + �)(m � 1+ 3�)(m � 1+ 4�)

(m � 1+ �)(m � 1+ 2�)(m + 2�)(m + 3�)
;

sm (�) =
� 4tm (�)

(�+ 1)(m � 1+ �)(m + 1+ 4�)(2m � 1+ 5�)(2m + 1+ 5�)
;

tm (�) = (� 1+ 5m2
� 4m4)+ (2+ 25m � 7m2 � 40m3 + 2m 4)�+ (20� 35m � 123m2 + 20m 3)�2;

+ (� 22� 115m + 63m2)�3 + (� 19+ 65m )�4 + 20�5:

Finally,we m ention that for � = � 1

2
(n � 1),n 2 N ,the polynom ials associated to the dom inant

weightwhich isn tim estheW eylvector� areproportionalto a poweroftheground statewavefunction,

nam ely

P
�

1

2
(n� 1)

n� = (� 1)n 212n

8
<

:

4Y

j< k

sin(qj � qk)sin(qj + qk)

9
=

;

n

:

Thisform ula can be veri�ed quite easily by directapplication of� �
1

2
(n� 1) in the form (7)to the right-

hand side:one �ndsthatthe Schr�odingerequation (6)with the appropriate eigenvalue issatis�ed.The

m ost convenient way to �x the proportionality constant is by perform ing an analytic continuation to

com plex qi and considering the region xi2 R and x1 � x2 � x3 � x4 � 0.Then,the polynom ialsare

dom inated by theleading orderterm ,P
�

1

2
(n� 1)

n� ’ zn1z
n
2z

n
3z

n
4,and,on theotherhand,using theform ulas

for the fundam entalcharacters displayed in Section 2. one �ndsz1z2z3z4 ’ x31x
2
2x3 and

Q
4
j< k sin(qj �

qk)sin(qj + qk)’ � 2� 12x31x
2
2x3.Thisgivesthe proportionality constantwritten above.
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6 C onclusions

In this paper,we have shown how to solve the Schr�odinger equation for the trigonom etric Calogero-

Sutherland m odelrelated to the Lie algebra D 4 and we have explored som e properties ofthe energy

eigenfunctions.Them ain pointisthattheuseofa W eyl-invariantsetofvariables,thecharactersofthe

fundam entalrepresentations,leads to a form ulation ofthe Schr�odinger equation by m eans ofa second

orderdi�erentialoperatorwhich issim pleenough to m akefeasible a recursivem ethod forthetreatm ent

ofthespectralproblem .Theeigenfunctionsprovidea com pletesystem oforthogonalpolynom ialsin four

variables,and these polynom ials obey recurrence relations which are extensionsofthe Clebsch-G ordan

seriesofthealgebra.Thestructureofsom eoftheserecurrencerelationshasbeen �xed and,forparticular

cases,thecoe�cientsinvolved havebeen com puted.Also,som egenerating functionsforthepolynom ials

with param eter � = 1 and � = 0 have been obtained. These generating functionscan give som e hints

abouttheform ofthegenerating function forgeneral�,see [20].
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A ppendix A :Sum m ary ofresults on the Lie algebra D 4

In this appendix,we review som e standard facts aboutthe rootand weight system softhe Lie algebra

D 4 thatthe reader could �nd usefulto follow the m ain text. M ore extensive and sound treatm ents of

these topicscan befound in m any excellenttextbooks,see forinstance [18],[19].

Them ostconvenientexplicitrepresentation ofD 4 is

D 4 =

(  

m b

c � mt

!

jm ;b;creal4� 4 m atricesand bt= � b;c
t= � c

)

:

Thisgivesdim D 4 = 28.O necan choose the following linearbasis:

M jk = E j;k � E4+ j;4+ k; j;k = 1;2;3;4

B jk = E j;4+ k � Ek;4+ j; j;k = 1;2;3;4; j< k

Cjk = E 4+ j;k � E4+ k;j; j;k = 1;2;3;4; j< k

with (E i;j)kl= �ik�jl.TheCartan subalgebra is

H =

(

h =

4X

i= 1

ciM ii jci2 R

)

and thiscon�rm sthatthe rank ofD 4 isfour.Them atrix com m utators

[h;M jk] = (cj � ck)M jk;

[h;B jk] = (cj + ck)B jk;

[h;Cjk] = � (cj + ck)Cjk

allow usto classify the24 rootsin two groups

�jk(h) = cj � ck; j6= k;

�
�
jk
(h) = � (cj + ck); j< k:
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O necan extractthe following basisofsim ple roots

�1 �

�

1; � 1; 0; 0
�

= �12; �2 �

�

0; 1; � 1; 0
�

= �23;

�3 �

�

0; 0; 1; � 1
�

= �34; �4 �

�

0; 0; 1; 1
�

= �
+

34
;

where we have given the decom position ofthese roots in the basis ofH � dualto diag(M ii),i= 1,2,3,4.

Theeuclidean relationsam ong the sim plerootsare

(�i;�i) = 2; i= 1;2;3;4;

(�2;�i) = � 1; i= 1;3;4;

(�i;�j) = 0; i= 1;3;4:

Thus,the Cartan m atrix reads

A =

0

B
B
B
@

2 � 1 0 0

� 1 2 � 1 � 1

0 � 1 2 0

0 � 1 0 2

1

C
C
C
A
:

Thepositiverootsare�ij;�
+

ij;i< j,and they can beclassi�ed by heightsasindicated in thetable.The

Height Positive roots

1 �1; �2; �3;�4

2 �13 = �1 + �2; �24 = �2 + �3; �
+

24 = �2 + �4

3 �14 = �1 + �2 + �3;�
+

14
= �1 + �2 + �4; �

+

23
= �2 + �3 + �4

4 �
+

13
= �1 + �2 + �3 + �4

5 �
+

12
= �1 + 2�2 + �3 + �4

Table 1:Heightsofpositive roots.

W eylgroup iseasy to describe. The W eylre
ection on the hyperplane in H � orthogonalto the root�

iss�(v)= v� 2
(�;v)

(�;�)
�. Applying thisform ula to � ij;�

�
ij,one readily �ndsthatthe m ostgeneralW eyl

re
ection consistsin a perm utation ofthecom ponentsofv in theeibasisplusan even num berofchanges

ofthesignsofthesecom ponents.ThisgivesjW j= 192 fortheorderoftheW eylgroup.Thefundam ental

weights�k can beobtained from theequation �i=
P

4
j= 1A ji�j.They are

�1 =
1

2
(2�1 + 2�2 + �3 + �4)=

1

2
( 2; 0; 0; 0 );

�2 =
1

2
(2�1 + 4�2 + 2�3 + 2�4)=

1

2
( 2; 2; 0; 0 );

�3 =
1

2
(�1 + 2�2 + 2�3 + �4)=

1

2
( 1; 1; 1; � 1 );

�4 =
1

2
(�1 + 2�2 + �3 + 2�4)=

1

2
( 1; 1; 1; 1 );

and thegeom etry ofthe weightsystem issum m arized by therelations

k�1 k= k �3 k= k �4 k= 1; k �2 k=
p
2;

(�i;�2)= 1; i= 1;3;4; (�i;�j)=
1

2
; i;j= 1;3;4:
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TheW eylvectoris

� =
1

2

X

�2R +

=

4X

j= 1

�j = � = 3� 1 + 5�2 + 3�3 + 3�4 = ( 3; 2; 1; 0 );

and theW eylform ula fordim ensionsapplied to the irreduciblerepresentation associated to the integral

dom inantweightm = m 1�1 + m 2�2 + m 3�3 + m 4�4 gives

dim r(m )=
Y

�2R +

(�;m + �)

(�;�)
=

P

1440

with

P =

4Y

i= 1

(m i+ 1)
Y

j

(m 2 + m j+ 2)
Y

j< k

(m 2 + m j+ m k + 3)(m 1 + m 2 + m 3 + m 4)(m 1 + 2m 2 + m 3 + m 4)

wheretheindicesj;k takethevalues1;3;4.In particular,forthefundam entalrepresentations,one�nds:

dim r(�1)= 8; dim r(�2)= 28;

dim r(�3)= 8; dim r(�4)= 8:

A ppendix B :Som e polynom ials,characters and m onom ialfunctions

W e listhere allthe polynom ials,charactersand m onom ialfunctionswith totaldegree lowerorequalto

threeup to triality.

Polynom ials

P
�
1;0;0;0(z) = z1

P
�
0;1;0;0(z) = z2 +

4(�� 1)

5�+ 1
;

P
�
2;0;0;0(z) = z

2
1 �

2

1+ �
z2 �

8�

(1+ �)(1+ 3�)

P
�
0;2;0;0(z) = z

2
2 �

2

1+ �
z1z3z4 �

2(� 1+ �)

(1+ �)(1+ 2�)
(z21 + z

2
3 + z

2
4)+

4(� 3+ 5�+ 6�2 + 4�3)

(1+ �)(1+ 2�)(3+ 5�)
z2 +

+
16(� 1+ �)(3+ 10�+ 3�2 + 2�3)

(1+ �)(1+ 2�)(2+ 5�)(3+ 5�)

P
�
1;1;0;0(z) = z1z2 �

3

1+ 2�
z3z4 +

4(� 1+ �)(� 1+ 2�)

(1+ 2�)(2+ 5�)
z1

P
�
1;0;1;0(z) = z1z3 �

4

1+ 3�
z4

P
�
3;0;0;0(z) = z

3
1 �

6

2+ �
z1z2 +

6

(1+ �)(2+ �)
z3z4 �

12(1+ 2�+ 2�2)

(1+ �)(2+ �)(2+ 3�)
z1

P
�
0;3;0;0(z) = z

3
2 �

6

2+ �
z1z2z3z4 +

6

(1+ �)(2+ �)
(z21z

2
3 + z

2
1z

2
4 + z

2
3z

2
4)�

3(2+ �+ �2)

(1+ �)2(2+ �)
(z21z2 + z2z

2
3 + z2z

2
4)

+
6(10+ 17�+ 21�2 + 10�3 + 2�4)

5(1+ �)3(2+ �)
z
2
2 �

3(30+ 53�+ 4�2 � 15�3 + 8�4)

5(1+ �)4(2+ �)
z1z3z4

14



�
12�(8+ 10�+ �2 + �3)

5(1+ �)4(2+ �)
(z21 + z

2
3 + z

2
4)+

12(30+ 119�+ 159�2 + 124�3 + 80�4 + 24�5 + 4�6)

5(1+ �)4(2+ �)(4+ 5�)
z2

+
16(� 30+ 103�+ 440�2 + 359�3 + 98�4 + 86�5 + 20�6 + 4�7)

5(1+ �)4(2+ �)(3+ 5�)(4+ 5�)

P
�
2;1;0;0(z) = z

2
1z2 �

2

1+ �
z
2
2 �

1+ 3�

(1+ �)2
z1z3z4 +

4(� 1+ �)�2

(1+ �)2(3+ 5�)
z
2
1 +

4

(1+ �)2
(z23 + z

2
4)

�
4(9+ 27�+ 28�2 + 16�3)

(1+ �)2(2+ 3�)(3+ 5�)
z2 �

16(3+ 5�+ 2�3)

(1+ �)2(2+ 3�)(3+ 5�)

P
�
1;2;0;0(z) = z1z

2
2 �

2

1+ �
z
2
1z3z4 �

1+ 3�

(1+ �)2
z2z3z4 �

2(� 1+ �)

(1+ �)(1+ 2�)
z
3
1 +

5� �

(1+ �)2
(z1z

2
3 + z1z

2
4)

+
4(� 1+ �)(9+ 19�+ 10�2 + 4�3)

(1+ �)2(1+ 2�)(4+ 5�)
z1z2 �

4(� 1+ �)(� 5+ 2�)(1+ 3�)

(1+ �)2(1+ 2�)(4+ 5�)
z3z4

+
8(� 9� 57�� 72�2 + 28�3 � 2�4 + 4�5)

(1+ �)2(1+ 2�)(3+ 5�)(4+ 5�)
z1

P
�
1;1;1;0(z) = z1z2z3 �

3

1+ 2�
(z21z4 + z

2
3z4)�

8(� 1+ �)

(1+ 2�)(2+ 3�)
z2z4 +

4(12+ 23�� 11�2 + 6�3)

(1+ 2�)(2+ 3�)(3+ 5�)
z1z3

�
8(3� 22�+ 4�2)

(1+ 2�)(2+ 3�)(3+ 5�)
z4

P
�
1;0;1;1(z) = z1z3z4 �

4

1+ 3�
(z21 + z

2
3 + z

2
4)+

12

(1+ 2�)(1+ 3�)
z2 +

16(1+ 5�)

(1+ 2�)(1+ 3�)2

C haracters

P
(1)

1;0;0;0(z) = z1

P
(1)

0;1;0;0(z) = z2

P
(1)

2;0;0;0(z) = z
2
1 � z2 � 1

P
(1)

0;2;0;0(z) = z
2
2 + z2 � z1z3z4

P
(1)

1;1;0;0(z) = z1z2 � z3z4

P
(1)

1;0;1;0(z) = z1z3 � z4

P
(1)

3;0;0;0(z) = z
3
1 � 2z1z2 + z3z4 � 2z1

P
(1)

0;3;0;0(z) = z
3
2 + 3z22 + 3z2 � 2z1z2z3z4 + z

2
1z

2
3 + z

2
1z

2
4 + z

2
3z

2
4

� (z21 + z
2
3 + z

2
4)z2 � z1z3z4 � z

2
1 � z

2
3 � z

2
4 + 1

P
(1)

2;1;0;0(z) = z
2
1z2 � z

2
2 � z1z3z4 + z

2
3 + z

2
4 � 2z2 � 1

P
(1)

1;2;0;0(z) = z1z
2
2 � z

2
1z3z4 � z2z3z4 + z1(z

2
3 + z

2
4)� z1

P
(1)

1;1;1;0(z) = z1z2z3 + z1z3 � (z21 + z
2
3)z4 + z4

P
(1)

1;0;1;1(z) = z1z3z4 � z
2
1 � z

2
3 � z

2
4 + z2 + 2

M onom ialfunctions

P
(0)

1;0;0;0(z) = z1
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P
(0)

0;1;0;0(z) = z2 � 4

P
(0)

2;0;0;0(z) = z
2
1 � 2z2

P
(0)

0;2;0;0(z) = z
2
2 � 2z1z3z4 + 2z21 + 2z23 + 2z24 � 4z2 � 8

P
(0)

1;1;0;0(z) = z1z2 � 3z3z4 + 2z1

P
(0)

1;0;1;0(z) = z1z3 � 4z4

P
(0)

3;0;0;0(z) = z
3
1 � 3z1z2 + 3z3z4 � 3z1

P
(0)

0;3;0;0(z) = z
3
2 + 6z22 + 9z2 � 3z1z2z3z4 + 3z21z

2
3 + 3z21z

2
4 + 3z23z

2
4

� 3(z21 + z
2
3 + z

2
4)z2 � 9z1z3z4 � 4

P
(0)

2;1;0;0(z) = z
2
1z2 � 2z22 � z1z3z4 + 4z23 + 4z24 � 6z2 � 8

P
(0)

1;2;0;0(z) = z1z
2
2 � 2z21z3z4 � z2z3z4 + 2z31 + 5z1(z

2
3 + z

2
4)� 9z1z2 � 5z3z4 � 6z1

P
(0)

1;1;1;0(z) = z1z2z3 + 8z1z3 � 3(z21 + z
2
3)z4 + 4z2z4 � 4z4

P
(0)

1;0;1;1(z) = z1z3z4 � 4z21 � 4z23 � 4z24 + 12z2 + 16
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