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A bstract

Planar Q uantum Electrodynam ics is developed when charged ferm ions are under

thein
uenceofa constantand hom ogeneousexternalm agnetic�eld.W ecom putethe

cross-length forthescatteringofoptical/ultravioletphotonsbyDirac-Landau electrons.

PACS:12.20.-m ,11.10.Kk

1 Introduction

Thesecond quantization m ethod and theassociated occupation num berform alism arebasic

pillarsin quantum �eld theory.Both in \fundam ental" elem entary particlephysicsand con-

densed m attersystem sonedealswith m any-particleensem blesand thenum berofparticles

isnotconserved [1].Theferm ionic/bosonicFockspaceisbuiltoutoftheoneparticleHilbert

spaceofstatesby theantisym m etric/sym m etrictensorproduct:F =
P 1

N = 0
A =S

N


 L2(R n),

whereN and n arerespectively thenum berofparticlesand thedim ension ofthecon�gura-

tionspace.Usually,eigenfunctionsofeitherthem om entum orpositionoperatorsaretaken as

a \basis" in L2(R n)and thusplane-wavesor�-functionsaretheoneparticlewave-functions

on which theprocedureisbased.

The interaction ofphotons,electrons and positrons when ferm ions are subjected to a

constantexternalm agnetic �eld isessentially described by quantum electrodynam ics on a

planeorthogonaltothedirection ofthem agnetic�eld ~B .Thus,hereweshalldiscussQED 2+ 1

starting from a basisofLandau statesin L2(R n),[2].Apartfrom providing an exam ple of

the occupation num berform alism notdependenton plane-wave states,the Dirac equation

in an externalm agnetic�eld also presentsim portantnoveltieswith respectto thezero �eld

case,e.g.spectralasym m etry.

W e shallanalyze the scattering ofphotonsby electronsunderthe action ofan external

hom ogeneousm agnetic �eld in perturbation theory. W e setthusforth a physicalsituation

closely related to thatoccurring in planarHalldevices atvery low tem peraturesand very

high m agnetic �elds. To �t this in with the relativistic approach,we shallcom pare the

theoreticaloutcom ewith electrom agneticradiation scattering in sam pleswheretheelectron
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e�ective m ass is very sm all. Such a Halldevice could be the Hg Cd Te M ISFET (m etal-

insulator-sem iconductor-�eld-e�ect-transistor),see[3],which worksatverylow tem peratures

ofaround 1 degree Kelvin;this setting therefore also allows for a zero-tem perature �eld-

theoreticaltreatm ent. M easures ofthe optic Hallangle in this system , sim ilar to those

perform ed in high-Tc superconductors [4], m ight be addressed within the fram ework of

planarQED.

The organization ofthe paper is as follows: in Section x.2 we study the Dirac equa-

tion in a hom ogeneous m agnetic �eld and quantize the Dirac-Landau �eld. Section x.3

is devoted to developing perturbation theory and its application to the understanding of

Com pton scattering. Finally,in Section x.4 we com pute the cross-length forthe scattering

ofoptical/ultravioletphotonsby Dirac-Landau electronsand com m enton severalissues.

2 Field expansion in D irac-Landau states

2.1 T he D irac equation in a hom ogeneous m agnetic �eld

The Dirac equation governing the quantum m echanics ofa relativistic charged particle of

m assm and spin 1=2 is,



�

�

i�h@� +
e

c
A
ext

� (x)

�

 (x)= m c (x) (1)

ifthe ferm ion m ovesin a plane undera tim e-independetand hom ogeneousm agnetic �eld.

Ourconventionsforthem etric,2� 2 Diracm atricesand thelikeareexplained in appendix

A and planarDirac ferm ionsin external�eldsare described in Reference [6]. W e work in

the W eyland Landau gaugeswhere the three-vectorexternalpotentialreadsasA ext
� (x)=

(0;~A(x)) and A 1(x) = B x2,A 2(x) = 0. This produces a constant and uniform m agnetic

�eld ~B = �B~k and thestationary states E (~x)e
� iE t

�h satisfy thespectralequation H  E (~x)=

E  E (~x)fortheHam iltonian Diracoperator:

H =

 
m c2 D

D y �m c2

!

(2)

D = �
p
2eB �hcay ;D y = �

p
2eB �hca

The solution ofthe non-relativistic Landau problem in the plane iswellknown,see [2].

In term softheannihilation and creation operatorsa and ay,

a =
1
p
2l

"

l
2

 
@

@x2
� i

@

@x1

!

+ x2

#

;a
y =

1
p
2l

"

�l2
 

@

@x2
+ i

@

@x1

!

+ x2

#

that do not com m ute,[a;ay]= 1,the Schr�odinger operator is: H S = �h!
�

aya+ 1

2

�

. H S

com m utes in the Landau gauge with p1 = �i�h @

@x1
; thus, there exists a com plete set of

eigenfunctionscom m on toH S and p1 form ed by productsofHerm itepolynom ialsand plane-

waves.! = eB

m c
and l2 = �h

m !
arethecyclotron frequency and them agneticlength.
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Given theN = eB A

2��hc
eigenfunctionsofH S,

�n;p1(~x)=
1

p
L1

e
ip1x1

�h �n;p1(x2) (3)

�n;p1(x2)=
1

�1=4
p
2nn!l

H n

"
x2 +

p1

�h
l2

l

#

e
�

1

2l2
(x2+

p1
�h
l2)2

(4)

with thecenteroftheorbitx02 = �
p1l

2

�h
located in a rectangularenclosureofarea A = L1L2,

one can easily �nd the eigenfunctionsforthe Dirac operatorH . In (3),(4)n = 0;1;2;� � �

labelthe Landau levels,p1=�h = 2�q1=�h,so thatq1 2 Z isthe \discrete" m om entum in the

O X 1-direction and H n[x]aretheHerm itepolynom ials.Therefore,theenergy eigenvaluesof

H are

E
�
n = �

p
2eB �hcn + m 2c4 ;n = 1;2;� � � (5)

E
+

0 = +m c2

whereasthecorresponding eigenspinorsread

 
�
n;p1

(~x)=

s

E n � m c2

2E n

0

B
@

�n;p1(~x)

�E 0
n

�E n + m c2
�n�1;p 1

(~x)

1

C
A ;n = 1;2;� � � (6)

 0;p1(~x)=

0

B
@

�0;p1(~x)

0

1

C
A

ifE n = jE �
n jand E

0
n = +

p
2eB �hcn.Accordingly,theDirac-Landau spectralproblem shares

the following propertieswith the non-relativistic counterpart:(1)The spectrum isdiscrete

and the Dirac-Landau energy levelsarelabeled by a non-negative integer.(2)Each energy

levelis degenerated and the eigenvalues ofp1 characterize the degeneracy. Nevertheless,

there are two im portantdi�erences: (1)In�nite negative energy levels appearand we can

talk ofa Dirac-Landau sea.(2)Thespectrum showsa spectralassym m etry associated with

the fundam entalorground state;forn = 0 there are stateswith positive energy which are

notpaired with othersofnegative energy. Itisrem arkable thatthe energy ofthese states,

which form whatweshallcallthe�rstLandau level,isindependentofB .Atthezero m ass

lim it,the�rstLandau levelisspanned by \zero m odes" oftheDiracoperator.

Forlaterconvenience weintroducethenotation:

 
�
n;p1

(~x)=
1

p
L1

e
ip1x1

�h u�np1(x2);u
�
np1
(x2)=

s

E n � m c2

2E n

0

B
@

�n;p1(x2)

�E 0
n

�E n + m c2
�n�1;p 1

(x2)

1

C
A ;n 6= 0

 0;p1(~x)=
1

p
L1

e
ip1x1

�h u+
0p1
(x2);u

+

0p1
(x2)=

0

B
@

�0;p1(x2)

0

1

C
A (7)

and de�netheFouriertransform and itsinverse forthetwo-spinorsu�np1 and u
+
op1
:

u�np1(x2)=
l

2�

Z 1

�1

U �
np1
(k2)e

ik2x2dk2 ;u
+

0p1
(x2)=

l

2�

Z 1

�1

U +

0p1
(k2)e

ik2x2dk2 (8)
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U �
np1
(k2)=

1

l

Z
1

�1

u�np1(x2)e
�ik 2x2dx2 ;U

+

0p1
(k2)=

1

l

Z
1

�1

u+0p1(x2)e
�ik 2x2dx2

Bearing in m ind thatk2 = p2=�h,we�nd

U �
np1
(k2)=

s

E n � m c2

2E n

0

B
@

’n;p1(k2)

�E 0
n

�E n + m c2
’n�1;p 1

(k2)

1

C
A ;U +

0p1
(k2)=

0

B
@

’0;p1(k2)

0

1

C
A (9)

where’n;p1(k2)aretheFouriertransform softhenon-relativisticLandau wave-functions:

’n;p1(k2)=
1

l

Z 1

�1

�n;p1(x2)e
�ik 2x2dx2 =

p
2�

�1=4in
p
2nn!l

H n [k2l]e
i
p1k2l

2

�h
�

k
2
2
l
2

2 (10)

2.2 T he D irac-Landau �eld

W ave-particleduality,E = �h!,~p= �h~k and �heField = e,allowstheunderstanding ofequation

(1)in classical�eld theory instead ofrelativisticquantum m echanics.In thisfram ework the

Dirac-Landau equation appearsastheEuler-Lagrangeequation fortheLagrangian:

L = c� (x)

�



�

�

i�h@� +
e

c
A
ext

� (x)

�

� m c

�

 (x) (11)

Thus,in theW eylgaugethe�eld theoreticalDiracHam iltonian is:

H =

Z

d
2
x
h

 
y(x)

h

~�(�i�hc~r + e~A
ext(x))+ � m c

2
i

 (x)
i

(12)

where� = 
0 and �j = �
j,j= 1;2,and � (x)=  y(x)
0.

In orderto quantize this system ,see [7],we im pose the anti-com m utation relations at

equaltim es:

f �(t;~x); 
y

�(t;~y)g = ��� �
(2)(~x� ~y) (13)

f �(t;~x); �(t;~y)g = f y
�(t;~x); 

y

�(t;~y)g= 0

Theexpansion oftheDirac�eld  and itsadjoint � 

 (x) =  
+ (x)+  

� (x)+  
0(x)

=
X

n;p1

h

Cnp1 
+

np1
(~x)e�

iE n t

�h + D
y
np1
 
�
np1
(~x)e

iE n t

�h

i

+
X

p1

A 0p1 0p1(~x)e
�

iE 0t

�h (14)

� (x) = � + (x)+ � � (x)+ � 0(x)

=
X

n;p1

h

D np1
� �
np1
(~x)e�

iE n t

�h + C
y
np1

� +

np1
(~x)e

iE n t

�h

i

+
X

p1

A
y

0p1
� 0p1(~x)e

+
iE 0t

�h

iscom patible with (13)ifthe coe�cients C np1,D np1 and A 0p1 are operatorssatisfying the

anticom m utation relations:

fCnp1;C
y

n0;p01
g = fD np1;D

y

n0;p01
g = �n;n0�p1;p01 ;fA 0p1;A

y

0;p01
g = �p1;p01 (15)
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and every otheranticom m utatorbetween theseoperatorsvanishes.

Theferm ionicFock-Landau spaceadm itsa basisbuiltoutofthevacuum

Cnp1j0i= D np1j0i= A 0p1j0i= 0 ;8n;8p1

by theaction ofstringsofcreation operators

j�n1p1
1
�n1p1

1
�0p1

1
� � � �nN pN

1
�nN pN

1
�0pN

1
i

/ [C
y

n1p1
1

]
�
n1p1

1[D
y

n1p1
1

]
�
n1p1

1[A
y

0p1
1

]
�
0p1

1 � � � [C
y

nN pN
1

]
�
nN pN

1 [D
y

nN pN
1

]
�
nN pN

1 [A
y

0pN
1

]
�
0pN

1 j0i (16)

where �nipi
1
;�nipi

1
;�0pi

1
are 0 or1,com plying with Ferm istatistics. Therefore,the statesof

the basisare eigenvectorsofthe num beroperatorsN +
np1

= C y
np1
Cnp1,N

�
np1

= D y
np1
D np1 and

N 0p1 = A
y

0p1
A 0p1.From (15)onecan easily deducethatCnp1 and C

y
np1

annihilateand create

respectively,electronsin thenth Landau level,whereasD np1 and D
y
np1

do thesam ejob with

positrons.A 0p1 and A
y

0p1
aretheannihilation and creation operatorsofelectronsoccupying

the �rst Landau level. The spectralasym m etry ofthe Dirac-Landau operatorforbids the

ocupation ofthe �rstLandau levelby positronsin the second quantization fram ework for

thissystem .

Our states ofthe basis are eigenvalues ofthe Ham iltonian,com ponent one ofthe m o-

m entum and chargeoperators,which properly norm al-ordered read:

H =

1X

n= 1

1X

p1= �1

E n(C
y
np1
Cnp1 + D

y
np1
D np1)+

1X

p1= �1

E 0

�

A
y

0p1
A 0p1 �

1

2

�

P1 =

1X

n= 1

1X

p1= �1

�hq1(C
y
np1
Cnp1 + D

y
np1
D np1)+

1X

p1= �1

�hq1A
y

0p1
A 0p1 (17)

Q = �e

1X

n= 1

1X

p1= �1

(C y
np1
Cnp1 � D

y
np1
D np1)� e

1X

p1= �1

�

A
y

0p1
A 0p1 �

1

2

�

Notice thath0jQj0i= e

2
�(0),�(s)=

P

n2Z�f0g
1

ns
+ 1,because we do nothave theA 0p1 and

A
y

0p1
norm ally ordered. This choice ism ade to distinguish the Dirac-Landau sea from the

norm alsituation where allthe particleshave theiranti-particles. The states(16)however,

do nothavede�nitespin becauseweareworking in theLandau gauge.

Theanticom m utation relationsatdi�erenttim esare

f (x); (y)g= f� (x);� (y)g= 0 ;f �(x);� �(y)g= iS�� (x � y) (18)

wherethe2� 2 m atrix function S(x)= S+ (x)+ S� (x)+ S0(x)is

iS
+ (x � y)=

X

n;p1

 
+

np1
(~x)� +

np1
(~y)e�

iE n (x0� y0)

�hc

iS
� (x � y)=

X

n;p1

 
�
np1
(~x)� �

np1
(~y)e

iE n (x0� y0)

�hc (19)

iS
0(x� y)=

X

p1

 0p1(~x)
� 0p1(~y)e

�
iE 0(x0� y0)

�hc
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Theferm ion propagatorin a m agnetic�eld istheexpectation valueofthetim eordered

productTf (x);� (y)g atthevacuum state:

iSF (x � y) = h0jTf (x);� (y)gj0i (20)

= i
�

�(x0 � y0)S
+ (x � y)� �(y0 � x0)S

� (x� y)
�

+ i�(x0 � y0)S
0(x� y)

(�(x)isthe step function,�(x)= 1 ifx > 0,�(x)= 0 ifx < 0).Taking into account�nite

tem peraturee�ectsrequiresthatonem ustde�nethepropagatoras:

iSF (�;x� y)=
Tr(e��H Tf (x);� (y)g)

Tre��H
(21)

where� istheinversetem perature.Tem peratureGreen functionslikethiscan becom puted

in the canonicalform alism ,see [8]: T 6= 0 e�ects are included by considering a com plex

M inkowskitim e and (anti)-periodic �elds in the im aginary com ponent ofperiod i�. One

considersacontourC between 0and i� containingtherealaxisand de�nesthepath ordering

alongC.Thisam ountsto doubling the�elds: 1 =  (x0;~x); 2 = � (x0� i
�

2
;~x).If� ! 1

 2 decouples and ,equivalently,only the vaccum state contributes to SF (x � y),which is

given by (20) . Thus,at very low tem peratures we reach a very good approxim ation by

considering � = 1 QED.

3 Planarquantum electrodynam icsin a m agneticback-

ground

3.1 QED 2+ 1 in externalhom ogeneous m agnetic �elds

Our goalis to describe the interactions oftwo-dim ensionalelectrons and positrons with

photonswhen thereisaconstanthom ogeneousm agnetic�eld in thebackground.W echoose

thefree-�eld Lagrangian density in theform ,

L0 = N

�

c� (x)

�



�

�

i�h@� +
e

c
A
ext

� (x)

�

� m c

�

 (x)� �
1

4
f��(x)f

��(x)�
1

4
F
ext

�� (x)F
��
ext(x)

�

(22)

afterthe descom position oftheelectrom agnetic three-vectorpotentialin term softhe radi-

ation and external�elds: A �(x) = a�(x)+ A ext
� (x). The associated antisym m etric tensor

F�� = f�� + F ext
�� also splitsand the quantasassociated with the �eld a�(x)are the planar

photons discussed in appendix A.The quanta corresponding to  (x) and � (x) have been

analyzed in Section x.2.

Theinteraction Lagrangian density is

LI = N
h

e� (x)
�a�(x) (x)
i

(23)

and theaction integralreads

S =

Z

d
3
x N

�

c� (x)

�



�

�

i�h@� +
e

c
A �(x)

�

� m c

�

 (x)�
1

4
f��(x)f

��(x)

�

�
1

4

Z

d
3
xN

h

F
ext

�� (x)F
��
ext(x)

i

(24)
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There isa naturallength scale to the problem ;the m agnetic length land the product

e2l= e2p
eB

isdim ensionlessifd = 2 in the n.u.system . Thus,we expressthe �ne structure

constantin theform :

� =
e2

4�
p
eB �hc

(c:g:s:) or � =
e2

4�
p
eB

(n:u:) (25)

Thisisconsistent:in rationalized m ksunitsthe�nestructureconstantisde�ned as

� =
e2

4��0�hc
(d = 3) or � =

e2

4�c0
p
eB �hc

(d = 2)

where c0 has dim ensions ofperm itivity by length. The naturalchoice c0 = �0

q
�hc

eB
,the

perm itivity ofvacuum tim esm agneticlength,m eansthat

� =
e2

4��0�hc
�

e2

4�c0
p
eB �hc

�
1

137:04
;

although the rationalized charges e2

�0
and e2

c0
have di�erentdim ensions. W e could also have

de�ned the rationalized charge as e2

a0
where a0 = �0

�h

m c
,the vacuum perm itivity tim es the

electron Com ptonwavelength,butusingthem agneticlengthaslengthscalem akesitpossible

to takethelim itofm asslessferm ionsin thisproblem .

Perturbation theoryisbased on theS-m atrixexpansion in powersof�.In theinteraction

picturethenth term isthechronologicalproductoftheinteraction Ham iltonian densitiesat

n di�erentpoints,integrated to every possiblevaluein R 1;2:

S =

1X

n= 0

(�i)n

n!

Z

� � �

Z

d
3
x1d

3
x2� � � d

3
xn T fH I(x1)H I(x2)� � � HI(xn)g (26)

Here,H I(x)= �LI(x)and the di�erenceswith the ~B = 0 case,see reference [5],lieon the

initial,�naland interm ediatestatesin theexpectation valuesoftheS-m atrix atgiven orders

ofPerturbation Theory.From now on weshallwork in naturalunits.

3.2 A process in lowest order: C om pton scattering

Thetransition

jii= C
y
np1
b
y(~k)j0i�! jfi= C

y

n0p01
b
y(~k0)j0i

from oneelectron in thenth Dirac-Landau levelwith m om entum p1,(E n;p1),and onephoton

with three-m om entum k = (!;~k)in theinitialstatetooneelectron in then0th Dirac-Landau

levelwith m om entum p0
1
,(E n0;p

0
1
)and one photon with k0= (!0;~k0)in the �nalstate,isa

scattering processofam plitude hfjSjii.The dom inantcontribution to thism atrix elem ent

com esfrom theoperator

S
(2) = �e2

Z

d
3
xd

3
y

�

N

h
� (x)
�a�(x)iSF (x � y)
�a�(y) (y)

i

= Sa + Sb (27)

which appears up to second order in � in the S-m atrix. A subtle point is that to apply

W ick’s theorem we also norm al-order the creation/annihilation electron operators in the

7



�rstLandau level.Thisiswhatism eantby thesym bol
�

N and avoidstadpolephoton graphs

with ferm ionsrunning around theloop.

Using,

�

 
+ (x)je� ;E n;p1i= j0i

1
p
L1

u+n;p1(x2)e
ip1x1e

�iE n x0

a
+

� (x)j
;
~ki= j0i

1
p
2A!

��(~k)e
�ikx

�

� � (x)j0i=
X

n;p1

je� ;E n;p1i
1

p
L1

�u+n;p1(x2)e
�ip 1x1e

iE n x0

a
�
� (x)j0i=

X

~k

j
;~ki
1

p
2A!

��(~k)e
ikx

oneobtains

hfjSajii = �e2
Z Z

d
3
xd

3
y

"
1

p
L1

�u+
n0;p0

1

(x2)e
�ip 0

1
x1+ iE n0x0

# "
1

p
2A!0



�
��(~k

0)eik
0x

#

� iSF (x� y)

"
1

p
2A!



�
��(~k)e

�iky

# "
1

p
L1

u+n;p1(y2)e
ip1y1�iE n y0

#

(28)

Taking into accountform ulas(7),(8)and

�(z)=
1

2�i

Z 1

�1

d�
ei�z

� � i�
;lim � ! 1 ;� > 0

thepropagatorcan bewritten in theform :

iSF (x�y)=
l

(2�)3i

Z

d
2
~q

Z

d�

8
<

:

1X

r= 0

eiq
(r)

+
(x�y)

� � i�
U +

rq1
(q2)�U

+

rq1
(q2)�

1X

r= 1

eiq
(r)

�
(x�y)

� � i�
U �
rq1
(q2)�U

�
rq1
(q2)

9
=

;

(29)

where q
(r)

� = (�q
(r)

0 ;�~q) with q
(r)

0 = � � Er and ~q = (q1;q2). Also plugging the Fourier

transform ofthe ongoing and outgoing spinorsin (28),we are ready to perform the x-and

y-integrations.Theoutcom eofthex0-and y0-integrationsisenergy conservation:

Z

dx0 exp[ix0 (E n0 + !
0� E r � �)]

Z

dy0 exp[iy0 (�E r � � � En � !)]

= (2�)2�(En0 + !
0� E r � �)�(�Er � � � En � !)

Sim ilim odo,thespatialintegrations

Z

dxj exp[ixj (qj � p
0
j � k

0
j)]

Z

dyj exp[iyj (pj + kj � qj)]

= (2�)2�(qj � p
0
j � k

0
j)�(pj + kj � qj);

8



lead to m om entum conservation.

The�-functionsallow usto com putethe�-,q1-and q2-integrations.W eobtain:

hfjSajii= 2�l2
Z Z

dp2dp
0
2

�

�(En0 + !
0� E n � !)�(2)(~p0+ ~k

0� ~p� ~k)
1

L1

�
1

2A!

�

M a(p2;p
0
2
)

(30)

where

M a(p2;p
0
2
)= �e2 �U +

n0p0
1

(p0
2
)
���(~k

0)iSF (E n + !;~p+ ~k)
���(~k)U
+

np1
(p2) (31)

istheFeynm an.Them om entum spacepropagatorreads:

iSF (E n + !;~p+ ~k) (32)

=
l

i

8
<

:

1X

r= 0

U +

r;(p1+ k1)
(p2 + k2)�U

+

r;(p1+ k1)
(p2 + k2)

E r � (E n + !)� i�
�

1X

r= 1

U �

r;(p1+ k1)
(p2 + k2)�U

�

r;(p1+ k1)
(p2 + k2)

E r + (E n + !)� i�

9
=

;

Them atrixelem enthfjSbjiicorrespondingtotheexchangegraphisgiven byananalogous

expression to (30),M a(p2;p
0
2
)being replaced by theFeynm an am plitude:

M b(p2;p
0
2)= �e2 �U +

n0p0
1

(p02)

�
��(~k)iSF (E n � !

0
;~p� ~k

0)
���(~k
0)U +

np1
(p2) (33)

iSF (E n � !
0
;~p� ~k

0) (34)

=
l

i

8
<

:

1X

r= 0

U +

r;(p1�k
0

1
)
(p2 � k0

2
)�U +

r;(p1�k
0

1
)
(p2 � k0

2
)

E r � (E n � !0)� i�
�

1X

r= 1

U �

r;(p1�k
0

1
)
(p2 � k0

2
)�U �

r;(p1�k
0

1
)
(p2 � k0

2
)

E r + (E n � !0)� i�

9
=

;

W eexpresstheresultfortheS-m atrix elem entin theform

hfjS(2)jii� S
(2)

fi =
l2

(2�)

Z

dp2S
(2)

fi (p2;p2 + k2 � k
0
2
)

S
(2)

fi (p2;p2 + k2 � k
0
2
)= (2�)2�(En0 + !

0� E n � !)�(p01 + k
0
1 � p1 � k1)

Y

ext

�
1

L1

�1=2

�
Y

ext

 
1

2A!~k

! 1=2

(M a(p2;p2 + k2 � k
0
2)+ M b(p2;p2 + k2 � k

0
2)) (35)

Notethatdespitetheform alidentity with thescatteringam plitudesfortheplanarCom pton

e�ectatzero externalm agnetic�eld,thereareprofound di�erences:(1)TheDirac-Landau

spinorsand the ferm ion propagatorinclude Herm ite polynom ialsthatdependson the m o-

m entum in theO X 2-direction.(2)Becausethereisnoinvariancewith respecttotranslations

in theO X 2-direction,theinitialand �nalstatesarenoteigenvaluesofthe p̂2 operator;thus,

weobtain contributionsfrom allthepossibleeigenvaluesp2 and p
0
2
and weneed to integrate

over their fullrange. Nevertheless,there is invariance under m agnetic traslations,see [9],

and becauseofthisp2 and p
0
2
arenotcom pletely independentbutrelated by thecondition:

p02 = p2 + k2 � k02.

9



3.3 Feynm an rules for QED 2+ 1 in a m agnetic �eld

Following thepattern shown in thederivation oftheplanarCom pton e�ect,itispossibleto

establish a setofFeynm an rulesforwriting theS-m atrix elem entsdirectly fortheFeynm an

graphsin QED 2+ 1 when thereisan externalm agnetic�eld such that
~B (x)= �B~k.

The initialand �nalstates for any process are tensor products ofphotons occupying

planewave statesand ferm ionsin Dirac-Landau states.Thus,the\quantum " num bersare

the photon m om enta and the energiesand m om enta in the O X 1-direction ofthe ferm ions.

Forthetransition jii! jfi,theS-m atrix elem enttakestheform :

hfjSjii=
l

2�

Z

dp
(1)

2

l

2�

Z

dp
(2)

2 � � �
l

2�

Z

dp
(n�1)

2 lSfi(p
(1)

2 ;p
(2)

2 ;� � � ;p
(n�1)

2 ;P
i
2
�

�

P
f

2
) (36)

wherep
(1)

2 ;p
(2)

2 ;� � � ;p
(n)

2 arethem om entain theO X 2-direction oftheexternalferm ions.Here,

wehave:

P
i
1

=

n�mX

a= 1

p
i(a)

1 +

N �MX

a= 1

k
i(a)

1 ;P
i
2
=

n�mX

a= 1

p
i(a)

2 +

N �MX

a= 1

k
i(a)

2

P
f

1 =

mX

a= 1

p
f(a)

1 +

MX

a= 1

k
f(a)

1 ;
�

P
f

2
=

m �1X

a= 1

p
f(a)

2 +

MX

a= 1

k
f(a)

2 (37)

p
(n)

2 = p
f(m )

2 = P
i
2
�

�

P
f

2
;

and,

Sfi(p
(1)

2 ;p
(2)

2 ;� � � ;p
(n�1)

2 ;P
i
2
�

�

P
f

2
) = �fi+

h

(2�)2�(Ef � E i)�(P
f

1 � P
i
1
) (38)

Y

ext

 
1

p
L1

!
Y

ext

 
1

p
2A!

! #

M (p
(1)

2 ;p
(2)

2 ;� � � ;p
(n�1)

2 ;P
i
2
�

�

P
f

2
)

E i and E f arethetotalenergiesoftheinitialand �nalstates;theproductsextend overall

externalferm ionsand photonswith norm alization factors1=
p
L1 and 1=

p
2A!,respectively.

TheFeynm an am plitudeM (p
(1)

2 ;p
(2)

2 ;� � � ;p
(n�1)

2 ;P i
2
�

�

P
f

2
)isthesum ofthecontributions

M (m )(p
(1)

2 ;p
(2)

2 ;� � � ;p
(n�1)

2 ;P i
2
�

�

P
f

2
)forallordersin perturbation theory. The contribution

to M (m ) from each topologically di�erent graph is obtained from the following Feynm an

rules:

� Foreach vertex,writea factorie
�.

� For each internal photon line, labelled by the three-m om entum k, write a factor:

iD F �� (k)= i
�g ��

k2+ i�
.

� Foreach internalferm ion linelabelled by theenergy E and them om entum ~q= (q1;q2),

writea factor

iSF (E ;~q)=
l

i

"
1X

r= 0

U +
r;q1

(q2)�U
+
r;q1

(q2)

E r � E � i�
�

1X

r= 1

U �
r;q1

(q2)�U
�
r;q1

(q2)

E r + E � i�

#

(39)
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� Foreach externalline,writeoneofthefollowing factors:

{ foreach initialelectron:U +
n;p1

(p2)orU
+

0;p1
(p2)

{ foreach initialpositron:U �
n;p1

(p2)

{ foreach �nalelectron: �U +
n;p1

(p2)or �U 0
0;p1

(p2)

{ foreach �nalpositron: �U �
n;p1

(p2)

{ foreach initialor�nalphoton:�1�(~k)

� Thereisa l

2�

R
dp2 integration foreach externalferm ion.

� Because ofenergy conservation,E =
P

a E a,where E a isthe energy ofeach particle

created orannihilated atany given vertex. There isalso m om entum conservation at

each vertex.

� Foreach photon three-m om entum thatisnot�xed by energy-m om entum conservation

carry outthe integration 1

(2�)3

R
d3q.Onesuch integration with respectto an internal

photon m om entum occursforeach closed loop.

� Foreach closed ferm ion loop,thereisoneferm ion energyand onem om entum which are

not�xed by energy-m om entum conservation. One m ustperform the integration over

thesevariablesand alsotakethetraceand m ultiply by afactor(�1).Forinstance,for

thegraph ofvacuum polarization by Dirac-Landau electronsoneobtains:

� �� [k] =
e2

(2�)3

Z

d
2
~p

Z

d� Tr

"
1X

m = 0

iSF (E m � � � !;~p� ~k)
�iS
+

Fm
(E m � �;~p)
�(40)

�

1X

m = 1

iSF (�E m + � � !;~p� ~k)
�iS
�
Fm
(�E m + �;~p)
�

#

(41)

whereiSF (�E m � �� !;~p� ~k)isgiven by (39)with E = �E m � �� ! and ~q= ~p� ~k

and

iS
�
Fm
(�E m � �;~p)=

l

i
�
U �
m ;p1

(p2)�U
�
m ;p1

(p2)

� � i�

4 C om pton e�ect on D irac-Landau electrons

In thisSection weshalldiscussthescatteringcross-length fortheCom pton e�ecton electrons

in a constant m agnetic �eld up to second order in perturbation theory. W e bearin m ind

thequantum Halle�ectwherea two-dim ensionalgasofelectronsatvery low tem peratures

issubjected to a strong m agnetic�eld,from 6 to 26 Teslas,which isconstant,uniform and

perpendicularto theplanewheretheelectronsm ove.
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4.1 T he scattering am plitude ofphotons by D irac-Landau elec-

trons

Underthese circum stanceswe expecttheelectronsto bein thelowest(non-�lled)Landau

level. Thus,we consider the initialand �nalelectrons occupying two states in the �rst

Landau level. The S-m atrix elem ent and the Feynm an am plitude forthe transition jii =

je� (E 0;p1);
(k)i! jfi= je� (E 0;p
0
1
);
(k0)iaregiven by:

hfjSjii =
�l2�(!0� !)�(p0

1
+ k0

1
� p1 � k1)

AL1

p
!!0

Z Z

dp2dp
0
2�(p

0
2 + k

0
2 � p2 � k2)

� [M a(p2;p
0
2
)+ M b(p2;p

0
2
)]

M a(p2;p
0
2) = ie

2
!l�(~k0)��(~k)’�0p0

1

(p02)’0p1(p2)

1X

r= 1

j’r�1;p 1+ k1(p2 + k2)j
2

E 2
r � (m + !)2

(42)

M b(p2;p
0
2) = �ie2!l�(~k)��(~k0)’�0p0

1

(p02)’0p1(p2)

1X

r= 1

j’r�1;p 1�k
0

1
(p2 � k0

2
)j2

E 2
r � (m � !0)2

To obtain these form ulas we have re-written (31) and (33) according to the following

inform ation:
�

�U +

0p0
1

(p0
2
)=

�

’�
0p0

1

(p0
2
) 0

�

; U +

0p1
(p2)=

 
’op1(p2)

0

!

� �(1)� (~k)= (0;~�(1)(~k))such that~�(1)(~k)�~k = 0 istheonly transversalpolarization vector

ofthe incom ing planar photon. W e de�ne �(~k) = �
(1)

2 (~k)+ i�
(1)

1 (~k) and its com plex

conjugate:��(~k)= �
(1)

2 (~k)� i�
(1)

1 (~k).Then,

�
(1)

� (~k)
� =

 
0 �(~k)

� ��(~k) 0

!

Thereisan identicalform ula fortheoutgoing photon.

� Theferm ion propagatorsplitsinto threeparts:

iSF (E ;q1;q2)= i
h

S
+

F (E ;q1;q2)� S
�
F (E ;q1;q2)+ S

0

F (E ;q1;q2)
i

where

S
�
F (E ;q1;q2) = �l

1X

r= 1

E r � m

2E r(E r � E � i�)

�

0

@
’rq1(q2)’

�
rq1
(q2) �

E 0
r

E r�m
’rq1(q2)’

�
r�1q 1

(q2)

�
E 0
r

E r�m
’r�1q 1

(q2)’
�
rq1
(q2) �

�
E 0
r

E r�m

�2
’r�1q 1

(q2)’
�
r�1q 1

(q2)

1

A

and

S
0

F (E ;q1;q2)= �
l

E 0 � E � i�

 
’0q1(q2)’

�
0q1
(q2) 0

0 0

!

In ourprocesswe have E = m + !,q1 = p1 + k1 and q2 = p2 + k2 forM a(p2;p
0
2
)and

E = m � !0,q1 = p1� k01 and q2 = p2� k02 forM b(p2;p
0
2);thefactorE

0
r = +

q

E 2
r � m 2

appearsin thenorm alization.

12



Now replacing,

� ’�
0p0

1

(p0
2
)’0p1(p2)=

2
p
�

l
exp[�i(p0

1
p0
2
� p1p2)l

2]exp
h

� 1

2
(p2

2
+ p0

2

2
)l2

i

� E2r � (m + !)2 = 2eB [r+ c];c= �
!(!+ 2m )

2eB

� E2r � (m � !0)2 = 2eB [r+ c0];c0= �
!0(!0�2m )

2eB

� j’r�1;q 1
(q2)j

2 =
2
p
�

l
� 1

2(r� 1)(r�1)!
H 2

r�1 [q2l]e
�q 2

2
l2

in M a,where q1 = p1 + k1,q2 = p2 + k2,and in M b,where q1 = p1 � k0
1
,q2 = p2 � k0

2
,we

obtain:

M a(p2;p
0
2
) =

i2�
p
�

lB
e!�(~k0)��(~k)exp

h

�i(p0
1
p
0
2
� p1p2)l

2
i

exp

�

�
1

2
(p2

2
+ p

0
2

2
)l2

�

�

1X

r= 1

H 2
r�1 [(p2 + k2)l]

p
�2(r�1)(r� 1)!

�
e�(p 2+ k2)

2l2

r+ c
(43)

M b(p2;p
0
2) =

�i2�
p
�

lB
e!�(~k)��(~k0)exp

h

�i(p01p
0
2 � p1p2)l

2
i

exp

�

�
1

2
(p22 + p

0
2

2
)l2

�

�

1X

r= 1

H 2
r�1 [(p2 � k0

2
)l]

p
�2(r�1)(r� 1)!

�
e�(p 2�k

0

2
)2l2

r+ c0

In orderto sum theseriesin (43),weconsiderthespectralproblem

� c n(x)= �
c
n n(x)

�
c
n = n + c+ 1 ;n = 0;1;2;� � � ;  n(x)=

1

�1=4
p
2nn!

H n[x]e
� 1

2
x2
;

for the elliptic di�erentialoperator � c = 1

2

h

� d2

dx2
+ x2 + 2c+ 1

i

on L2(R ). The Green

function forthes-powerof� c isde�ned as:

G � c
(x;y;s)=

1X

n= 0

 �
n(x) n(y)

(�cn)
s

W eim m ediately noticethat:

G � c
(x;x;1) =

1X

r= 1

H 2
r�1 [(p2 + k2)l]

p
�2(r�1)(r� 1)!

�
e�(p 2+ k2)

2l2

r+ c
;x = (p2 + k2)l

(44)

G � c0
(x;x;1) =

1X

r= 1

H 2
r�1 [(p2 � k0

2
)l]

p
�2(r�1)(r� 1)!

�
e�(p 2�k

0

2
)2l2

r+ c0
;x = (p2 � k

0
2
)l

Thisisrelated to theheatkernel

K � c
(x;y;�)=

1X

n= 0

e
��� c

n 
�
n(x) n(y)
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oftheoperator� c through a M ellin transform :

G � c
(x;y;s)=

1

�[s]

Z 1

0

d�K � c
(x;y;�)

W ewrite� c = �+ c+ 1=2,so that,

K � c
(x;y;�)= e

��(c+
1

2
)
K � (x;y;�)

Theheatkernelforthedi�erentialoperator� oftheHarm onicoscillatorisvery wellknown

[10]and weobtain:

G � c
(x;x;1) =

1

�[1]

Z 1

0

d�K � c
(x;x;�)

(45)

K � c
(x;x;�) =

e��(c+
1

2
)

p
2�sinh�

exp

"

�x2tanh
�

2

#

;

and a sim ilar expression for G � c0
(x;x;1). Before perform ing the integration we plug the

integralform ofG � c
and G � c0

into

M =

Z

dp2

Z

dp
0
2
�(p0

2
+ k

0
2
� p2 � k2)[M a(p2;p

0
2
)+ M b(p2;p

0
2
)]:

W e�rstintegratein thevariablesp2 and p
0
2 and then in � to reach the�niteanswer:

M a =
i
p
2�2

l2B
e!�(~k0)��(~k)exp

�

i(p01k
0
2 � p1k2)

2
l
2 �

1

2
(k22 + k

0
2

2
)l2

�

exp

"

�
[(p01 � p1)+ i(k2 + k02)]

2l2

8

#
�[c+ 1]

�[c+ 3=2]
1F1

"

c+ 1;c+
3

2
;
[(k2 + k02)� i(p01 � p1)]

2l2

8

#

(46)

M b =
�i
p
2�2

l2B
e!�(~k)��(~k0)exp

�

�i(p0
1
k2 � p1k

0
2
)2l2 �

1

2
(k2

2
+ k

0
2

2
)l2

�

exp

"

�
[(p0

1
� p1)� i(k2 + k0

2
)]2l2

8

#
�[c0+ 1]

�[c0+ 3=2]
1F1

"

c
0+ 1;c0+

3

2
;
[(k2 + k0

2
)+ i(p0

1
� p1)]

2l2

8

#

where 1F1[a;b;z]isa degenerated con
uenthypergeom etricfunction,see[13].Theintegra-

tion in thevariablep0
2
isperform ed im m ediately becauseofthe�-function;we areleftwith

Gaussian integrals in p2 which can be easily calculated. Finally,the integration in the �

variableproducesadegenerated hypergeom etricfunction.Ifwehad chosen tointegrate�rst

in the� variable,wewould haveused som eregularization procedureto avoid thedangerous

singularity at� = 0 thatrendersG � c
(x;x;1)strictly divergent.

4.2 T he di�erentialcross-length

Thedi�erentialcross-length isthetransition rateinto a group of�nalstatesfora scattering

centre and unitincident
ux. If! =
jSfij

2

T
isthe transition probability perunitoftim e for

ourprocess,wehave:

d� = !
1

vrel=A
�
dp01

(2�)
�
d2~k0

(2�)2
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where we use �nite norm alization tim e T and area A. There are A d2~k0

(2�)2
photon �nalstates

with m om entum belonging to theinterval(~k0;~k0+ d~k0)and
L1dp

0

1

(2�)
electron �nalstatesin the

�rstLandau leveland p
f

1 2 (p0
1
;p0

1
+ dp0

1
). vrel=A isthe incident
ux ofincom ing particles.

Using

[�(! � !
0)�(p01 + k

0
1 � p1 � k1)]

2
=

TL1

(2�)2
�(! � !

0)�(p01 + k
0
1 � p1 � k1)

weobtain

d� = (2�)2�(!0� !)�(p0
1
+ k

0
1
� p1 � k1)

l4

16�2!vrel

dp01

(2�)

d2~k0

(2�)22!0
jM j2

Becauseoftheconservation ofenergy and m om entum itiseasy to integratethisexpres-

sion with respectto p01 and j
~k0j.Notethatd2~k0= j~k0jdj~k0jd�,and

d�

d�
=

l4

32�2!vrel
jM j2

bearing in m ind thatp0
1
= p1 + k1 � k0

1
and !0= !.

Theaboveresultisreferred toageneralreferencefram e.W echoosethelaboratoryfram e

characterized by:

1)initialstate;one electron in the lowestDirac-Landau state with energy E 0 = m and

m om entum p1 = 0 plus a photon ofm om entum k = (!;~k),~k = (k1;0) and polarization

~�(1)(~k)= (0;1).

2) �nalstate;one electron also in the lowest Dirac-Landau state but with m om entum

p0
1
6= 0 plus a photon with m om entum k0 = (!0;~k0), such that ~k �~k0 = !!0cos�, and

polarization ~�(1)(~k0)= (� sin�;cos�).

Conservation ofenergy and m om entum requiresthat,

E 0 + ! = E 0 + !
0
;!

0= !

p1 + k1 = p
0
1
+ k

0
1
;p

0
1
= !(1� cos�)

There is no Com pton shift in wavelength for the photon because the energies ofthe �nal

and initialelectronsarethesam e;however,thereisa shiftin theelectron m om entum .The

recoilangle ofthe electron is given by cos�r = ~p0~k

j~p0jj~kj
=

p0
1

j~p0j
,and the relative velocity is

vrel = j~kj=! = 1. Inelastic scattering would require a di�erentDirac-Landau state forthe

outgoing electron.

In thelaboratory fram ethecalculation ofjM j2 = M aM
�
a + M aM

�
b+ M bM

�
a + M bM

�
b

= X aa + X ab+ X ba + X bb,gives:

X aa =
2�4e2

l4

!2

B 2
exp

"

�
!2l2

2

 

sin2� + 2sin2
�

2

! # "
�[c+ 1]

�[c+ 3=2]

#2

�

�
�
�
�
�
�
1F1

2

4c+ 1;c+
3

2
;
!2l2

2

 
sin� � i(1� cos�)

2

! 2
3

5

�
�
�
�
�
�

2
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X bb =
2�4e2

l4

!2

B 2
exp

"

�
!2l2

2

 

sin2� + 2sin2
�

2

! # "
�[c0+ 1]

�[c0+ 3=2]

#2

�

�
�
�
�
�
�
1F1

2

4c
0+ 1;c0+

3

2
;
!2l2

2

 
sin� + i(1� cos�)

2

! 2
3

5

�
�
�
�
�
�

2

X ab = X
�
ba = �

2�4e2

l4

!2

B 2
exp

"

�
!2l2

2

 

sin2� + 2sin2
�

2

! #
�[c+ 1]

�[c+ 3=2]

�[c0+ 1]

�[c0+ 3=2]

�exp

"

�2i� + i!
2
l
2sin� sin2

�

2

#

1F1

2

4c+ 1;c+
3

2
;
!2l2

2

 
sin� � i(1� cos�)

2

! 2
3

5

� 1F1

2

4c
0+ 1;c0+

3

2
;
!2l2

2

 
sin� + i(1� cos�)

2

! 2
3

5

W e �nally write the di�erentialcross-length forthescattering ofphotonsby Dirac-Landau

electronsin theplane:

 
d�

d�

!

Lab

=
�2�3!

eB
exp

"

�
!2l2

2

 

sin2� + 2sin2
�

2

! #

�

8
><

>:

"
�[c+ 1]

�[c+ 3=2]

#2
�
�
�
�
�
�
1F1

2

4c+ 1;c+
3

2
;
!2l2

2

 
sin� � i(1� cos�)

2

! 2
3

5

�
�
�
�
�
�

2

+

"
�[c0+ 1]

�[c0+ 3=2]

#2

�
�
�
�
�
�
1F1

2

4c
0+ 1;c0+

3

2
;
!2l2

2

 
sin� + i(1� cos�)

2

! 2
3

5

�
�
�
�
�
�

2

� 2
�[c+ 1]

�[c+ 3=2]

�[c0+ 1]

�[c0+ 3=2]

Re

2

4exp

"

�2i� + i!
2
l
2sin� sin2

�

2

#

1F1

2

4c+ 1;c+
3

2
;
!2l2

2

 
sin� � i(1� cos�)

2

! 2
3

5

� 1F1

2

4c
0+ 1;c0+

3

2
;
!2l2

2

 
sin� + i(1� cos�)

2

! 2
3

5

3

5

9
=

;
(47)

4.3 A ngular distribution and totalcross-length

In thisSection we shalldiscuss the physicalm eaning ofthe im portantform ula (47). Itis

convenient to express the di�erentialcross-length in term s ofthe dim ensionless constants


 = !

m
and � =

p
2eB

m
,and also to introduce a new constant,LT = 2�2�2p

2eB
,which isa length

associated with thesystem .Equation (47)becom es:

1

�LT

 
d�

d�

!

Lab

=



�
exp

2

4�

 



�

! 2  

sin2� + 2sin2
�

2

! 3

5 �

8
><

>:

2

4
�[1�


(
+ 2)

�2
]

�[3=2�

(
+ 2)

�2
]

3

5

2 ��
�
�
�
�
1F1

2

41�

(
 + 2)

�2
;
3

2
�

(
 + 2)

�2
;

 



�

! 2  
sin� � i(1� cos�)

2

! 2
3

5

�
�
�
�
�
�

2

+
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2

4
�[1�


(
�2)

�2
]

�[3=2�

(
�2)

�2
]

3

5

2 ��
�
�
�
�
1F1

2

41�

(
 � 2)

�2
;
3

2
�

(
 � 2)

�2
;

 



�

! 2  
sin� + i(1� cos�)

2

! 2
3

5

�
�
�
�
�
�

2

�

2
�[1�


(
+ 2)

�2
]

�[3=2�

(
+ 2)

�2
]

�[1�

(
�2)

�2
]

�[3=2�

(
�2)

�2
]
Re

2

4exp

2

4�2i� + 2i

 



�

! 2

sin� sin2
�

2

3

5

� 1F1

2

41�

(
 + 2)

�2
;
3

2
�

(
 + 2)

�2
;

 



�

! 2  
sin� � i(1� cos�)

2

! 2
3

5

� 1F1

2

41�

(
 � 2)

�2
;
3

2
�

(
 � 2)

�2
;

 



�

! 2  
sin� + i(1� cos�)

2

! 2
3

5

3

5

9
=

;
(48)

In aHalldevice,theelectron e�ectivem assand theconstanthom ogeneousm agnetic�eld

aregiven.Thism eansthat� is�xed and
�
d�

d�

�

Lab
isa function oftwo variables:
 = !=m ,

the ratio ofthe energy ofthe incom ing photon to the electron e�ective m ass,and �,the

scattering angle. W e analyse in turn the dependence ofthe di�erentialscattering cross-

length on the photon energy for�xed � and the angulardistribution ofthe scattering for

�xed 
.

In orderto unveilthe valuesof
 forwhich
�
d�

d�

�

Lab
diverges,we sum m m arize the prop-

ertiesofthecon
uenthypergeom etricfunctionsand theGam m a function.

� A.1F1[a;b;z]is:

{ i.A convergentseriesforallvaluesofa,band z ifa 6= �n and b6= �n0,with n,

n0positiveintegers.

{ ii. A polynom ialofdegree n in z ifa = �n and b 6= �n0. 1F1[a;b;z]has a

sim plepoleatb= �n0ifa = �n,b= �n0and n > n0. 1F1[a;b;z]isunde�ned if

a = �n,b= �n0and n0� n.

� B.�[z]issingle-valued and analyticovertheentirecom plexplane,exceptforthepoints

z= �n,n = 0;1;2;� � � whereithassim plepoles.

In ourform ula a = �n istantam ountto ! = �m �
q

2eB (n + 1)+ m 2 whereasb= �n0

requires! = �m �
q

2eB (n0+ 3=2)+ m 2.Both identitiescannothappen sim ultaneously for

any valuesofn and n0 and there are no divergencesin
�
d�

d�

�

Lab
due to singularitiesof 1F1.

TheGam m a function entering theterm in
�
d�

d�

�

Lab
dueto directscattering haspolesatthe

values! = �m �
q

2eB (n + 1)+ m 2.Thus,
�
d�

d�

�

Lab
becom esin�nitewhen ! = E n+ 1 � E 0,

corresponding thephysicalsituation when theincom ing photon iscaptured by theelectron

to jum p to the(n+ 1)Landau level.Theothersign cannotarisein thisphysicalprocess(!

would be negative)butthisdivergence isthe signalforthe opposite phenom enon: photon

em ission. In the exchange term ,however,the singularitiesin the Gam m a function appear

when ! = m �
q

2eB (n + 1)+ m 2.Again,only theplussign for! isacceptableand wehave

a divergent
�
d�

d�

�

Lab
when ! = E 0 + E n+ 1 = E 0 � E �n�1 .The incom ing photon iscaptured

by an electron thatoccupiesa negative energy statein theDirac-Landau sea and jum psto
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the�rstLandau level.Ofcourse,thisprocesscan bere-interpreted as\pair" creation and,

also,theothersign,which isnotcom patiblewith theincom ingphotons,would correspond to

\pair" annihilation ofelectronsand positrons.Observethatthereisa 2m gap with respect

to theother\divergences".Itshould benoticed thatin theinterferenceterm of
�
d�

d�

�

Lab
the

two kindsofdivergencesentertogether.

In short,the di�erentialand totalcross-lengthspresentdivergencesatvaluesoftheon-

going photon energiescorresponding to the energy gapsbetween the lowest and the other

(positive& negative)Dirac-Landau states.Fortheseenergiesthereisno scattering butthe

absorption ofphotonsand transitionsfrom one Dirac-Landau state to anothertakesplace.

W e encounter a phenom enon wellknown in the quantum theory ofradiation: resonance


uorescence. In the scattering oflightby atom sdescribed by the Kram ers-Heisenberg for-

m ula,sim ilar divergences appear,see reference [11]. W e are also wrongly assum ing that

the life-tim e ofthe interm ediate statesisin�nity. These statesare indeed unstable due to

spontaneousem ission ofphotons.Theenergy picksan im aginarycontribution thatm easures

the resonance width �r = 1=�r,the inverse ofthe life-tim e;replacing E r by E r � i�r=2 in

form ula (42),c and c0 becom e im aginary in such a way that the products ofthe Gam m a

function entering in (47)areregularand d�

d�
reaches�nitem axim a for! = �(E 0 � E �n�1 ).

In practice,forothervaluesof! �r can beignored.Thedi�erentialcross-length ofscat-

tering isregularand a study oftheangulardistribution of
�
d�

d�

�

Lab
ispossible.A M ATHE-

M ATICA plotoftheantenna pattern encoded by form ula (48)for d�

d�
isdepicted in Figure1

forincom ing photon energiesin the ultraviolet/infrared range ofthe electrom agnetic spec-

trum .Herewearethinking ofa M ISFET,at1:2 Kelvin degreesoftem peratureand a very

low �lling factor;also,m = 0:006m e,B =c= 6 Teslas,i.e.LT = 7:43� 10�10 cm .in thec.g.s.

system .

In thisrangeofphoton energies,farfrom thepaircreation zone,thegraphicwork reveal

a generalpattern which can beexplained asfollows:

1.! < E 1 � E 0.Thephoton com esthrough thex2-axistoward theelectron,which isin

onestateoftheE 0-level.Thechargedistribution isaccelerated up and down thex1-axisin a

m otion ofvery low am plitudeby theincom ing transverseelectric�eld.Theantenna pattern

ofthe electrom agnetic �eld em itted by thisoscillatory shaking ofthe electron issim ilarto

the sam e distribution in the B = 0 case:we �nd m axim um probability ofphoton em ission

in forward and backward scattering.

2.! = E 1� E 0.Theongoingphoton isabsorbed by theE 0-levelelectron and aresonance

in the E 1-levelisform ed. In the excited levelthe electron oscillates up and down the x2-

axis;recallthe H 1(x2 � x0
2
)factorin the wave function. Thus,the angulardistribution of

the spontaneously em itted photons undergoes an abrupt change: there is now m axim um

probability of�nding thescattered photonsattheangles� = 90� and 270� .

Beforegoing on,noticealso thatthephoton energy values

! = �m +
q

(2n1 + 3)eB + m 2 � �
�
n1
;n1 = 0;1;2;� � �

arespecial.If! = ��n1,thecontribution ofthedirectand interferenceterm stothedi�erential

cross-length iszero;thescattering issolely dueto theexchangediagram .Asa function of


and �,
�
d�

d�

�

Lab
showssaddlepointsat! = ��n1.

3.E 1� E 0 < ! < �
�
0 .Theprobability ofresonance
uorescencedecreaseswith increasing
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! in thisinterval.Non-resonantam plitudesbecom em oreand m oreim portantand interfere

with the resonant one. There are two com peting e�ects ofthe photon collision: �rst,the

resonance 
uorescence inducesan oscillatory m otion oftheelectron on the x2-axis;second,

the non-resonantam plitudesshake theelectron up and down the x1-axis.The m oreto the

left on the energy intervalthe m ore preponderant is the �rst m ovem ent over the second.

Thus,90� and 270� arefavoured,although them axim a are
attened throughouttheinterval

from lefttoright.Itisam usingtonotethatfortheseenergiesphotonsscatteroutofelectrons

in a Halldevicejustlikethequasi-particleanyonicexcitationsin thequantum Halle�ectdo

between them selves.

4. �
�
0 � ! � E 2 � E 0. If! = �

�
0 ,the angular distribution is isotropic within one

part in a m illion. This is due to the perfect balance ofthe resonant and non-resonant

am plitudesin thedirectscattering,leaving only thecontribution oftheexchange graph;in

thisbrem sstrahlung there are no preferred directions. Beyond thispoint,the non-resonant

am plitudesarepreponderantand the antenna pattern in therange��0 < ! < E 2 � E 0 isas

in theB = 0 case.W hen ! = E 2 � E 0,thenextresonance isreached and a new change in

theangulardistribution appear.

Below thepaircreation threshold ! = 2m ,thisbehaviourisperiodically repeated.The

forward-backward and left-rightsym m etries,however,cease to bealm ostperfectforhigher

valuesof
 duetostrongerquantum 
uctuations.Instead,� = 0scatteringin the�rstregim e

and � = � �

6
in the second becom e dom inant. Forlighter efective m ass,this behaviour is

reached before. Figure 2 shows plotsofthe di�erentialcross-length asa function of
 for

� = 0. In the second graph the e�ective m ass has been chosen in such a way that the

threshold for pair creation occurs at values of
 for soft X -rays. The 
 = 2:35 angular

distribution ofphoton em ission isdue to pairannihilation and thus shows a m axim um at

� = 0. Beyond thisenergy,the resonancesare so short-lived thatthe angulardistribution

doesnotchangewhen they areform ed.Itseem sthatratherthan two quantum m echanical

processes ofabsorption/em ission,a single resonant scattering takes place when ! > 2m .

There are also no changesin the antenna pattern,eitherin the saddle points! = ��n1 orin

anothertypeofsaddlepointreached when:

! = m +
q

(2n2 + 3)eB + m 2 = �
+

n2
;n2 = 0;1;2;:::: (49)

In these lastpointsthere is no contribution ofthe exchange diagram to
�
d�

d�

�

Lab
and only

thedirectgraph contributesto a very weak light/X-ray scattering.

Num ericalintegration ofthe di�erentialcross-length provides us with the totalcross-

length ofscattering. A picture ofthe function �T(
) is shown in Figure 3. As expected,

divergences appear at the values of
 that coincides with the Landau energy levels. In

contrastto theordinary planarCom pton e�ect,no infrared divergence dueto softphotons

arisesin �T becausethem agnetic�eld suppliesan infrared cut-o�.
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A G am m a M atrices and the Electrom agnetic Field in

3-dim ensionalSpace-tim e

TheDirac(Cli�ord)algebra in the3-dim ensionalM inkowskispaceM 3 = R 1;2 isbuiltfrom

thethreegam m a m atrices
� satisfying theanticom m utation relations:

f
�;
�g= 2g�� (50)

� = 0;1;2 ; g
�� = diag(1;�1;�1)

and theherm iticity conditions
�y = 
0
�
0.Thetensors

1;
� ;
�1
�2 ;
�1
�2
�3 ;�1 < �2 < �3 (51)

with respect to the SO(2;1)-group, the piece connected to the identity of the Lorentz

group in 
atland,form the basisofthe Dirac algebra,which isthus23-dim ensional. 1 and


�1
�2
�3 = �i��1�2�31arerespectively scalarand pseudo-scalarobjects.
� isathree-vector

but
�1
�2 can be seen alternatively asa anti-sym m etric tensorora pseudo-vector,which

are equivalent irreducible representations ofthe SO(2;1)-group. Ifwe denote by ���� the

com pletely antisym m etric tensor,equalto +1(-1)foran even (odd)perm utation of(0,1,2)

and to 0 otherwise,the
-m atricesm ustalso satisfy thecom m utation relations:

�
�� =

i

2
[
�;
�]= �

���


� (52)

The ���-m atricesare the Lie algebra generatorsofthe spin(1;2;R )�= SL(2;R )-group,the

universalcovering oftheconnected pieceoftheLorentzgroup and theirreduciblerepresen-

tationsofthe Lie SL(2;R )-group are the spinors. Ourchoice ofthe representation ofthe

Diracalgebra isasfollows:



0 = �

3
;


1 = i�
1
;


2 = i�
2

wherethe�a,a = 1;2;3 arethePaulim atrices.

Thecanonicalquantization oftheelectrom agnetic�eld in (2+ 1)-dim ensionsisequivalent

to thefour-dim ensionalcase.W eshallfollow thecovariantform alism ofGupta and Bleuler,

see[12].W econsidertheFerm iLagrangian density

L = �
1

2
(@�a�(x))(@

�
a
�(x)) (53)

wherenow a�(x);� = 0;1;2 isthethree-vectorpotential.The�eldsequationsare

2a
�(x)= 0 (54)

which are equivalentto M axwell’sequationsifthe potentialsatis�esthe Lorentz condition

@�a
�(x)= 0.W eexpand thefreeelectrom agnetic�eld in acom pletesetofplanewavestates:

a
�(x) = a

�+ (x)+ a
�� (x)

=
X

~k;r

1
q

2A!~k

�

�
�
r(
~k)br(~k)e

�ikx + �
�
r(
~k)byr(

~k)eikx
�

(55)

20



Here,the sum m ation isoverwave vectors,allowed by the periodic boundary conditionsin

A,with k0 = 1

c
!~k = j~kj. The sum m ation overr = 0;1;2 correspondsto the three linearly

independent polarizationsstatesthatexist foreach ~k. The realpolarization vectors ��r(
~k)

satisfy theorthonorm ality and com pletenessrelations

�r�(~k)�
�
s(
~k)= ��r�rs; r;s= 0;1;2 (56)

X

r

�r�
�
r(
~k)��r(

~k)= �g�� (57)

�0 = �1 ;�1 = �2 = 1

The equal-tim e com m utation relationsforthe �eldsa�(x)and theirm om enta ��(x)=

� 1

c2
_a�(x)are

[a�(~x;t);a�(~x0;t)]= [_a�(~x;t);_a�(~x0;t)]= 0

[a�(~x;t);_a�(~x0;t)]= �i�hc2g���(2)(~x� ~x0) (58)

Theoperatorsbr(~k)and b
y
r(
~k)satisfy

[br(~k);b
y
s(
~k0)]= �r�rs�~k~k0 (59)

and allothercom m utatorsvanish. Foreach value ofr there are transverse (r = 1),longi-

tudinal(r= 2)and scalar(r= 0)photons,butasresultoftheLorentzcondition,which in

theGupta-Bleulertheory isreplaced by a restriction on thestates,only transverse photons

areobserved asfreeparticles.Thisisaccom plished asfollows:thestatesofthebasisofthe

bosonicFock spacehavetheform ,

jnr1(
~k1)nr2(

~k2)� � � nrN (
~kN )i/

h

a
y
r1
(~k1)

inr1(
~k1)

h

a
y
r2
(~k2)

inr2(
~k2)

� � �
h

a
y
rN
(~kN )

inrN ( ~kN )

j0i;

wherenri(
~ki)2 Z+ ,8i= 1;2;� � � ;N and

ar(~k)j0i= 0 ;r= 0;1;2

de�nesthevacuum state.To avoid negativenorm statesthecondition

h

a2(~k)� a0(~k)
i

j	i= 0 ;8 ~k ( ) h	jN 2(~k)j	i= h	jN 0(~k)j	i

isrequired on thephysicalphoton statesoftheHilbertspace.Therefore,in two dim ensions,

thereisonly onedegreeoffreedom foreach ~k oftheradiation �eld.

From thecovariantcom m utation relationswederive theFeynm an photon propagator:

h0jTfa�(x)a�(y)gj0i= i�hcD
��

F (x� y) (60)

where

D
��

F (x)=
1

(2�)3

Z

d
3
k
�g��

k2 + i�
e
�ikx (61)
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Choosing thepolarization vectorsin a given fram eofreferenceas

�
�

0(
~k)= n

� = (1;0;0)

�
�

1(
~k)= (0;~�1(~k));~�1(~k)�~k = 0 (62)

�
�

2(
~k)= (0;

~k

j~kj
)=

k� � (kn)n�

((kn)2 � k2)1=2

itispossibleto expressthem om entum spacepropagatorfrom (61)as

D
��

F (k) =
�g��

k2 + i�

= D
��

F T(k)+ D
��

F C (k)+ D
��

F R(k) (63)

=
1

k2 + i�
�
�

1(
~k)��

1
(~k)+

n�n�

(kn)2 � k2
+

1

k2 + i�

"
k�k� � (kn)(k�n� + k�n�)

(kn)2 � k2

#

The �rst term in (63) can be interpreted as the exchange oftransverse photons. The

rem aining two term sfollow from a linearcom bination oflongitudinaland tem poralphotons

such that

D
��

F C (x)=
g�0g�0

(2�)3

Z
d2~kei

~k�~x

j~kj2

Z

dk
0
e
�ik 0x0 = g

�0
g
�0 1

4�
ln

1

j~xj
�(x0); (64)

This term corresponds to the instantaneous Coulom b interaction between charges in the

plane,and thecontribution oftherem aining term D
��

F R(k)vanishesbecausetheelectrom ag-

netic�eld only interactswith theconserved charge-currentdensity,[12].
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Figure1:Angulardistribution 1

�L T

�
d�

d�

�

asa function ofthe scattering angle � forseveralvalues

of
: (a) In this case,! < E1 �E 0. (b) ! > E 1 �E 0. (c) ! < E 2 �E 0 and the straight line

correspondsto ! = �
�
0 the�rstsaddlepoint.(d)! > E 2�E 0 and thestraightlinefor! = �

�
1 .(e)

! < E 3 �E 0 and �nally (f)! > E 3 �E 0. In thiscase,� = 0:009 and LT = 7:43�10�10 cm . W e

have chosen the [0;2�]intervalbecausethe � ! �� sym m etry isnotevidentfrom theform ula.
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