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Q uantum corrections to the m ass ofself-dualvortices
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Them assshiftinduced by one-loop quantum 
 uctuationson self-dualANO vorticesiscom puted

using heatkernel/generalized zeta function regularization m ethods.

PACS num bers:03.70.+ k,11.15.K c,11.15.Ex

1. In this note we shallcom pute the one-loop m ass

shift for Abrikosov-Nielsen-O lesen self-dual vortices in

the Abelian Higgs m odel. Non-vanishing quantum cor-

rections to the m ass ofN = 2 supersym m etric vortices

were reported during the lastyearin papers[1]and [2].

In thesecond paper,itwasfound thatthecentralcharge

oftheN = 2 SUSY algebraalso receivesa non-vanishing

one-loop correction which isexactlyequaltotheone-loop

m assshift;thus,onecould talkaboutone-loop BPS satu-

ration.Thislatterresult�tsin apattern �rstconjectured

in [3]and then proved in [4]for supersym m etric kinks.

Recent work by the authors ofthe Stony Brook/Viena

group,[5],unveilsa sim ilarkind ofbehaviourofsuper-

sym m etric BPS m onopoles in N = 2 SUSY Yang-M ills

theory.In thisreference,however,itispointed outthat

(2+ 1)-dim ensionalSUSY vorticesbehave notexactly in

the sam e way as their (1+ 1)- and (3+ 1)-dim ensional

cousins. O ne-loop corrections in the vortex case are in

no way related to an anom aly in the conform alcentral

charge,contrarily to the quantum correctionsforSUSY

kinksand m onopoles.

W eshallfocus,however,on thepurely bosonicAbelian

Higgsm odeland rely on theheatkernel/generalized zeta

function regularization m ethod thatwedeveloped in ref-

erences [6], [7] and [8] to com pute the one-loop shift

to kink m asses. O ur approach pro�ts from the high-

tem perature expansion of the heat function, which is

com patiblewith Dirichletboundary conditionsin purely

bosonic theories. In contrast,the application ofa sim -

ilar regularization m ethod to the supersym m etric kink

requiresSUSY friendly boundary conditions,see[9].W e

shallalsoencounterm oredi�cultiesthan in thekinkcase

due to the jum p from oneto two spatialdim ensions.

De�ning non-dim ensionalspace-tim e variables,x� !
1

ev
x�,and �elds,� ! v� = v(�1+ i�2),A � ! vA �,from

the vacuum expectation value ofthe Higgs �eld v and

the U (1)-gauge coupling constant e,the action for the

Abelian Higgsm odelin (2+ 1)-dim ensionsreads:

S =
v

e

Z

d
3
x

�

�
1

4
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(D ��)

�
D

�
� � U (�;��)

�

with U (�;��)= �

8
(��� � 1)2. � = �

e2
isthe only classi-

cally relevantparam eterand m easurestheratio between

the m asses ofthe Higgs and vector particles; � is the

Higgs �eld self-coupling. For � = 1 one �nds self-dual

vortices with quantized m agnetic 
ux g = 2�l

e
,l 2 Z,

and m assM V = �jljv2 asthe solutionsofthe �rst-order

equationsD 1� � iD 2� = 0,F12 �
1

2
(��� � 1)= 0,or,

(@1�1 + A 1�2)� (@2�2 � A 2�1)= 0 (1)

� (@2�1 + A 2�2)+ (@1�2 � A 1�1)= 0 (2)

F12 �
1

2
(�21 + �

2

2 � 1)= 0 (3)

with appropriate boundary conditions: ���j
S1

= 1,

D i�jS1
= (@i� � iA i�)jS1

= 0, that is, �jS1
= eil�

and A ijS1
= � i��@i�jS1

. In whatfollows,we shallfo-

cuson solutionswith positivel:i.e.,we shallchoosethe

uppersignsin the �rst-orderequations.

2. L2-integrable second-order 
uctuations around a

given vortex solution are stillsolutionsofthe �rst-order

equationswith the sam e m agnetic 
ux ifthey belong to

the kernelofthe Dirac-likeoperator,D �(~x)= 0,[10]

D =

0

B
B
@

� @2 @1  1  2

� @1 � @2 �  2  1

 1 �  2 � @2 + V1 � @1 � V2

 2  1 @1 + V2 � @2 + V1

1

C
C
A

where �T (~x) = (a1(~x);a2(~x);’1(~x);’2(~x)). W e denote

thevortexsolution �eldsas =  1+ i 2 and Vk,k = 1;2.

Assem bling the sm all
uctuations around the solution

�(~x) =  (~x)+ ’(~x),A k(~x) = Vk(~x)+ ak(~x) in a four

colum n �(~x), the �rst com ponent of D � gives the de-

form ation ofthe vortex equation (3),whereasthe third

and fourth com ponentsare due to the respective defor-

m ation ofthe covariant holom orphy equations (2) and

(1). The second com ponent sets the background gauge

B (ak;’; )= @kak � ( 1’2 �  2’1)on the
uctuations.

Theoperators
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H
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0

B
@

� 4 + j j
2

0 � 2r 1 2 2r 1 1
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2

� 2r 2 2 2r 2 1

� 2r 1 2 � 2r 2 2 � 4 + 1

2
(3j j

2
+ 2VkVk � 1) � 2Vk@k

2r 1 1 2r 2 1 2Vk@k � 4 + 1

2
(3j j

2
+ 2VkVk � 1)

1

C
A

H
� =

0

B
@

� 4 + j j
2

0 0 0

0 � 4 + j j
2

0 0

0 0 � 4 + 1

2
(j j

2
+ 1)+ VkVk � 2Vk@k

0 0 2Vk@k � 4 + 1

2
(j j

2
+ 1)+ VkVk

1

C
A ;

are de�ned asH + = D yD -the second order
uctuation

operatoraround thevortexin thebackground gauge-and

itspartnerH � = D D y.

O ne easily checks that dim kerD y = 0. Thus, the

dim ension ofthe m odulispace ofself-dualvortex solu-

tionswith m agnetic charge listhe index ofD : indD =

dim kerD � dim kerD y. W e follow W einberg [10], us-

ing the background instead of the Coulom b gauge, to

brie
y determ ine indD . The spectra of the operators

H + and H � only di�erin the num berofeigen-functions

belonging to their kernels. For topologicalvortices,we

do not expect pathologies due to asym m etries between

the spectraldensities ofH + and H � and thus indD =

Tre� �H
+

� Tre� �H
�

.See [11,12]forthe caseofChern-

Sim ons-Higgstopologicalvortices.

The heat traces Tre� �H
�

= tr
R

R
2 d

2~xK H � (~x;~x;�)

can be obtained from the kernelsofthe heatequations:

�
@

@�
I+ H

�

�

K H � (~x;~y;�)= 0

K H � (~x;~y;0)= I� �
(2)(~x � ~y)

Bearing in m ind the structure H � = � 4 I+ I+

Q
�

k
(~x)@k+ V

� (~x),onewritestheheatkernelsin theform :

K H � (~x;~y;�)= C
� (~x;~y;�)K H 0

(~x;~y;�)

with C � (~x;~x;0) = I. K H 0
(~x;~y;�) = e

� �

4��
� I� e

�
j~x � ~yj

4�

is the heat kernelfor the K lein-G ordon operator H 0 =

(� 4 + 1)I,which isthesecond-order
uctuation operator

around thevacuum in theFeynm an-’tHooftrenorm aliz-

ablegauge,the background gaugein the vacuum sector.

C � (~x;~y;�)solvethe transferequations:

�
@

@�
I+

xk � yk

�
(@kI�

1

2
Q
�

k
)� 4 I+

+ Q
�

k
@k + V

�
	
C
� (~x;~y;�)= 0 (4)

The high-tem perature expansions C � (~x;~y;�) =
P 1

n= 0
c�n (~x;~y)�

n, c
�
0
(~x;~x) = I, trade the PDE (4) by

the recurrencerelations

[nI+ (xk � yk)(@kI�
1

2
Q
�

k
)]c�n (~x;~y)=

= [4 I� Q
�

k
@k � V

� ]c�n� 1(~x;~y) (5)

am ong the coe�cientswith n � 1.Because

Tre� �H
�

=
e� �

4��

1X

n= 0

4X

a= 1

Z

d
2
x[cn]

�
aa(~x;~x)�

n =

=
e� �

4��

1X

n= 0

�
n

4X

a= 1

[cn]
�
aa(H

� ) (6)

and c�
1
(~x;~x)= � V � (~x),weobtain in the � = 0 -in�nite

tem perature-lim it:

indD =
1

4�
tr
�
c1(H

+ )� c1(H
� )
	
=

1

�

Z

d
2
xV12(~x)= 2l

the dim ension ofthe self-dualvortex m odulispaceis2l.

3. Standard lore in the sem i-classicalquantization of

solitonstellsusthatthe one-loop m assshiftcom esfrom

the Casim ir energy plus the contribution of the m ass

renorm alization counter-term s:�M V = �M C
V + �M R

V .

The vortex Casim ir energy with respect to the vacuum

Casim irenergy isgiven form ally by the form ula:

�M C
V =

~m

2

h

STr
�
�
H

+
�1

2 � STr(H 0)
1

2

i

;

wherem = ev istheHiggsand vectorboson m assatthe

criticalpoint� = 1. W e choose a system ofunitswhere

c = 1, but ~ has dim ensions of length � m ass. The

\supertraces"encodetheghostcontribution to suppress

the pure gauge oscillations:STr
�
(H + )

1

2 = Tr
�
(H + )

1

2 �

Tr
�
H G

�1

2 and STr(H 0)
1

2 = Tr(H 0)
1

2 � Tr
�
H G

0

�
. The

trace for the ghosts operatorsis purely functional: i.e.,

H G = � 4 + j j2, H G
0 = � 4 + 1 are ordinary -non-

m atricial-Schrodinger operators. The star m eans that

the2n zeroeigenvaluesofH + m ustbesubtractedbecause

zero m odesonly enterattwo-loop order.

In a m inim alsubtraction renorm alization schem e,one

adds the counter-term s LS
c:t: = ~m I

�
j�j2 � 1

�
,LA

c:t: =

� 1

2
~m IA �A

� with I =
R

d
2~k

(2�)2
1p

~k�~k+ 1
to cancelthe di-

vergences up to the one-loop-order that arises in the

Higgs tadpole and two-point function,and in the two-

pointfunctionsofthe G oldstone and vectorbosons. Fi-

nite renorm alizations are adjusted in such a way that

the criticalpoint � = 1 is reached at �rst-order in the



3

loop expansion.Therefore,the contribution ofthe m ass

renorm alization counter-term sto the vortex m assis:

�M R
V = �M S

c:t:+ �M A
c:t:= ~m I�( ;V k)

where�( ;V k)=
R
dx2 [(1� j j2)� 1

2
VkVk].

W eregularizeboth �M C
V and �M R

V by m eansofgen-

eralized zeta functions. From the spectralresolution of

a Fredholm operatorH �n = �n�n,onede�nesthegener-

alized zeta function asthe series�H (s)=
P

n
1

�s
n

,which

isa m erom orphicfunction ofthecom plex variables.W e

can then hopethat,despitetheircontinuousspectra,our

operators�tsin thisschem e,and write:

�M C
V (s) =

~�

2

�
�2

m 2

� s n�

�H + (s)� �
H

+

G

(s)

�

+

+

�

�H G
0

(s)� �H 0
(s)

�o

�M R
V (s) =

~

m L2
�H 0

(s)�( ;V k)

where �H 0
(s) = m

2
L
2

4�

�(s� 1)

�(s)
and � is a param eter

of inverse length dim ensions. Note that �M C
V =

lim s! � 1

2

�M C
V (s), �M

R
V = lim s! 1

2

�M R
V (s) and I =

lim s! 1

2

1

2m 2L 2 �H 0
(s).

4. Togetherwith the high-tem perature expansion the

M ellin transform ofthe heattraceshowsthat

�H (s)=
1

�(s)

1X

n= 0

Z 1

0

d� �
s+ n� 2

cn(H )e
� � +

1

�(s)
B H (s)

isthe sum ofm erom orphicand entire -B H (s)-functions

of s. Neglecting the entire parts and keeping a �nite

num ber ofterm s N 0 in the asym ptotic seriesfor �H (s),

we�nd the following approxim ationsforthe generalized

zeta functionsconcerning ourproblem :

�H + (s)� �H 0
(s) ’

N 0X

n= 1

4X

a= 1

[cn]aa(H
+ )�


[s+ n � 1;1]

4��(s)

�H G
0

(s)� �H G (s) ’ �

N 0X

n= 1

cn(H
G )�


[s+ n � 1;1]

4��(s)
;


[s + n � 1;1] =
R1

0
d� �s+ n� 2e� � is the incom plete

G am m a function,with a very wellknown m erom orphic

structure.Contrarily to the(1+ 1)-dim ensionalcase,the

value s = � 1

2
forwhich we shallobtain the Casim iren-

ergy isnota pole.

W riting �cn =
P 4

a= 1
[cn]aa(H

+ )� cn(H
G ),the contri-

bution ofthe �rstcoe�cientto the Casim irenergy

�M
(1)C

V
(s)’

~

2
�

�
�2

m 2

� s

�c1 �

[s;1=2]

4��(s)

is�nite atthe s! � 1

2
lim it

�M
(1)C

V
(� 1=2)’ �

~m

4�
�( ;V k)�


[� 1=2;1]

�(1=2)
and exactly cancelsthe contribution ofthe m ass renor-

m alization counter-term s-also �nite fors= 1

2
-:

�M R
V (s) ’

~m

4�
� �( ;Vk)�


[s� 1;1]

�(s)

�M R
V (1=2) ’

~m

4�
� �( ;Vk)�


[� 1=2;1]

�(1=2)
:

Subtracting the contribution ofthe 2lzero m odeswe �-

nally obtain the following form ula for the vortex m ass

shift:

�M V =
~m

2
lim

s! � 1

2

"

� 2l

[s;1]

�(s)
+

N 0X

n= 2

�cn

[s+ n � 1;1]

4��(s)

#

= �
~m

16�
3

2

"

� 2l
[�
1

2
;1]+

N 0X

n= 2

�cn
[n � 3=2;1]

#

(7)

5. Com putation ofthe coe�cients ofthe asym ptotic

expansion isa di�culttask;e.g.the second coe�cient

c
+

2
(~x;~x)= �

1

6
4 V

+ (~x)+
1

12
Q
+

k
(~x)Q

+

k
(~x)V + (~x)�

�
1

6
@kQ

+

k
(~x)V + (~x)+

1

6
Q
+

k
(~x)@kV

+ (~x)+
1

2
[V + ]2(~x)

De�ning the partialderivativesofthe coe�cientsat~y =

~x as

(� 1;� 2)C
ij
n (~x)= lim

~y! ~x

@� 1+ � 2[cn]ij(~x;~y)

@x
� 1

1
@x

� 2

2

wewritetheirrecurrencerelations

(k+ �1 + �2 + 1)(� 1;� 2)C
ip

k+ 1
(~x)= (� 1+ 2;� 2)C

ip

k
(~x)+ (� 1;� 2+ 2)C

ip

k
(~x)�

�

nX

j= 1

� 1X

r= 0

� 2X

t= 0

�
�1

r

��
�2

t

� "

@r+ tQ
ij

1

@xr
1
@xt

2

(� 1� r+ 1;� 2� t)C
jp

k
(~x)+

@r+ tQ
ij

2

@xr
1
@xt

2

(� 1� r;� 2� t+ 1)C
jp

k
(~x)

#

+

+
1

2

nX

j= 1

� 1� 1X

r= 0

� 2X

t= 0

�1

�
�1 � 1

r

��
�2

t

�
@r+ tQ

ij

1

@xr
1
@xt

2

(� 1� 1� r;� 2� t)C
jp

k+ 1
(~x)+
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+
1

2

nX

j= 1

� 2� 1X

r= 0

� 1X

t= 0

�2

�
�2 � 1

r

��
�1

t

�
@r+ tQ

ij

2

@xt
1
@xr

2

(� 1� t;� 2� 1� r)C
jp

k+ 1
(~x)�

�

nX

j= 1

� 2X

r= 0

� 1X

t= 0

�
�1

t

��
�2

r

�
@r+ tV ij

@xt
1
@xr

2

(� 1� t;� 2� r)C
jp

k
(~x)

starting from (�;
)C
jp

0
(~x).

W e notice that [cn]jp(~x) = (0;0)C jp
n (~x) and thus

[cn]ii(H )=
R1

� 1
d2x[cn]ii(~x).

Thingsareeasierifweapplytheseform ulaetocylindri-

cally sym m etric vortices. The ansatz �(r;�) = f(r)eil�

and rA �(r;�)= l�(r) plugged into the �rst-orderequa-

tionsleadsto:

1

r

d�

dr
= �

1

2l
(f2� 1) ;

df

dr
= �

l

r
f(r)[1� �(r)] : (8)

Solutionsof(8)with theboundaryconditions lim
r! 1

f(r)=

1, lim
r! 1

�(r)= 1,zeroesofthe Higgsand vector�eldsat

theorigin,f(0)= 0,�(0)= 0,and integerm agnetic
ux,

eg = �
R

r= 1
d�A� = 2�l,can be found by a m ixture of

analyticaland num ericalm ethods [13]. Henceforth,we

shallfocuson the casel= 1.

The heat kernel coe�cients depend on successive

derivativesofthesolution.Thisdependencecan increase

the errorin the estim ation ofthese coe�cients because

wehandlean interpolatingpolynom ialasthenum erically

generated solution,and the derivation ofsuch a polyno-

m ialintroduces inaccuracies. It is thus of crucialim -

portance to use the �rst-orderdi�erentialequations(8)

in orderto elim inate the derivativesofthe solution and

write the coe�cients as expressions depending only on

the �elds. The recurrence form ula now givesthe coe�-

cientsofthe asym ptotic expansion in term soff(r)and

�(r),e.g.:

4X

i= 1

[c1]ii(r;�)= 5�
2�(r)

2

r2
� 5f(r)

2

4X

i= 1

[c2]ii(r;�)=
1

12r4
[37r

4
+ 4�(r)

4 � 8r
2
�
� 7+ 8r

2
�
f(r)

2
+

+ 27r
4
f(r)

4
+ 8r

2
�(r)

�

1� 14f(r)
2
�

+

+ 8�(r)
2
�

� 2� 3r
2
+ 9r

2
f(r)

2
�

]

4X

i= 1

[c3]ii(r;�)=
1

120r6
[� 4�(r)6 � 28r

2
�(r)

3
�

2+ 5f(r)
2
�

+

+ 4�(r)
4
�

20+ 9r
2
+ 32r

2
f(r)

2
�

� 2r
2
�(r)

�
� 4

�
16+ 9r

2
�
+

+
�
32 + 331r

2
�
f(r)

2
+ 57r

2
f(r)

4
�

+ �(r)
2
�
� 256� 144r

2

� 117r4 + 2r
2
�
56+ 183r

2
�
f(r)

2
+ 99r

4
f(r)

4
�

+ r
4
(� 16+

+ 151r
2
+
�
392� 321r

2
�
f(r)

2
+
�
� 20+ 199r

2
�
f(r)

4

� 29r2 f(r)6
�

] :

Plugging in these expressions the partially analytical

partially num ericalsolution forf(r)and �(r),itispos-

sible to com pute the coe�cients -also for the ghost op-

erator via sim ilar but sim pler form ulae- and integrate

num erically them in the wholeplane.Thus,form ula (7)

�M V

~m
=

� 1

16�
3

2

N 0X

n= 2

�cn
[�
3

2
+ n;1]�

1
p
�

provides us with the one-loop vortex m ass shift,where

werecallthat

�cn =

4X

a= 1

[cn]aa(H
+ )� cn(H

G ) :

Theresultsareshown in the TableI:

TABLE I:Seeley Coe� cientsand M assShift

n
P

4

i= 1
c
ii

n (H
+ ) cn(H

G ) N 0 � M V (N 0)=~m

2 30.3513 2.677510 2 -1.02814

3 13.0289 0.270246 3 -1.08241

4 4.24732 0.024586 4 -1.09191

5 1.05946 0.001244 5 -1.09350

6 0.207369 0.000013 6 -1.09373

The�nalvalueforthe vortex m assatone-loop orderis:

M V = m

�
�v

e
� 1:09373~

�

+ o(~2):

Theconvergenceup to thesixth orderin theasym ptotic

expansion isvery good. W e have no m eans,however,of

estim ating theerror.In thecaseof�(�)42 kinkswefound

agreem ent between the result obtained by this m ethod

and the exactresultup to the fourth decim al�gure,see

[6].
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