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A bstract

In this work we identify the m anifold ofsolitary waves arising in a three-

com ponentscalar�eld m odelusing the Bogom ol’nyiarrangem entofthe energy

functional. A rich structure oftopologicaland non-topologicalkinks exists in

the di�erentsub-m odelscontained in thetheory.

1 Introduction

Thesearch forsolitary wavesisan ongoing topicin both M athem aticsand Physics

becausethiskind ofquasi-soliton playsan im portantr̂olein ahugenum berofbranches

ofnon-linearscience.InFieldTheory,theyusuallyappearinm odelsthatsupportspon-

taneoussym m etry breaking,them ostprom inentexam plesbeing kinks/dom ain walls,

vortices,and m onopoles[1].Startingwith theoriesthatinvolveahigh num berof�elds,

theusualprocedurefollowed to investigatetheexistenceofsolitary waves-topological

defects-isto obtain an e�ectivescalar�eld theory,im posing severerestrictionson the

originaltheory.In m ostcases,oneiscom pelled to pursuean e�ectivetheory thatwill

correspond toasinglescalar�eld m odel,wheretheexistenceoftopologicaldefectscan

bechecked easily.Thereason forthisisthegood-understandingofthiskind ofsystem ;

asparadigm aticexam ples,thewell-known kink and soliton in theone-dim ensional�4

and sine-Gordon m odelsshould be noted.Both kindsofsolitary wallcan be thought

ofasthick walls,thetopologicaldefectsin a three-dim ensionalperspective.Neverthe-

less,thegeneralfram ework isthatthee�ectivetheory dependson severalscalar�elds

and thusthe truncation m ay involve an im portantlossofinform ation concerning the

presence oftopologicaldefectsand the structure ofspontaneoussym m etry breaking.

Itistherefore desirable to investigate the generalpropertiesofdom ain wallsolutions

in a m ulti-scalar�eld theory.
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In (1+1)-dim ensional�eld theory,solitary wavesare non-singularsolutionsofthe

non-linearcoupled �eld equationsof�nite energy such thattheirenergy density has

a spacetim e dependence of the form : "(x;t) = "(x � vt), where v is the velocity

ofpropagation. In relativistic theories,Lorentz (orGalilean) invariance provides all

the kink solutions from the purely static ones. The search for �nite-energy static

solutionsin one-dim ensional�eld theoriesistantam ountto thesearch for�niteaction

trajectories in a naturaldynam icalsystem where,the x-coordinate plays the r̂ole of

tim e; the �eld com ponents transm ute to positions in the con�guration space, and

the �eld theoreticaldensity energy becom es m inus the m echanicalpotentialenergy.

No wonder the di�culties involved in �nding kinks in m ulti-com ponent scalar �eld

theories: one faces m ulti-dim ensionalm echanicalsystem s where integrability is not

ensured.

Ata very early stagein the(pre-)history ofthesubject,a (1+1)-dim ensional�eld

theoreticalm odelwith two realscalar�eldsbecam e relevant. M ontonen and Sarker-

Trullinger-Bishop proposed the deform ation ofthe O (2)-linear sigm a m odelwith a

potentialenergy density ofU(�1;�2)=
1

2
[(�2

1
+ �2

2
� 1)2 + �2�2

2
],see [2]. Itwasclear

thatthe zeroes ofthe potentialare two points and hence the hunt forkinks started

im m ediately1.Usingatrialorbitm ethod in theassociated two-dim ensionalm echanical

system , Rajaram an identi�ed two di�erent topologicalkinks joining the two vacua

of the system that live on a straight line and half-ellipses respectively. Only one

com ponent ofthe scalar �eld is non-zero in the �rst case,but the two-com ponents

di�erfrom zero in thesecond kind ofsolution;forthisreason,thesesolitary wavesare

referred toasTK1(straightline)and TK2/TK2*(upper/lowerhalf-ellipse)kinksin the

literature thatappeared later. Rajaram an also found one kink associated to a closed

trajectorystartingfrom and endingatthesam epointofthethevacuum orbit.M agyari

and Thom as[3]realized thatthem echanicalsystem associated with theM STB m odel

is integrable -there is a second invariant in involution with the m echanicalenergy-

and used this fact to show that there exists a whole fam ily oftwo-com ponent non-

topologicalkinks(NTK2),allofthem degenerated in energy with Rajaram an’sNTK2

kink;explicitkink form factorswereonly described by num ericalm ethods.

Them ain breakthrough in analytically �nding allthesolitary wavesoftheM STB

m odelem erged in Reference [4]. Ito discovered thatthe m echanicalproblem wasnot

only integrablebutthatitwasHam ilton-Jacobiseparableby usingellipticcoordinates.

In thissetting,heshowed theanalyticform ulasforthe kink orbitsand thekink form

factors,unveiling the m athem aticalreasonsforthe previously observed striking kink

sum rule. Im m ediately,the stability ofthis degenerate kink fam ily was questioned;

application oftheM orseindex theorem solved thisproblem in [5].A parallelwith the

M orse theory ofgeodesics was established som ewhat later in Reference [6]. Thus,a

clearconnection arosebetween solitary waves,theirstability,and dynam icalsystem s.

In Reference [7],severalofus showed that the M STB m odelis not unique in this

respect;two (1+1)-dim ensional�eld theoreticalm odels with two realscalar �elds -

referred to as m odelA and B in that paper-have m anifolds ofsolitary waves with

1W e shallrefer to the zeroes ofthe potentialas vacua throughout the paper,anticipating their

r̂olein thequantization ofthisclassical�eld theory.Also,becausethesetwo pointsarerelated by the

internalsym m etry group Z2 
 Z2 generated by �1 ! � �1 and �2 ! � �2,weshallsom etim esreferto

thissetasthe vacuum orbit.
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sim ilarstructures. To �nd the analytic expression forthe kinksofm odelA,we were

prom pted to solve an integrable dynam icalsystem classi�ed as Liouville Type I,see

[8]. The system belongs to the sam e class as that found in the M STB m odel-the

two-dim ensionalGarniersystem [9]-butthere are three di�erences: (a)the potential

energy density isa polynom ialofsixth orderin the �elds(instead offourth);(b)the

vacuum orbithas�ve points(instead of2),and (c)there arem any m orestablekinks

than in theM STB m odel.M odelB ischaracterized by a fourth-orderpotentialenergy

density in the two scalar �elds. The m ain feature,however,is the need to solve a

Liouville integrable system ofType III,i.e. Ham ilton-Jacobiseparable in parabolic

coordinates. The vacuum orbithasfourpointsand there are m anifoldsofstable and

unstablekinks.

In recentyears,allthiswork hasproved to be fruitfulin the fram ework ofsuper-

sym m etrictheories.In thedim ensionalreduction ofa generalized W ess-Zum ino m odel

with two chiralsuper�elds,Bazeia-Nascim ento-Ribeiro-Toledo (henceforth referred to

asthe BNRT m odel)[10]found one one-com ponenttopologicalkink (TK1)and one

two-com ponenttopologicalkink (TK2).In thiscase,thevacuum orbithasfourpoints

and the potentialenergy density is a polynom ialin the �elds oforder four. Under-

standing the BNRT m odelas a deform ation ofm odelB,som e ofus discovered the

wholem anifold ofkink orbits[11].Thereiskink degeneracy,also found slightly earlier

by Shifm an and Voloshin in one ofthe topologicalsectors [12],and,for two critical

valuesofthe coupling constant,analytic form ulasforthe kink form factorsare avail-

able.Oneofthem correspondsexactly to m odelB;the otherone leadsto a Liouville

system ofType IV,Ham ilton-Jacobiseparable in Cartesian coordinates. Interesting

consequences have been translated to the dynam ics ofintersecting branes[13]. How

thick wallsgrow from one-com ponentkinksiswellknown. Com posite kinksgive rise

to a non-triviallow energy dynam icsforintersecting wallsasgeodesic m otion in the

kink m odulispace(thespaceoftheintegration constantswith a m etricinherited from

the �eld theoretic kinetic energy). Anothersupersym m etric m odelthatshowsa rich

pattern ofkink solutionsistheW ess-Zum ino m odelitself.TheBPS kink statesofthis

N = 2 supersym m etric (1+ 1)D m odelwith a com plex scalar�eld and holom orphic

superpotentialwere discovered by Vafa etal. in [14]. In [15],two ofusstudied this

system from thepointofview ofthereal-analyticstructure.Thevacuum orbithaving

been identi�ed,the 
ow between the vacuum pointswas determ ined asthe gradient

ofthereal(im aginary)partofthesuperpotential.Thus,kink orbitsareidenti�ed with

realalgebraiccurves.

Here,wecontinuetostrugglewith theextension ofthesestudiesto�eld theoretical

m odels with three realscalar �elds. In [16],som e ofus explored the generalization

ofthe M STB m odel. The solution of the three-dim ensionalGarnier system using

three-dim ensionalJacobicoordinatesrevealed the existence ofan extrem ely com plex

variety ofkinks.Nevertheless,thestructureofthekink m anifold and itsstability was

com pletely unraveled in [17].Them ain goalofthepresentpaperistoidentify thekink

m anifold arisingin afam ily ofthree-com ponentrelativistic�eld m odelswith avacuum

m anifold thatcontainsseveralelem entsorpoints.Thisfam ilycan beinterpreted asthe

naturalgeneralization ofthegeneralized M STB m odelstudied in [16][17]in thesense

ofSt�ackel-typesystem s.Them ostinteresting featureofthisgeneralization isthatthe
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num ber ofelem ents in the vacuum m anifold depends on the range ofrelative values

ofthe coupling constants. Therefore,we can �nd di�erentsubm odelsofoursystem ,

which havea very rich structure ofkink m anifolds.W hen theenergy density ofthese

kinks orsolitary waves is studied we �nd that severalfam ilies ofthese solutions are

degenerate,which allows us to claim thatsom e kink fam ilies indeed consist ofm ore

basic kinks,such thattheirenergy density displaysseverallum psassociated with the

basickinks.In ourm odel,weareableto �nd solutionswith two,threeorfourlum ps.

The organization ofthe paperisasfollows: In Section 2 we introduce the m odel,

writingtheexpressionsinSt�ackelform anddescribingthedi�erentspontaneoussym m e-

try-breaking scenarios. Section 3 isdivided into foursub-sections. In 3.1,we identify

�rst-order di�erentialequations satis�ed by the kink solutions,reproducing the Bo-

gom ol’nyiprocedure in thiscontext. Sub-section 3.2 containsthe resolution ofthese

equations. In 3.3,we determ ine the regions where the solutions live and,�nally,in

Sub-section 3.4,som e generalcom m ents about the determ ination ofthe stability of

thekink solutionsareo�ered.In Section 4 wedescribethebehaviourofsolitary wave

fam iliesin one ofthe regim esofthe m odel,atthe sam e tim e discussing theirstabil-

ity properties. Finally,in Section 5 we address som e points concerning the di�erent

extensionsofthem odel.

2 T he m odel

W efocusourattention on thesearch forkink solutionsarising in three-com ponent

scalar�eld m odels in a (1+1)M inkowskian space-tim e,whose dynam ics isgoverned

by theaction functional

S[�]=

Z

d
2
x

"
1

2

3X

j= 1

@��j@
�
�j � U(�)

#

;

whereweuseEinstein’sconvention forGreekindiceswiththeusualm etric�11 = ��22 =

1,�12 = �21 = 0,andwhereU(�)isasm ooth non-negativefunction thatdependson the

three-com ponentscalar�eld � = (�1;�2;�3). W e use naturalunits,hence c= 1,and

we shallhenceforth denote x0 � tand x1 � x. The Euler-Lagrange equationsin this

casearewritten asthefollowing system ofsecond-orderpartialdi�erentialequations

@2�i

@t2
�
@2�i

@x2
= �

@U

@�i
(�1;�2;�3) i= 1;2;3: (1)

Kinksare�nite-energysolutionsof(1),such thatthetim edependenceisdictated by

theLorentzinvariance:�K (t;x)= �( x� vtp
1� v2

),and they can beinterpreted asextrem als

ofthepositivesem i-de�niteenergy functional

E[�]=

Z

dx"(x)=

Z

dx

(
1

2

3X

i= 1

@�i

@x

@�i

@x
+ U(�1;�2;�3)

)

; (2)

which m aintainsthisfunctional�nite: E[�]< +1 ,see [1]. Therefore,solitary waves

m ustcom ply with theasym ptoticconditions

a) lim
x! � 1

� 2 M b) lim
x! � 1

d�

dx
= 0 ; (3)
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where M isthe setofzeroesorabsolute m inim a ofthepotentialterm -thatis,M =

f(�1;�2;�3) 2 R
3=U(�1;�2;�3) = 0g-which are usually referred to as vacua ofthe

theory becausetheelem entsofM play thisr̂olein thecorresponding quantum theory.

The usualprocedure fortackling the search forkinks in this kind oftheory isto

interpret(2)astheaction functionalofa m echanicalsystem in which wethink ofthe

variablex as\tim e";� asthecoordinatesofa unit-m asspointparticle,and V = �U

asthepotentialfunction.From thispointofview,(1)arem erely equationsofm otion

in the new system . In reference [16],the authors dealwith the m odelinvolving the

potentialfunction

U(�1;�2;�3)=
1

2
(�2

1
+ �

2

2
+ �

2

3
� 1)2 +

1

2
�
2

2
�
2

2
+
1

2
�
2

3
�
2

3
(4)

and show that the m echanicalanalogue is not only com pletely integrable but also

Ham ilton-Jacobiseparableby using a system ofthree-dim ensionalellipticcoordinates.

In [17],the stability properties ofkinks are analyzed and a new approach to search

for kinks based on the Bogom ol’nyidecom position are given in the above system .

The authors prove the equivalence between the Ham ilton-Jacobiequation and the

Bogom ol’nyiapproach.Thepotentialfunction(4)hastwozeroes,v� = (�1;0;0);v+ =

(1;0;0).Therefore,thekinksin thism odelcan beclassi�ed into topologicaland non-

topologicalkinksaccording to whetherthesolution connectstwo di�erentvacua (open

orbits)orthesolution departsand arrivesata vacuum (closed orbits).

The search fornew integrable m odelsisnotan easy task.In thissense,we would

rem ark thefollowingquotation from Jacobiin his\Vorlesungen �uberDynam ik",which

allowsusto seetheissuefrom adi�erentperspective:\Them ain di� culty in integrat-

inggiven di� erentialequationsisto introduce suitable variableswhich cannotbefound

by a generalrule. Therefore, we m ust go in the opposite direction and, after � nd-

ing som e rem arkable substitution,look for problem s to which itcould be successfully

applied".

The goalofthispaperisto generalize the above m odel,focusing ourattention on

m odels with a greater-than-two num ber ofelem ents in M ,such that we can �nd a

m oresophisticated sym m etry-breaking scenario and a richerplethora ofsolitary waves

than before.

Using the sam e notation as in the reference [16],we now introduce a system of

Jacobielliptic coordinates� = (�1;�2;�3),with constants ��23 = 1� �23,��
2
2 = 1� �22

and 1,which isde�ned as:

�
2

1 =
1

�22�
2
3

(1� �1)(1� �2)(1� �3)

�
2

2
=

�1

�2
2
(�2

3
� �2

2
)
(��2

2
� �1)(��

2

2
� �2)(��

2

2
� �3) (5)

�
2

3
=

�1

�23(�
2
2 � �23)

(��2
3
� �1)(��

2

3
� �2)(��

2

3
� �3);

in which therangeofthecoordinatesis:

� 1 < �1 < ��23 < �2 < ��22 < �3 < 1 : (6)
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Itshould benoted thatthiscoordinatetransform ation isinvariantunderthegroup

G = Z
� 3
2 generated by �a ! (�1)�ab�a;b= 1;2;3.

Invoking (5),theenergy functionalcan bewritten as

E[�]=

Z

dx

(
1

2

3X

j= 1

gjj(�)
@�j

@x

@�j

@x
+ U(�1;�2;�3)

)

; (7)

where the m etric coe�cients g jj(�) = � 1

4

fj(�)

(�j� 1)(�j� ��
2
2
)(�j� ��

2
3
)
have been introduced.

Here,wesetfj(�)=

3Y

k= 1;k6= j

(�j � �k).

In thenew variables,thepotential(4)iswritten as:

U(�)=
1

2

3X

i= 1

�2i(�i� �22)(�i� �23)

fi(�)
; (8)

and theirzeroesv� y v+ arem apped to one pointv � (�v
1
;�v

2
;�v

3
)= (0;��2

3
;��2

2
)in the

ellipticspacebecauseoftheabove-m entioned invariance.

In orderto generalizeexpression (8),weintroducethefollowing potentialfunction

U(�;��2)=

3X

i= 1

Ui(�;��
2)=

1

2

3X

i= 1

�2i(�i� �2
2
)(�i� �2

3
)(�i� ��2)2

fi(�)
; (9)

which becom es a polynom ialfunction ofeighth degree in the original�elds. Notice

thatwehaveadded a new factor(�i� ��2)2 to each ofthesum m andsin (8).Thus,(9)

introduces new degenerate vacua in M ,which for�xed �2
2
and �2

3
depend upon the

value ofthe coupling constant ��2 = 1� �2. Therefore,new scenariosofspontaneous

sym m etry-breaking and aricherkink m anifold arisein thism odel.Takingintoaccount

therange(6)fortheellipticcoordinatesand form ula (9),wecan observethatthenew

structureofthesetM dependson therelativevaluesbetween theconstant��2 and the

�xed constants ��2
2
,��2

3
and 1. Forinstance,for ��2 > 1 the new factor(�i� ��2)2 does

notvanish forany valueof�iand thereforeM hasthesam estructureasthatin m odel

(8).However,for��2 2 (��2
3
;��2

2
)we�nd new vacualocated atthepoints� � (��2

3
;��2;��2

2
)

and � � (0;��2;��22).

W eshallnow introducedi�erentscenariosforourm odeldepending on thevalueof

theconstant ��2.W eshalldistinguish thenum berofvacua in each case.

� Regim e E 1:Asm entioned above,for ��2 2 (1;1 )there existsonly one vacuum

in the elliptic space,m inim izing the potentialfunction: �v1 = (0;��3
2;��2

2). W e

have a sim ilarsituation ifthe constant ��2 takesthe discrete values0,�2
3
or�2

2
.

Forthisreason we de�ne the setL0 = f0;�23;�
2
2g[ (1;1 ),taking into account

thatif��2 2 L0 ourm odelonly hasa vacuum ,�
v1,in the elliptic space. In the

Cartesian space,thevacuum m anifold M can beregarded astheorbitgenerated

by the action ofthe group G=H 1 overthe vacuum v1,where H 1 = 1 � Z2 � Z2

isthegroup thatleavesthecoordinatesofv1 invariant.There arethereforetwo

vacua in theCartesian spaceM 0 = f�v
1

= (�1;0;0)g.
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Thekinksolutionsin thism odeldisplaythesam ebehaviourasthoseofthem odel

studied in [16],although theexplicitexpression oftheequationsofm otion ism ore

com plicated because we have a polynom ialofdegree eightin the original�elds.

Owing to thissim ilarity,weshallnotdealwith thisregim ein ourstudy.

� Regim e E 2: W e now consider the range ��2 2 L1 = (0;�23) for the coupling

constant.In thisregim e,new zeroesofthepotentialariseon theplane�1 = ��2,

in the elliptic space thatcorrespondsto the ellipsoid
�2
1

1� ��2
+

�2
2

��2
2
� ��2

+
�2
3

��2
3
� ��2

= 1

in the Cartesian space. In fact,two vacua arise in the elliptic space, �v
1

=

(0;��3
2;��2

2)and �v
2

= (��2;��3
2;��2

2),both invariantunderthesubgroup H 2 = H 1.

Correspondingly,therearefourvacua in theCartesian spacethatcorrespond to

the orbit
F

2

i= 1
(G=H i)vi. Therefore, we have M 1 = f�v1 = (�1;0;0);�v2 =

(��;0;0)g,asdepicted in Figure1.

It is interesting to rem ark that the range ofvalues ��2 2 (�1 ;0) is form ally

analogous to that in which ��2 2 L1,interchanging the r̂oles ofthe ellipsoids

�1 = 0 and �1 = ��2 in the previous reasoning. W e shalltherefore focus our

attention on therangeofvaluesL1.

λ3

F3

F2
A

B O

C F1

λ2

λ1
ν1

ν2

φ2

ν1

ν1

ν2

ν2
F2

F3

φ3

φ1

Figure1:Vacuum m anifold in the Cartesian and elliptic spaces:Regim e E 2.F1,F2 and F3

stand for the fociofthe ellipsoid;B and C are the extrem es ofthe m inor sem i-axis,and A

represents the um bilicalpoints.

� Regim e H 1: In this case, ��2 2 L2 = (�2
3
;�2

2
). From the values of ��2 and the

range ofthe elliptic coordinates,the zeroes ofthe potentialterm (9) arise on

the plane �2 = ��2,which isequivalent to the hyperboloid ofone sheet
�2
1

1� ��2
+

�2
2

��2
2
� ��2

= 1+
�2
3

��2� ��2
3

in the Cartesian space. W e �nd three vacua located at the

points �v
1

= (0;��23;��
2
2),�

v2 = (��23;��
2;��22) and �v

3

= (0;��2;��22). The vacua

v1 and v2 rem ain invariant under H 1,whereas v3 is invariant under H 3 = 1 �

Z2 � 1.Thereareeightvacua in theCartesian spacecorresponding to theorbit
F

3

i= 1
(G=H i)vi,with coordinatesM 2 = f�v1 = (�1;0;0);�v2 = (��;0;0);�v3 =

(� �

�3
;0;� ��3

�3

p
��2 � ��23)g, as shown in Figure 2. In section 4,for the sake of

clarity we shallfocus on this regim e in order to describe in detaila particular

kink m anifold ofthem odelinstead ofdiscussing itin each singleregim e.

� Regim e H 2: This case is characterized by ��2 2 L3 = (�2
2
;1). Applying the

sam e reasoning as before,we �nd that new vacua arise on the plane �3 = ��2;
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λ2

λ3

λ1
F3

F2

A

ν1

ν3 ν2

F1

φ1

ν1

ν2 ν2

ν1

φ2

φ3

ν3

ν3

ν3

ν3

Figure2:Vacuum m anifold in the Cartesian and elliptic spaces: Regim e H 1.

that is,the hyperboloid oftwo sheets
�2
1

1� ��2
= 1 +

�2
2

��2� ��2
2

+
�2
3

��2� ��2
3

in Cartesian

coordinates. In particular, the potentialhas four m inim a: �v1 = (0;��23;��
2
2);

�v2 = (��2
3
;��2

2
;��2);�v3 = (0;��2

2
;��2),and �v4 = (0;��2

3
;��2). The vacuum v4 is

invariantunderH 4 = 1� 1� Z2,and theCartesian vacuum m anifold istheorbit
F

4

i= 1
(G=H i)vi;nam ely,

M 3 = f�
v1 = (�1;0;0);�v2 = (��;0;0);

�
v3 =

�

�
�

�3
;0;�

��3

�3

q

��2 � ��2
3

�

;�
v4 =

�

�
�

�2
;�

��2

�2

q

��2 � ��2
2
;0

��

:

λ2

λ3

λ1
F3

F2

A

ν1

ν3 ν2

ν4

φ1

ν1

ν1

φ2

φ3

A

ν3
ν3

OC

B

ν4

ν4

ν2

ν2 F2

Figure3:Vacuum m anifold in the Cartesian and elliptic spaces: Regim e H 2.

� Regim e H 20: In this case,the coupling constant ��2 is set equalto unity. In

the internalelliptic space we can read the m inim a as �v1 = (0;��2
3
;��2

2
),�v2 =

(��23;��
2
2;1),�

v3 = (0;��22;1)and �
v4 = (0;��23;1),which correspond toeightm inim a

in theCartesian space:M
0

3
= lim

��2! 1

M 3 = f�
v1 = (�1;0;0);�v2 = (0;0;0);�v3 =

(0;0;� ��3);�
v4 = (0;� ��2;0)g.

In thislattercase,theplane�3 = 1 isintroduced into the elliptic space.Unlike

the previously introduced planes,this is no longer a regular one,and this can

be readily seen in the degeneracy exhibited by the H 2 vacuum m anifold atthe

lim it ��2 ! 1;thissingularplane correspondsto the plane �1 = 0 in Cartesian

coordinates. Regarding the kink m anifold,thisisbasically the sam e asthatof

the H 2 m odel,exceptthatthe kink solutionsexisting on the two sheets ofthe

hyperboloid and in between them now degenerateintokink solutionson theplane

�1 = 0.Thissituation isthe3D analogueofm odelA in [7].
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3 First-order equations and K ink M anifolds

3.1 T he superpotentialand the B ogom ol’nyiarrangem ent

W e notice that the potential(9)determ ines a St�ackelsystem [8]. Therefore,the

Ham ilton-Jacobiequation ofthe m echanicalanalogue is separable using the system

ofJacobielliptic coordinates. However,here we shallm ake use ofthe Bogom ol’nyi

arrangem entin orderto obtain the kink m anifold ofourm odel. The two procedures

are equivalent(see [17])butthe second one allowsusto identify the supersym m etric

extension ofour�eld theory,given thatiftheenergy functional(7)can bewritten as

E[�]=

Z

dx
1

2

3X

j= 1

gjj

�
@�j

@x
�

1

gjj

@W (�)

@�j

� 2

�

Z

dx
dW (�)

dx
(10)

forsom efunction W (�i),then theunderlying �eld theory hasasupersym m etricexten-

sion in which the function W playsthe r̂ole ofsuperpotentialin the supersym m etric

�eld theory,see[18].Therefore,thesuperpotentialW m ustcom ply with

2U(�)= g
� 1
11
(�)

�
@W

@�1

� 2

+ g
� 1
22
(�)

�
@W

@�2

� 2

+ g
� 1
33
(�)

�
@W

@�3

� 2

:

Pluggingtheexpression ofthepotentialfunction (9)and them etriccoe�cientsinto

theaboveequation,wehave

3X

i= 1

�2i(�i� ��2)2
Q

3

j= 2
(�i� �2j)

fi(�)
=

3X

i= 1

�4(�i� 1)
Q

3

j= 2
(�i� �2j)

fi(�)

�
@W

@�i

� 2

;

which can besolved easily by theansatz W = W 1(�1)+ W 2(�2)+ W 3(�3).The three

resulting decoupled ordinary di�erentialequations

�
dW i

d�i

� 2

=
�2i(�i� ��2)2

4(1� �i)
; i= 1;2;3

lead usto theexpression ofthesuperpotentialfunction W

W
(�1;�2;�3)(�)=

3X

i= 1

W
�i
i (�i)=

1

15

3X

i= 1

(�1)�iP2(�i)
p
1� �i ; �i= 0;1 ;

whereP2(�i)= 2d+ d�i� 3�2i,with d = (5��2 � 4).

Extrem altrajectoriesfortheenergy functional(10)ariseifthefollowing system of

�rst-orderdi�erentialequations

d�i

dx
= (�1)�ig� 1ii (�)

dW i

d�i

= (�1)�i2
�i(�i� ��2)(�i� �2

2
)(�i� �2

3
)

fi(�)

p
1� �i (11)

9



where�i= 0;1and i= 1;2;3issatis�ed,becausethesquared term sin (10)arealways

positive and the lastone isa constant. Due to the indeterm inacy ofthe signs�1,�2
and �3,(11)constituteseightsystem sofordinary di�erentialequations.Nevertheless,

thissetofsystem siseasierto solvethan second-order(Euler-Lagrange)equations.In

orderto obtain a com pletekink solution wehaveto join solutionsfrom the�rst-order

di�erentialequations with di�erent choices ofthe signs (�1)�i in di�erent intervals

covering the realline. The reason forthisisthatthe �rst-orderdi�erentialequations

inherit the inform ation ofthe second-order equations de�ned piecewise. Assum ing

thatwesearch forcontinuousand di�erentiablesolutions,thesequenceofsigns(�1)�i

correspondingtothedi�erentpiecesthatconstitutesasolution isprescribed.In section

4 we shallillustrate thisapproach in severalcases. From (10)itisreadily seen that

theenergy ofasolitary wave,solution of(11)with only onepiece,dependsonly on the

topologicalchargeofthesolution.In thiscase,itissaid thattheBogom ol’nyibound

issaturated.However,iftheorbit� isgiven by � = [Jj= 1�
j,whereJ isthenum berof

piecesof� and �j standsforthejth piece,wehave:

E[�] =
X

piecesof�

Z

dx
dW (�)

dx
=
X

j

Z 3X

i= 1

@W f�igj

@�i
d�i

=

JX

j

(W f�igj(�
j

�nal
)� W

f�igj(�
j

initial
)); (12)

wheref�igj representsthevaluesofthe�i param etersforthej
th pieceofthesolution.

3.2 Solutions via quadratures

In orderto solvesystem (11),werewriteitin theform :

d�i

(�1)�i2
p
1� �i

Q
4

j= 1
(�i� cj)

=
dx

fi(�)
; i= 1;2;3 ; (13)

wherewehavede�ned c= (��2;��22;��
2
3;��

2
4)and ��24 = 0 forfutureconvenience.Thesum

oftheseequationsgives

3X

i= 1

d�i

(�1)�i2
p
1� �i

Q
4

j= 1
(�i� cj)

= 0 (14)

M ultiplying each sideof(13)by �i and sum m ing overi,weobtain:

3X

i= 1

�id�i

(�1)�i2
p
1� �i

Q
4

j= 1
(�i� cj)

= 0 : (15)

Also,m ultiplying (13)by �2i and sum m ing again overiwereach theequation that

establishesthedependence ofthekink com ponentson x

3X

i= 1

�2id�i

(�1)�i2
p
1� �i

Q
4

j= 1
(�i� cj)

= dx : (16)

10



W eshallnow determ inethekink orbitsand theform factorby invoking (14),(15),

and (16).Integration ofthe�rsttwo equations,

3X

i= 1

(�1)�i

2

Z
d�i

p
1� �i

Q
4

j= 1
(�i� cj)

= 
2

3X

i= 1

(�1)�i

2

Z
�id�i

p
1� �i

Q
4

j= 1
(�i� cj)

= 
3

leadsusto theexpression ofthegenerickink orbits:

e
2
2 =

4Y

j= 1

�
�
�
�

p
1� �1�

p
1� cj

p
1� �1+

p
1� cj

�
�
�
�

(� 1)
�1

F j(c)

�

4Y

j= 1

�
�
�
�

p
1� �2�

p
1� cj

p
1� �2+

p
1� cj

�
�
�
�

(� 1)
�2

F j(c)

�

4Y

j= 1

�
�
�
�

p
1� �3�

p
1� cj

p
1� �3+

p
1� cj

�
�
�
�

(� 1)
�3

F j(c)

(17)

e
2
3 =

3Y

j= 1

�
�
�
�

p
1� �1�

p
1� cj

p
1� �1+

p
1� cj

�
�
�
�

(� 1)
�1 cj

F j(c)

�

3Y

j= 1

�
�
�
�

p
1� �2�

p
1� cj

p
1� �2+

p
1� cj

�
�
�
�

(� 1)
�2 cj

F j(c)

�

3Y

j= 1

�
�
�
�

p
1� �3�

p
1� cj

p
1� �3+

p
1� cj

�
�
�
�

(� 1)
�3 cj

F j(c)

;

(18)

where Fj(c) =
p
1� cj

Q
4

l= 1;l6= j
(cj � cl),and 
2 and 
3 are arbitrary realconstants

thatspecify a particularkink orbit.

Theintegration of(16)

3X

i= 1

(�1)�i

2

Z
�2id�i

p
1� �i

Q
4

j= 1
(�i� cj)

= 
1 + x

givesustheform factorofthekink:

e
2(
1+ x) =

3Y

j= 1

�
�
�
�

p
1� �1�

p
1� cj

p
1� �1+

p
1� cj

�
�
�
�

(� 1)
�1 c

2
j

F j(c)

�

3Y

j= 1

�
�
�
�

p
1� �2�

p
1� cj

p
1� �2+

p
1� cj

�
�
�
�

(� 1)
�2 c

2
j

F j(c)

�

3Y

j= 1

�
�
�
�

p
1� �3�

p
1� cj

p
1� �3+

p
1� cj

�
�
�
�

(� 1)
�3 c

2
j

F j(c)

;

(19)


1 being an integration constant associated with the translationalinvariance ofthe

system .Expressions(17),(18)and (19)provideuswith thewholem anifold ofsolitary

waves.

3.3 Frontiers and barriers. B asic kinks

W eshallnow provethatthesetofsolitary wavesiscon�ned to living in a bounded

region oftheinternalspace,which in factcorrespondstoaparallelepiped in theelliptic

space. Forthe sake ofclarity,we shallrestrictourstudy to the range ��2 2 L,where

L =
S

3

i= 1
Liisthesetin which thekink m anifold isrichest,seeSection 2.Thisinclude

the regim es E 2,H 1,and H 2. Squaring the �rst equation in (13),and de�ning the

generalized m om entum �1 = g11(�)
d�1
dx
,wehave:

1

2
�
2

1
�
�21(�1 � ��2)2

8(1� �1)
= 0: (20)
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Equation (20)can be regarded asthatgoverning the m otion ofa particle m oving

underthein
uenceofthepotentialfunction

U(�1)=

8
>><

>>:

�
�2
1
(�1 � ��2)

2

8(1� �1)
; �1 < �1 < ��2

3

1 ; ��2
3
< �1 < 1

The function has at least one m inim um in �1 = 0 and a second one in �1 =

��2 if ��2 2 L1. Furtherm ore,the function U(�1) goes to �1 as �1 tends to �1 .

Thusthe bounded m otion can only occurin the interval[0;��2
3
]. This,com bined with

the boundary conditions,leadsusto the conclusion thatthe kink solutionslie in the

parallelepiped �P3(0)= [0;��2
3
]� [��2

3
;��2

2
]� [��2

2
;1].

Thereisstillm oreinform ationthatcan beextracted followingthisprocedure,owing

to the appearance ofa second m inim um . Letus�rst�x a value �� 2 in L,and letus

set ��2 2 Li forsom e ithatdepends on ��2. Squaring the ith equation ofthe system

(13) and de�ning the generalized m om entum �i = gii(�)
d�i
dx
,we arrive at a sim ilar

one-dim ensionaldynam ics:

1

2
�
2

i �
�2i(�i� ��2)2

8(1� �i)
= 0: (21)

Accordingly the corresponding potentialfunction isnow de�ned by U(�1)ifi= 1

and

U(�i)=

8
>><

>>:

�
�2i(�i� ��2)

2

8(1� �i)
; m infLig< �i< m axfLig

1 ; �i =2 Li

for i= 2;3. The m inim um �i = ��2 now separates the bounded m otion ofthe one-

dim ensionalsystem into two intervals-the �i 2 L
�

i = [m infLig;��
2]intervaland the

�i 2 L
+

i = [��2;m axfLig]interval-,and into the trivialm otion �i = L0
i = ��2. This,

togetherwith the asym ptotic conditions,leads usto conclude that,besides living in
�P3(0),thekink solutionslieentirely in thesets

�P3(0)
� ;0;+ = f� 2 �P3(0) with �i2 L

� ;0;+

i g:

This decom position ofthe parallelepiped �P3(0) is,for the case we shallstudy in

detail,regim eH 1,asfollows(seeFigure2):

�P3(0) = �P3(0)
�
[ �P3(0)

0
[ �P3(0)

+ = [0;��2
3
]� [��2

3
;��2]� [��2

2
;1][

[ [0;��2
3
]� f��2g� [��2

2
;1][ [0;��2

3
]� [��2;��2

2
]� [��2

2
;1]:

The parallelepipeds �P3(0)
� and �P3(0)

+ contain fam ilies ofsolutions that depend

on two and three param eters,whereasthe plane �P3(0)
0 only containstwo-param etric

solutions.

Thus,introduction ofthefactor(�i� ��2)2 intothepotentialfunction U(�)leadsus

(within ourrangeofstudy)toanew con�nem entofkink solutionsin theparallelepiped

12



�P3(0). The generic kink solutions divide into two sectors and,in addition to this,a

new kind oftwo-param etric solutionsarises: those satisfying �i = ��2. Consequently,

thekink m anifold can bedecom posed asfollows:

C = C
�
i t C

0

i t C
+

i ; (22)

where C
� ;0;+

i representthe classofkink solutionswith �i � ��2,�i = ��2 and �i � ��2

respectively.

3.4 Stability

In thissub-section wediscusshow to determ inethestability propertiesofthekink

solutions. Forthe whole variety ofkink solutionsin thissystem ,itisnotpossible to

solve�1;�2 and �3 in term sofelem entary functionsofx.Therefore,itisnotpossible

to explicitly writeouttheHessian operatorforany kink in them odeland,hence,the

stability propertiescannotbestudied through analysisofitsspectrum .

Todeterm inethestability ofthesolutions,weuseinstead theargum entsdeveloped

in Ref. [16]based on the Jacobi�eldsalong kink solutions. Although the treatm ent

depicted in that paper is for a deform ed Sigm a O (3) m odel,the extension to this

m odelcan be readily carried out. Following this procedure,a rule establishing the

stability (instability) ofthe solutions is obtained: each solution crossing either the

edgeF1F3 � f��2
3
;��2

3
;�3g ortheedgeAF2 � f�1;��

2
2
;��2

2
g becom esan unstablesolution,

sincethesetwo edgesconstitutelinesofconjugatepointsofeach vacuum ofthetheory.

The key pointisthatthe superpotentialfunction isnotdi�erentiable overeither

ofthese two edgesand,consequently,the energy ofthe kink (12)isnota topological

quantity sinceitdependson thevalueofthesuperpotentialatthecrossing points.

In whatfollows,and bearing thisrem ark in m ind,weshallonly m ention thechar-

acterofeach ofthekinksdescribed.

4 D escription oftheK ink m anifold in theH 1 regim e

The description ofthe kink m anifold in the di�erentregim esarising in ourm odel

is a long and tedious task. W e shalltherefore focus our attention on a particular

exam ple: the H 1 regim e. Nevertheless,thiscase willsu�ce to illustrate the general

features that also arise in other regim es ofour m odel. W e shallnow describe the

behaviourofthe kinks thatarise in the H 1 regim e ofourm odel. W e can �nd basic

kinks,sim ilarto thesolutionsTK 1 and TK 2 in M STB m odel,thatareplaced on the

edgesofthe characteristic parallelepiped in the elliptic space (see �gures4,5 and 6).

Thesesolutionsarethesim plestkinksin ourm odeland they consistofa singlelum p,

such that they can be interpreted as an extended particle. W e shallshow that the

kink m anifold includes other kink solutions involving severallum ps associated with

thebasickinks.

W erecallsom erem arkablepointsoftheH 1regim efrom theprevioussections:The

num berofm inim a isthreein the\elliptic" space,and eightin theCartesian one(see

Figure 2): M 2 =

n

�v1 = (�1;0;0);�v2 = (��;0;0);�v3 = (� �

�3
;0;� ��3

�3

p
��2 � ��23)

o

.
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The ellipsoid E � �21 +
�2
2

��2
2

+
�2
3

��2
3

= 1 (that is,� = (0;�2;�3)),the one-sheet hyper-

boloid H �
�2
1

1� ��2
+

�2
2

��2
2
� ��2

�
�2
3

��2� ��2
3

= 1 (or �2 = ��2),and the planes �2;3 = 0 are

distinguished surfacesin the internalspace.In 3.3,we have proved thatallthe topo-

logicalsolutionsarecon�ned within theabove-m entioned ellipsoid E .From thispoint

ofview,thesesurfacesplay theroleofseparatricesam ong three-param eterfam iliesof

solutions,asproved above.These solutionsareassociated with �nitevaluesofthein-

tegration constants,
i.Itisusualin theliterature[16]torefertothisclassofsolutions

asgenericsolutions.On theotherhand,thesesurfacesalso contain thetrajectoriesof

two-param eterfam iliesofsolitary waves,which correspond toasym ptoticvaluesofthe

constants
i.Accordingly,they arecalled non-genericsolutions.

Finally,wedescribethekink m anifold in thesecases.W ecan distinguish:A,Non-

generic,two-param etric fam ilies,and B,Generic,three-param etric fam iliesofsolitary

waves:

A Two-Param etric fam iliesofsolutions:

A 1 Solutionson theellipsoid E .

The potentialterm U1 vanisheson thissurface. Accordingly,the superpo-

tentialfunction is:

W
(�2;�3)(�2;�3)=

3X

i= 2

W
�i
i (�i)=

1

15

3X

i= 2

(�1)�iP2(�i)
p
1� �i ; �i= 0;1:

Theorbitofthesesolutionsisgiven by

e
2
2 =

3Y

j= 1

�
�
�
�
�

p
1� �2 �

p
1� cj

p
1� �2 +

p
1� cj

�
�
�
�
�

(� 1)
�2 cj

F j(c) 3Y

j= 1

�
�
�
�
�

p
1� �3 �

p
1� cj

p
1� �3 +

p
1� cj

�
�
�
�
�

(� 1)
�3 cj

F j(c)

;


2 being an arbitrary realconstant.W ehavetwo kind ofsolutions:

i) T
v1;v3
E

:Stabletopologicalsolutionsthatconnectthem inim a v1 and v3

afterhaving crossed theplane�1 = 0.

ii) N
v3
E :Unstablenon-topologicalsolutionsthatjoin them inim um v3 with

itself.Thetrajectory ofthesesolutionsstartsfrom v3,reachestheplane

�1 = 0,and -aftercrossing the um bilicalpointA-returnsto the sam e

pointv3;seeFigure4.

The energy ofthese solutions can easily be calculated by integrating dW

along theirrespective orbits:

E [T
v1;v3
E ] =

Z

T
v1;v3
E

dW =

Z

dW
(0;0)+

Z

dW
(0;1)

=

Z
��2

��2
3

dW
0

2
+ 2

Z
1

��2
2

dW
0

3
=

1

15

�
�P2(��

2)� �3P2(��
2

3
)� 2�2P2(��

2

2
)
�

=
2

3

��
�5

5
� �

3

�

�

�
�5
3

5
� �

3

3

�

� 2

�
�5
2

5
� �

3

2

��
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Figure 4: Solitary waves on E in the Cartesian (left) and elliptic (m iddle) spaces. Energy

density ofa kink ofthe fam ily T
v1;v3
E

(right).

E [N
v3
E
] =

Z

N
v3
E

dW =

Z

dW
(0;0)+

Z

dW
(0;1)+

Z

dW
(1;0)+

Z

dW
(1;1)

= 2

Z
��2
2

��2

dW
0

2 + 4

Z
1

��2
2

dW
0

3 =
1

15

�
�2�2P2(��

2

2)� 2�P2(��
2)
�

=
4

3

��

�
3

2
�
�5
2

5

�

+

�

�
3
�
�5

5

��

A 2 Solutionson theplane�3 = 0.

In thiscase,the term sU2 and U1 ofthe potentialvanish,butnotsim ulta-

neously. The form er vanishes over �2 = ��2
3
,and the latter over �1 = ��2

3
.

Because ofthis,two superpotentialfunctions appear,and hence two sys-

tem s ofdi�erentialequations m ust be involved in order to determ ine this

solution.Nevertheless,wecan synthesize W asfollows:

W
(�k;�3)(�k;�3)=

1

15

X

i= k;3

(�1)�iP2(�i)
p
1� �i ; �i= 0;1;

wherek = 1 for�2 = ��23,and k = 2 for�1 = ��23.Theequationsoftheorbit

on theplane�k = ��2
3
are:

e
2
2 =

4Y

j= 1

j6= 3

�
�
�
�
�

p
1� �k �

p
1� cj

p
1� �k +

p
1� cj

�
�
�
�
�

(� 1)
�k (cj� c3)

F j(c) 4Y

j= 1

j6= 3

�
�
�
�
�

p
1� �3 �

p
1� cj

p
1� �3 +

p
1� cj

�
�
�
�
�

(� 1)
�3 (cj� c3)

F j(c)

:

Again wehavetwo kindsofsolutions:

i) Tv1;v2
�3

: Unstable topologicalsolutions linking the vacua v1 and v2.

These solutions leave v1,intersect the axis �2 and the segm ent F1F3
consecutively,and �nally arriveatv2,asdepicted in Figure5.

ii) N v2
�3
:Unstable non-topologicalsolutionsconnecting v2. The solutions

go from v2,intersecttheaxis�2 = 0,crossthefocusF2,and return to

theinitialpointv2.
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Figure 5: Solitary waves on �3 = 0 in the Cartesian (left) and elliptic (m iddle) spaces.

Energy density ofa kink ofthese fam ilies(right).

Thecom putation oftheenergiesisasfollows:

E [Tv1;v2
�3

] =
2

3

��
�5

5
� �

3

�

�

�
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5
� �

2

�

� 2

�
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� �
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��

E [N v2
�3
] =

4

3

��

�
3
�
�5

5

�

+

�

�
3

2 �
�5
2

5

��

:

A 3 Solutionson theplane�2 = 0,seeFigure6.

Now,theterm sU3 and U2 ofthepotentialvanish over�3 = ��2
2
and �2 = ��2

2
,

respectively. The two superpotentialfunctionsthatappearcan be synthe-

sized in a sim ilarway:

W
(�1;�k)(�1;�k)=

1

15

X

i= 1;k

(�1)�iP2(�i)
p
1� �i ; �i= 0;1;

where k = 2 for�3 = ��2
2
and k = 3 for�2 = ��2

2
.The equationsoftheorbit

on theplane�k = ��22 are:

e
2
2 =

4Y

j= 1

j6= 2

�
�
�
�
�

p
1� �1 �

p
1� cj

p
1� �1 +

p
1� cj

�
�
�
�
�

(� 1)
�1 (cj� c2)

F j(c) 4Y

j= 1

j6= 2

�
�
�
�
�

p
1� �k �

p
1� cj

p
1� �k +

p
1� cj

�
�
�
�
�

(� 1)
�k (cj� c2)

F j(c)

:

W enow havethreeclassesofsolutions:

i) Tv1;v2
�2

:Stable topologicalsolutionsthatjoin the m inim a v1 and v2,as

can beobserved in Figure6.

ii) Tv3
�2
:Unstable topologicalsolutionsthatconnectthe pointv3 with the

m inim um ,which isitsre
ection by thetransform ation �3 ! ��3,pre-

viously crossing thefocusF3.

iii) Tv2;v3
�2

: Unstable topologicalsolutions that link the points v2 and v3.

In thiscase,thesolutionsdepartfrom v2,and �nally arriveatv3 after

intersecting theaxis�3.

16



λ2

λ3

λ1φ1

F3

ν1

F3

F2
A

ν2
ν2

ν1

ν1

ν3
ν2φ2

φ3

A

A
ν3

ν3

ν3

ν3

A

A

F2
F2

ε  (x)

-40 -30 -20 -10 0 10
0

0.001

0.002

0.003

0.004

x

Figure 6: Solitary waves on �2 = 0 in the Cartesian (left) and elliptic (m iddle) spaces.

Energy density ofa concrete kink ofthe fam ily Tv3
�2

(right).

Theenergiesforthesesolutionsare:

E [Tv1;v2
�2

] =
2

3

��
1

5
� �

2

�

�

�
�5

5
� �

3

��

E [Tv3
�2
] =

4

3

��
1

5
� �

2

�

�

�
�5

5
� �

3

��

;

providing a sim ple kink energy sum rule: 2E [Tv1;v2
�2

]= E [Tv3
�2
]. The

rem aining energy is:

E [Tv2;v3
�2

]=
2

3

��
�53

5
� �

3

3

�

� 2

�
�5

5
� �

3

�

�

�
1

5
� �

2

��

:

In �gure6(right),wehavedepicted theenergy density "(x)ofa m em berof

thefam ily Tv3
�2
.W enoticethatthekinksofthisfam ily consistofthreebasic

lum ps.

A 4 Solutionson thehyperboloid.

The term U2 vanishesover�2 = ��2 and hence the superpotentialfunction

is:

W
(�1;�3)(�1;�3)=

1

15

X

i= 1;3

(�1)�iP2(�i)
p
1� �i ; �i= 0;1:

Theequation oftheorbitis:

e
2
2 =

4Y

j= 2

�
�
�
�
�

p
1� �1 �

p
1� cj

p
1� �1 +

p
1� cj

�
�
�
�
�

(� 1)
�1 (cj� c1)

F j(c) 4Y

j= 2

�
�
�
�
�

p
1� �3 �

p
1� cj

p
1� �3 +

p
1� cj

�
�
�
�
�

(� 1)
�3 (cj� c1)

F j(c)

:

In thiscase,only onefam ily isfound.

� T
v2;v3
H :The trajectoriesofthese stable solutionsconnectthe pointsv2

and v3,previously intersectingtheplane�1 = 0,asisshown in Figure7.

Noticethattheenergy density in thiscasecom prisestwo basiclum ps.

Theenergy is:

E [T
v2;v3
H

]=
2

3

��
�53

5
� �

3

3

�

�

�
1

5
� �

2

�

� 2

�
�52

5
� �
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2

��

:
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Figure 7:Solitary waves on H in the Cartesian (left) and elliptic (m iddle) spaces. Energy

density ofa kink ofthisfam ily (right).

B Three-Param etric fam iliesofsolutions.W e�nd threekindsofsolutions:

B 1 Solutionslocated insidetheellipsoid and outsidethehyperboloid,seeFigure

8:

i) Tv1;v2 :Stable topologicalsolutionsthatjoin v1 and v2. The solutions

em ergefrom v1,latercrosstheplane�1 = 0,and �nally arriveatv2.

ii) Tv3 : Unstable topologicalsolutions,which start from a m inim um v3,

consecutively crosstheplanes�1 = 0 and �3 = 0,intersecting theF1F3
edge,and �nally arrive at v3. Notice that the energy density in this

casecom prisesfourbasiclum ps.
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Figure8:Generic solitary wavesin the Cartesian (left)and elliptic (m iddle)spaces.Energy

density ofa kink ofthe fam ily Tv3 (right).

Theirenergiesare:

E [Tv1;v2] =
2
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B 2 Solutionslocated insidethehyperboloid:

18



i) Tv2;v3 : These are unstable solutions. They leave v2,cross the plane

�1 = 0,laterintersectthehyperbola AF2,crosstheplane�1 = 0 again,

and �nally arriveatthepointv3;seeFigure9.
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Figure9:Generic solitary wavesin the Cartesian (left)and elliptic (right) spaces.

Theenergy in thiscaseis:

E [Tv2;v3]=
2
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To com pletethepreviousenergy calculations,thekink energy sum rulessatis�ed

by thegenericsolutionsareo�ered:

{ E [Tv1;v2]= E [Tv1;v2
�3

]

{ 2E [Tv2;v3]= E [N
v3
E
]+ E [T

v2;v3
H

]+ E [Tv2;v3
�2

]

{ 2E [Tv3]= E [T
v1;v3
E ]+ E [T

v2;v3
H ]� 3E [Tv1;v2

�2
].

See Sub-section 3.1 ofReference [16]for an explanation ofthe origin ofthese

rulesin a sim plersetting. W e stressthatthe decom position ofthe kink energy

density in severallum psisdueto thekink energy sum rules.

Finally,asan exam ple we depictthe kink form factor(Fig. 10 and Fig. 11)forthe

two unstablegenericsolutions.

5 Further C om m ents

Itispossibleto generalizethiskind ofm odelin two senses;weenlargetheinternal

spacewith N scalar�eldsand weincludea greaternum berofcoupling constants ��2
i.

1. To study the generalization ofthis kind ofsystem to N dim ensions, it is �rst

necessary to introduce N -dim ensionalJacobielliptic coordinates. An appropriate ex-

planation ofthesecan beseen in [16].Thepotentialfunction weproposeforthesystem

isasfollows:

U(�;��2)=

NX

i= 1

Ui(�;��
2)=

1

2

NX

i= 1

�2i(�i� ��2)2
Q N

j= 2
(�i� ��2j)

fi(�)
;
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wherethecoupling constantstogetherwith thecoordinatessatis�esthechain

�1 < �1 < ��2N < �2 < :::< �N � 1 < ��2
2
< �N < 1= ��2

1
:

Thedenom inatorisfi(�)=
Q N

j6= i
(�i� �j),and ��2 isa realpositiveconstant.The

function U(�;��2)ispositivesem i-de�niteand presentsa num berofzeroes,depending

on ��2. The m ostinteresting kink m anifold appearswhen ��2 2 Li;i= 1;:::;N ,and

becom esricherasiincreases,theLi intervalsbeing thetrivialgeneralization ofthose

appearing in thethree-dim ensionalpotential.

W eshallnow brie
y study thevacuum m anifold in alltheN di�erentcasesatonce.

Letusset ��2 such that ��2 2 Lj forsom e j between 1 and N . To �nd a zero ofthe

function U(�;��2),wem ustm akeevery term Ui(�;��
2)vanish.Tovisualizetheprocess,

weshallseek help from thefollowing graphic

λ1 λ2 λj+1λj

... ...

λN

j + 1 N - j

λN−1

0 1
2σ2

2σ
N

σ
N−1
2 σ

N−j+1
2α2

Each circle in the �k block represents a value that �k can take to m ake the term

Uk(�;��
2)null.Each valueappearing in thevacuum coordinateswillberepresented by

afullcircle,and henceeach vacuum in theellipticspaceisrepresented by N fullcircles.

To �lltheN � j circlesto therightof��2,there isonly onepossibility,asseen in the

�gure,butto �llthe rem aining j circleswe have a num berofdi�erentwaysequalto

the num berofperm utationsofj+ 1 elem ents,j ofthem being repeated. Therefore,

we have P
(j+ 1)

j;1 = j+ 1 zeroesofthe U(�;��2)function,j ofthem being on the plane

�j = ��2.To �gureoutthenum berofcorresponding Cartesian vacua,weonly need to

takeinto accountthem ultiplicity ofeach ellipticvacuum .By doing this,weconclude

thatby introducing a regularplane �j = ��2 there are V = 4+ (j� 1)2N � 1 Cartesian

vacua.Thekink m anifold thusdecom posesinto V 2 disconnected sectors[7].

2. The second generalization considers not only one param eter, ��2,but severalof

them .Thegeneralized potentialisconstructed asfollows.

Letusconsidernum bersni = 0;1;2;:::with i= 1;:::;N ,and letusde�ne (n1 +

:::+ nN )di�erentparam eters��
2
ij,such thatforeach ni6= 0,��2ij 2 Liand j= 1;:::;ni.

W ecan thereforeconstructtheN -dim ensionalpotential:

U =

NX

i= 1

Ui(�;��
2

ij)=
1

2

NX

i= 1

�2i(�i� ��22)(�i� ��23)

fi(�)

niY

j= 1

ni6= 0

(�i� ��2ij)
2
: (23)

The case in which
P N

i= 1
ni = 0 corresponds to the deform ed O (N ) linear sigm a

m odel[16]and thecase
P

N

i= 1
ni= 1,with N = 3,isprecisely them odelstudied in the

previoussections.

As
P N

i= 1
niincreases,thevacuum m anifoldbecom esm oreandm oreabundantowing

to the appearance ofan increasing num berofrootsin the potential. An easy way to
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accountforthevacuum m anifold V isthrough thecorresponding generalization ofthe

previousgraphic

λ1 λi
λj

...

λNλN−1

njni

λi+1 λj+1

......

In this picture (n1 + :::+ nN ) additionalcircles appear,�-holes for short,since

every ��2ij iseasily seen tobea rootoftheUiterm in (23).Com putation ofthenum ber

ofvacua now proves to be an easy task given that,as before,each vacuum point is

represented by N �lled circles. It happens that the num ber ofvacua -including v1,

which correspondsto allthe�-holesem ptied-isgiven by:

Card(V)= 1+

NX

q= 1

N q;

whereN q isthenum berofvacuum pointswith q�lled �-holes,which can becalculated

readily using com binatorialtechniques.

Regardingthekinkm anifold,andlookingatthecorresponding�rst-orderequations,

for each ��2ij we can deduce a con�nem ent ofthe solutions in �P3(0) sim ilar to that

obtained in section 3. Therefore,a num ber of2(n1+ :::+ nN ) subsets of �P3(0)thathost

generalkink solutionsappear.

Thepurposeofthisconstruction isnow clear.Recalling thestability criterion and

thecon�nem entofthesolutionsdueto thefactors(�i� ��2ij)
2,wecan isolatetheedges

F1F3 = f��2
3
;��2

3
;�3gand AF2 = f�1;��

2
2
;��2

2
g.Proceedingin thisway,wecan �nd subsets

ofthecon�guration spacein which only stablesolutionsem erge.
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