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A bstract

Superpotentials in N = 2 supersym m etric classicalm echanics are no m ore than the Ham ilton

characteristic function ofthe Ham ilton-Jacobitheory for the associated purely bosonic dynam ical

system . M odulo a globalsign,there are severalsuperpotentials ruling Ham ilton-Jacobiseparable

supersym m etric system s,with a num ber ofdegrees offreedom greater than one. Here,we explore

how supersym m etry and separability are entangled in the quantum version ofthis kind ofsystem .

W e also show thatthe planaranisotropicharm onic oscillatorand the two-Newtonian centersofforce

problem adm ittwonon-equivalentsupersym m etricextensionswith di�erentground statesand Yukawa

couplings.

1 Introduction

Supersym m etric quantum m echanics was tailor-designed for the purpose of studying the subtle and

crucialconcept of spontaneous supersym m etry breaking by E.W itten [1]in a context as basic and

sim ple as possible. Very soon,the strength ofthat idea exploded in an unexpected direction: SUSY

quantum m echanics on N-dim ensionalRiem annian m anifolds[2]provided a physicist’sapproach to the

very deep index theory ofelliptic operators,with far reaching consequences for the exchange between

thecom m unitiesofm athem aticiansand physicists.Thephysicsofsupersym m etricquantum m echanics,

however,wasm ainly studied in thecaseofonly onedegreeoffreedom .Thistask proved to beinteresting

enough to produce a huge body ofliterature;here we quote only References [3],[4],[5],and [6]as the

background to ourwork.

Following previouswork on thefactorization m ethod on N -dim ensionalquantum m echanicalsystem s

[7],the generalform alism ofm ulti-dim ensionalsupersym m etric quantum m echanics was established in

them id-eightiesby a Sankt-Petersburg group;see[8].M orerecently,researchersin theentourage ofthe

sam e group have explored the interplay between two-dim ensionalsupersym m etric quantum m echanics

with integrability and separability at the classicallim it,[9],[11]. In Reference [12]we addressed this

problem in a system atic way; we lim ited ourselves, however, to the classicaltheory as our scenario,

pro�tingfrom theHam ilton-Jacobiequation toobtain thesupersym m etricextension ofclassicalinvariants

ofHam ilton-Jacobiseparable 2D system s. In the presentwork,ourgoalisto addressthe sam e issue in

a purely quantum setting.W e shalldescribehow thespectra ofm atrix di�erentialoperatorsofdi�erent

rank areintertwined.W eshallalso show thattheground states(zero m odes)have a particularly sim ple

form in thiskind ofsystem .

Theorganization ofthepaperisasfollows:in Section x2,forconvenienceofthereader,wesum m arize

the generalform alism ofN = 2 supersym m etric quantum m echanics for system s with N degrees of

freedom . In order to set the stage for noveldevelopm ents,we brie
y rework the theoreticalbasis of

N-dim ensionalSUSY quantum m echanics as originally presented in the papers [7]-[8]. They use the
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Cli�ord algebra form alism forthe�rsttim ein thiscontext,betterthan theexteriorcalculusof[1]forour

purposes.W ealso try to adaptthisfram ework to thecohom ologicalapproach proposed in Reference[13]

to solve thesupersym m etricCoulom b problem in any dim ension by algebraic m eans.Theentanglem ent

between Ham ilton-Jacobitheory and the separation ofvariables ofthe quantum Schr�odinger equation

is exam ined in Section x3. In Section x4 we discuss two interesting two-dim ensionalphysicalsystem s.

Finally,we o�era briefSum m ary in Section x5.

2 N = 2 supersym m etric quantum m echanics

2.1 N -dim ensionalN = 2 SU SY quantum m echanics

Let
j,
N + j,j = 1;2;� � � ;N be the Herm itian generators,(
j)y = 
j,(
N + j)y = 
N + j,ofthe Cli�ord

algebra C (R 2N ) ofR 2N : f
j;
kg = 2�jk,f
N + j;
N + kg = 2�jk,f
j;
N + kg = 0,where f:;:g denotes

anticom m utator.Becausethedim ension oftheirreduciblerepresentation ofC (R 2N )is
P

N

f= 0

�
N

f

�
= 2N ,

the generators of C (R 2N ) are 2N � 2N Herm itian m atrices. The linear com binations  
j

+ = 1

2
(
j �

i
N + j); 
j
� = 1

2
(
j + i
N + j) of the generators satisfy the anticom m utation rules: f 

j
+ ; 

k
� g = �jk,

f 
j
+ ; 

k
+ g = f 

j
� ; 

k
� g = 0.Thus, 

j
+ and  

j
� can bethoughtofas\creation"and \annihilation"ferm ionic

operators. From these operators one de�nes the ferm ionic totalnum ber operator, f̂ =
P

N

j= 1 
j

+  
j

� ,

which allowsoneto assign a grading to thespaceoftheirreduciblerepresentation oftheCli�ord algebra

-the ferm ionic Fock space-: F = F0 � F1 � � � � � FN = � N
f= 0

Ff, f̂Ff = fFf, + :Ff �! Ff+ 1,

 � :Ff �! Ff� 1.

The key ingredients in de�ning a N -dim ensionalquantum m echanical 1 system with N = 2 super-

sym m etry are thesupercharges:

Q̂ + = eW (x1;� � � ;xN )Q̂ 0
+ e

� W (x1;� � � ;xN )= i

NX

j= 1

 
j

+

�
@

@xj
�
@W

@xj

�

; Q̂ 0
+ = i

NX

j= 1

 
j

+

@

@xj
; (1)

Q̂ � = e
� W (x1;� � � ;xN )

Q̂
0
� e

W (x1;� � � ;xN )= i

NX

j= 1

 
j

�

�
@

@xj
+
@W

@xj

�

; Q̂
0
� = i

NX

j= 1

 
j

�

@

@xj
; (2)

which changethenum berofferm ions,Q̂ + :Ff �! Ff+ 1,Q̂ � :Ff �! Ff� 1,and closetheN = 2 SUSY

algebra:

fQ̂ + ;Q̂ � g = 2Ĥ ; [̂Q + ;Ĥ ]= [̂Q � ;Ĥ ]= 0 ; Q̂ 2
+ = 0 ; Q̂ 2

� = 0 : (3)

Here,Ĥ isthe Q̂ � -invariantHam iltonian:

Ĥ = �
1

2

NX

j= 1

�
@

@xj
+
@W

@xj

� �
@

@xj
�
@W

@xj

�

I2N �

NX

j= 1

NX

k= 1

@2W

@xj@xk
 
j
+  

k
� : (4)

Com pare these expressions with the Ham iltonians,supercharges and SUSY algebra of[8](Section x3)

and [13](Section x3).TheHilbertspaceofstatesH = F 
 L2(R N )inheritsa grading from theferm ionic

Fock space:

H = H 0 � H 1 � � � � � HN � 1 � H N = �
N
f= 0H f ; H f = Ff 
 L

2(R N ) :

Letuschoose an orthonorm albasis~ej;j= 1;2;� ;N ;~ej:~ek = �jk in R N .The Ham iltonian acting on H 0

isan ordinary Schr�odingeroperatorwith potentialenergy:

V̂ (~x)=
1

2

�
~r W (~x)~r W (~x)+ r

2
W (~x)

�

; ~r =

NX

j= 1

@

@xj
~ej ; r

2 =

NX

j= 1

@2

@x2
j

(5)

1
W e take a system ofunitswhere ~ = 1.
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i.e.itisobtained from thegradientand theLaplacian ofthefunction W ,called thesuperpotentialforthis

reason.Acting on H f,however,Ĥ isa
�
N

f

�
�
�
N

f

�
-m atrix ofdi�erentialoperatorsbutalltheinteractions

are also determ ined by the superpotentialW ,see (4). In particular,the Yukawa term s -interactions

sensitive to the ferm ionic num berofthe state-depend on the second partialderivativesofW . W fully

determ inesthe supersym m etricm echanicalsystem .

Thereisperfectanalogy with deRahm cohom ology,seealso [8](Section x4).TheSUSY chargesplay

the r̂ole ofthe exteriorderivative and itsadjointsuch that,in theSUSY com plex,

H 0

Q̂ +

�!
 �

Q̂ �

H 1

Q̂ +

�!
 �

Q̂ �

H 2

Q̂ +

�!
 �

Q̂ �

� � � � � �

Q̂ +

�!
 �

Q̂ �

H N � 1

Q̂ +

�!
 �

Q̂ �

H N ;

onede�nestheSUSY cohom ology groups:H f(H ;C )=
K erQ̂

f

+

Im Q̂
f� 1

+

.Becausethesuperchargesarenilpotent,

there isa Hodge-type decom position theorem -H = Q̂ + H � Q̂ � H � K erĤ -where the kernelofĤ isa

�nite-dim ensionalsubspace spanned by the zero m odes. The proofiseasy: invert Ĥ on the orthogonal

subspaceto K erĤ and write:

H
? =

Q̂ + Q̂ � + Q̂ � Q̂ +

Ĥ
H
? = Q̂ +

 
Q̂ �

Ĥ
H
?

!

+ Q̂ �

 
Q̂ +

Ĥ
H
?

!

:

Ĥ playsthe r̂ole ofthe Laplacian and we talk about Q̂ � -exactand Ĥ -harm onicstates.

As in Hodge theory, zero m odes play a special r̂ole. E = 0 eigenfunctions (zero m odes) satisfy

Q̂ + 	
f

0
= Q̂ � 	

f

0
= 0:	

f

0
2 K erĤ .If	

f

0
= Q̂ + �

f� 1

0
,Q̂ � Q̂ + �

f� 1

0
= 0 im pliesthatjj	

f

0
jj= jĵQ + �

f� 1

0
jj=

0.Thus,non-trivialzero-energy statesare allthe Q̂ � -closed statesthatare not Q̂ � -exact.Spontaneous

supersym m etry breaking willoccurifallthecohom ology groupsH f(H ;C )aretrivial.TheW itten index

isthe Eulercharacteristic ofthe SUSY com plex:Tr(� 1)f̂ =
P

f+
dim H f+ (H ;C )�

P

f�
dim H f� (H ;C ),

where f+ (f� )runsovereven(odd)num bersofferm ions;see [1].Thisindex isfrequently used to decide

whetherornota given system presentssupersym m etry breaking because Tr(� 1)f̂ iseasier to com pute

than the cohom ology groups.

2.2 T w o-dim ensionalN = 2 SU SY quantum m echanics

In system swith N = 2 degreesoffreedom ,theform alism ofN = 2 supersym m etricquantum m echanics

can be developed quite explicitly. Creation and annihilation ferm ionic operators are de�ned from the

fourdim ensionalDirac/M ajorana m atrices:

 1

+ =
1

2
(
1 � i
3)=

0

B
B
@

0 0 0 0

1 0 0 0

0 0 0 0

0 0 1 0

1

C
C
A ;  1

� =
1

2
(
1 + i
3)=

0

B
B
@

0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

1

C
C
A

 2

+ =
1

2
(
2 � i
4)=

0

B
B
@

0 0 0 0

0 0 0 0

1 0 0 0

0 � 1 0 0

1

C
C
A ;  2

� =
1

2
(
2 + i
4)=

0

B
B
@

0 0 1 0

0 0 0 � 1

0 0 0 0

0 0 0 0

1

C
C
A ;

which are related to the operators b
y

1
and b

y

2
de�ned in [8](Section x5). The supercharges are the

2� 2-m atricesofdi�erentialoperators:

Q̂ + = i

0

B
B
B
@

0 0 0 0
@

@x1
� @W

@x1
0 0 0

@

@x2
� @W

@x2
0 0 0

0 � @

@x2
+ @W

@x2
@

@x1
� @W

@x1
0

1

C
C
C
A
;Q̂ � = i

0

B
B
B
@

0 @

@x1
+ @W

@x1
@

@x2
+ @W

@x2
0

0 0 0 � @

@x2
� @W

@x2

0 0 0 @

@x1
+ @W

@x1

0 0 0 0

1

C
C
C
A

;
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which are nilpotent: Q̂ 2
+ = 0 = Q̂ 2

� .TheSUSY algebra

fQ̂ + ;Q̂ � g = 2Ĥ ; [̂Q + ;Ĥ ]= [̂Q � ;Ĥ ]= 0

closesin a Ham iltonian ofthe form

2Ĥ = 2

0

@

ĥ(0) 0 0

0 ĥ(1) 0

0 0 ĥ(2)

1

A ;

where

2̂h(f= 0) = � r
2 + ~r W ~r W + r

2W and 2̂h(f= 2) = � r
2 + ~r W ~r W � r

2W ; (6)

are ordinary Schr�odingeroperators,and

2ĥ(f= 1) =

 

� r 2 + ~r W ~r W � 2
2W � 2 @

2
W

@x1@x2

� 2 @
2
W

@x1@x2
� r 2 + ~r W ~r W + 2

2W

!

;2
2 =

@2

@x1@x1
�

@2

@x2@x2
; (7)

isa 2� 2-m atrix Schr�odingeroperator;see [8],Section x5.

G iven an eigenstate ofĤ in H 0 with E 6= 0,

ĥ(0) E (x
1;x2)= E  E (x

1;x2) ; 	
(0)

E
(x1;x2)=

0

B
@

 E (x
1
;x

2
)

0

0

0

1

C
A ;

we have that Q̂ � 	
(0)

E
(x1;x2)= 0 -itis Q̂ � -closed-.However,

Q̂ + 	
(0)

E
(x1;x2)= i

0

B
B
@

0

( @

@x1
� @W

@x1
) E (x

1;x2)

( @

@x2
� @W

@x2
) E (x

1;x2)

0

1

C
C
A

isa eigenstate ofĤ with thesam e energy and ferm ionicnum berf = 1:

ĥ(1)
�

( @

@x1
� @W

@x1
) E (x

1;x2)

( @

@x2
� @W

@x2
) E (x

1;x2)

�

= E

�
( @

@x1
� @W

@x1
) E (x

1;x2)

( @

@x2
� @W

@x2
) E (x

1;x2)

�

;

ĥ(0) isintertwined with ĥ(1) and onesaysthat	
(1)

E
= Q̂ + 	

(0)

E
isa Q̂ + -exactstate.Sim ilim odo,starting

from eigenstatesofĤ with E 6= 0 in H 2 -allofthem Q̂ + -closed,i.e. Q̂ + 	
(2)

E
= 0-,

ĥ
(2)
�E (x

1
;x

2)= E �E (x
1
;x

2) ; 	
(2)

E
(x1;x2)=

0

B
@

0

0

0

�E (x
1
;x

2
)

1

C
A ;

one easily seesthat-the Q̂ � -exactstate-

Q̂ � 	
(2)

E
(x1;x2)= i

0

B
@

0

� (
@

@x2
+

@W

@x2
)�E (x

1
;x

2
)

(
@

@x1
+

@W

@x1
)�E (x

1
;x

2
)

0

1

C
A

isa eigenstate ofĤ :

ĥ(1)
�

(� @

@x2
� @W

@x2
)�E (x

1;x2)

( @

@x1
+ @W

@x1
)�E (x

1;x2)

�

= E

�
(� @

@x2
� @W

@x2
)�E (x

1;x2)

( @

@x1
+ @W

@x1
)�E (x

1;x2)

�

:

ĥ(2) and ĥ(1) arealso intertwined.Note,however,thathQ̂ � 	
(2)

E
ĵQ + 	

(0)

E
i= 0 and ĥ(0) isnotintertwined

with ĥ(2).See Reference [10]to �nd how two scalarHam iltoniansare intertwined through second-order

supercharges.

4



2.3 Zero energy eigenstates: spontaneous sym m etry breaking

The zero energy wave functions for the scalar Ham iltonians satisfy respectively: Q̂ + 	
(0)

0
(x1;x2) = 0,

Q̂ � 	
(2)

0
(x1;x2)= 0.Therefore,~r log 0(x

1;x2)= ~r W ,~r log�0(x
1;x2)= � ~r W ,and

	
(0)

0
(x1;x2)= C

0

B
@

exp[W (x
1
;x

2
)]

0

0

0

1

C
A ; 	

(2)

0
(x1;x2)= C

0

B
@

0

0

0

exp[� W (x
1
;x

2
)]

1

C
A : (8)

Therearenorm alizablezero-energy statesin H 0 orH 2 -and H
f= 0(H ;C )orH f= 2(H ;C )arenon-trivial-

if Z Z

R
2

dx
1
dx

2
e
2W (x1;x2)

< + 1 or

Z Z

R
2

dx
1
dx

2
e
� 2W (x1;x2)

< + 1 :

Unbroken supersym m etry due to bosonic zero m odesarise in 2D SUSY quantum m echanics underthe

sam erequirem entsasin 1D SUSY quantum m echanics,see [15].However,thesearch forwave functions

belonging to K erĥ(1) isslightly m oredi�cult.

Q̂ � 	
(1)

0
(x1;x2)= 0 = Q̂ + 	

(1)

0
(x1;x2)

requiresintegration oftheequations

~r log�0(x
1;x2)= �

@W

@x1
~e1 +

@W

@x2
~e2 ; ~r log�0(x

1;x2)=
@W

@x1
~e1 �

@W

@x2
~e2 : (9)

Note that in the odd cases the gradient ofthe log ofthe wave function is equalto the gradient ofthe

superpotentialon a plane with thereverse orientation.Thesolutionsof(9)are:

	
(1)

0
(x1;x2)= C1

0

B
@

0

exp[~W (x
1
;x

2
)]

0

0

1

C
A + C2

0

B
@

0

0

exp[� ~W (x
1
;x

2
)]

0

1

C
A = C1

0

B
@

0

�0(x
1
;x

2
)

0

0

1

C
A + C2

0

B
@

0

0

�0(x
1
;x

2
)

0

1

C
A ;

(10)

where ~W issuch that: @ ~W

@x1
= � @W

@x1
;@ ~W

@x2
= @W

@x2
. There are norm alizable zero-energy statesin H 1 -and

H f= 1(H ;C )isnon-trivial-ifeither

Z Z

R
2

dx1dx2e2
~W (x1;x2) < + 1 and=or

Z Z

R
2

dx1dx2e� 2
~W (x1;x2) < + 1 :

There are requirem ents on the superpotentialto �nd unbroken supersym m etry com ing from ferm ionic

zero m odessim ilarto those m etin the bosonicsectors.

3 H am ilton-Jacobitheory,supersym m etry and separability

The quantum system described in Section x2 enjoysN = 2 supersym m etry by construction;the datum

needed to set the interactions is the superpotentialW (~x). Alternatively, there m ight be interest in

knowing ifa given Ham iltonian adm itsN = 2 supersym m etry;in thatcase,the datum isthe potential

energy V̂ (~x) and the identi�cation ofthe superpotentialrequires that the Riccati-like PDE (5) m ust

be solved. In [13],the superpotentialforthe quantum Coulom b problem is shown to be: W (x1;x2)=p
2�
p
x2
1
+ x2

2
.Tem porarily recovering the Planck constant,one�nds:

1

2
~r W ~r W = � ;

1

2

�
~r W ~r W � ~r

2W

�

= �

"

1�
~

2

r
2

�
�
1

r

#

:
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The classicaland zero-G rasm ann lim itofthissupersym m etric system istherefore the free particle;the

second partialderivativesofthesuperpotentialarising in ĥ(1) are also m ultiplied by ~.

In [14],thesuperpotentialforthesupersym m etricCoulom b problem ischosen in such a way thatthe

Coulom b potentialenergy arisesattheclassicalnon-G rassm an lim it:W (x1;x2)= 2
p
2�(x2

1
+ x2

2
)
1

4 isthe

solution ofthe Ham ilton-Jacobiequation fortheCoulom b problem ,instead of(5):

1

2
~r W ~r W =

�

r
;

1

2

�
~r W ~r W � ~r

2
W

�

=
�

r

"

1�
~

4

r
2

�
�
1

r
1

2

#

:

W e shallfollow thispointofview and brie
y sum m arizethe connection between thesuperpotentialand

the solutions ofthe Ham ilton-Jacobiequation,an issue fully developed in Reference [12]. Interesting

work on the link between 2D classicalintegrable system sand SUSY quantum m echanics hasalso been

perform ed in [9]. W e stress,however,thatitisnotequivalent�rstto solve the HJ equation,de�ne the

classicalsupercharges,and,then to quantize these latterasto �rstquantize the purely bosonic system ,

solve (5),and then de�nethequantum supercharges.

3.1 H am iltonian form alism and the H am ilton characteristic function

LettheN = 2 classicalSUSY Ham iltonian be:

H =
1

2

NX

j= 1

pjpj +
1

2

NX

j= 1

@W

@xj

@W

@xj
� i

NX

j= 1

NX

k= 1

W jk�
j

2
�k1 ; W jk =

@2W

@xj@xk
:

Them om enta and coordinatesin thephasesuperspacearepj;x
j,�

j

1
;�

j

2
,where�

j

1
and �

j

2
aretheup and

down com ponentsofN G rassm an M ajorana spinors:
��j

1

�
j

2

�
,�

j
��

k
�
+ �k

�
�
j
� = 0,�;� = 1;2.

The Poisson superbrackets ofany superfunction on the superspace fF;G gP = @F
@pj

@G

@xj
� @F

@xj
@G
@pj

+

iF
 

@

@�
j
�

!

@

@�
j
�

G are obtained from thePoisson superstructurede�ned by the basicsuperbrackets:

fpj;x
k
gP = �

k
j fx

j
;x

k
gP = fpj;pkgP = 0 f�

j
�;�

k
�gP = i�

jk
��� :

TheclassicalSUSY charges

Q 1 =

NX

j= 1

�

pj�
j

1
�
@W

@xj
�
j

2

�

; Q 2 =

NX

j= 1

�

pj�
j

2
+
@W

@xj
�
j

1

�

close theclassicalSUSY algebra:fQ 1;Q 1gP = fQ 2;Q 2gP = 2iH ,fQ �;H gP = 0,fQ 1;Q 2gP = � ipj
@W

@xj
.

In the canonicalquantization procedure. Poisson superbrackets are prom oted to supercom m uta-

tors: [̂xj;p̂k] = i�jk, f�̂
j
�;�̂

k
�
g = � �jk��� . The representation of this Heisenberg superalgebra by

p̂j = 1

i
@

@xj
;̂xj = xj,�̂

j

1
=  

j

1
;�̂

j

2
=  

j

2
,where 

j

1
= ip

2
( 

j
+ +  

j
� )=

ip
2

j; 

j

2
= 1p

2
( 

j
+ �  

j
� )= � ip

2

N + j

aretheM ajorana 
-m atrices,leadsto thequantum supercharges(1),(2)and thequantum superalgebra

(3)ofSection x2.

Setting allthe G rassm an variables �
j
� equalto zero -the \body" of the superspace- , we have a

Ham iltonian dynam icalsystem with Ham iltonian and Ham ilton-Jacobiequation:

H =
1

2

NX

j= 1

pjpj+ V (x1;x2;� � � ;x
N ) ;

@S

@t
+ H (

@S

@x1
;
@S

@x2
;� � � ;

@S

@xn
;x

1
;x

2
;� � � ;x

N )= 0 :
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Therebeingnoexplicitdependenceon tim ein H ,onelooksforsolutionsoftheform S(t;x1;x2;� � � ;xN )=

W (x1;x2;� � � ;xN )� i1t,and the tim e-independentHam ilton-Jacobiequation reads:

i1 =
1

2

NX

j= 1

@W

@xj

@W

@xj
+ V (x1;x2;� � � ;x

N ) : (11)

W (x1;x2;� � � ;xN )isusually referred to asthe Ham ilton characteristic function.Assum ing sem i-de�nite

positive potentialenergy -U (x1;x2;� � � ;xN )� 0-,westate the following:

The superpotentialof a N � dim ensionalN = 2 supersym m etric dynam icalsystem is a solution of

the tim e� independentHam ilton � Jacobiequation (11)for i1 = 0 and V (~x)= � U (~x).

Therefore,there are asm any superpotentialsasthere are solutionsofthe Ham ilton-Jacobiequation

with zero energy in m inus the potentialenergy ofthe body ofthe supersym m etric system . M ore pre-

cisely: given a Ham iltonian system with potentialenergy U (x1;x2;� � � ;xN ),there are as m any N = 2

supersym m etric extensions as there are zero-energy solutions ofthe Ham ilton-Jacobiequation (11) for

V (x1;x2;� � � ;xN )= � U (x1;x2;� � � ;xN ).

Further understanding ofthe consequences ofthis statem ent is provided by system s for which the

Ham ilton-Jacobi equation is separable. Separability in connection with pseudo-Herm itcity has been

considered in the contextof2D SUSY quantum m echanicsin [11]. In particular,ifU (x1;x2;� � � ;xN )=
P N

j= 1
Uj(x

j),there are2N solutionsof(11).Ifthereare no cyclic coordinates,

W (a1;a2;� � � ;aN )(x1;x2;� � � ;xN )= (� 1)a1W 1(x
1)+ (� 1)a2W 2(x

2)+ � � � + (� 1)aN W N (x
N ) ;

where a1;a2;� � � ;aN = 0;1. N = 2-dim ensionalsystem s for which the Ham ilton-Jacobiequation is

separable in Cartesian coordinatesare called TypeIV Liouville system s;see [16].In thiscase,changing

a globalsign in W (0;0) m erely exchanges ĥ0 by ĥ2 and ĥ1
11
by ĥ1

22
:i.e.,itistantam ountto Hodgeduality.

Choosing W (0;1)(x1;x2)= W 1(x
1)� W 2(x

2)instead ofW (0;0)(x1;x2)= W 1(x
1)+ W 2(x

2),one replaces

W by ~W and the second supersym m etric extension based on ~W exhibits a ferm ionic zero m ode ifthe

�rstextension hasa bosonic zero m ode. The othereigenfunctionsalso change and the supersym m etric

system sare notequivalent.

Even if the Ham ilton-Jacobi equation is not separable, one can stillenvisage situations where a

m anifold ofsolutionsisavailable.Letusconsidera Ham iltonian system with two degreesoffreedom and

potentialenergy:

U (x1;x2)= �
2(x1x1 + x

2
x
2)n � 2��(x1x1 + x

2
x
2)

n

2 cos

�

n arctan

�
x2

x1

��

+ �
2

;

where � and � are realphysicalparam eters. Itisnotdi�cultto show,see [17],thatthere isa circle of

zero energy solutionsofthe Ham ilton-Jacobiequation with V (x1;x2)= � U (x1;x2).Ifwe de�ne

W (x1;x2)=
�

n
(x1x1 + x

2
x
2)

n

2 cos

�

n arctan

�
x2

x1

��

� �x
1

;

W (x1;x2)=
�

n
(x1x1 + x2x2)

n

2 sin

�

n arctan

�
x2

x1

��

� �x2 ;

theone-param etric fam ily

�
W (�)(x1;x2)

W (�)(x1;x2)

�

=

�
cos� sin�

� sin� cos�

� �
W (x1;x2)

W (x1;x2)

�

form ssuch a circle ofsolutions. The proofisbased on the factthatW and W are harm onic conjugate

functionsand satisfy the realanalytic Cauchy-Riem ann equations @W

@x1
= @W

@x2
, @W

@x2
= � @W

@x1
,a necessary

and su�cientcondition to build N = 4 supersym m etricextensionsin thissystem .
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3.2 Q uantum super Liouville Type I m odels

Thereareotherdynam icalsystem sthatareHam ilton-Jacobiseparablein twodim ensions.W eshallfocus

on system sthatareseparableusing elliptic coordinatesclassi�ed by Liouville asTypeI.Fora thorough

analysisofthiskind ofN = 2 supersym etricclassicalsystem ,we referto [12].

3.2.1 C lassicalsuper Liouville m odels ofType I

Letusconsiderthe m ap � :R2 �! D
2,where D2 isan open sub-setofR2,with coordinates(u;v),and

let�� 1 :D2 �! R
2 bethe inverse m ap:

(x1;x2)= �� 1(u;v)=

�
1

c
uv;�

1

c

p
(u2 � c2)(c2 � v2)

�

; �(x1;x2)= (u;v)

u =

 p
(x1 + c)2 + x2x2 +

p
(x1 � c)2 + x2x2

2

!

;v =

 p
(x1 + c)2 + x2x2 �

p
(x1 � c)2 + x2x2

2

!

Theu;v variablesaretheellipticcoordinatesofthebosonicsystem :u 2 [c;1 ),v 2 [� c;c]and D2 isthe

closure ofthe in�nitestrip: �D2 = [c;1 )� [� c;c].Letusassum ethe notation �� forthe m ap induced in

the functionson R2;i.e.��U (x1;x2)= U (�(x1;x2))� U (u;v).Thus,we shallwriteU forU (x1;x2)and

��U forU (u;v)and a sim ilarconvention willbeused forthefunctionsin thephaseand co-phasespaces.

TheHam ilton-Jacobiequation forzero energy and V = � U ,form ula (11),written in elliptic coordi-

nates,reads:

��U =
u2 � c2

u2 � v2
f(u)+

c2 � v2

u2 � v2
g(v)=

1

2

u2 � c2

u2 � v2

�
dF

du

� 2

+
1

2

c2 � v2

u2 � v2

�
dG

dv

� 2

; (12)

assum ing separability: ��W = F (u)+ G (v))
@2��W

@u@v
= 0. Note thatf(u);g(v) com e from the bosonic

potential. A com plete solution of(12) consists ofthe four com binations ofthe two independent one-

dim ensionalproblem s:

F (u) =

Z

du
p
2f(u) ; G (v)=

Z

dv
p
2g(v)

�
�
W

(a;b) = (� 1)a
Z

du
p
2f(u)+ (� 1)b

Z

dv
p
2g(v) ;a;b= 0;1 (13)

The m ap �� inducesa non-Euclidean m etric in D
2 = (c;1 )� (� c;c)with m etric tensorand Christo�el

sym bols:

g(u;v)=

0

B
@

guu =
u
2
� v

2

u2 � c2
guv = 0

gvu = 0 gvv =
u
2
� v

2

c2 � v2

1

C
A ; g

� 1
(u;v)=

0

B
@

g
uu

=
u
2
� c

2

u2 � v2
g
uv

= 0

g
vu

= 0 g
vv

=
c
2
� v

2

u2 � v2

1

C
A

�u
uu

=
� u(c2 � v2)

(u2 � v2)(u2 � c2)
; �v

vv
=

v(u2 � c2)

(u2 � v2)(c2 � v2)
; �u

uv
= �u

vu
=

� v

u2 � v2

�v
uu

=
v(c2 � v2)

(u2 � v2)(u2 � c2)
; �u

vv
=

� u(u2 � c2)

(u2 � v2)(c2 � v2)
; �v

uv
= �v

vu
=

u

u2 � v2

Besidesthe bosonic (even G rassm an)variablesu,v,there are also ferm ionic (odd G rassm an)M ajorana

spinors#u� ,#v� in thesystem .W e choose the zweibein

guu(u;v)=

2X

j= 1

euj(u;v)e
u
j(u;v) ; gvv(u;v)=

2X

j= 1

evj(u;v)e
v
j(u;v)
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in theform :

e
u
1(u;v)=

�
u2 � c2

u2 � v2

� 1

2

; e
v
2(u;v)=

�
c2 � v2

u2 � v2

� 1

2

:

Curved and 
atG rassm an variablesare related as:#u�(u;v)= eu1(u;v)�
1
�,#

v
�(u;v)= ev1(u;v)�

1
�.

A supersym m etric two-dim ensionalm echanicalsystem is a super-Liouville m odelofType Iifthe

Lagrangian isofthe form ��L = ��LB + ��LF + ��LB F ,with:

�
�
LB =

1

2
guu(u;v)_u_u +

1

2
gvv(u;v)_v_v�

1

2
g
uu(u;v)

�
dF

du

� 2

�
1

2
g
vv(u;v)

�
dG

dv

�2

�
�
LF = �

i

2
guu(u;v)#

u
�D t#

u
� �

i

2
gvv(u;v)#

v
�D t#

v
�

�
�
L
I
B F = � i

�
d2F

du2
� �uuu

dF

du
� �vuu

dG

dv

�

#
u
2#

u
1 � i

�
d2G

dv2
� �uvv

dF

du
� �vvv

dG

dv

�

#
v
2#

v
1 +

+ i

�

�uuv
dF

du
� �vuv

dG

dv

�

(#v2#
u
1 + #

u
2#

v
1) :

Theferm ionickinetic energy isencoded in ��LF ,wherethe covariantderivativesare de�ned as:

D t#
u
� = _#u� + �uuu _u#

u
� + �uuv _u#

v
� + �uvu _v#

u
� + �uvv_v#

u
�

D t#
v
� = _#v� + �vuu _u#

u
� + �vuv _u#

v
� + �vvu _v#

u
� + �vvv_v#

v
� :

The Yukawa term s governing the Bose-Ferm iinteractions are prescribed in ��LB F . The generalized

m om enta ofthesupersym m etricsystem and thesuperchargesare:

Pu = guu(u;v)

�

_u �
i

2
#
u
��

u
uv#

v
�

�

�
i

2
gvv(u;v)#

v
��

v
uu#

u
�

Pv = gvv(u;v)

�

_v�
i

2
#
v
��

v
vu#

u
�

�

�
i

2
guu(u;v)#

u
��

u
vv#

v
� ;

��Q
(a;b)

1
= Pu#

u
1 +

i

2
(guu#

u
��

u
uv#

v
� + gvv#

v
��

v
uu#

u
�)#

u
1 � (� 1)a

dF

du
#u2

+ Pv#
v
1 +

i

2
(gvv#

v
��

v
vu#

u
� + guu#

u
��

u
vv#

v
�#

u
1)#

v
1 � (� 1)b

dG

dv
#v2

�
�
Q
(a;b)

2
= Pu#

u
2 +

i

2
(guu#

u
��

u
uv#

v
� + gvv#

v
��

v
uu#

u
�)#

u
2 + (� 1)a

dF

du
#
u
1

+ Pv#
v
2 +

i

2
(gvv#

v
��

v
vu#

u
� + guu#

u
��

u
vv#

v
�#

u
1)#

u
2 + (� 1)b

dG

dv
#
v
1 :

3.2.2 Q uantum supercharges and H am iltonian

Passing to M ajorana-W eylspinors,#
u;v

+ = 1p
2
(#

u;v

2
� i#

u;v

1
),#

u;v

� = � 1p
2
(#

u;v

2
+ i#

u;v

1
),theferm ionicquan-

tization ruleslead usto the Ferm ioperatorsin non-Euclidean space: u� (u;v)= eu1(u;v) 
1
� ; 

v
� (u;v)=

ev2(u;v) 
2
� .Setting e.g. a = b= 0,and also quantizing the generalized m om enta,P̂u =

1

i
@
@u
,P̂v =

1

i
@
@v
,

we obtain thequantum supercharges:

��Q̂ � = � i u� r
�
u � i

u

c2 � v2
 u�  

v
�  

v
� � i v� r

�
v + i

v

u2 � c2
 v�  

u
�  

u
� ;

or,in m atrix form :

�
�
Q̂ + = � i

0

B
B
B
@

0 0 0 0

e
u
1r

�
u 0 0 0

e
v
2r

�
v 0 0 0

0 � e
v
2

�

r
�
v �

v

u2� v2

�

e
u
1

�

r
�
u +

u

u2� v2

�

0

1

C
C
C
A

; r
�
u =

@

@u
�

dF

du
; (14)
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�
�
Q̂ � = � i

0

B
B
B
@

0 e
u
1

�

r
+
u +

u

u2� v2

�

e
v
2

�

r
+
v �

v

u2� v2

�

0

0 0 0 � e
v
2r

+
v

0 0 0 e
u
1r

+
u

0 0 0 0

1

C
C
C
A

; r
�
v =

@

@v
�

dG

dv
: (15)

In orderto m ake clearhow separability and supersym m etry are entangled,itisconvenientto write

thedi�erentpiecesofthequantum Ham iltonian ,��Ĥ = 1

2
f��Q̂ + ;�

�Q̂ � g,

�
�
Ĥ =

1

2(u2 � v2)

0

@

��ĥ(0)(@
@u
; @
@v
;u;v) 0 0

0 ��ĥ(1)(@
@u
; @
@v
;u;v) 0

0 0 ��ĥ(2)(@
@u
; @
@v
;u;v)

1

A ; (16)

separately.O n thesubspacesH 0 and H 2,thedi�erentialoperator�
�Ĥ splitsinto thefollowing structure:

� ��ĥ(0)(@
@u
; @
@v
;u;v)= ĵ(0)(@

@u
;u)+ k̂(0)(@

@v
;v).

ĵ
(0)(

@

@u
;u)= (u2 � c

2)

"

�
@2

@u2
�

u

u2 � c2

@

@u
+

�
dF

du

� 2

+
d2F

du2
+

u

u2 � c2

dF

du

#

k̂
(0)(

@

@v
;v)= (c2 � v

2)

"

�
@2

@v2
+

v

c2 � v2

@

@v
+

�
dG

dv

� 2

+
d2G

dv2
�

v

c2 � v2

dG

dv

#

� ��ĥ(2)(@
@u
; @
@v
;u;v)= ĵ(2)(@

@u
;u)+ k̂(2)(@

@v
;v).

ĵ(2)(
@

@u
;u)= (u2 � c2)

"

�
@2

@u2
�

u

u2 � c2

@

@u
+

�
dF

du

� 2

�
d2F

du2
�

u

u2 � c2

dF

du

#

k̂(2)(
@

@v
;v)= (c2 � v2)

"

�
@2

@v2
+

v

c2 � v2

@

@v
+

�
dG

dv

� 2

�
d2G

dv2
+

v

c2 � v2

dG

dv

#

:

Therefore,we conclude that in the bosonic sectors the dynam icalproblem is separable in the u and v

variables.
Things,however,becom e m ore involved in the ferm ionic sectors. W e write the Ham iltonian acting

on H 1 asfollows:

�
�
ĥ
(1)
(
@

@u
;
@

@v
;u;v)=

0

@
l
(1)

+
(
@

@u
;u)+ f

(1)

+
(
@

@v
;v)+ g

(1)

+
(u;v) t

(1)

+
(u;v)

t
(1)

� (u;v) l
(1)

� ( @

@u
;u)+ f

(1)

� ( @

@v
;v)+ g

(1)

� (u;v)

1

A :

Here,

l
(1)

� (
@

@u
;u)= (u2 � c

2)

"

�
@2

@u2
�

u

u2 � c2

@

@u
+

�
dF

du

� 2

�
d2F

du2

#

;

f
(1)

� (
@

@u
;u)= (c

2
� v

2
)

"

�

@
2

@v2
+

v

c2 � v2

@

@v
+

�
dG

dv

� 2

�

d
2
G

dv2

#

;

g
(1)

� (u;v)=
(u

2
+ v

2
� 2c

2
)

u2 � v2

�

� u
dF

du
� v

dG

dv

�

; t
(1)

� (u;v)=

p
(u2 � c2)(c2 � v2)

(u2 � v2)2

�

v
dF

du
+ u

dG

dv

�

:

The variables u and v are m ixed in ��ĥ(1). It seem s that supersym m etry breaks down separability.

Nevertheless, the non-nullspectrum of ��ĥ(1) is given by the non-nullspectra of ��ĥ(0) and ��ĥ(2),

operatorswith separable spectralproblem s.
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4 T wo exam ples in two dim ensions

4.1 T he Planar anisotropic harm onic oscillator

Thisisa TypeIV Liouville m odel.Ifa1;a2 = 0;1,the potential,superpotentialsand superchargesare:

U (x1;x2)=
k1

2
x21 +

k2

2
x22 ; W (a1;a2)(x1;x2)=

(� 1)a1

2

p
k1m 1x

2
1 +

(� 1)a2

2

p
k2m 2x

2
2

Q̂
(a1;a2)

+ = i
p
2

0

B
@

0 0 0 0

q̂
(a1)

1
0 0 0

q̂
(a2)

2
0 0 0

0 � q̂
(a2)

2
q̂
(a1)

1
0

1

C
A ; Q̂

(a1;a2)

� = i
p
2

0

B
B
@

0 q̂
(a1)

y

1
q̂
(a2)

y

2
0

0 0 0 � q̂
(a2)

y

2

0 0 0 q̂
(a1)

y

1

0 0 0 0

1

C
C
A

q̂
(a1)

1
=

1
p
2

@

@x1
� (� 1)a1

r
k1m 1

2
x1 ; q̂

(a2)

2
=

1
p
2

@

@x2
� (� 1)a2

r
k2m 2

2
x2 :

From theannihilation operators

Â 1 =
1

p
2m 1

@

@x1
+

r
k1

2
x1 ; Â 2 =

1
p
2m 2

@

@x2
+

r
k2

2
x2 ;

theiradjoints,and the naturalfrequencies!1 =

q
k1
m 1
,!2 =

q
k2
m 2

oneobtainsthe Ham iltonian:

ĥ(0) =

2X

j= 1

!j

�

Â
y

j
Â j +

1

2
(1+ (� 1)aj)

�

; ĥ(2) =

2X

j= 1

!j

�

Â
y

j
Â j+

1

2
(1� (� 1)aj)

�

;

ĥ(1) =

 P
2

j= 1
!j

�

Â
y

jÂ j +
1

2

�

�
(� 1)

a1

2
!1 +

(� 1)
a2

2
!2 0

0
P

2

j= 1
!j

�

Â
y

jÂ j +
1

2

�

+
(� 1)

a1

2
!1 �

(� 1)
a2

2
!2

!

:

TheFock space basis

Â 1j0;0i= Â 2j0;0i= 0 ; jn1;n2i=
1

p
n1!n2!

(Â
y

1
)n1(Â

y

2
)n2j0;0i

providesthe eigenfunctions: Â
y

1
Â 1jn1;n2i= n1jn1;n2i,Â

y

2
Â 2jn1;n2i= n2jn1;n2i.Thus,

Spec ĥ(0) = t
2
j= 1!j[nj +

1

2
(1+ (� 1)aj)] ; Spec ĥ(2) = t

2
j= 1!j[nj+

1

2
(1� (� 1)aj)]

Spec ĥ(1) = t
2
j= 1!j(nj +

1

2
)�

(� 1)a1

2
!1 �

(� 1)a2

2
!2 :

Theground state

	(x 1;x2)= hx1;x2j0;0i= exp[�
1

2

2X

j= 1

!jm jx
2
j]

belongsto:(a)H 0,ifa1 = a2 = 1,(b)H 2,ifa1 = a2 = 0,(c)H 1,ifa1 6= a2.Forthe a1 = a2 = 1 case,

theSUSY partnerstates-allofthem with energy E = n1!1 + n2!2 -are:
�

jn 1;n 2i

0

0

0

�

Q̂ + . & Q̂ +�
0

jn 1 � 1;n 2i

0

0

� �
0

0

jn 1;n 2 � 1i

0

�

Q̂ + & . Q̂ +�
0

0

0

jn 1 � 1;n 2 � 1i

�

O therchoicesfora1 and a2 requireperm utationsbetween theverticesoftherhom bus.
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4.2 T w o N ew tonian centers offorce on a plane

Letusstartwith the energy potentialforthe problem oftwo attractive centersofforce with non-equal

strengths(see Figure 1(a)):

U (x1;x2)= �

�
�1

r1
+
�2

r2

�

; 0< �2 < �1 ;

Figure 1:a)U (x1;x2),c= 1,�1 = 2,�2 = 1.b)exp(W (x1;x2)).

The distances from the centers are appropriately given in term s ofthe elliptic coordinates: u =
1

2
(r1 + r2),v = 1

2
(r2 � r1),r1 =

p
(x1 � c)2 + x2

2
;r2 =

p
(x1 + c)2 + x2

2
. The Ham iltonian in elliptic

coordinates,

�
�
H =

1

2

1

u2 � v2

�
(u2 � c

2)p2u + (c2 � v
2)p2v

�
+
k+ u � k� v

u2 � v2
;

dependson the coupling constantsk� = �2 � �1 and showsthatwe are dealing with a type ILiouville

system .TheansatzS = � i1t+ F [u;i1;i2]+ G [v;i1;i2]leadsto thei1 = i2 = 0 Ham ilton-Jacobiequation:

k+ u � k� v

u2 � v2
=
1

2
g
uu

�
dF

du

� 2

+
1

2
g
vv

�
dG

dv

� 2

: (17)

Notethatin thiscasethepotentialenergy issem i-de�nitenegative and,to �nd realsolutions,wedo not

replaceU by � U in theHam ilton-Jacobiequation.Therefore,thesolution of(17)in term softheelliptic

and com plete elliptic integralsofthe�rstand second kind,[18],

F (u)= � 2
p
k+ c

"

F

 

sin� 1

r
u � c

u
;
1

2

!

� 2E

 

sin� 1

r
u � c

u
;
1

2

!

+

r
2(u2 � c2)

uc

#

;

G (v)=

8
>><

>>:

2
p
k� c

h

2E

�

sin� 1
q

2v
v� c

;1
2

�

� F

�

sin� 1
q

2v
v� c

;1
2

�

�

q
2v(v+ c)

c(v� c)

i

� c< v � 0

2i
p
k� c

h

2E

�

sin� 1
q

c� v

c
;1
2

�

� 2E[1=2]+ F

�

sin� 1
q

c� v

c
;1
2

�

� K [1=2]

i

0 � v < c

;

providethe superpotentials

��W (a;b)(x1;x2)= (� 1)aF (u)+ (� 1)bG (v)

for two repulsive Newtonian centers. Nevertheless,the Laplacian ofthe superpotential-given by the

term s
dF

du
= �

r
2k+ u

u2 � c2
;

dG

dv
= �

r
� 2k� v

c2 � v2

d2F

du2
= �

1

2

u2 + c2

u(u2 � c2)

dF

du
;

d2G

dv2
=
1

2

c2 + v2

v(c2 � v2)

dG

dv
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com ing from the quantization ofthe Yukawa couplings-induce attractive forces in the supersym m etric

extension oftwo repulsive Newtonian centersand thereishopeof�nding norm alizable eigenstates.
In fact, choosing a = b = 0 we obtain the zero-energy wave function in the Bose/Bose sector,

Q̂ + 	 0(x1;x2)= 0 :

i

0

B
B
@

0 0 0 0

e
u
1(

@

@u
�

dF

du
) 0 0 0

e
v
2(

@

@v
�

dG

dv
) 0 0 0

0 � e
v
2(

@

@v
�

dG

dv
�

v

u2� v2
) e

u
1(

@

@u
�

dF

du
+

u

u2� v2
) 0

1

C
C
A

0

B
B
@

 0(u;v)

0

0

0

1

C
C
A = 0

if

eu1
@log 0

@u
(u;v)~e1 + ev2

@log 0

@v
(u;v)~e2 = eu1

dF

du
~e1 + ev2

dG

dv
~e2 :

Therefore,

 0(u;v)= �
�	

(0)

0
(x1;x2)= C exp[F (u)+ G (v)] ; (18)

which is norm alizable,see Figure 2,is the ground state ofthe N = 2 supersym m etric particle,even

though theparticle’s\body" isrepelled by two centers.

1 2 3 4 5

0.2

0.4

0.6

0.8

1

-1 -0.5 0.5 1

1

2

3

Figure 2:Plotofexp[F (u)]and exp[G (v)]asa function ofu and v respectively.

Figure1(b)showsaplotofthe(18)wavefunction in Cartesian coordinates.Itisam usingtocheck how

wellit�tsin with theexpected behaviourofa quantum particle in a potentialwellwith two Newtonian

holes;see,e.g. ,[19]to �nd an approxim ate wave function for the ground state ofthe m olecule-ion of

hydrogen.Thereason isthatthe e�ective quantum potentialin theH 0 sub-space

V̂ (0)(x1;x2)=
1

2

�

	
(0)

0

�� 1
(x1;x2)r

2	
(0)

0
(x1;x2)

��V̂ (0)(x1;x2)=
1

2

 
�1
0
(u;v)

u2 � v2

�

(u2 � c2)

�
@

@u
+

u

u2 � c2

�
@ 0

@u
(u;v)+ (c2 � v2)

�
@

@v
�

v

c2 � v2

�
@ 0

@v
(u;v)

�

isattractive towardsthe two centers.

5 Sum m ary

Interactions in supersym m etric classicalor quantum m echanics are prescribed by superpotentials. In

this paper we have dealt with the following inverse problem : G iven a Ham iltonian system ,is there a

superpotentialfrom which forcesarederived? Ifso,a supersym etricextension ofthisparticularphysical

system ispossible.W ehaveencountered atwo-fold way tom eetingam biguitiesin answeringthisquestion.

1. First,theoutcom edependson thefram ework.Forclassicalsystem s,superpotentialsaresolutionsof

zero-energy tim e-independentHam ilton-Jacobiequations.In thequantum dom ain superpotentials

solve Ricatti-like PDE’s. M oreover,canonicalquantization and supersym m etric extension do not

com m ute:the supersym m etricextension of-e.g.,the quantum Coulom b problem -di�ersfom the

quantization oftheclassicalsupersym m etricCoulom b system .
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2. In dim ensions higher than one,superpotentials are far from unique. For instance,in Ham ilton-

Jacobiseparablesystem sthereare2N di�erentsuperpotentialsleading to supersym m etricsystem s

with the sam e \body" dynam ics. The ground states can be easily found in this kind ofsystem

because one needs to solve only �rst-order O DE’s: one per each variable in which the dynam ics

separates.
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