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A bstract

A form ula isderived thatallowsusto com puteone-loop m assshiftsforkinksand self-dualAbrikosov-

Nielsen-O lesen vortices.The procedure isbased in canonicalquantization and heatkernel/zeta function

regularization m ethods.

1 Introduction

Abrikosov vortex lines[1]wererediscovered by Nielsen and O lesen in therealm oftheAbelian Higgsm odel

and were proposed asm odelsfordualstrings[2].In thisfram ework,the interestofstudying the quantum

nature ofthese quasi-one-dim ensionalextended structures was im m ediately recognized;contrarily to the

m acroscopic G inzburg-Landau theory ofType IIsuperconductors,the birth-place ofm agnetic  ux tubes,

the Abelian Higgs m odelis expected to play a r̂ole in m icroscopic physics. Thisissue was � rstaddressed

in Section x. 3 ofthe originalNielsen-O lesen paper;taking the zero thicknesslim itofthe vortex line,the

quantization techniquesoftheold string theory were applied.

In thiscom m unication we shalldealwith one-loop m assshiftsforthetopologicalsolitonsthatgenerate

the thick string structures. The m ass ofthe topologicalsolitons ofthe (2+ 1)-dim ensionalAbelian Higgs

m odelbecom e the string tension ofthe  ux tubesem bedded in three dim ensions. Thus,from the (3+ 1)-

dim ensionalperspective,sem i-classicalstring tensionswillbeconsidered.In particularweo� erasa novelty

the derivation ofthe vortex Casim ir energy from the canonicalquantization ofthe planar Abelian Higgs

m odel. W ith this dem onstration,we shallarrive at the starting point chosen in References [3]and [4]to

derivea form ula fortheone-loop vortex m assshifts.Theform ula involvesthecoe� cientsoftheheat-kernel

expansion associated with thesecond-order uctuation operatorand a� ordsusa num ericalcom putation of

the m assshifts. Before ourwork,only ferm ionic  uctuationson vortex backgroundshave been accounted

forby Bordag in [5].

The controlofthe ultra-violetdivergences arising in the procedure willbe achieved by using heatker-

nel/zeta function regularization m ethods. In the absence ofdetailed knowledge ofthe spectrum ofthe

di� erentialoperator governing second-order  uctuations around vortices,the expansion ofthe associated

heat kernelwillbe used in a way akin to that developed in the com putation ofone-loop m ass shifts for

one-dim ensionalkinks,see [6],[7],[8]. In fact,a sim ilartechnique hasbeen applied before to com pute the

m assshiftforthesupersym m etrickink [9],although in thislattercasetheboundary conditionsm ustrespect

supersym m etry. In the case ofvortices,the only available results besidesthe work reported here refer to

supersym m etricvorticesand were achieved by Vassilevich and theStony Brook/W ien group,[10],[11].
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2 H igh-tem perature one-loop kink m ass shift form ula

W e start by very brie y treating the paralleland sim pler developm ent for the kink ofthe �(�)42-m odel.

W ith the conventions of[6]the one-loop kink m assshiftform ula in the �(�)42 m odelon a line isform ally:

� M K = � M C
K
+ � M R

K
.Thetwo piecesare:

1. The kink Casim ir energy m easured with respect to the vacuum Casim ir energy -zero point energy

renorm alization-:

� M C
K = � E (�K )� � E 0 =

~m

2
p
2

�

TrK
1

2 � TrK
1

2

0

�

(1)

K = �
d2

dx2
+ 4�

6

cosh2x
; K 0 = �

d2

dx2
+ 4 :

K and K 0 are the di� erentialoperatorsgoverning the second-order uctuationsaround the kink and

the vacuum respectively.

2. Thecontribution ofthem assrenorm alization counter-term sto theone-loop kink m ass:

� M R
K = � 3

~m
p
2
� I(4)�

Z

dx
�
�
2
K (x)� �

2
�

�
; I(4)=

Z
d2k

(2�)2
�

i

(k20 � k2 � 4+ i")
: (2)

Theultravioletdivergencesare regularized by m eansofgeneralized zeta functions:

� M C
K (s)=

~

2
(2
�2

m 2
)s� (�K (s)� �K 0

(s)) ; � M R
K (s)= �

6~

L
�

�
2�2

m 2

� s+ 1

2

�
� (s+ 1)

� (s)
� �K 0

(s+ 1) ;

where s isa com plex param eter;� a param eterofdim ension L� 1,and L isa norm alization length on the

line.From the partition functions,oneobtainsthe generalized zeta functionsvia M ellin transform :

Tre� �K 0 =
m L
p
8��

� e
� 4�

; Tr�e� �K =
m L
p
8��

� e
� 4� + e

� 3�(1� Erfc
p
�)� Erfc2

p
�

�K 0
(s)=

m L
p
8�

�
� (s� 1

2
)

22s� 1� (s)
; �

�
K (s)= �K 0

(s)+
� (s+ 1

2
)

p
�� (s)

�
2

3s+
1

2

�2F1[
1

2
;s+

1

2
;
3

2
;�

1

3
]�

1

4s

1

s

�

;

passing from com plem entary error functions Erfcx to hypergeom etric G auss functions 2F1[a;b;c;d]. The

star m eans that the zero m ode is not accounted for. Because � M C
K = lim

s! �
1

2

� M C
K (s) and � M R

K =

lim
s! �

1

2

� M R
K (s)

� M C
K = �

~m

2
p
2�

lim
"! 0

�
3

"
+ 3ln

2�2

m 2
�

�
p
3

�

; � M R
K =

~m

2
p
2�

lim
"! 0

�
3

"
+ 3ln

2�2

m 2
� 2(2+ 1)

�

providesthe exactDashen-Hasslacher-Neveu (DHN)result,see [6]and Referencesquoted therein:

� M K = � M C
K + � M R

K = ~m

2
p
6
� 3~m

�
p
2

.

W ithoutusing theknowledgeofthespectrum ofK ,onecan rely on thehigh-tem peratureexpansion ofthe

partition function:

Tre� �K =
e� 4�
p
4��

�

1X

n= 0

cn(K )�n ; c0(K )= lim
L! 1

m L
p
2

; cn(K )=
2n+ 1(1+ 22n� 1)

(2n � 1)!!
; n � 1
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to � nd:

�K (s)=
1

� (s)

"
1

p
4�

�

1X

n= 0

cn(K )�
[s+ n � 1

2
;4]

4s+ n�
1

2

�

Z 1

0

d� �
s� 1

#

+

Z 1

1

d� �
s� 1Tr�e� �K :

Here,thezero m odehasbeen subtracted and them erom orphicstructureof�K (s)isencoded in theincom -

plete G am m a functions[s+ n � 1

2
;4].Neglecting the(very sm all)contribution ofthe entire function,and

cutting the seriesata large but� nite N0,thekink Casim irenergy becom es:

� M C
K ’

~

2
� lim
s! �

1

2

�
2�2

m 2

� s

� � �
1

� (s)
�

"
1

p
4�

N 0X

n= 1

cn(K )
[s+ n � 1

2
;4]

4s+ n�
1

2

�
1

s

#

;

i.e. the zero-point vacuum energy renorm alization takes care ofthe term com ing from c0(K ). Note that

�K 0
(s)’ m Lp

8�
�
[s�

1

2
;4]

22s� 1�(s)
in the � < 1 regim e where the high-T expansion isreliable. The other correction

dueto them assrenorm alization counter-term scan bearranged also into m erom orphicand entire parts:

� M R
K = �

~�

2
p
4�

� c1(K )� lim
s! �

1

2

�
2�2

m 2

� s+
1

2

�
1

4s+
1

2� (s)
�

�

[s+
1

2
;4]+ � [s+

1

2
;4]

�

Them assrenorm alization term exactly cancelsthec1(K )contribution.O urm inim alsubtraction schem e� ts

with the renorm alization prescription setin [12]:fortheorieswith only m assive  uctuations,the quantum

correctionsshould vanish in thelim itin which allm assesgo to in� nity.Thiscriterion requiresprecisely the

cancelation found.W e end with thehigh-tem peratureone-loop kink m assshiftform ula:

� M K = � ~m

4
p
2�
�

h
1p
4�
�
P

N 0

n= 2 cn(K )�
[n� 1;4]

4n� 1 + 2

i

, � = ~m
kB T

< 1

Finally,by applying thisform ula with N 0 = 11 we have:

� M K
�= � 0:471371~m ;

with an errorwith respectto theDHN resultof:0:0002580~m .

3 T he planar A belian H iggs m odel

In this Section we generalize form ulae (1) and (2) to determ ine the one-loop m ass shiftofvortices in the

Abelian Higgsm odel.W eshallderivetheform ula thatservesasthestarting pointin papers[3]and [4],thus

� lling a gap in the issue.W ithin the conventionsstated in these References,we write the action governing

the dynam icsofthe AHM in theform :

S =
v

e

Z

d
3
x

�

�
1

4
F��F

�� +
1

2
(D ��)

�
D
�
� �

�2

8
(��� � 1)2

�

:

A shiftofthecom plex scalar� eld from thevacuum �(x�)= 1+ H (x�)+ iG (x�)and choiceoftheFeynm an-’t

Hooftrenorm alizablegaugeR(A �;G )= @�A
�(x�)� G (x�)lead usto writetheaction in term sofHiggsH ,

G oldstone G ,vectorboson A � and ghost� � elds:

S + Sg:f:+ Sghost =
v

e

Z

d
3
x

�

�
1

2
A �[� g

��(� + 1)]A � + @��
�
@
�
� � �

�
� +

1

2
@�G @

�
G �

1

2
G
2

+
1

2
@�H @

�
H �

�2

2
H

2
�
�2

2
H (H 2 + G

2)+ H (A �A
�
� �

�
�)

+ A �(@
�
H G � @

�
G H )�

�2

8
(H 2 + G

2)2 +
1

2
(G 2 + H

2)A �A
�

�

:
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3.1 Vacuum C asim ir energy

Canonicalquantization prom oting the coe� cients ofthe plane wave expansion around the vacuum ofthe

� eldsto operatorsprovidesthefree quantum Ham iltonian:

� Ifm = ev,

�A�(x0;~x)=

 
~
1

2

e
1

2v
3

2L

!

�
X

~k

X

�

1
q

2!(~k)

h

a
�
�(
~k)e��(k)e

ikx + a�(~k)e
�
�(k)e

� ikx
i

[̂a�(~k);̂a
y
�(~q)]= (� 1)�� 0����~k~q ) H

(2)[�Â �]=
X

~k

X

�

~m !(~k)

�

(� 1)�� 0 ây�(
~k)̂a�(~k)+

1

2
)

�

:

�

�H (x0;~x)=
1

vL

r
~

ev

X

~k

1
q

2�(~k)

h

a
�(~k)eikx + a(~k)e� ikx

i

; �(~k)= +

q

~k~k+ �2

[̂a(~k);̂ay(~q)]= �~k~q ) H
(2)[�Ĥ ]= ~m

X

~k

!(k)

�

â
y(~k)̂a(~k)+

1

2

�

:

�

�G (x0;~x)=
1

vL

r
~

ev

X

~k

1
q

2!(~k)

h

b
�(~k)eikx + b(~k)e� ikx

i

; !(~k)= +

q

~k~k + 1

[̂b(~k);̂by(~q)]= �~k~q ) H
(2)[�Ĥ ]= ~m

X

~k

!(k)

�

b̂
y(~k)̂b(~k)+

1

2

�

:

� Canonicalquantization proceedsby anti-com m utatorsforghost� elds

��(x0;~x)=
1

vL

r
~

ev

X

~k

1
q

2!(~k)

h

c(~k)eikx + d
�(~k)e� ikx

i

fĉ
y(~k);̂c(~q)g = fd̂

y(~k);d̂(~q)g = �~k~q ) H
(2)[��̂]= ~m

X

~k

!(k)

�

ĉ
y(~k)̂c(~k)+ d̂

y(~k)d̂(~k)� 1

�

:

Thevacuum Casim irenergy isthesum offourcontributions:if4 =
P 2

j= 1
@
@xj

� @
@xj

denotestheLaplacian,

� E
(1)

0 =
X

~k

X

�

~m

2
!(~k)=

3~m

2
Tr[� 4 + 1]

1

2 ; � E
(2)

0 =
X

~k

~m

2
�(~k)=

~m

2
Tr[� 4 + �2]

1

2

� E
(3)

0 =
X

~k

~m

2
!(~k)=

~m

2
Tr[� 4 + 1]

1

2 ; � E
(4)

0 = �
X

~k

~m !(~k)= � ~m Tr[� 4 + 1]
1

2

com e from the vacuum  uctuationsofthe vectorboson,Higgs,G oldstone and ghost� elds.G host uctua-

tions,however,cancelthe contribution oftem poralvectorbosonsand G olstone particles,and the vacuum

Casim irenergy in theplanarAHM isdueonly to Higgsparticlesand transverse m assive vectorbosons:

� E 0 =

4X

r= 1

� E
(r)

0 = ~m Tr[� 4 + 1]
1

2 +
~m

2
Tr[� 4 + �2]

1

2 :
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3.2 Vortex C asim ir energy

Atthe criticalpointbetween TypeIand TypeIIsuperconductivity,�2 = 1,the energy can bearranged in

a Bogom olny splitting:

E = v
2

Z
d2x

2

�
jD 1� � iD 2�j

2 + [F12 �
1

2
(��� � 1)]2

�
+
1

2
v
2
jgj ; g =

Z

d
2
xF12 = 2�l; l2 Z :

Therefore,the solutionsofthe � rst-orderequations

D 1� � iD 2� = 0 ; F12 �
1

2
(��� � 1)= 0

areabsolutem inim a oftheenergy,hencestable,in each topologicalsectorwith a classicalm assproportional

to the m agnetic  ux.Assum ing a purely vorticialvector� eld plusthe spherically sym m etricansatz

�1(x1;x2)= f(r)cosl� ; �2(x1;x2)= f(r)sinl�

A 1(x1;x2)= � l
�(r)

r
sin� ; A2(x1;x2)= l

�(r)

r
cos� ;

g = �
H

r= 1
dxiA i= � l

H

r= 1

[x2dx1� x1dx2]

r2
= 2�l,the� rst-orderequationsreduceto

1

r

d�

dr
(r)= �

1

2l
(f2(r)� 1) ;

df

dr
(r)= �

l

r
f(r)[1� �(r)] ;

to be solved together with the boundary conditions lim
r! 1

f(r) = 1; lim
r! 1

�(r) = 1;f(0) = 0;�(0) = 0

required by energy � nitenessplusregularity attheorigin (centerofthevortex).A partly num erical,partly

analyticalprocedureprovidesthe� eld pro� lesf(r),�(r)aswellasthem agnetic� eld and theenergy density

B (r)=
l

2r

d�

dr
; "(r)=

1

4
(1� f

2(r))2 +
l2

r2
(1� �(r))2f2(r) :

plotted in Figure 1 forl= 1;2;3;4.
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Figure1.Plotsofthe �eld pro�les�(r)(a)and f(r)(b);the m agnetic �eld B (r)(c),and the energy density "(r)for

self-dualvortices with l= 1 (solid line),l= 2 (dashed line),l= 3 (broken-dashed line)and l= 4 (dotted line).

Considersm all uctuationsaround vortices�(x0;~x)= s(~x)+ �s(x0;~x) ; A k(x0;~x)= Vk(~x)+ �ak(x0;~x),

whereby s(~x)and Vk(~x)werespectively denotethescalarand vector� eld ofthevortex solutions.W orking

in the W eyl/background gauge

A 0(x0;~x)= 0 ; @k�ak(x0;~x)+ s2(~x)�s1(x0;~x)� s1(~x)�s2(x0;~x)= 0 ;

the classicalenergy up to O (�2)orderis:

H
(2)+ H

(2)

g:f:
+ H

(2)

ghost
=
v2

2

Z

d
2
x

�
@��T

@x0

@��

@x0
+ ��

T(x0;~x)K ��(x0;~x)+ ��
�(~x)

�
� 4 + js(~x)j2

�
��(~x)

�

;

where

��(x0;~x)=

0

B
B
@

�a1(x0;~x)

�a2(x0;~x)

�s1(x0;~x)

�s2(x0;~x)

1

C
C
A ; r jsa = @jsa + "abVjsb ;
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and

K =

0

B
B
@

� 4 + jsj2 0 � 2r 1s2 2r 1s1

0 � 4 + jsj2 � 2r 2s2 2r 2s1

� 2r 1s2 � 2r 2s2 � 4 + 1

2
(3jsj2 + 2VkVk � 1) � 2Vk@k

2r 1s1 2r 2s1 2Vk@k � 4 + 1

2
(3jsj2 + 2VkVk � 1)

1

C
C
A :

Thegeneralsolutionsofthelinearized � eld equations

@2��A

@x20
(x0;~x)+

4X

B = 1

K A B � ��B (x0;~x)= 0 ; K
G
��(~x)=

�
� 4 + js(~x)j2

�
��(~x)= 0

are theeigenfunction expansions

��
0
A (x0;~x)=

1

vL

r
~

ev
�
X

~k

4X

I= 1

1
q

2"(~k)

h

a
�
I(
~k)ei"(

~k)x0u
(I)�

A
(~x;~k)+ aI(~k)e

� i"(~k)x0u
(I)

A
(~x;~k)

i

��
0(x0;~x)=

1

vL

r
~

ev
�
X

~k

1
q

2"G (~k)

h

c(~k)u�(~x;~k)+ d
�(~k)u(~x;~k)

i

;

whereA = 1;2;3;4 and by u(I)(k),u(k)thenon-zero eigenfunctionsofK and K G aredenoted respectively:

K u(I)(~x)= "(~k)u(I)(~x),K G u(~x)= "G (~k)u(~x).Canonicalquantization

[̂aI(~k);̂a
y

J
(~q)]= �IJ�~k~q ; fĉ(~k);̂cy(~q)g = �~k~q ; fd̂(~k);d̂y(~q)g = �~k~q

leadsto thequantum free Ham iltonian

Ĥ
(2)+ Ĥ

(2)

g:f:
+ Ĥ

(2)

G host
= ~m �

X

~k

"
4X

I= 1

"(~k)

�

â
y

I
(~k)̂aI(~k)+

1

2

�

+
1

2
"
G (~k)

�

ĉ
y(~k)̂c(~k)+ d̂

y(~k)d̂(~k)� 1

�
#

;

and thevortex Casim irenergy reads:

4 E V =
~m

2
STr�K

1

2 =
~m

2
Tr�K

1

2 �
~m

2
Tr�(K G )

1

2 :

Note that the ghost � elds are static in this com bined W eyl-background gauge and their vacuum energy

is one-halfwith respectto the tim e-dependentcase. O nly the G oldstone  uctuations around the vortices

m ustbe subtracted. The zero-pointvacuum energy renorm alization providesan analogous form ula to (1)

forself-dual(�2 = 1)vortices

4 M
C
V = 4 E V � 4 E 0 =

~m

2

�

STr�K
1

2 � STrK
1

2

0

�

(3)

3.3 M ass renorm alization energy

Adding thecounter-term s

L
S
c:t:= 2~I(1)

�
j�j

2
� 1

�
; L

A
c:t:= � ~I(1)A �A

�
; I(1)=

Z
d3k

(2�)3
�

i

k2 � 1+ i"

to the Lagrangian,the divergences arising in the one-loop Higgs,G oldstone and vector boson self-energy

graphsaswellastheHiggstadpoleareexactly canceled.Theseterm sadd thefollowing contribution to the

one-loop vortex m assshift:

4 M
R
V = ~m I(1)

Z

d
2
x
�
2(1� js(~x)j2)� Vk(~x)Vk(~x)

�
; (4)

and,form ally,4 M V = 4 M C
V + 4 M R

V .

6



4 H igh-tem perature one-loop vortex m ass shift form ula

Asin the kink case,from thehigh-tem peratureexpansion ofthe heatkernels

Tre� �K =
e� �

4��
�

1X

n= 0

4X

A = 1

�
n[cn]A A (K ) ; Tre� �K

G

=
e� �

4��
�

1X

n= 0

�
n
cn(K

G )

the vortex generalized zeta functionscan bewritten in theform :

�K (s)=

1X

n= 0

4X

A = 1

[cn]A A (K )�
[s+ n � 1;1]

4�� (s)
+

1

� (s)

Z
1

1

Tr�e� �K d�

�K G (s)=

1X

n= 0

cn(K
G )�

[s+ n � 1;1]

4�� (s)
+

1

� (s)

Z
1

1

d� Tr�e� �K
G

:

Neglecting the entire partand setting a large but� nite N0 the vortex Casim irenergy isregularized as

� M C
V (s)=

~�

2

�
�2

m 2

� s
(

�
2l

� (s)

Z 1

0

d��
s� 1 +

N 0X

n= 1

"
4X

A = 1

[cn]A A (K )� cn(K
G )

#

�
[s+ n � 1;1]

� (s)

)

;

wherethe2lzero m odeshavebeen subtracted:thezero-pointvacuum renorm alization am ountsto throwing

away the contribution ofthe c0(K )and c0(K
G )coe� cients.Also,� M R

V
isregularized in a sim ilarway

� M R
V (s)=

~

2�L2

�
�2

m 2

� s

�K G

0

(s)� (s(~x);Vk(~x));� (s(~x);Vk(~x))=

Z

d
2
x[2(1� js(~x)j2)� Vk(~x)Vk(~x)] :

Thephysicallim itss= � 1

2
for� M C

V
and s= 1

2
for� M R

V
areregularpointsofthezeta functions(contrarily

to the kink case). But, as in the kink case, the contribution of the � rst coe� cient of the asym ptotic

expansion exactly killsthecontribution ofthem assrenorm alization counter-term s.Theexplanation ofthis

factproceedsalong thesam e linesasin the kink case.

� M
(1)C

V
(� 1=2)= �

~m

8�
� (s;Vk)�

[� 1=2;1]

� (1=2)
; � M R

V (1=2)=
~m

8�
� � (s;Vk)�

[� 1=2;1]

� (1=2)

and we � nally obtain thehigh-tem peratureone-loop vortex m assshiftform ula:

� M V = � ~m
2

h
1

8�
p
�
�
P N 0

n= 2[
P 4

A = 1[cn]A A (K )� cn(K
G )]� [n �3

2
;1]+ 2lp

�

i

, � = ~m
kB T

< 1 :

Num ericalintegration ofthe Seeley densities allows us to com pute the heat kernelcoe� cients. W e thus

� nd,by setting N0 = 6,the following num ericalresults for one-loop m ass shifts ofsuperim posed vortices

with low m agnetic  uxes:

M
l= 1
V = m

�
�v

e
� 1:09427~

�

+ o(~2) ; M
l= 2
V = 2m

�
�v

e
� 1:08106~

�

+ o(~2)

M
l= 3
V = 3m

�
�v

e
� 1:06230~

�

+ o(~2) ; M
l= 4
V = 4m

�
�v

e
� 1:04651~

�

+ o(~2):

5 Sum m ary and outlook

W e have o� ered a parallel exposition of the derivation of form ulae giving the sem i-classical m asses of

kinks and self-dualvortices starting from canonicalquantization and proceeding through heat kernelex-

pansions/generalized zeta functions m ethods. The treatm ent ofthis problem for these respectively one-

dim ensionaland two-dim ensionalsolitonshasthusbeen uni� ed.Itseem scom pelling to apply thism ethod

to com pute thesem i-classicalm assofone orotherform ofChern-Sim ons-Higgsvortices[13].
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