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A bstract

In a previous paper [ll] we have studied the characters and C lebsch-G ordan serdes for the exceptional Lie
algebra E; by relating them to the quantum trigonom etric Calogero-Sutherland Ham iltonian with coupling
constant = 1. Now we extend that approach to the case of general

'_\

Introduction

T he C alogero-Sutherland m odels [2,[3] related to the root systam s of the sin ple Lie algebras [4,[H,[d] have been
deeply Investigated during the last two decades. O riginally Introduced on purely theoretical grounds, this class of
m odels have how ever found a num ber of relevant applications in such diverse elds as condensed m atter physics,
supersym m etric Yang-M ills theory or black-hole physics. O n the m athem atical side, an interesting feature of the
quantum version of this kind of m odels is that their energy eigenfiinctions provide a natural generalization of
several types of hypergeom etric functions to the m ultivariable case. For the potentialv(g) =  ( 1)sin 2 (q) and
special values of the coupling constant, these eigenfunctions are related to som e othogonal functional system s of
particular interest in the theory of Lie algebras and symm etric spaces: for = 1 we obtain the characters of the
Irreducible representations of the algebra, while for = 0 the corresponding m onom ial sym m etric functions arise;
other values of lead to zonal spherical finctions In sym m etric spaces associated to the Lie algebra: in particular,
forkE,;, = % gives these functions for the symm etric space EV  [1,[8]. The Calogero-Sutherland H am iltonian
appears In thisway as a naturaluni ed tool for the com putation of all these ob fcts.

T he C alogero-Sutherland H am iltonian associated to the root systam of a sin ple Lie algebra can be written as
a second-order di erential operator whose variables are the characters of the fundam ental representations of the
algebra. As it was shown in the papers [8,[d,[10], and later in [I1,[12,03,[04,[13,08,[017], this approach gives the
possibility of developing som e system atic procedures to solve the Schrodinger equation and determ ine Im portant
properties of the eigenfunctions, such as recurrence relations or generating fiinctions for som e subsets of them . The
approach hasbeen used for classicalalgebrasof A, and D, type, for the exceptionalalgebra E 4, and recently also
for E 5 for the specialvalue of the coupling constant for which the eigenfunctions are proportionalto the characters
of the irreducible representations of the algebra. The ain of this paper is to show how to generalize the treatm ent
given in [1] to arbitrary values of the coupling constant and to extend som e of the particular results found there
to the general case.
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2 TheCalogero-Sutherland H am iltonian for E; in W eyl-nvariant vari-
ables

T he trigonom etric C alogero-Sutherland m odel related to the root system R of a sin ply-Jaced Lie algebra of rank
r is the quantum system in an Euclidean space R © de ned by the standard Ham iltonian operator
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whereg= (q) is a cartesian coordinate system and pj = i@y ;R " is the set of the positive roots of the algebra,
and is the coupling constant. T he (non-nom alized) ground state wave function is
Y
0 (@)= sin ( ;9); )
2R *

P
w hile the excited states are indexed by the highestweights = m ;L2 P* (P* isthe cone ofdom inant weights)
of the irreducible representations of the algebra, that is, by the r-tuple of nonnegative integersm = (m;:::;m ).
Looking for solutions of the Schrodinger equation in the form

m

n @= 0@ o @ (3)
we are ked to the elgenvalue problem
m "m ( ) m 7 (4)
w here is the linear di erential operator
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Due to the W eyl sym m etry of the Ham iltonian, to solve the eigenvalue problem () it is convenient to express the

operator In a set of independent W —nvariant variables such as zx = , (q), the characters of the rreducble
representations of the algebra. T he operator in the z-variables has the structure:
X X 0 )
ajk (z)@z, @y + bi(z)+ by(z) @ ; (6)
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butto x thecoe cientsby direct change ofvariables is very cum bersom e. A s explained in [[1l],a di erent procedure,
based on the com putation of the quadratic C lebsch-G ordan serdes and the second order characters ofE 5, ispossible.
In [}, we applied this procedure to com pute ajx (z) and bg (z)+ b:jL (z), thus nding the operator for the special
case = 1.The remaining task is to com pute I (z) and bl (z) separately.

To accom plish that task a new piece of nform ation is required: we need to know all the st order symm etric
m onom ials for E; given as a function of the zvariables. To obtain them , we will rely on the expansions of the
fiindam entalcharacters of E 7 in term s ofm onom ialfiinctions com puted by Loris and Sasakiin [18]. In the notation
of [], these expansions are

z1 = M [ +7;

Zz = M ,+6eM _;

zz3 = M _+5M +22M |+ 77;

Zg = M ,+4M , ,+15M ,, ,+ 15M,  + 45M, ,+ 50M , + 145M , + 390M , + 980;
zs = M ,+5M . .+ 2IM ,+ 7IM _;

Ze = M _+6M |+ 27;

zz = M _:

To invert these form ulas to com pute the fundam entalm onom ial functions, we have to proceed in increasing order
of the height of the dom inant weights associated to the characters. Oncea rstorderm onom ialfiinction is known,



we com pute the corresponding lqg (z) and lqi (z) follow ing the procedure described in [ll]. Thism akes it possible to
use the part of the operator already known in each step to com pute the second order m onom ial functions in
advance, ie. before they are needed to obtain the next fundam entalm onom ial function. W ith this strategy, it is
easy to nd

M, = 2z 7;
M , = 2z 6zZ;
M , = z3 5z + 8z + 2;
M , = zg 4z1z6+ 9227 + 9Zf + 923 14z3 39z¢ 22z; 18;
M . = zs5 5z1z7+ 14z, + 15z7;
M ., = z 6z + 15;
M, = zy;
and, therefore,
B(z)+ bi(z) = 28+ 4z + (28+ 68z)
0(z)+ Bi(z) = 7Tz, 24z;+ (982 + 24z;)
by (z)+ Bj(z) = 8 56z + 1225 20z + ( 8+ 567 + 13223+ 20z)
b (z)+ Li(z) = T2+ 72z 2477 + 24z3 + 24z, 16z 167125 247,77 + 3627 +
(72 72z + 242% 2473 + 19274 + 162z + 162126 + 242,29 3623)
K(z)+ B(z) = 28z + 1525 4z 20z127+ (282 + 15025 + 4z + 202127)
(z)+ Ki(z) = 48 24z + 8zs+ (48+ 24z + 104z)
b)(z)+ bBi(z) = 3z;+ 54 zp:
T his com pletes the com putation of . In the rest of the paper we present som e results obtained through the

use of this operator.

3 Som e explicit results on the low lying eigenfunctions of the system s

In this Section, we present som e results on the st and second order polynom ials and generalized quadratic
C kebsch-G ordan series. Because som e form ulas are too long, we give the com plete results, in a form suitable for
use In M athem atica orM aple, In the adpint les results3l.txt { results35.txt,which are accessible through
the \source" form at of this docum ent.

3.1 Second order m onom ial sym m etric functions

O nceweknow ,Wecan com pute its elgenfunctionsby m eans of the iterative algorithm sgiven in [ll]. In particular,
we can obtain the m onom ial sym m etric functions for E; by sin ply taken = 0 in these algorithm s. W e present
here the list of the second order m onom ial functions obtained in that way.

2

M 2000000 = 2Zi 2z3 2z; 7

M 1100000 = 2122 5zs+ 32327 232y

M 0200000 = Zg 274 27577 2Zf 6272 + 4z3 4+ 14z + 4z, + 12

M 1010000 = Z123 324 Z1Z¢ + 6Z2Z7 3zf 923 9z3 + 4z + 20z + 32

M o110000 = 2223 42125 + 52p7¢ + 42%27 4z3z7 1Uz12zy 16227 + 4lzs + 132327 + 12z + T2y

M oozo000 = 2z 2z1%Zq + 22275 223Z 1z, + 122577 223 + 4zizs + 2z:1z5  10zq 2776 + 10z
+ 10z 16z3 22z 16z, 8

M 1001000 = Z1Za 42525 4z2z¢ + 1023z + 9z1252; + 1427  3dzszy + 920  21z2 392125 21z 72

+ 6624+ 542126 + 232527 + 36Zf 22272 54z3 24z 56z 24

M 0101000 = ZpZa 3Z3Z5 + 22172 Zg 2z§z7 + 5212327 + 5252 14z4z7 19212527 122522 + 152,23
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0011000

0002000

1000100

0100100

0010100

0001100

0000200

1000010

0100010

0010010

0001010

0000110

0000020

1000001

0100001

0010001

0001001

0000101

0000011

0000002

172325 + 252125 + 192727 + 4273 + 5zp2¢ 292327 27712, 1332627 + 13125 + 102125
40z, 43z

7374 32125275 + 52526 + 2712327 + 5z§ 72426 + 52%2227 lOzlzé 14252327 + 10212527
122523 32%272 521222 + 242% + 52124 2252627 + 62%26 + 25275 + 11232? + 102324
152627 28717527 24zF + 4022 + 4zszy + 21z; 157123 + 192125 1625 54z 7
4877 + 17zp27 525 + Tzz + 3lzg 16z 22

zﬁ 22572375 + 22526 + 2zlz§ + 2212526 22327 4712425 221202327 2Z2Z5Z¢ + 0252427
82%262 + 1223262 + 12252527 20232527 62%24 + 221252627 + 222 + 22523 + 2ZfZ$
Az57677 + 92525 4212323 + 122324 42,2525 162526 142423 42526 + ZZé + 8212374
2zfzzz7 + 302426 + 921l 182223 + 122125 62,2327 16212527 3621223 + 4zlz§ 821223
262% + 32252527 + 1623272 + 322124 28zp2z5 + 142526 + 92;l 2226272 l6zf 52?5
8212227 + 322123 1625 + 52z52z7 48z 10212§ + 362,27 + 42272 + 2OZf 8z3 88z
8z; 60

7125 5z,74 52%27 + 152327 + 9212, + 192627 5425 292127 + 30z, + 562z

2,25 42326 + 4z§ + 5717579 725 + 4z123  4z5z7 10z4 16212§ + 47126 + 292,27
5477 + 672 12z3 90z 76z + 4

7325 4212Z,7¢ + 9z§z7 + 5212327 + 5z52¢ 1224277 1lz12627 + 42522 252,23 + 162125
42%27 52,26 + 192327 2212, + 3lzgz7 4625 262127 40z + 74z,

Z475 3232326 + 22125Z¢ + 52%27 + 5zzz§ + 5212527 1212427 723 12212023 14252524
272524 lOzfz6z7 + 10232527 221222§ 3z§z7 + 212%25 172325 + 10272526 + llz5z§
SZfz7 82524 + 152123 + 6z§z7 5212327 52%22 172427 + 16223 26212627 162125
4522272 2527 + 457,76 + 5273+ 31z32z7 26212y + 14zg27 + 4225 262127 + 110z, 2629
zg 22426 + 2252377 22% 2212527 Zle§ 7Zfz§ + 4z12z4 + 1223272 + 22,25 + 142%26
247376 + 2712527 + 22623 + 4zf 4262 + 22527 + 1425 + 102125 8z1z3 28z4 247776
262,27 + 1722 2022 + 3223 8z + 32z 32

Z12Z¢ 0227 + 92% 62% + 21z3+ 626 2721+ 27

Zp7¢ 52327 + 32627+ 9212 T2zs  19z12z7 + 152z, + Tz

73 Z¢ 5262 5z12z527 + l4z§ + 97123+ 152527 27z4 + 192123 4971z 14z,29 27zf
477 + 4273 + 1926 + 12z, 42

7476 4257327 421262 + 92% + 10212527 + 9252627 + 9zlz§ + 14Zfz§ 182124 34232?
332325 3927z + 122326 5217277 2lzezs 18z + 34z7 + 222527 1475 + 182179
487125 Tz4 162377 61z5 2727 + 18z3+ 151z + 150z; + 26

Z5Z¢ 32427 212627 + 5Zp2Z3 + 622272 27125 1lz,2z4 9273 92527 + 92327 + 72122
25z¢z7 1625+ 262127 60z, + 1627

zg 22527 + 224 62:% 2272 + 1223 + 4z + 12z + 17

7127 12Zp + 8z

Zp77 623 623 + 14z + 1627 28

7327 5z¢z7 6212, + 2025 + 2427727, 49z, 12z

74277 4212627 5zp2z3 + 92223 + 147125 5z,z¢ + 9273 + l9zfz7 447577  14z12,
53z¢z7 + 54z5 + 42z1z7 40z, 144z,

7577 4274 521272 + 8z12¢ + 112zp27 + 12212 3272 4273 18z¢ 4

Z6Z7 325 z127+ Tzp  1lzy

z% 2z 2



3.2 Expansion of second order characters in m onom ial functions

A s the nam e suggests, the orthogonal system of m onom ial symm etric functions is the sin plest one am ong the
di erent classes of sym m etric polynom ials associated to the Lie algebra E 7 : each m onom ial sym m etric function is
nothing but the sum ofall the m onom ials associated to one orbit ofthe W eylgroup on the weight lattice. Now ,we
can easily expand other polynom ials associated to the root system of E; in the basis of the m onom ial sym m etric
fiinctions. In fact, the m ethod is the sam e which we have described in [Il] for the com putation of C lebsch-G ordan
series. In particular, the coe cients in the decom position of characters in m onom ial symm etric functions are

interesting in that they give the m ultiplicities of the weights in the corresponding irreducible representations. A s

an exam ple, we present such decom position for all the second order characters.

2000000

1100000

0200000

1010000

0110000

0020000

1001000

0101000

0011000

0002000

+

+ o+ o+ o+ o+ o+

+ 4+ 4+ o+ 4+ 4+ o+

M 2000000 + M 0010000 + 4M 0000010 + 17M 1000000 + 63M 0000000

M 1100000 + 4M 0000100 + 16M 1000001 + 56M 9100000 + 17IM 0000001

M 0200000 + M 0001000 + 3M 1000010 + 11M 0100001 + 1OM 2000000 + 36M 0000002 + 34M 0010000
96M 0000010 + 248M 1000000 + 603M 0000000

M 1010000 + 2M 0001000 + 8M 1000010 + 24M 0100001 + 32M 2000000 + 64M 0000002 + 78M 0010000
208M go00010 + 544M 1000000 + 1344M 0000000

M 0110000 + 3M 1000100 + 10M 0100010 + 1OM 2000001 + 30M 0010001 + 90M 1100000 + 8OM 0000011
231IM go00100 + 570M 1000001 + 1344M g100000 + 3024M go00001

M 0020000 + M 1001000 + 2M 0100100 + 3M 2000010 + ™ 0010010 + 19M 1100001 + 20M 0000020
46M 0000101 + 10M 3000000 + 49M 0200000 + 56M 1010000 + 104M 1000002 + 125M 0001000

291M 1000010 + 682M 2000000 + 638M 0100001 + 1338M 0000002 + 1402M go10000 + 2908M 0000010
5938M 1000000 + 11844M 0000000

M 1001000 + 3M 0100100 + 4M 2000010 + 10M 0010010 + 30M 1100001 + 25M 0000020 + 75M 0000101
15M 3000000 + 84M 0200000 + 90M 1010000 + 180M 1000002 + 213M 0001000 + 507M 1000010
1149M g100001 + 1185M 2000000 + 2484M go00002 + 2565M g010000 + 5439M 0000010

11265M 1000000 + 22680M 0000000

M 0101000 + 2M 0010100 + OM 1100010 + 20M 0200001 + 19M 1010001 + 15M 0000110 + 42M 0001001
96M 1000011 + 40M 2100000 + 114M 0110000 + 220M 0100002 + 256M 1000100 + 565M 2000001
480M 0000003 + 575M 0100010 + 1240M g010001 + 2624M 1100000 + 2580M 0000011

5340M 0000100 + 10589M 1000001 + 20524M 0100000 + 38864M 0000001

M 0011000 + 2M 1100100 + SM 0200010 + 6M 1010010 + SM 0000200 + 14M 0001010 + 15M 2100001
33M 1000020 + 37 0110001 + 83M 1000101 + 40M 2010000 + 180M 2000002 + 94M 1200000

100M 0020000 + 215M 1001000 + 180M 0100011 + 467M 2000010 + 456M 0100100 + 375M 0010002
958M 010010 + 750M 0000012 + 1964M 1100001 + 1920M 0000020 + 3963M 0200000 + 3850M 0000101
1010M 3000000 + 4005M 1010000 + 7374M 1000002 + 7700M go01000 + 14642M 1000010

271546M 2000000 + 27263M 0100001 + 49698M go00002 + 50206M 010000 + 90408M 0000010
160642M 1900000 + 281268M (000000

M 0002000 + M 0110100 + 2M 0020010 + 2M 1000200 + ZM 1200010 + OM 0300001 + 5M 1001010

11M 1110001 + 11IM 0100110 + 27M 0101001 + 12M 2000020 + 25M 2200000 + 23M 0010020

23M 2000101 + 54M 0010101 + 25M 1020000 + 52M 2001000 + 109M 1100011 + 45M 0000030

64M 0210000 + 45M 3000002 + 210M 000111 + 225M 0200002 + 210M 1010002 + 129M 0011000
258M 1100100 + 520M 0200010 + 408M 0001002 + 750M 1000012 + 105M 3000010 + 499M 0000200
501IM 1010010 + 960M 2100001 + 968M 0001010 + 215M 4000000 + 1365M 0100003 + 1787M 1000020
1854M ¢110001 + 3376M 1000101 + 1830M 2010000 + 3524M 1200000 + 6055M 2000002

3525M 0020000 + 6085M 0100011 + 10760M no10002 + 6350M 1001000 + 11358M 0100100



11320M 2000010 + 2440M 0000004 + 18700M 0ooo012 + 20031M 3000000 + 19977M 0010010

34563M 0000020 + 34769M 1100001 + 60006M 1010000 + 60004M 0200000 + 59439 0000101
101592M (001000 + 100299M 1000002 + 170142M 1000010 + 281804M 100001 + 461353M (000002
28252 5000000 + 462702M 010000 + 750988M 000010 + 1208053M 1000000 + 1925763M (000000
M 1000100 + 4M 0100010 + SM 2000001 + 15M 0010001 + SOM 1100000 + 44M 000011 + 139M 0000100
+  365M 1000001 + 910M 0100000 + 2145M 0000001

+ o+ o+ o+

1000100

0100100 = M 0100100 * 3M 0010010 + 1OM go00020 + 10M 1100001 + 35M 0200000 + 29M 1010000 + 30M 0000101
+  88M poo1000 + 80M 1000002 + 223M 1000010 + 545M 0100001 + 1260M 0000002 + 538M 2000000
+  1262M go10000 + 2800M oo00010 + 5976M 1000000 + 12341M g000000
0010100 = M oo10100 + 3M 1100010 + 9M 0200001 + 10M 1010001 + 1OM go00110 + 28M 0001001 + 72M 1000011
+  29M 2100000 + 169M 0100002 + 79M 0110000 + 196M 1000100 + 374M 0000003 + 464M 2000001
458M 9100010 + 1029M go010001 + 2258M 1100000 + 2198M go00011 + 4708M 000100 + 9574M 1000001
18998M 0100000 + 36774M 0000001

+

0001100 = M o0o1100 ¥ 2M 0110010 + 6M 1000110 + SM 0020001 + 15M 0100020 + OM 1200001 + 14M 1001001

14M 0300000 + 34M 1110000 + 37 0100101 + 91M 0101000 + 33M 2000011 + 83M 0010011 + 180M 1100002
180M 0000021 + 78M 2000100 + 203M 010100 + 437 1100010 + 375M 0000102 + 170M 3000001

914M o000110 + 750M 1000003 + 929M 0200001 + 905M 1010001 + 1834M 2100000 + 1858M go01001

3723M 0110000 + 3635M 1000011 + 7156M 1000100 + 6949M 0100002 + 13480M 2000001 + 13524M 0100010
12954M 0000003 + 25015M 0p10001 + 45599M 1100000 + 45368M goo0011 + 81502M go00100

143470M 1000001 + 249025M (100000 + 426280M (000001

+ o+ o+ o+ o+ o+

0000200 M 0000200 + M 0001010 + 2M 0110001 + 3M 1000020 + 5M 0020000 + "™ 1000101 + 19M 0100011

5M 1200000 + 20M 2000002 + 16M 1001000 + 46M 0010002 + 46M 0100100 + 41M 2000010 + 110M 0010010
250M 1100001 + 104M 0000012 + 94M 3000000 + 254M 0000020 + 549M go00101 + 560M 0200000

1150M 1000002 + 539M 1010000 + 1159M 0001000 + 2362M 1000010 + 4700M 0100001 + 9126M 0000002
46778M 2000000 + 9103M 0010000 + 17256M 0000010 + 32022M 1000000 + 58324M 0000000

+ o+ o+ o+

1000010 = M 1000010 * SM 0100001 + 20M go00002 + OM 2000000 + 21M 9010000 + 70M 0000010 + 212M 1000000
+  588M 0000000

0100010 = M o100010 + 4M 0010001 + 16M 0000011 + 15M 1100000 + 5IM 0000100 + 149M 1000001 + 399M 0100000
+  999M 000001

0010010 = M oo10010 + SM 0000020 + 4M 1100001 + 14M 0200000 + 15M 1010000 + 15M 0000101 + 47M 0001000
+  44M 1000002 + 133M 1000010 + 343M 0100001 + 350M 2000000 + 828M 0000002 + 845M 0010000

1957M go00010 + 4366M 1000000 + 9387M 0000000

+

0001010 M 0001010 + 3M 0110001 + 4M 1000020 + 9M 0020000 + 10M 1000101 + 30M 0100011 + M 1200000

25M 2000002 + 27 1001000 + 75M 0010002 + 78M 0100100 + 6IM 2000010 + 193M 9010010 + 449M 1100001
180M 0000012 + 165M 3000000 + 460M 0000020 + 1014M 0ogo101 + 1008M 0200000 + 2169M 1000002

999M 1010000 + 2184M go01000 + 4549M 1000010 + 9198M 0100001 + 18063M go00002 + 918IM 2000000
18114M (010000 + 34807M (000010 + 65475M 1900000 + 120771IM 9000000

e

0000110 = M gooo110 + 2M goo1001 + 8M 1000011 + SM 0110000 + 24M 0100002 + 19M 1000100 + 5IM 0100010
64M 0000003 + 94M 2000001 + 154M go10001 + 374M 1100000 + 384M 0000011 + 879M 0000100
+  1958M 1000001 + 4193M 0100000 + 8694M 0000001

+

0000020 = M 0000020 + M 0000101 + 2M 0001000 + 4M 1000002 + M 1000010 + 29M 0100001 + 30M 2000000
+  84M 000002 + 80M go10000 + 209M gpo0010 + 510M 1000000 + 1197M 0000000

1000001 = M 1000001 + &M 0100000 + 27M 0000001



0100001 = M 0100001 + 5M 0010000 + OM 0000002 + 22M 0000010 + 75M 1000000 + 225M 0000000

0010001 = M 0010001 + SM 0000011 + 5M 1100000 + 20M 0000100 + 66M 1000001 + 196M 0100000 + S3IM 0000001
0001001 = M ooo1001 + 4M 1000011 + 4M 0110000 + 15M 0100002 + 14M 1000100 + 45M 0100010
+  45M 0000003 + 40M 2000001 + 125M 010001 + 319M 1100000 + 325M 0000011 + 784M 0000100
+  1809M 1000001 + 4004M 0100000 + 8529M 0000001
0000101 = M 0000101 + 3M 0001000 + SM 1000002 + 13M 1000010 + 45M 0100001 + 39M 2000000 + 135M 0000002
+  129M go10000 + 351M 0po0010 + 879M 1000000 + 2079M 0000000
0000011 = M ooo000o11 + 2M 0000100 + 1OM 1000001 + 35M 0100000 + 111M 0000001

0000002 = M 0000002 + M 0000010 + SM 1000000 + 21M 0000000

3.3 First order polynom ials

T he iterative m ethods given in [ll]allow us to solve the Schrodinger equation {@) for general . T he eigenfuntions
are polynom ials. In this and the next subsection, we present a partial list of such polynom ials of rst and second
order.

P1oooooo (2) = 21+w
1+ 17
Po1ooooo (2) = Z2er
1+ 11
5( 1+ )z 8( 1+ ) 1+8 )z 2( 1+ ) 1 159 + 136 ?)
Pootoooo (2) = z3+ + +
1+ 7 1+ 7 )1+ 8) 1+ 7 )1+ 8 )@+ 11 )
o @) - s 41+ mzs 3( 1+ ) 3+5 2227 9( 1+ Y1+ 22 + 5 2)z2
0001000 : 1+ 5 1+5 ) 1+5 2@+ 7)
L, 901+ ) 1+3 )zf+ 2( 1+ )( 7+ 11 + 385 2+ 175 3)z3
1+ 5 )1+ 7) (1+5 P@a+7)
, L1+ )(78 + 1255 + 3653 2 6295 >+ 3325 %)z
(1+5 B@+7 )2+ 11 )
. 2( 1+ )( 22 755 3477 %+ 11255 3+ 175 )z
(1+5 P+ 7 )2+ 11 )
. 2( 1+ )(18+ 365 + 8123 2 2045 °+ 2275 %)
(1+5 B+ 7)2+ 11 )
5( 1+ Jzzs 7 1+ ) 4+ 7 )z 5( 1+ ) 6 137 + 56 %)z
Poooo1oo(2) = 2Zs+ + +
1+ 7 1+ 7 )2+ 13 ) 1+ 7 )1+ 8 )2+ 13 )
Poinoi (z) = 7+ 6( 1+ )z 15( 1+ )( 1+5)
1+ 9 1+ 9 )1+ 13 )
Poooooo1 (2) =z

34 Second order polynom ials

o ) 2, 2% 10 zg L 203 6 119 2+ 28 3)z,
Z = Z
2000000 o1y 1+ )1+ 4) QL+ )1+ 4 )3+ 17 )
N 42 459 290 ¢ 3205 3+ 196 ¢
1+ )1+ 4)2+ 17 )3+ 17 )
525 (6 95 + 24 %)zyz;  28( 1+ ) ( 26+ 11 )z
P 1100000 (z) = z12, + + +
1+ 4 1+ 4 )2+ 11 ) 1+ 4 )2+ 11 Y3+ 17 )
N ( 1+ )(138+ 365 9979 2+ 1176 3)zy

1+ 4 )1+ 7 )2+ 11 )3+ 17 )



2 224 8 7126 6( 1+ ) + 6 %)z27 2(1+ 23 #)z?
Pooooooo (2) = Z5 + + + +

1+ 1+ )1+ 3) 1+ 1+ 3 )3+ 11 ) 1+ )1+ 3 )2+ 5)
18( 1+ )2+ 13 72+63)z$+ 4(3+ 23 + 141 2+ 493 3+ 180 %)zs

! 1+ )2+ 3)2+11 )3+ 11 ) (@+ NI+ 3 )1+ 4 )1+5 )3+ 11 )
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1+ 2 )0+ 4 )2+ 7 )2+ 11 )3+ 16 )4+ 17 )
Porioos (Z) = 25+ 4zlz5+ 5( 1+ )( 2+ 3 )2226+ 40 1+ 7 )zizg
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1+ 2 1+ 2 )2+ 9) (1+2 )1+5)2+9 )
2( 1+ )22 2 1052 ?+ 375 3)zy
" 1+ 2 )1+5)2+9 )2+ 13 )
Boinss(z) = 224 27¢ 12 7 2(1+ 59 ?)

+ +
1+ 1+ )L+ 5) 1+ )L+ 5)2+ 9 )

3.5 G eneralized quadratic C lebsch-G ordan series

Foreach ,the product of polynom ials can be decom posed as a linear com bination of polynom ials of the sam e
T he term s entering in this decom position are exactly the sam e entering in the product of characters, ie. In the
corresponding C lebsch-G ordan series, w hile the coe cients are rational finctions of . Them ethod for com puting
these coe cients was explained in [lll]. H ere we give som e of the quadratic C lebsch-G ordan series for general
P P = P + —P +—10(1+3 ) P
1000000 1000000 2000000 © 777 0010000 * "9 Ty (T4 7 ) 0000010
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1000000 0010000 1010000 1+ 2 0001000 1+5 )1+ 7 )2+ 7)) 1000010
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1+ 4 )1+5 Pa+ 7)) 0100001 1+ 7 )(1+8 )(1+9 )3+ 16 ) 2000000
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P
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240(1+ )(1+ 2 )1+ 3 )+ 12 )1+ 13 )
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48(1+ 3 )(1+ 13 )( 2 45 109 2+ 6 3)
" 1+ )1+ 6 )1+ 7 )1+ 9 )1+ 17 Y3+ 17 )POOOOOlo
, 1200+ )+ 3 )+ 4 )1+ 6 )1+ 14 )1+ 17 )
(1+5 )1+ 7 )(L+8 )1+ 9 P(@L+ 13 )(2+ 13 ) Loooooo
7 54(1+ 3 )(1+ 18 )
P].OOOOOO POOOOOOl = P].OOOOO]. + WPO].OOOOO + (l+ ll )(l+ 1-7 )(2+ 17 )POOOOOO].
2 81+ 2 )
pOlOOOOO POlOOOOO = p0200000 + 1+—P0001OOO + m 1000010
) 12(5+ 84 + 255 2+ 1603)P ) 32(1+ 2 )1+ 4 ) o
(1+5 P@+ 11 )3+ 11 ) 90000 " 14 5 y1+ 7 )1+ 9 ) 2000000
, 1440+ 2)a+ 3 )0+ 5 )+ 12 )P
(1+ 7 )L+ 8 )(1+ 11 P(2+ 11 ) 0000002
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