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J.Fern�andezN�u~nez,W .Garc��a Fuertes,A.M .Perelom ov�

Departam ento de F��sica,Facultad de Ciencias,Universidad de Oviedo,E-33007 Oviedo,Spain

A bstract

In a previous paper [1]we have studied the characters and Clebsch-G ordan series for the exceptionalLie

algebra E 7 by relating them to the quantum trigonom etric Calogero-Sutherland Ham iltonian with coupling

constant� = 1.Now we extend thatapproach to the case ofgeneral�.

1 Introduction

The Calogero-Sutherland m odels [2,3]related to the rootsystem softhe sim ple Lie algebras[4,5,6]have been

deeply investigated during the lasttwo decades.O riginally introduced on purely theoreticalgrounds,thisclassof

m odelshave howeverfound a num berofrelevantapplicationsin such diverse �eldsascondensed m atterphysics,

supersym m etric Yang-M illstheory orblack-hole physics. O n the m athem aticalside,an interesting feature ofthe

quantum version ofthis kind ofm odels is that their energy eigenfunctions provide a naturalgeneralization of

severaltypesofhypergeom etricfunctionsto them ultivariablecase.Forthepotentialv(q)= �(� � 1)sin�2 (q)and

specialvaluesofthe coupling constant,these eigenfunctionsare related to som e othogonalfunctionalsystem sof

particularinterestin the theory ofLie algebrasand sym m etric spaces:for� = 1 we obtain the charactersofthe

irreducible representationsofthe algebra,while for� = 0 the corresponding m onom ialsym m etric functionsarise;

othervaluesof� lead to zonalsphericalfunctionsin sym m etricspacesassociated to theLiealgebra:in particular,

for E 7,� = 1

2
gives these functions for the sym m etric space E V � [7,6]. The Calogero-Sutherland Ham iltonian

appearsin thisway asa naturaluni�ed toolforthe com putation ofallthese objects.

The Calogero-Sutherland Ham iltonian associated to the rootsystem ofa sim ple Lie algebra can be written as

a second-orderdi�erentialoperatorwhose variablesare the charactersofthe fundam entalrepresentationsofthe

algebra.Asitwasshown in the papers[8,9,10],and laterin [11,12,13,14,15,16,17],thisapproach givesthe

possibility ofdeveloping som e system atic proceduresto solve the Schr�odingerequation and determ ine im portant

propertiesoftheeigenfunctions,such asrecurrencerelationsorgeneratingfunctionsforsom esubsetsofthem .The

approach hasbeen used forclassicalalgebrasofA n and D n type,fortheexceptionalalgebra E 6,and recently also

forE 7 forthespecialvalueofthecoupling constantforwhich theeigenfunctionsareproportionalto thecharacters

oftheirreduciblerepresentationsofthealgebra.Theaim ofthispaperisto show how to generalizethetreatm ent

given in [1]to arbitrary valuesofthe coupling constantand to extend som e ofthe particularresultsfound there

to the generalcase.
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perelom o@ dftuz.unizar.es
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2 T heC alogero-Sutherland H am iltonian forE 7 in W eyl-invariantvari-

ables

The trigonom etric Calogero-Sutherland m odelrelated to the rootsystem R ofa sim ply-laced Lie algebra ofrank

r isthe quantum system in an Euclidean spaceR
r
de�ned by the standard Ham iltonian operator

H =
1

2

r
X

j= 1

p
2

j +
X

�2R +

��(�� � 1)sin�2 (�;q); (1)

whereq= (qj)isa cartesian coordinatesystem and pj = � i@qj;R
+ isthe setofthe positiverootsofthealgebra,

and � isthe coupling constant.The (non-norm alized)ground state wavefunction is

	 �
0
(q)=

Y

�2R +

sin�(�;q); (2)

whiletheexcited statesareindexed by thehighestweights� =
P

m ili 2 P + (P + istheconeofdom inantweights)

oftheirreduciblerepresentationsofthealgebra,thatis,by ther-tupleofnon-negativeintegersm = (m 1;:::;m r).

Looking forsolutions	 �
m
ofthe Schr�odingerequation in the form

	 �
m
(q)= 	 �

0
(q)��

m
(q); (3)

weareled to the eigenvalueproblem

� ���
m
= "m (�)�

�
m
; (4)

where� � isthe lineardi�erentialoperator

� � = �
1

2

r
X

j= 1

@
2

qj
� �

X

�2R +

cot(�;q)(�;r q): (5)

Due to the W eylsym m etry ofthe Ham iltonian,to solvethe eigenvalueproblem (4)itisconvenientto expressthe

operator� � in a setofindependentW -invariantvariablessuch aszk = �lk
(q),the charactersofthe irreducible

representationsofthe algebra.The operator� � in the z-variableshasthe structure:

� � =
X

j;k

ajk(z)@zj@zk +
X

j

�

b
0

j(z)+ �b
1

j(z)
�

@zj; (6)

butto�xthecoe�cientsbydirectchangeofvariablesisverycum bersom e.Asexplained in [1],adi�erentprocedure,

based on thecom putation ofthequadraticClebsch-G ordan seriesand thesecond ordercharactersofE 7,ispossible.

In [1],weapplied thisprocedureto com puteajk(z)and b
0

j(z)+ b1j(z),thus�nding theoperator�
� forthespecial

case� = 1.Therem aining task isto com pute b0j(z)and b
1

j(z)separately.

To accom plish thattask a new piece ofinform ation isrequired:weneed to know allthe �rstordersym m etric

m onom ials for E 7 given as a function ofthe z-variables. To obtain them ,we willrely on the expansions ofthe

fundam entalcharactersofE 7 in term sofm onom ialfunctionscom puted by Lorisand Sasakiin [18].In thenotation

of[1],theseexpansionsare

z1 = M �1 + 7;

z2 = M �2 + 6M �7;

z3 = M �3 + 5M �6 + 22M �1 + 77;

z4 = M �4 + 4M �1+ �6 + 15M �2+ �7 + 15M 2�1 + 45M 2�7 + 50M �3 + 145M �6 + 390M �1 + 980;

z5 = M �5 + 5M �1+ �7 + 21M �2 + 71M �7;

z6 = M �6 + 6M �1 + 27;

z7 = M �7:

To invertthese form ulasto com pute the fundam entalm onom ialfunctions,wehaveto proceed in increasing order

oftheheightofthedom inantweightsassociated to thecharacters.O ncea �rst-orderm onom ialfunction isknown,

2



we com pute the corresponding b0k(z)and b1k(z)following the proceduredescribed in [1].Thism akesitpossible to

use the partofthe operator� � already known in each step to com pute the second orderm onom ialfunctionsin

advance,i.e. before they are needed to obtain the nextfundam entalm onom ialfunction. W ith thisstrategy,itis

easy to �nd

M �1 = z1 � 7;

M �2 = z2 � 6z7;

M �3 = z3 � 5z6 + 8z1 + 2;

M �4 = z4 � 4z1z6 + 9z2z7 + 9z2
1
+ 9z2

7
� 14z3 � 39z6 � 22z1 � 18;

M �5 = z5 � 5z1z7 + 14z2 + 15z7;

M �6 = z6 � 6z1 + 15;

M �7 = z7;

and,therefore,

b
0

1
(z)+ �b

1

1
(z) = � 28+ 4z1 + �(28+ 68z1)

b
0

2
(z)+ �b

1

2
(z) = 7z2 � 24z7 + �(98z2 + 24z7)

b
0

3
(z)+ �b

1

3
(z) = 8� 56z1 + 12z3 � 20z6 + �(� 8+ 56z1 + 132z3 + 20z6)

b
0

4
(z)+ �b

1

4
(z) = � 72+ 72z1 � 24z2

1
+ 24z3 + 24z4 � 16z6 � 16z1z6 � 24z2z7 + 36z2

7
+

�(72� 72z1 + 24z2
1
� 24z3 + 192z4 + 16z6 + 16z1z6 + 24z2z7 � 36z2

7
)

b
0

5
(z)+ �b

1

5
(z) = � 28z2 + 15z5 � 4z7 � 20z1z7 + �(28z2 + 150z5 + 4z7 + 20z1z7)

b
0

6
(z)+ �b

1

6
(z) = � 48� 24z1 + 8z6 + �(48+ 24z1 + 104z6)

b
0

7
(z)+ �b

1

7
(z) = 3z7 + 54�z7:

Thiscom pletesthe com putation of� �.In the restofthe paperwe presentsom e resultsobtained through the

useofthisoperator.

3 Som e explicitresultson the low lying eigenfunctionsofthe system s

In this Section, we present som e results on the �rst and second order polynom ials and generalized quadratic

Clebsch-G ordan series. Because som e form ulasare too long,we give the com plete results,in a form suitable for

use in M athem atica orM aple,in the adjoint�lesresults31.txt { results35.txt,which areaccessiblethrough

the \source" form atofthisdocum ent.

3.1 Second order m onom ialsym m etric functions

O nceweknow � �,wecan com puteitseigenfunctionsbym eansoftheiterativealgorithm sgiven in [1].In particular,

we can obtain the m onom ialsym m etric functionsforE 7 by sim ply taken � = 0 in these algorithm s. W e present

herethe listofthe second orderm onom ialfunctionsobtained in thatway.

M 2000000 = z
2

1
� 2z3 � 2z1 � 7

M 1100000 = z1z2 � 5z5 + 3z1z7 � 23z7

M 0200000 = z
2

2
� 2z4 � 2z2z7 � 2z2

1
� 6z2

7
+ 4z3 + 14z6 + 4z1 + 12

M 1010000 = z1z3 � 3z4 � z1z6 + 6z2z7 � 3z2
1
� 9z2

7
� 9z3 + 4z6 + 20z1 + 32

M 0110000 = z2z3 � 4z1z5 + 5z2z6 + 4z2
1
z7 � 4z3z7 � 17z1z2 � 16z6z7 + 41z5 + 13z1z7 + 12z2 + 7z7

M 0020000 = z
2

3
� 2z1z4 + 2z2z5 � 2z3z6 � 7z2

6
+ 12z5z7 � 2z3

1
+ 4z1z3 + 2z1z

2

7
� 10z4 � 2z1z6 + 10z2

1

+ 10z2
7
� 16z3 � 22z6 � 16z1 � 8

M 1001000 = z1z4 � 4z2z5 � 4z2
1
z6 + 10z3z6 + 9z1z2z7 + 14z2

6
� 34z5z7 + 9z3

1
� 21z2

2
� 39z1z3 � 21z1z

2

7

+ 66z4 + 54z1z6 + 23z2z7 + 36z2
1
� 22z2

7
� 54z3 � 24z6 � 56z1 � 24

M 0101000 = z2z4 � 3z3z5 + 2z1z2z6 � 2z2
2
z7 + 5z1z3z7 + 5z5z6 � 14z4z7 � 19z1z6z7 � 12z2

1
z2 + 15z2z3

3



+ 17z2z
2

7
+ 25z1z5 + 19z2

1
z7 + 42z3

7
+ 5z2z6 � 29z3z7 � 27z1z2 � 133z6z7 + 131z5 + 10z1z7

+ 40z2 � 43z7

M 0011000 = z3z4 � 3z1z2z5 + 5z2
2
z6 + 2z1z3z6 + 5z2

5
� 7z4z6 + 5z2

1
z2z7 � 10z1z

2

6
� 14z2z3z7 + 10z1z5z7

� 12z2
1
z3 � 3z2

1
z
2

7
� 5z1z

2

2
+ 24z2

3
+ 5z1z4 � 2z2z6z7 + 6z2

1
z6 + z2z5 + 11z3z

2

7
+ 10z3z6

+ 15z6z
2

7
� 28z1z2z7 � 24z2

6
+ 40z2

2
+ 4z5z7 + 21z3

1
� 15z1z3 + 19z1z

2

7
� 16z4 � 54z1z6

� 48z2
1
+ 17z2z7 � 5z2

7
+ 7z3 + 31z6 � 16z1 � 22

M 0002000 = z
2

4
� 2z2z3z5 + 2z2

3
z6 + 2z1z

2

5
+ 2z1z

2

2
z6 � 2z3

2
z7 � 4z1z4z6 � 2z1z2z3z7 � 2z2z5z6 + 6z2z4z7

� 8z2
1
z
2

6
+ 12z3z

2

6
+ 12z2

1
z5z7 � 20z3z5z7 � 6z2

1
z4 + 2z1z2z6z7 + 2z3

6
+ 2z2

2
z3 + 2z3

1
z
2

7

� 4z5z6z7 + 9z2
2
z
2

7
� 4z1z3z

2

7
+ 12z3z4 � 4z1z2z5 � 16z2

2
z6 � 14z4z

2

7
� 4z3

1
z6 + 2z2

5
+ 8z1z3z6

+ 2z2
1
z2z7 + 30z4z6 + 9z4

1
� 18z2z

3

7
+ 12z1z

2

6
� 6z2z3z7 � 16z1z5z7 � 36z2

1
z3 + 4z1z

2

2
� 8z2

1
z
2

7

+ 26z2
3
+ 32z2z6z7 + 16z3z

2

7
+ 32z1z4 � 28z2z5 + 14z2

1
z6 + 9z4

7
� 22z6z

2

7
� 16z3

1
� 5z2

6

� 8z1z2z7 + 32z1z3 � 16z2
2
+ 52z5z7 � 48z4 � 10z1z

2

7
+ 36z2z7 + 42z2

7
+ 20z2

1
� 8z3 � 88z6

� 8z1 � 60

M 1000100 = z1z5 � 5z2z6 � 5z2
1
z7 + 15z3z7 + 9z1z2 + 19z6z7 � 54z5 � 29z1z7 + 30z2 + 56z7

M 0100100 = z2z5 � 4z3z6 + 4z2
6
+ 5z1z2z7 � 7z2

2
+ 4z1z3 � 4z5z7 � 10z4 � 16z1z

2

7
+ 4z1z6 + 29z2z7

+ 54z2
7
+ 6z2

1
� 12z3 � 90z6 � 76z1 + 4

M 0010100 = z3z5 � 4z1z2z6 + 9z2
2
z7 + 5z1z3z7 + 5z5z6 � 12z4z7 � 11z1z6z7 + 4z2

1
z2 � 25z2z3 + 16z1z5

� 4z2
1
z7 � 5z2z6 + 19z3z7 � 2z1z2 + 31z6z7 � 46z5 � 26z1z7 � 40z2 + 74z7

M 0001100 = z4z5 � 3z2z3z6 + 2z1z5z6 + 5z2
3
z7 + 5z2z

2

6
+ 5z1z

2

2
z7 � 7z1z4z7 � 7z3

2
� 12z1z2z3 � 14z2z5z7

+ 27z2z4 � 10z2
1
z6z7 + 10z3z6z7 � 2z1z2z

2

7
� 3z2

6
z7 + 21z2

1
z5 � 17z3z5 + 10z1z2z6 + 11z5z

2

7

+ 5z3
1
z7 � 8z5z6 + 15z1z

3

7
+ 6z2

2
z7 � 5z1z3z7 � 5z2

1
z2 � 17z4z7 + 16z2z3 � 26z1z6z7 � 16z1z5

� 45z2z
2

7
� z

2

1
z7 + 45z2z6 + 5z3

7
+ 31z3z7 � 26z1z2 + 14z6z7 + 42z5 � 26z1z7 + 110z2 � 26z7

M 0000200 = z
2

5
� 2z4z6 + 2z2z3z7 � 2z2

3
� 2z1z5z7 � 2z1z

2

2
� 7z2

1
z
2

7
+ 4z1z4 + 12z3z

2

7
+ 2z2z5 + 14z2

1
z6

� 24z3z6 + 2z1z2z7 + 2z6z
2

7
+ 4z3

1
� 4z2

6
+ 2z5z7 + 14z2

2
+ 10z1z

2

7
� 8z1z3 � 28z4 � 24z1z6

� 26z2z7 + 17z2
7
� 20z2

1
+ 32z3 � 8z6 + 32z1 � 32

M 1000010 = z1z6 � 6z2z7 + 9z2
7
� 6z2

1
+ 21z3 + 6z6 � 27z1 + 27

M 0100010 = z2z6 � 5z3z7 + 3z6z7 + 9z1z2 � 7z5 � 19z1z7 + 15z2 + 7z7

M 0010010 = z3z6 � 5z2
6
� 5z1z2z7 + 14z2

2
+ 9z1z3 + 15z5z7 � 27z4 + 19z1z

2

7
� 49z1z6 � 14z2z7 � 27z2

1

� 4z2
7
+ 42z3 + 79z6 + 12z1 � 42

M 0001010 = z4z6 � 4z2z3z7 � 4z1z
2

6
+ 9z2

3
+ 10z1z5z7 + 9z2z6z7 + 9z1z

2

2
+ 14z2

1
z
2

7
� 18z1z4 � 34z3z

2

7

� 33z2z5 � 39z2
1
z6 + 72z3z6 � 5z1z2z7 � 21z6z

2

7
� 18z3

1
+ 34z2

6
+ 22z5z7 � 14z2

2
+ 18z1z

2

7

+ 48z1z3 � 7z4 � 16z2z7 � 61z2
7
� 27z2

1
+ 18z3 + 151z6 + 150z1 + 26

M 0000110 = z5z6 � 3z4z7 � z1z6z7 + 5z2z3 + 6z2z
2

7
� 2z1z5 � 11z2z6 � 9z3

7
� 9z2

1
z7 + 9z3z7 + 7z1z2

+ 25z6z7 � 16z5 + 26z1z7 � 60z2 + 16z7

M 0000020 = z
2

6
� 2z5z7 + 2z4 � 6z2

1
� 2z2

7
+ 12z3 + 4z6 + 12z1 + 17

M 1000001 = z1z7 � 7z2 + 8z7

M 0100001 = z2z7 � 6z3 � 6z2
7
+ 14z6 + 16z1 � 28

M 0010001 = z3z7 � 5z6z7 � 6z1z2 + 20z5 + 24z1z7 � 49z2 � 12z7

M 0001001 = z4z7 � 4z1z6z7 � 5z2z3 + 9z2z
2

7
+ 14z1z5 � 5z2z6 + 9z3

7
+ 19z2

1
z7 � 44z3z7 � 14z1z2

� 53z6z7 + 54z5 + 42z1z7 � 40z2 � 144z7

M 0000101 = z5z7 � 4z4 � 5z1z
2

7
+ 8z1z6 + 11z2z7 + 12z2

1
� 3z2

7
� 42z3 � 18z6 � 4

M 0000011 = z6z7 � 3z5 � z1z7 + 7z2 � 11z7

M 0000002 = z
2

7
� 2z6 � 2

4



3.2 Expansion ofsecond order characters in m onom ialfunctions

As the nam e suggests,the orthogonalsystem ofm onom ialsym m etric functions is the sim plest one am ong the

di�erentclassesofsym m etricpolynom ialsassociated to the Liealgebra E 7:each m onom ialsym m etricfunction is

nothing butthesum ofallthem onom ialsassociated to oneorbitoftheW eylgroup on theweightlattice.Now,we

can easily expand otherpolynom ialsassociated to the rootsystem ofE 7 in the basisofthe m onom ialsym m etric

functions.In fact,the m ethod isthe sam e which we havedescribed in [1]forthe com putation ofClebsch-G ordan

series. In particular,the coe�cients in the decom position ofcharacters in m onom ialsym m etric functions are

interesting in thatthey give the m ultiplicitiesofthe weightsin the corresponding irreducible representations.As

an exam ple,we presentsuch decom position forallthe second ordercharacters.

�
2000000

= M 2000000 + M 0010000 + 4M 0000010 + 17M 1000000 + 63M 0000000

�
1100000

= M 1100000 + 4M 0000100 + 16M 1000001 + 56M 0100000 + 171M 0000001

�
0200000

= M 0200000 + M 0001000 + 3M 1000010 + 11M 0100001 + 10M 2000000 + 36M 0000002 + 34M 0010000

+ 96M 0000010 + 248M 1000000 + 603M 0000000

�
1010000

= M 1010000 + 2M 0001000 + 8M 1000010 + 24M 0100001 + 32M 2000000 + 64M 0000002 + 78M 0010000

+ 208M 0000010 + 544M 1000000 + 1344M 0000000

�
0110000

= M 0110000 + 3M 1000100 + 10M 0100010 + 10M 2000001 + 30M 0010001 + 90M 1100000 + 80M 0000011

+ 231M 0000100 + 570M 1000001 + 1344M 0100000 + 3024M 0000001

�
0020000

= M 0020000 + M 1001000 + 2M 0100100 + 3M 2000010 + 7M 0010010 + 19M 1100001 + 20M 0000020

+ 46M 0000101 + 10M 3000000 + 49M 0200000 + 56M 1010000 + 104M 1000002 + 125M 0001000

+ 291M 1000010 + 682M 2000000 + 638M 0100001 + 1338M 0000002 + 1402M 0010000 + 2908M 0000010

+ 5938M 1000000 + 11844M 0000000

�
1001000

= M 1001000 + 3M 0100100 + 4M 2000010 + 10M 0010010 + 30M 1100001 + 25M 0000020 + 75M 0000101

+ 15M 3000000 + 84M 0200000 + 90M 1010000 + 180M 1000002 + 213M 0001000 + 507M 1000010

+ 1149M 0100001 + 1185M 2000000 + 2484M 0000002 + 2565M 0010000 + 5439M 0000010

+ 11265M 1000000 + 22680M 0000000

�
0101000

= M 0101000 + 2M 0010100 + 6M 1100010 + 20M 0200001 + 15M 1010001 + 15M 0000110 + 42M 0001001

+ 96M 1000011 + 40M 2100000 + 114M 0110000 + 220M 0100002 + 256M 1000100 + 565M 2000001

+ 480M 0000003 + 575M 0100010 + 1240M 0010001 + 2624M 1100000 + 2580M 0000011

+ 5340M 0000100 + 10589M 1000001 + 20524M 0100000 + 38864M 0000001

�
0011000

= M 0011000 + 2M 1100100 + 5M 0200010 + 6M 1010010 + 5M 0000200 + 14M 0001010 + 15M 2100001

+ 33M 1000020 + 37M 0110001 + 83M 1000101 + 40M 2010000 + 180M 2000002 + 94M 1200000

+ 100M 0020000 + 215M 1001000 + 180M 0100011 + 467M 2000010 + 456M 0100100 + 375M 0010002

+ 958M 0010010 + 750M 0000012 + 1964M 1100001 + 1920M 0000020 + 3963M 0200000 + 3850M 0000101

+ 1010M 3000000 + 4005M 1010000 + 7374M 1000002 + 7700M 0001000 + 14642M 1000010

+ 27546M 2000000 + 27263M 0100001 + 49698M 0000002 + 50206M 0010000 + 90408M 0000010

+ 160642M 1000000 + 281268M 0000000

�
0002000

= M 0002000 + M 0110100 + 2M 0020010 + 2M 1000200 + 2M 1200010 + 5M 0300001 + 5M 1001010

+ 11M 1110001 + 11M 0100110 + 27M 0101001 + 12M 2000020 + 25M 2200000 + 23M 0010020

+ 23M 2000101 + 54M 0010101 + 25M 1020000 + 52M 2001000 + 109M 1100011 + 45M 0000030

+ 64M 0210000 + 45M 3000002 + 210M 0000111 + 225M 0200002 + 210M 1010002 + 129M 0011000

+ 258M 1100100 + 520M 0200010 + 408M 0001002 + 750M 1000012 + 105M 3000010 + 499M 0000200

+ 501M 1010010 + 960M 2100001 + 968M 0001010 + 215M 4000000 + 1365M 0100003 + 1787M 1000020

+ 1854M 0110001 + 3376M 1000101 + 1830M 2010000 + 3524M 1200000 + 6055M 2000002

+ 3525M 0020000 + 6085M 0100011 + 10760M 0010002 + 6350M 1001000 + 11358M 0100100
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+ 11320M 2000010 + 2440M 0000004 + 18700M 0000012 + 20031M 3000000 + 19977M 0010010

+ 34569M 0000020 + 34769M 1100001 + 60006M 1010000 + 60004M 0200000 + 59439M 0000101

+ 101592M 0001000 + 100299M 1000002 + 170142M 1000010 + 281804M 0100001 + 461353M 0000002

+ 282527M 2000000 + 462702M 0010000 + 750988M 0000010 + 1208053M 1000000 + 1925763M 0000000

�
1000100

= M 1000100 + 4M 0100010 + 5M 2000001 + 15M 0010001 + 50M 1100000 + 44M 0000011 + 139M 0000100

+ 365M 1000001 + 910M 0100000 + 2145M 0000001

�
0100100

= M 0100100 + 3M 0010010 + 10M 0000020 + 10M 1100001 + 35M 0200000 + 29M 1010000 + 30M 0000101

+ 88M 0001000 + 80M 1000002 + 223M 1000010 + 545M 0100001 + 1260M 0000002 + 538M 2000000

+ 1262M 0010000 + 2800M 0000010 + 5976M 1000000 + 12341M 0000000

�
0010100

= M 0010100 + 3M 1100010 + 9M 0200001 + 10M 1010001 + 10M 0000110 + 28M 0001001 + 72M 1000011

+ 29M 2100000 + 169M 0100002 + 79M 0110000 + 196M 1000100 + 374M 0000003 + 464M 2000001

+ 458M 0100010 + 1029M 0010001 + 2258M 1100000 + 2198M 0000011 + 4708M 0000100 + 9574M 1000001

+ 18998M 0100000 + 36774M 0000001

�
0001100

= M 0001100 + 2M 0110010 + 6M 1000110 + 5M 0020001 + 15M 0100020 + 5M 1200001 + 14M 1001001

+ 14M 0300000 + 34M 1110000 + 37M 0100101 + 91M 0101000 + 33M 2000011 + 83M 0010011 + 180M 1100002

+ 180M 0000021 + 78M 2000100 + 203M 0010100 + 437M 1100010 + 375M 0000102 + 170M 3000001

+ 914M 0000110 + 750M 1000003 + 929M 0200001 + 905M 1010001 + 1834M 2100000 + 1858M 0001001

+ 3723M 0110000 + 3635M 1000011 + 7156M 1000100 + 6949M 0100002 + 13480M 2000001 + 13524M 0100010

+ 12954M 0000003 + 25015M 0010001 + 45599M 1100000 + 45368M 0000011 + 81502M 0000100

+ 143470M 1000001 + 249025M 0100000 + 426280M 0000001

�
0000200

= M 0000200 + M 0001010 + 2M 0110001 + 3M 1000020 + 5M 0020000 + 7M 1000101 + 19M 0100011

+ 5M 1200000 + 20M 2000002 + 16M 1001000 + 46M 0010002 + 46M 0100100 + 41M 2000010 + 110M 0010010

+ 250M 1100001 + 104M 0000012 + 94M 3000000 + 254M 0000020 + 549M 0000101 + 560M 0200000

+ 1150M 1000002 + 539M 1010000 + 1159M 0001000 + 2362M 1000010 + 4700M 0100001 + 9126M 0000002

+ 4678M 2000000 + 9103M 0010000 + 17256M 0000010 + 32022M 1000000 + 58324M 0000000

�
1000010

= M 1000010 + 5M 0100001 + 20M 0000002 + 6M 2000000 + 21M 0010000 + 70M 0000010 + 212M 1000000

+ 588M 0000000

�
0100010

= M 0100010 + 4M 0010001 + 16M 0000011 + 15M 1100000 + 51M 0000100 + 149M 1000001 + 399M 0100000

+ 999M 0000001

�
0010010

= M 0010010 + 5M 0000020 + 4M 1100001 + 14M 0200000 + 15M 1010000 + 15M 0000101 + 47M 0001000

+ 44M 1000002 + 133M 1000010 + 343M 0100001 + 350M 2000000 + 828M 0000002 + 845M 0010000

+ 1957M 0000010 + 4366M 1000000 + 9387M 0000000

�
0001010

= M 0001010 + 3M 0110001 + 4M 1000020 + 9M 0020000 + 10M 1000101 + 30M 0100011 + 9M 1200000

+ 25M 2000002 + 27M 1001000 + 75M 0010002 + 78M 0100100 + 69M 2000010 + 193M 0010010 + 449M 1100001

+ 180M 0000012 + 165M 3000000 + 460M 0000020 + 1014M 0000101 + 1008M 0200000 + 2169M 1000002

+ 999M 1010000 + 2184M 0001000 + 4549M 1000010 + 9198M 0100001 + 18063M 0000002 + 9189M 2000000

+ 18114M 0010000 + 34807M 0000010 + 65475M 1000000 + 120771M 0000000

�
0000110

= M 0000110 + 2M 0001001 + 8M 1000011 + 5M 0110000 + 24M 0100002 + 19M 1000100 + 59M 0100010

+ 64M 0000003 + 54M 2000001 + 154M 0010001 + 374M 1100000 + 384M 0000011 + 879M 0000100

+ 1958M 1000001 + 4193M 0100000 + 8694M 0000001

�
0000020

= M 0000020 + M 0000101 + 2M 0001000 + 4M 1000002 + 9M 1000010 + 29M 0100001 + 30M 2000000

+ 84M 0000002 + 80M 0010000 + 209M 0000010 + 510M 1000000 + 1197M 0000000

�
1000001

= M 1000001 + 6M 0100000 + 27M 0000001
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�
0100001

= M 0100001 + 5M 0010000 + 6M 0000002 + 22M 0000010 + 75M 1000000 + 225M 0000000

�
0010001

= M 0010001 + 5M 0000011 + 5M 1100000 + 20M 0000100 + 66M 1000001 + 196M 0100000 + 531M 0000001

�
0001001

= M 0001001 + 4M 1000011 + 4M 0110000 + 15M 0100002 + 14M 1000100 + 45M 0100010

+ 45M 0000003 + 40M 2000001 + 125M 0010001 + 319M 1100000 + 325M 0000011 + 784M 0000100

+ 1809M 1000001 + 4004M 0100000 + 8529M 0000001

�
0000101

= M 0000101 + 3M 0001000 + 5M 1000002 + 13M 1000010 + 45M 0100001 + 39M 2000000 + 135M 0000002

+ 129M 0010000 + 351M 0000010 + 879M 1000000 + 2079M 0000000

�
0000011

= M 0000011 + 2M 0000100 + 10M 1000001 + 35M 0100000 + 111M 0000001

�
0000002

= M 0000002 + M 0000010 + 5M 1000000 + 21M 0000000

3.3 First order polynom ials

The iterativem ethodsgiven in [1]allow usto solvethe Schr�odingerequation (4)forgeneral�.The eigenfuntions

arepolynom ials.In thisand the nextsubsection,we presenta partiallistofsuch polynom ialsof�rstand second

order.

P
�
1000000

(z) = z1 +
7(� 1+ �)

1+ 17�

P
�
0100000

(z) = z2 +
6(� 1+ �)z7

1+ 11�

P
�
0010000

(z) = z3 +
5(� 1+ �)z6

1+ 7�
+
8(� 1+ �)(� 1+ 8�)z1

(1+ 7�)(1+ 8�)
+
2(� 1+ �)(� 1� 159� + 136�2)

(1+ 7�)(1+ 8�)(1+ 11�)

P
�
0001000

(z) = z4 +
4(� 1+ �)z1z6

1+ 5�
+
3(� 1+ �)(� 3+ 5�)z2z7

(1+ 5�)2
+
� 9(� 1+ �)(1+ 22� + 5�2)z2

7

(1+ 5�)2(1+ 7�)

+
9(� 1+ �)(� 1+ 3�)z2

1

(1+ 5�)(1+ 7�)
+
� 2(� 1+ �)(� 7+ 11� + 385�2 + 175�3)z3

(1+ 5�)3(1+ 7�)

+
(� 1+ �)(78+ 1255� + 3653�2 � 6295�3 + 3325�4)z6

(1+ 5�)3(1+ 7�)(2+ 11�)

+
� 2(� 1+ �)(� 22� 755� � 3477�2 + 11255�3 + 175�4)z1

(1+ 5�)3(1+ 7�)(2+ 11�)

+
2(� 1+ �)(18+ 365� + 8123�2 � 2045�3 + 2275�4)

(1+ 5�)3(1+ 7�)(2+ 11�)

P
�
0000100

(z) = z5 +
5(� 1+ �)z1z7

1+ 7�
+
7(� 1+ �)(� 4+ 7�)z2

(1+ 7�)(2+ 13�)
+
5(� 1+ �)(� 6� 137� + 56�2)z7

(1+ 7�)(1+ 8�)(2+ 13�)

P
�
0000010

(z) = z6 +
6(� 1+ �)z1

1+ 9�
+
15(� 1+ �)(� 1+ 5�)

(1+ 9�)(1+ 13�)

P
�
0000001

(z) = z7

3.4 Second order polynom ials

P
�
2000000

(z) = z
2

1
+
� 2z3

1+ �
+

� 10�z6

(1+ �)(1+ 4�)
+
2(� 3� 6� � 119�2 + 28�3)z1

(1+ �)(1+ 4�)(3+ 17�)

+
� 42� 459� � 290�2 � 3205�3 + 196�4

(1+ �)(1+ 4�)(2+ 17�)(3+ 17�)

P
�
1100000

(z) = z1z2 +
� 5z5

1+ 4�
+
(6� 95� + 24�2)z1z7

(1+ 4�)(2+ 11�)
+
28(� 1+ �)�(� 26+ 11�)z2

(1+ 4�)(2+ 11�)(3+ 17�)

+
(� 1+ �)(138+ 365� � 9979�2 + 1176�3)z7

(1+ 4�)(1+ 7�)(2+ 11�)(3+ 17�)
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P
�
0200000

(z) = z
2

2
+
� 2z4

1+ �
+

� 8�z1z6

(1+ �)(1+ 3�)
+
6(� 1+ �)(1� � + 6�2)z2z7

(1+ �)(1+ 3�)(3+ 11�)
+

� 2(1+ 23�2)z2
1

(1+ �)(1+ 3�)(1+ 5�)

+
18(� 1+ �)(2+ 13� � 7�2 + 6�3)z2

7

(1+ �)(1+ 3�)(2+ 11�)(3+ 11�)
+

4(3+ 23� + 141�2 + 493�3 + 180�4)z3

(1+ �)(1+ 3�)(1+ 4�)(1+ 5�)(3+ 11�)

+
� 2(� 42� 537� � 2397�2 � 6715�3 � 14529�4 + 2380�5)z6

(1+ �)(1+ 3�)(1+ 4�)(1+ 5�)(2+ 11�)(3+ 11�)

+
� 4(� 6� 99� � 205�2 � 1021�3 � 12161�4 + 2572�5)z1

(1+ �)(1+ 3�)(1+ 4�)(1+ 5�)(2+ 11�)(3+ 11�)

+
� 4(� 1+ �)(18+ 325� + 2143�2 + 2067�3 � 14045�4 + 22012�5)

(1+ �)(1+ 3�)(1+ 4�)(1+ 5�)(1+ 7�)(2+ 11�)(3+ 11�)

P
�
1010000

(z) = z1z3 +
� 3z4

1+ 2�
+
(� 2� 35� + 10�2)z1z6

(1+ 2�)(2+ 7�)
+
� 6(� 1+ �)(2+ 15�)z2z7

(1+ 2�)(1+ 4�)(2+ 7�)

+
(� 18� 47� � 704�2 + 256�3)z2

1

(1+ 2�)(2+ 7�)(3+ 16�)
+

9(� 2+ 17�)z2
7

(1+ 2�)(1+ 4�)(2+ 7�)

+
(� 216� 2054� + 1429�2 + 33210�3 + 15224�4 + 6272�5)z3

(1+ 2�)(1+ 4�)(2+ 7�)(3+ 16�)(4+ 17�)

+
2(� 1+ �)(� 48+ 1190� + 6697�2 � 9260�3 + 2240�4)z6

(1+ 2�)(1+ 4�)(2+ 7�)(3+ 16�)(4+ 17�)

+
12(� 1+ �)(� 80� 100� + 7708�2 + 27189�3 � 30716�4 + 12736�5)z1

(1+ 2�)(1+ 4�)(2+ 7�)(2+ 11�)(3+ 16�)(4+ 17�)

+
4(� 1+ �)(� 384� 6676� � 12672�2 + 67253�3 � 75612�4 + 7616�5)

(1+ 2�)(1+ 4�)(2+ 7�)(2+ 11�)(3+ 16�)(4+ 17�)

P
�
0110000

(z) = z2z3 +
� 4z1z5

1+ 3�
+
5(� 1+ �)(� 2+ 3�)z2z6

(1+ 3�)(2+ 7�)
+
� 4(� 1+ 7�)z2

1
z7

(1+ 3�)(1+ 5�)

+
6(� 4+ 51� + 311�2 + 41�3 + 105�4)z3z7

(1+ 3�)(1+ 5�)(2+ 7�)(3+ 11�)

+
2(� 1+ �)(51+ 397� � 6�2 � 2992�3 + 2640�4)z1z2

(1+ 3�)(1+ 4�)(1+ 5�)(2+ 7�)(3+ 11�)

+
6(� 16+ 17� + 673�2 � 245�3 + 75�4)z6z7

(1+ 3�)(1+ 5�)(2+ 7�)(3+ 11�)

+
2(� 1+ �)(� 123� 821� + 1018�2 + 10196�3 + 1280�4)z5

(1+ 3�)(1+ 4�)2(1+ 5�)(2+ 7�)(3+ 11�)

+
6(13� 156� � 2853�2 � 2376�3 + 27380�4 � 11328�5 + 1920�6)z1z7

(1+ 3�)(1+ 4�)2(1+ 5�)(2+ 7�)(3+ 11�)

+
6(� 1+ �)(� 12� 595� � 2610�2 + 7325�3 � 2248�4 + 1360�5)z2

(1+ 3�)(1+ 4�)2(1+ 5�)(2+ 7�)(3+ 11�)

+
2(� 1+ �)(� 42� 3713� � 46855�2 � 49890�3 + 620062�4 � 178192�5 + 24480�6)z7

(1+ 3�)(1+ 4�)2(1+ 5�)(2+ 7�)(2+ 11�)(3+ 11�)

P
�
1000100

(z) = z1z5 +
� 5z2z6

1+ 4�
+
5(� 1+ �)z2

1
z7

1+ 7�
+
� 15(� 1+ �)(1+ 6�)z3z7

(1+ 4�)2(1+ 7�)

+
(� 1+ �)(� 27� 320� + 112�2)z1z2

(1+ 4�)2(3+ 13�)
+
� (� 1+ �)(19+ 309� + 1182�2)z6z7

(1+ 4�)2(1+ 5�)(1+ 7�)

+
(� 1+ �)(648+ 8119� + 26227�2 + 12296�3 + 7280�4)z5

(1+ 4�)2(1+ 5�)(3+ 13�)(4+ 17�)

+
2(� 174� 4381� � 20915�2 + 61085�3 + 363609�4 � 239624�5 + 42000�6)z1z7

(1+ 4�)2(1+ 5�)(1+ 7�)(3+ 13�)(4+ 17�)
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+
10(36+ 449� � 4256�2 � 63640�3 � 162486�4 + 81791�5 � 107534�6 + 13720�7)z2

(1+ 4�)2(1+ 5�)2(1+ 7�)(3+ 13�)(4+ 17�)

+
(� 1+ �)(� 672� 17905� � 81245�2 + 497285�3 + 2671037�4 � 1392420�5 + 98000�6)z7

(1+ 4�)2(1+ 5�)2(1+ 7�)(3+ 13�)(4+ 17�)

P
�
1000010

(z) = z1z6 +
� 6z2z7

1+ 5�
+

� 9(� 1+ 7�)z2
7

(1+ 5�)(1+ 8�)
+
6(� 1+ �)z2

1

1+ 9�
+
� 3(� 1+ �)(7+ 55�)z3

(1+ 5�)2(1+ 9�)

+
(18+ 1213� + 15375�2 + 51579�3 � 15985�4 + 12600�5)z6

(1+ 5�)2(1+ 8�)(1+ 9�)(3+ 17�)

+
3(� 54� 775� + 4734�2 + 107248�3 + 344272�4 � 252825�5 + 121400�6)z1

(1+ 5�)2(1+ 8�)(1+ 9�)(2+ 13�)(3+ 17�)

+
3(54� 245� � 9444�2 + 22702�3 + 391238�4 � 115305�5 + 35000�6)

(1+ 5�)2(1+ 8�)(1+ 9�)(2+ 13�)(3+ 17�)

P
�
0100010

(z) = z2z6 +
� 5z3z7

1+ 4�
+
(6� 95� + 24�2)z6z7

(1+ 4�)(2+ 11�)
+
6(� 1+ �)(� 3+ 4�)z1z2

(1+ 4�)(2+ 9�)

+
2(� 42+ 643� + 4519�2 + 600�3)z5

(1+ 4�)(2+ 9�)(2+ 11�)(3+ 13�)

+
2(� 1+ �)(114+ 113� � 11559�2 � 46218�3 + 4680�4)z1z7

(1+ 4�)(1+ 5�)(2+ 9�)(2+ 11�)(3+ 13�)

+
(180� 3864� � 20509�2 + 80848�3 � 4515�4 + 16500�5)z2

(1+ 4�)(1+ 5�)(2+ 9�)(2+ 11�)(3+ 13�)

+
2(� 1+ �)(� 42+ 2347� + 38355�2 � 27714�3 + 4500�4)z7

(1+ 4�)(1+ 5�)(2+ 9�)(2+ 11�)(3+ 13�)

P
�
0000020

(z) = z
2

6
+
� 2z5z7

1+ �
+

� 2(� 1+ �)z4

(1+ �)(1+ 2�)
+

� 10�z1z
2

7

(1+ �)(1+ 4�)
+

4�(13+ 43� + 10�2 + 24�3)z1z6

3(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)

+
� 2(� 1+ �)�(7+ 36�)z2z7

(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)
+
2(� 1+ �)(6+ 47� + 59�2 � 88�3 + 48�4)z2

1

(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)(2+ 9�)

+
� 2(� 1+ �)(� 1� 8� + 30�2)z2

7

(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)
+

4(6+ 29� + 36�2 + 199�3 + 60�4)z3

(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)(2+ 9�)

+
4(18+ 213� � 140�2 � 1100�3 + 11362�4 + 2787�5 + 2700�6)z6

3(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)(2+ 9�)(3+ 13�)

+
4(18+ 285� + 949�2 � 2675�3 � 5493�4 + 33950�5 + 1646�6 + 3000�7)z1

(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)(1+ 5�)(2+ 9�)(3+ 13�)

+
(� 1+ �)(� 204� 4208� � 37487�2 � 140165�3 � 24391�4 + 655613�5 � 66238�6 + 75000�7)

(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)(1+ 5�)(2+ 9�)(2+ 13�)(3+ 13�)

P
�
1000001

(z) = z1z7 +
� 7z2

1+ 6�
+
(16� 191� + 42�2)z7

(1+ 6�)(2+ 17�)

P
�
0100001

(z) = z2z7 +
� 6z3

1+ 5�
+
6(� 1+ �)z2

7

1+ 11�
+

� 2(� 7� 31� + 290�2)z6

(1+ 5�)(1+ 6�)(1+ 11�)

+
� 16(� 1� 26� � 119�2 + 398�3)z1

(1+ 5�)(1+ 6�)(1+ 7�)(1+ 11�)
+

� 4(� 1+ �)(� 7� 51� + 826�2)

(1+ 5�)(1+ 6�)(1+ 7�)(1+ 11�)

P
�
0010001

(z) = z3z7 +
5(� 1+ �)z6z7

1+ 7�
+
� 6z1z2

1+ 5�
+
� 10(� 1+ �)(4+ 25�)z5

(1+ 5�)(1+ 7�)(2+ 9�)

+
2(� 1+ �)(� 72� 1183� � 4188�2 + 2880�3)z1z7

(1+ 5�)(1+ 7�)(2+ 9�)(3+ 16�)

+
� 28(� 1+ �)(� 21� 260� � 333�2 + 3056�3)z2

(1+ 5�)(1+ 7�)(2+ 9�)(2+ 11�)(3+ 16�)
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+
2(� 72� 4430� � 9270�2 + 121301�3 � 54561�4 + 12240�5)z7

(1+ 5�)(1+ 7�)(2+ 9�)(2+ 11�)(3+ 16�)

P
�
0000101

(z) = z5z7 +
� 4z4

1+ 3�
+
5(� 1+ �)z1z

2

7

1+ 7�
+

� 8(� 1� � + 22�2)z1z6

(1+ 3�)(1+ 4�)(1+ 7�)

+
(� 1+ �)(� 33� 239� + 84�2)z2z7

(1+ 3�)(1+ 4�)(3+ 13�)
+
� 12(� 1+ �)(1+ 12�)z2

1

(1+ 3�)(1+ 4�)(1+ 7�)

+
(� 9+ 327� + 3089�2 � 1267�3 + 420�4)z2

7

(1+ 3�)(1+ 4�)(1+ 7�)(3+ 13�)
+
� 12(� 1+ �)(� 21� 118� + 8�2)z3

(1+ 3�)(1+ 4�)(2+ 9�)(3+ 13�)

+
� 4(27+ 1050� + 8824�2 + 18278�3 � 11811�4 + 25872�5)z6

(1+ 3�)(1+ 4�)(1+ 5�)(1+ 7�)(2+ 9�)(3+ 13�)

+
� 48(� 1+ �)�(� 89� 1205� � 3637�2 + 2159�3)z1

(1+ 3�)(1+ 4�)(1+ 5�)(1+ 7�)(2+ 9�)(3+ 13�)

+
� 8(3� 203� + 3439�2 + 24833�3 � 17242�4 + 10290�5)

(1+ 3�)(1+ 4�)(1+ 5�)(1+ 7�)(2+ 9�)(3+ 13�)

P
�
0000011

(z) = z6z7 +
� 3z5

1+ 2�
+
(� 2� 43� + 12�2)z1z7

(1+ 2�)(2+ 9�)
+

� 7(� 1+ �)(2+ 19�)z2

(1+ 2�)(1+ 5�)(2+ 9�)

+
2(� 1+ �)(22� 2� � 1052�2 + 375�3)z7

(1+ 2�)(1+ 5�)(2+ 9�)(2+ 13�)

P
�
0000002

(z) = z
2

7
+
� 2z6

1+ �
+

� 12�z1

(1+ �)(1+ 5�)
+

� 2(1+ 59�2)

(1+ �)(1+ 5�)(1+ 9�)

3.5 G eneralized quadratic C lebsch-G ordan series

Foreach �,the productofpolynom ialscan be decom posed asa linearcom bination ofpolynom ialsofthe sam e �.

The term s entering in this decom position are exactly the sam e entering in the productofcharacters,i.e. in the

corresponding Clebsch-G ordan series,whilethecoe�cientsarerationalfunctionsof�.Them ethod forcom puting

thesecoe�cientswasexplained in [1].Herewegivesom eofthe quadraticClebsch-G ordan seriesforgeneral�.

P
�
1000000

� P
�
1000000

= P
�
2000000

+
2

1+ �
P
�
0010000

+
10(1+ 3�)

(1+ 4�)(1+ 7�)
P
�
0000010

+
24(4+ 103� + 547�2 + 696�3)

(1+ 8�)(1+ 9�)(1+ 17�)(3+ 17�)
P
�
1000000

+
252(1+ 3�)(1+ 5�)(1+ 8�)(1+ 18�)

(1+ 11�)(1+ 13�)(1+ 17�)2(2+ 17�)

P
�
1000000

� P
�
0100000

= P
�
1100000

+
5

1+ 4�
P
�
0000100

+
32(1+ 2�)(1+ 12�)

(1+ 7�)(1+ 11�)(2+ 11�)
P
�
1000001

+
42(1+ 3�)(1+ 14�)(5+ 101� + 74�2)

(1+ 6�)(1+ 11�)(2+ 13�)(1+ 17�)(3+ 17�)
P
�
0100000

+
144(1+ 2�)(1+ 3�)(1+ 5�)(1+ 18�)

(1+ 7�)(1+ 8�)(1+ 11�)2(2+ 17�)
P
�
0000001

P
�
1000000

� P
�
0010000

= P
�
1010000

+
3

1+ 2�
P
�
0001000

+
16(1+ 2�)(1+ 8�)

(1+ 5�)(1+ 7�)(2+ 7�)
P
�
1000010

+
15(1+ �)(1+ 3�)(1+ 11�)

(1+ 4�)(1+ 5�)2(1+ 7�)
P
�
0100001

+
48(1+ 2�)(1+ 4�)(2+ 17�)

(1+ 7�)(1+ 8�)(1+ 9�)(3+ 16�)
P
�
2000000

+
� 24(1+ 11�)(� 5� 187� � 2180�2 � 9982�3 � 18875�4 � 11395�5 + 1800�6)

(1+ �)(1+ 5�)3(1+ 7�)(1+ 8�)(1+ 17�)(4+ 17�)
P
�
0010000

+
240(1+ �)(1+ 2�)(1+ 3�)(1+ 12�)(1+ 13�)

(1+ 6�)(1+ 7�)2(1+ 8�)(2+ 11�)(3+ 17�)
P
�
0000010
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+
384(1+ 2�)(1+ 3�)(1+ 4�)2(1+ 5�)(1+ 12�)(1+ 14�)(1+ 17�)

(1+ 7�)2(1+ 8�)2(1+ 9�)(1+ 11�)(2+ 11�)(2+ 13�)(3+ 17�)
P
�
1000000

P
�
1000000

� P
�
0000100

= P
�
1000100

+
5

1+ 4�
P
�
0100010

+
10(1+ �)(1+ 9�)

(1+ 4�)2(1+ 7�)
P
�
0010001

+
240(1+ �)(1+ 2�)(1+ 10�)

(1+ 5�)(2+ 9�)(2+ 13�)(3+ 13�)
P
�
1100000

+
32(1+ 2�)(1+ 3�)(1+ 12�)

(1+ 5�)(1+ 7�)2(2+ 11�)
P
�
0000011

+
� 90(1+ 10�)(� 16� 562� � 5649�2 � 18716�3 � 18653�4 + 3276�5)

(1+ 4�)(1+ 7�)(2+ 9�)(2+ 13�)(3+ 13�)(1+ 17�)(4+ 17�)
P
�
0000100

+
240(1+ �)(1+ 2�)(1+ 3�)(2+ 7�)(1+ 10�)(1+ 12�)(2+ 17�)

(1+ 5�)(1+ 7�)2(1+ 8�)(2+ 9�)(2+ 11�)(2+ 13�)(3+ 16�)
P
�
1000001

+
420(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)(2+ 7�)(1+ 11�)(1+ 12�)(1+ 14�)

(1+ 5�)2(1+ 6�)(1+ 7�)(1+ 8�)(2+ 11�)(2+ 13�)2(3+ 17�)
P
�
0100000

P
�
1000000

� P
�
0000010

= P
�
1000010

+
6

1+ 5�
P
�
0100001

+
27(1+ 3�)

(1+ 8�)(1+ 11�)
P
�
0000002

+
15(1+ �)(1+ 11�)

(1+ 5�)2(1+ 9�)
P
�
0010000

+
� 48(1+ 3�)(1+ 13�)(� 2� 45� � 109�2 + 6�3)

(1+ �)(1+ 6�)(1+ 7�)(1+ 9�)(1+ 17�)(3+ 17�)
P
�
0000010

+
120(1+ �)(1+ 3�)(1+ 4�)(1+ 6�)(1+ 14�)(1+ 17�)

(1+ 5�)(1+ 7�)(1+ 8�)(1+ 9�)2(1+ 13�)(2+ 13�)
P
�
1000000

P
�
1000000

� P
�
0000001

= P
�
1000001

+
7

1+ 6�
P
�
0100000

+
54(1+ 3�)(1+ 18�)

(1+ 11�)(1+ 17�)(2+ 17�)
P
�
0000001

P
�
0100000

� P
�
0100000

= P
�
0200000

+
2

1+ �
P
�
0001000

+
8(1+ 2�)

(1+ 3�)(1+ 5�)
P
�
1000010

+
12(5+ 84� + 255�2 + 160�3)

(1+ 5�)2(1+ 11�)(3+ 11�)
P
�
0100001

+
32(1+ 2�)(1+ 4�)

(1+ 5�)(1+ 7�)(1+ 9�)
P
�
2000000

+
144(1+ 2�)(1+ 3�)(1+ 5�)(1+ 12�)

(1+ 7�)(1+ 8�)(1+ 11�)2(2+ 11�)
P
�
0000002

+
� 40(1+ 2�)2(� 1� 22� � 59�2 + 10�3)

(1+ �)(1+ 4�)(1+ 5�)3(1+ 11�)
P
�
0010000

+
� 160(1+ 2�)2(1+ 3�)(1+ 12�)(� 3� 64� + 11�2)

(1+ �)(1+ 6�)(1+ 7�)(1+ 11�)2(2+ 11�)(3+ 17�)
P
�
0000010

+
192(1+ 2�)(1+ 3�)(1+ 4�)(1+ 14�)(5+ 101� + 74�2)

(1+ 7�)(1+ 8�)(1+ 9�)(1+ 11�)2(2+ 13�)(3+ 17�)
P
�
1000000

+
1152(1+ 2�)(1+ 3�)(1+ 4�)(1+ 5�)(1+ 6�)(1+ 18�)

(1+ 7�)(1+ 9�)(1+ 11�)2(1+ 13�)(1+ 17�)(2+ 17�)

P
�
0100000

� P
�
0000010

= P
�
0100010

+
5

1+ 4�
P
�
0010001

+
32(1+ 2�)(1+ 12�)

(1+ 7�)(1+ 11�)(2+ 11�)
P
�
0000011

+
30(1+ �)(1+ 10�)

(1+ 5�)(1+ 9�)(2+ 9�)
P
�
1100000

+
� 60(1+ 10�)(� 3� 56� � 119�2 + 18�3)

(1+ 4�)(1+ 9�)(2+ 9�)(1+ 11�)(3+ 13�)
P
�
0000100

+
48(1+ 2�)(1+ 3�)(14+ 531� + 6042�2 + 23399�3 + 24354�4)

(1+ 5�)(1+ 7�)(1+ 9�)(2+ 9�)(1+ 11�)(2+ 11�)(3+ 16�)
P
�
1000001

+
� 420(1+ 2�)(1+ 3�)(1+ 4�)(1+ 12�)(1+ 14�)(� 3� 64� + 11�2)

(1+ 5�)(1+ 6�)(1+ 9�)(1+ 11�)(2+ 11�)(1+ 13�)(2+ 13�)(3+ 17�)
P
�
0100000

+
864(1+ �)(1+ 2�)(1+ 3�)(1+ 4�)(1+ 14�)(1+ 18�)

(1+ 7�)(1+ 8�)(1+ 9�)(1+ 11�)2(2+ 13�)(2+ 17�)
P
�
0000001
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P
�
0100000

� P
�
0000001

= P
�
0100001

+
6

1+ 5�
P
�
0010000

+
16(1+ 2�)(1+ 13�)

(1+ 6�)(1+ 7�)(1+ 11�)
P
�
0000010

+
32(1+ 2�)(1+ 4�)(1+ 17�)

(1+ 7�)(1+ 8�)(1+ 9�)(1+ 11�)
P
�
1000000

P
�
0010000

� P
�
0000001

= P
�
0010001

+
6

1+ 5�
P
�
1100000

+
20(1+ �)(1+ 10�)

(1+ 4�)(1+ 7�)(2+ 9�)
P
�
0000100

+
48(1+ 2�)(1+ 3�)(1+ 12�)(2+ 17�)

(1+ 7�)2(1+ 8�)(2+ 11�)(3+ 16�)
P
�
1000001

+
252(1+ �)(1+ 3�)(1+ 4�)(1+ 12�)(1+ 14�)

(1+ 6�)(1+ 7�)(1+ 8�)(2+ 11�)(2+ 13�)(3+ 17�)
P
�
0100000

P
�
0000100

� P
�
0000001

= P
�
0000101

+
4

1+ 3�
P
�
0001000

+
8(1+ 2�)(1+ 9�)

(1+ 4�)(1+ 5�)(1+ 7�)
P
�
1000010

+
90(1+ �)(1+ 3�)(1+ 11�)

(1+ 5�)2(2+ 13�)(3+ 13�)
P
�
0100001

+
40(1+ �)(1+ 2�)(2+ 7�)(1+ 10�)(1+ 11�)

(1+ 5�)3(1+ 7�)(2+ 9�)(2+ 13�)
P
�
0010000

+
96(1+ 2�)(1+ 3�)(1+ 4�)(2+ 7�)(1+ 9�)(1+ 12�)(1+ 13�)

(1+ 5�)(1+ 6�)(1+ 7�)2(1+ 8�)(2+ 11�)(2+ 13�)(3+ 17�)
P
�
0000010

P
�
0001000

� P
�
0000001

= P
�
0001001

+
5

1+ 4�
P
�
0110000

+
12(1+ �)(1+ 8�)

(1+ 3�)(1+ 5�)(2+ 7�)
P
�
1000100

+
60(1+ �)(1+ 2�)(1+ 6�)(1+ 8�)

(1+ 4�)(1+ 5�)2(2+ 7�)(3+ 11�)
P
�
0100010

+
20(1+ �)(1+ 2�)(2+ 5�)(1+ 8�)(1+ 9�)(3+ 16�)

(1+ 4�)2(1+ 5�)3(3+ 11�)(4+ 15�)
P
�
0010001

+
30(1+ �)(1+ 2�)(1+ 3�)2(1+ 8�)(1+ 10�)(3+ 17�)

(1+ 4�)2(1+ 5�)4(2+ 9�)(3+ 13�)
P
�
1100000

+
40(1+ �)(1+ 2�)(1+ 3�)(2+ 5�)(1+ 8�)(1+ 9�)(1+ 10�)(3+ 10�)(2+ 13�)

(1+ 4�)3(1+ 5�)3(2+ 9�)(2+ 11�)(3+ 13�)(4+ 17�)
P
�
0000100

P
�
0000100

� P
�
0000001

= P
�
0000101

+
4

1+ 3�
P
�
0001000

+
8(1+ 2�)(1+ 9�)

(1+ 4�)(1+ 5�)(1+ 7�)
P
�
1000010

+
90(1+ �)(1+ 3�)(1+ 11�)

(1+ 5�)2(2+ 13�)(3+ 13�)
P
�
0100001

+
40(1+ �)(1+ 2�)(2+ 7�)(1+ 10�)(1+ 11�)

(1+ 5�)3(1+ 7�)(2+ 9�)(2+ 13�)
P
�
0010000

+
96(1+ 2�)(1+ 3�)(1+ 4�)(2+ 7�)(1+ 9�)(1+ 12�)(1+ 13�)

(1+ 5�)(1+ 6�)(1+ 7�)2(1+ 8�)(2+ 11�)(2+ 13�)(3+ 17�)
P
�
0000010

P
�
0000010

� P
�
0000001

= P
�
0000011

+
3

1+ 2�
P
�
0000100

+
20(1+ 3�)(1+ 10�)

(1+ 7�)(1+ 9�)(2+ 9�)
P
�
1000001

+
42(1+ �)(1+ 4�)(1+ 14�)

(1+ 5�)(1+ 6�)(1+ 9�)(2+ 13�)
P
�
0100000

+
108(1+ 3�)(1+ 4�)(1+ 6�)(1+ 14�)(1+ 18�)

(1+ 8�)(1+ 9�)(1+ 11�)(1+ 13�)(2+ 13�)(2+ 17�)
P
�
0000001

P
�
0000001

� P
�
0000001

= P
�
0000002

+
2

1+ �
P
�
0000010

+
12(1+ 4�)

(1+ 5�)(1+ 9�)
P
�
1000000

+
56(1+ 4�)(1+ 8�)

(1+ 9�)(1+ 13�)(1+ 17�)

12



A cknow ledgem ents

Thiswork hasbeen partially supported by theSpanish M inisterio deEducaci�on y Ciencia undergrantsBFM 2003-

02532(J.F.N)andBFM 2003-00936/FISI(W .G .F andA.M .P).Thispaperwascom pleted duringthevisitofA.M .P.

to M ax-Planck-Institutf�urG ravitationsphysik.Hewould liketo thank the sta� ofthe Institute forhospitality.

R eferences

[1]Fern�andezN�u~nez J.,G arc��a FuertesW .,Perelom ov A.M .,J.M ath.Phys.46,103505,2005.

[2]Calogero F.,J.M ath.Phys.12,419{436,1971.

[3]Sutherland B.,Phys.Rev.A 4,2019{2021,1972.

[4]O lshanetsky M .A.and Perelom ov A.M .,Lett.M ath.Phys.2,7{13,1977.

[5]O lshanetsky M .A.and Perelom ov A.M .,Funct.Anal.Appl.12,121{128,1978.

[6]O lshanetsky M .A.and Perelom ov A.M .,Phys.Rep.94,313{404,1983.

[7]Helgason S.,Di�erentialGeom etry,Lie Groupsand Sym m etric Spaces,Academ ic Press,1978.

[8]Perelom ov A.M .,J.Phys.A 31,L31{L37,1998.

[9]Perelom ov A.M .,Ragoucy E.and Zaugg Ph.,J.Phys.A 31,L559{L565,1998.

[10]Perelom ov A.M .,J.Phys.A 32,8563{8576,1999.

[11]Perelom ov A.M .,in Proc.ClausthalConference1999,Lie Theory and ItsApplications in Physics.III,pp.

139-154,W orld Scienti�c,Singapore,2000;m ath-ph/0111021.

[12]G arc��a FuertesW .,LorenteM .,Perelom ov A.M .,J.Phys.A 34,10963{10973,2001.

[13]G arc��a FuertesW .,Perelom ov A.M .,Theor.M ath.Phys.,131,609-611,2002;m ath-ph/0201026.

[14]Fern�andezN�u~nez J.,G arc��a FuertesW .,Perelom ov A.M .,Phys.Lett.A 307,233{238,2003.

[15]Fern�andezN�u~nez J.,G arc��a FuertesW .,Perelom ov A.M .,J.M ath.Phys.44,4957{4974,2003.

[16]Fern�andez-N�u~nezJ.,G arc��a-FuertesW .,Perelom ov A.M .,J.NonlinearM ath.Phys.12,Suppl.1,280-301,

2005.

[17]Fern�andezN�u~nez J.,G arc��a FuertesW .,Perelom ov A.M .,J.M ath.Phys.46,073508,2003.

[18]LorisI.and SasakiR.,J.Phys.A 37,211{237,2004.

13

http://es.arxiv.org/abs/math-ph/0111021
http://es.arxiv.org/abs/math-ph/0201026

	Introduction
	The Calogero-Sutherland Hamiltonian for E7 in Weyl-invariant variables
	Some explicit results on the low lying eigenfunctions of the systems
	Second order monomial symmetric functions
	Expansion of second order characters in monomial functions
	First order polynomials
	Second order polynomials
	Generalized quadratic Clebsch-Gordan series


