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A bstract

A form ula isderived thatallowsthecom putation ofone-loop m assshiftsforself-dual

sem ilocaltopologicalsolitons.Theseextended objects,which in threespatialdim ensions

are called sem i-localstrings,arise in a generalized Abelian Higgs m odelwith a doublet

ofcom plex Higgs �elds. Having a m ixture ofglobal,SU (2),and local(gauge),U (1),

sym m etries,this weird system m ay seem bizarre,but it is in fact the bosonic sector of

electro-weak theory when the weak m ixing angle is �
2
.The procedureforcom puting the

sem i-classicalm assshiftsisbased on canonicalquantization and heatkernel/zeta function

regularization m ethods.

PACS:03.70.+ k;11.15.K c;11.15.Ex

Keywords: Sem i-localtopologicalsolitons; Heat-kernel/Zeta function regularization; O ne-loop shifts to

soliton m asses

1 Introduction

Thepurposeofthispaperisto addressthecom putation and analysisofone-loop shiftsto the

m assesofsem i-localplanartopologicalsolitonsarisingin anaturalgeneralization oftheAbelian

Higgs m odel. Seen in (3+1)-dim ensionalspace-tim e these solitons becom e sem i-localstrings

whereastheirm assesgive the string tensions,see [1]-[2]. Atthe criticalpointthatm arksthe

phasetransition between TypeIand TypeIIsuperconductivity,thesetofsem i-localself-dual

topologicalsolitons is an interesting 4l-dim ensionalm odulispace,where lis the num ber of

quanta ofthe m agnetic ux,see [3]-[4]. Recently,superconducting sem ilocal(non self-dual)

stringswith very intriguing propertieshavebeen discovered in thism odel[5].

Com putations ofone-loop m ass corrections willbe perform ed using the heat kernel/zeta

function regularization m ethod.Thehigh-tem peratureasym ptoticexpansion oftheheatfunc-

tion,see[7]-[6]-[8]-[9],isa powerfultoolthatwasapplied forthe�rsttim eto thecalculation of

kink m assshiftsin [10]-the N = 1 SUSY case-and [11]-the non SUSY case-. One-loop cor-

rectionsto N = 2 supersym m etricself-dualNielsen-Olesen vorticeswerecom puted in a sim ilar

approach by Vassilevich and Rebhan-van Nieuwenhuizen-W im m erin References[12]and [13].

In the second paper,the authorsalso showed thatthe centralcharge ofthe SUSY algebra is
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m odi�ed in one-loop orderin such a way thattheBogom olny bound issaturated atthesem i-

classicallevel. Som etim e later,we calculated the one-loop m assshiftforN = 0 (non-SUSY)

self-dualNO vorticescarrying a quantum ofm agneticux in Reference [15].M assshiftshave

been given forspherically sym m etric self-dualvortices(when severalsolitonsofa quantum of

ux have coinciding centers)in [16]up to fourm agnetic ux quanta. Cruderapproxim ations

werealso provided forthem assshiftoftwo separated self-dualNO vortices-each ofthem with

a quantum ofm agneticux-asa function oftheinter-centerdistance.

In Reference[17],westudied theone-loop correction totheenergy ofadegeneratem anifold

ofkinksthatarise in a very interesting fam ily ofm odelswith two realscalar�eldsin (1+1)-

dim ensions. These �eld theoreticalsystem sare obtained through dim ensionalreduction -plus

a reality condition-ofan N = 1 supersym m etric W ess-Zum ino m odelwith two chiralsuper-

�elds,see [18]-[19]-[20]. A com parison between the m ass shifts ofthese com posite kinks and

the correction to the m ass ofthe ordinary ��42 kink was o�ered in [21]. In this paper,we

addressa sim ilar,butm ore di�cult,situation in (2+1)-dim ensions,com paring one-loop m ass

correctionsofthetopologicalsolitonsthatarisein two planarAbelian gaugesystem s;onewith

two com plex scalar�eldsand the otherwith a single com plex scalar�eld. The m ethodology

used to accom plish thistask isexplained in detailin Reference [22],where a com plete listof

Referencescan befound.

Ourpaperisorganized asfollows:in Section x2 wedescribethem odeland develop pertur-

bation theory around oneofthevacua.A one-loop renorm alization isalso perform ed.Section

x3 is devoted to sum m arizing the structure ofthe m odulispace ofself-dualtopologicalsoli-

tons. As a novelty,we also apply a variation ofthe de Vega-Shaposnik m ethod [23]to �nd

num ericalsolutions for spherically sym m etric topologicalsolitons. In Section x4,we explain

how to obtain one-loop m assshiftsin term sofgeneralized zeta functionsofthe second-order

di�erentialoperators ruling the sm alluctuations ofthe bosonic and ghost �elds,and in x5

thehigh-tem peratureexpansion oftheheatkernelisused to givethe�nalform ula forone-loop

m assshiftsofsem i-localself-dualtopologicalsolitonsafterapplication ofM ellin’stransform s.

W e presentourresultsin Section x6 by m eansofM athem atica calculationsofthe coe�cients

ofthe asym ptotic series giving the heatfunctions. Finally,in the Appendix we o�erseveral

Tableswherethesecoe�cientsareshown.

2 T he planar sem ilocalA belian H iggs m odel

T he M odel

Thesem i-localAbelian Higgsm odel[1]describesthem inim alcoupling between an U(1)-gauge

�eld A � and a doublet� ofcom plex scalar�eldsin a phasewheretheHiggsm echanism takes

place. The term sem ilocalrefersto the factthatwhile the globalsym m etry ofthissystem is

SU(2)� U(1)only the U(1)factorisgauged. De�ning non-dim ensionalspace-tim e variables,

x� ! 1

ev
x�,and �elds,� ! v�,A � ! vA �,from the vacuum expectation value ofthe Higgs

�eld v and the U(1)-gauge coupling constant,e,the action for the sem ilocalAbelian Higgs

m odelin (2+1)-dim ensionsreads:

S =
v

e

Z

d
3
x

�

�
1

4
F��F

�� +
1

2
(D ��)

y
D

���
�2

8
(�y�(x �)� 1)2

�

;

wherethecovariantderivativeisde�ned asD ��= ( @

@x�
� iA �)�.Thephysicalspectrum di�ers

from thatofthestandard AHM m odelin that,along with them assivevectorboson and Higgs

scalar,thereisa com plex Goldstone�eld.The param eter�2 = �

e2
m easurestheratio between

the square ofthe m assesofthe Higgs,M 2 = �v2,and vectorparticles,m 2 = e2v2. Here,� is
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the Higgs�eld self-coupling. W e choose a system ofunitswhere c= 1,but~ hasdim ensions

oflength � m ass.

Feynm an R ules in the Feynm an-’t H ooft R gauge

In orderto obtain the Feynm an rules,we expand the action around a classicalvacuum . W e

shallpro�tfrom theSU(2)globalinvarianceand wechoosea vacuum � V with realupperand

vanishing lowercom ponents.Theshiftofthe�elds

�(x �)=

�
1+ H (x�)+ iG(x�)

p
2’(x�)

�

correspondsto the identi�cation ofH (x�),G(x�),and ’(x�),respectively asHiggs,real,and

com plex Goldstone�elds.ThechoiceoftheFeynm an-’tHooftR-gauge

R(A �;G)= @�A
� + G

requires a Faddeev-Popov determ inant to restore unitarity,which am ounts to introducing a

com plex ghost�eld �.Allthistogetherallowsusto writetheaction in theform

S =
v

e

Z

d
3
x

�

�
1

2
A �[�g

��(� + 1)]A � + @��
�
@
�
� � �

�
�

+
1

2
@�G@

�
G �

1

2
G
2 +

1

2
@�H @

�
H �

�2

2
H

2 + @�’
�
@
�
’

�
�2

2
H (H 2 + G

2)+ A �(@
�
H G � @

�
GH )+ H (A �A

�
� �

�
�)+ iA �(’

�
@
�
’ � ’@

�
’
�)

+ A �A
�
j’j

2
�
�2

8
(H 2 + G

2)2 +
1

2
(G 2 + H

2)A �A
�
�
�2

2
j’j

2(j’j2 + H
2 + G

2 + 2H )

�

in orderto deduce the Feynm an rulesforthe propagatorsand verticesshown in Tables1 and

2. The propagator ofthe com plex Goldstone boson plus two trivalent and four tetravalent

verticesaccountingfortheinteractionsofGoldstone-anti-Goldstonepairsm ustbeadded tothe

Feynm an rules ofthe Abelian Higgsm odelin the Feynm an-’t Hooftgauge. Nevertheless,in

ordertoguaranteethatallphysicalquantitieswillbeultraviolet�nitethereisstilla rem aining

piece to be added: the action for the counter-term s. W e shallcom pute this up to one-loop

orderin thesequel.

O ne-loop m ass renorm alization counter-term s

Allultravioletdivergencescom efrom theintegral:

I(c2)=

Z
d3k

(2�)3
�

i

k2 � c2 + i"
:

W e also note thateven ifthere are m asslessparticlespropagating in 2+1 dim ensions,I(0)is

infrared convergent. The renorm alization ofthe sem ilocalAHM requires the com putation of

thefollowing one-loop graphs:

1.Higgsboson tadpole:

+ + + + =

= �2i(�2 + 1)� I(1)� i�
2
� I(0)+ �nitepart
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Table1:Propagators

Particle Field Propagator Diagram

Higgs H (x)
ie~

v(k2 � �2 + i")
k

RealGoldstone G(x)
ie~

v(k2 � 1+ i")
k

Com plex Goldstone ’(x)
ie~

v(k2 + i")

Ghost �(x)
ie~

v(k2 � 1+ i")
k

VectorBoson A �(x)
�ie~g��

v(k2�1+i")
ke� e�

2.Higgsboson self-energy:

+ + + + =

= �2i(�2 + 1)� I(1)� i�
2
� I(0)+ �nitepart

3.RealGoldstoneboson self-energy:

+ + + + =

= �2i(�2 + 1)� I(1)� i�
2
� I(0)+ �nitepart

4.Com plex Goldstoneboson self-energy:

+ + + + =

= �4i(�2 + 1)� I(1)� 2i�2 � I(0)+ �nitepart

5.Vectorboson self-energy:Thepotentially divergentpartis

+ + + +

= 2i� [I(1)+ I(0)]g�� + �nitepart :

In (2+1)-dim ensionsthe graphsabove are the only ultravioletdivergentdiagram sforany

num berofloopsinthediagram s,notonlyinone-looporder,andthetheoryissuper-renorm alizable.

Thus,in a m inim alsubtraction schem e we getrid o� allultravioletdivergencesarising in the

vacuum sectorofthem odelby adding thecounter-term s

L
S
c:t: =

~

2

�
2(�2 + 1)� I(1)+ �

2
� I(0)

�
� [��1(x

�)�1(x
�)+ ��

2(x
�)�2(x

�)� 1]

L
A
c:t: = �~[I(1)+ I(0)]� A�(x

�)A �(x�)
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Table2:Third-and fourth-ordervertices

Vertex W eight Vertex W eight Vertex W eight Vertex W eight

�3i�2 v

~e
�3i�2 v

~e eµ

i(k� + q�)v

~e
2ig�� v

~e

�i�2 v

~e
�3i�2 v

~e

 ~pe�% ~q& ~k
(k� � q�)v

~e

e�e� 2iv
~e
g��

e�e� 2iv
~e
g�� �i�2 v

~e
�2i�2 v

~e
�i�2 v

~e

�iv
~e

e�e� 2iv
~e
g�� �i�2 v

~e
�i�2 v

~e

Table3:Counter-term vertices

Diagram W eight

i[2(�2 + 1)I(1)+ �
2
I(0)]

i[2(�2 + 1)I(1)+ �
2
I(0)]

i[2(�2 + 1)I(1)+ �
2
I(0)]

i[4(�2 + 1)I(1)+ 2�2I(0)]

�2i[I(1)+ I(0)]g��

,

which givesrise to theverticesshown in Table 3.In ourrenorm alization schem e,�nite renor-

m alizations have been adjusted in such a way that,on one hand,the divergence due to the

tadpolegraph isexactly canceled when thetheory is�ne-tuned to theso called self-duallim it

�2 = 1 and,on the otherhand,the globalSU(2)sym m etry rem ainsunbroken up to one-loop

order.

3 Sem ilocalvortices

Finite energy solutions

Apartfrom theground statesbuiltaround theS3 classicalhom ogeneoussolutions,thesem ilocal

AHM has room for other quantum states arising from the extended classicalcon�gurations,

which arestableowing to topologicalreasons.Thesecon�gurationsarethetopologicalsolitons
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thatappearattreelevelasnon-hom ogeneoussolutionsofthestatic�eld equations:

@iFij =
i

2

�
�y
D j�� (D j�)

y
�

; D iD i�=
�2

4
�(� y�� 1) ;

such thattheirenergy,

E =

Z

d
2
x[
1

4
FijFij +

1

2
(D i�)

y
D i�+

�2

8
(�y�� 1)2] ;

is �nite. The topologicalcharacter ofthese solutions is peculiar in that although the scalar

vacuum m anifold isS3,and thussim ply connected,thecon�guration spaceC

C =
�
�(~x)2 M aps(R 2

;C
2);A i(~x)2 M aps(R 2

;TR
2)=E (�;A i)< +1

	

isthe union ofZ disconnected sectors. Finite energy con�gurationsshow the asym ptotic be-

havior

�y�jS1
1
= 1 ; D i�jS1

1
= (@i�� iA i�)jS1

1
= 0;

whereS1
1 isthecirclethatboundstheplaneatin�nity.Param etrizing S1

1 by thepolarangle

� = arctanx2
x1
,and,m odulo the globalSU(2)-sym m etry,choosing �jS1

1
= �V for� = 0,the

boundaryconditionsonthecovariantderivativesprovideam ap,S1
1 �! S1

1,between thesphere

atthein�nity spatialand the�berS 1
1 atthenorth poleofthebaseS

2 oftheS3 vacuum Hopf

bundle:

�jS1
1
=

�
�1jS1

1

�2jS1
1

�

=

�
�1jS1

1
+ i�2jS1

1

�3jS1
1
+ i�4jS1

1

�

=

�
eil�

0

�

; l2 Z :

Continuousm apsbetween one-dim ensionalspheresareclassi�ed accordingtothe�rsthom otopy

group and, because the tem poralevolution is continuous, � 0(C) = � 1(S
1
1) = Z, the zero

hom otopy group ofC is non-trivial. Thus,C = tl2ZCl is the union ofdisconnected sectors

characterized by an integernum berl.

M oreover,the boundary condition forthe vector�eld A ijS1
1
= �i�y@i�jS1

1
istantam ount

to:

A i(~x)
�
�
S1
1
= �1(~x)

@�2

@xi
(~x)

�
�
S1
1
� �2(~x)

@�1

@xi
(~x)

�
�
S1
1
+ �3(~x)

@�4

@xi
(~x)

�
�
S1
1
� �4(~x)

@�3

@xi
(~x)

�
�
S1
1

TheSU(2)-orbitof�V
l =

�
eil�

0

�

is:

G�V
l =

�
ei�1sin ei�2cos 

�e�i� 2cos e�i� 1sin 

� �
eil�

0

�

=

�
ei(�1+ l�)sin 

�e�i(� 2�l�)cos 

�

;

where�1;�2 2 [0;2�]and  2 [0;�
2
]aretheHopfcoordinatesoftheS3 sphere.Therefore,

A i(~x)
�
�
S1
1

= l
@�

@xi

�
cos2(�1 + l�)sin2 + sin2(�1 + l�)sin2 

�
+

+ l
@�

@xi

�
cos2(�2 � l�)cos2 + sin2(�2 � l�)cos2 

�

= l
@�

@xi

and the topological(winding) num ber lhas a direct physicalinterpretation in term s ofthe

m agneticux carried by theplanarsoliton:

g =

I

S1
1

�
A 1(~x)dx

1 + A 2(~x)dx
2
�
= l

I �
@�

@x1
dx

1 +
@�

@x2
dx

2

�

= l

Z 2�

0

d� = 2�l :
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Self-dualsem i-localtopologicalsolitons

W eshallrestrictourselvesto thecriticalpointbetween TypeIand TypeIIsuperconductivity:

�2 = 1.Theenergy can bearranged in a Bogom olny splitting:

E =

Z
d2x

2

�
(D 1�� iD 2�)

y(D 1�� iD 2�)+ [F 12 �
1

2
(�y�� 1)]2

�
+
1

2
jgj

Oneim m ediately realizesthatthesolutionsofthe�rst-orderequations

D 1�� iD 2�= 0 ; F 12 �
1

2
(�y�� 1)= 0 (1)

are absolute m inim a ofthe energy,and are hence stable,in each topologicalsector thathas

a classicalm ass proportionalto the m agnetic ux. Because the �rst-order equations can be

obtained from the self-duality equations ofEuclidean 4D gauge theory through dim ensional

reduction,thevortex solutionsof(1)arecalled self-dualatthelim it�2 = 1.

W e follow [3]to sum m arize the properties and existence ofthe so-called sem i-localself-

dualtopologicalsolitons: the solutions of(1) for non-negative l(plus sign in the �rst-order

equations)1.Theequation on theleftin (1)istantam ountto:

�A(z;�z)= �i@�z log �a(z;�z) ; a = 1;2 ; �(z;�z)=

�
�1(z;�z)

�2(z;�z)

�

; (2)

wherethecom plex notation forcoordinatesand �eldsis:

z = x1 + ix2 ; @z =
1

2
(@1 � i@2) ; A =

1

2
(A 1 � iA 2) :

From (2),oneseesthat:

@�z log

�
�2(z;�z)

�1(z;�z)

�

= 0 =) !(z)=
�2(z;�z)

�1(z;�z)
=
Q m (z)

Pl(z)

where Q m and Pl are polynom ialsofrespective degree m and lin z,such that!(z)islocally

analytic. The behavior ofthe Higgs �eld at in�nity (up to globalSU(2) transform ations)

com patiblewith �niteenergy requiresthatm < land Pl(z)bem onic:

Pl(z)= z
l+ pl�1 z

l�1 + � � � + p1z+ p0 ; Q l�1 (z)= ql�1 z
l�1 + � � � + q1z+ q0 :

Therefore,the m odulispace ofsem i-localtopologicalsolitonsdependson 2lcom plex (4lreal)

param eters:(pa;qa);a = 0;1;� � � ;l� 1.Varying thevaluesof(pa;qa)onevariesthelzeroesof

�1 and the l� 1 zeroesof�2 in such a way thatthe locationsofthe zeroesofthe two Higgs

�eldsplusthe scale and orientation of� 2 param etrize the SSTS m odulispace. Equation (1)

on therightbecom es

4 u(z;�z)+ 1� e
u(z;�z) = 4 log

�
jPlj

2
(z)+ jQ l�1 j

2
(z)

�
; (3)

where

u(z;�z)= 
(z;�z)+ log(1+ j!j
2(z)) ; 
(z;�z)= log � �

1�1(z;�z) :

1Itistrivialto obtain the solutionsfornegative lifthe solutionsforpositive lare known;sim ply,com plex

conjugation givesthe solution ofequation (1)with theothersigns.
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By functionalanalysistechniques,itispossibleto dem onstratetheexistenceand uniquenessof

a solution of(3)com patiblewith �niteenergy boundary conditions[3,4].Therefore,the�nite

energy solutionsof(1)with a m agneticux 2�ltaketheform

 

�
(l)

1 (z;�z)

�
(l)

2 (z;�z)

!

=
1

q

jPlj
2
(z)+ jQ l�1 j

2
(z)

�

�
Pl(z)

Q l�1 (z)

�

� e
1

2
u(z;�z)

;

whereu(z;�z)isa solution of(3).In thel= 1 casewehavethat:

 

�
(l= 1)

1 (z;�z;q0)

�
(l= 1)

2 (z;�z;q0)

!

=
1

q

jz� z0j
2
+ jq0j

2

�

�
z� z0

q0

�

� e
1

2
u(jz�z 0j;q0) :

Setting theparam eterq0 to zero,we�nd theem bedded Nielsen-Olesen vortex centered atz0:

 

�
(l= 1)

1 (z;�z;0)

�
(l= 1)

2 (z;�z;0)

!

=

�
z�z 0

jz�z 0j

0

�

� e
1

2
u(jz�z 0j;0) :

4 log[jz� z0j
2 + jq0j

2]=
4jq0j

2

(jz� z0j
2 + jq0j

2)2
;

however,tendsto zero forvery large jq0jand the solution of(3)becom es: u(jz� z0j;jq0j>>

1)’ 0.Therefore,

 

�
(l= 1)

1 (z;�z;jq0j>> 1)

�
(l= 1)

2 (z;�z;jq0j>> 1)

!

=
1

q

jz� z0j
2
+ jq0j

2

�

�
z� z0

q0

�

isprecisely the�eld pro�leofthelum p centered atz0 with radiusjq0jand topologicalcharge1

in theplanarCP1 m odel.TheHiggs�eldsspreadsoverthevacuum m anifold S3 forvery large

jq0jwhereas the ANO pro�les are found for very sm alljq0j. Self-dualsem i-localtopological

solitonsinterpolatebetween self-dualANO vorticesand CP1-lum pswhen jq0jvariesbetween 0

and 1 .

Self-dualsem i-localtopologicalsolitons w ith sphericalsym m etry

Am ong the topologicalsolitons,the sim plest ones are those in which allthe roots ofboth

Pl(z)= (z� z0)
l and Q m (z)= qm (z� z0)

m are atthe sam e point. Letusfocuson thiscase

by considering the spherically sym m etric ansatz around this point chosen at the origin. If

r= +
p
x21 + x22,forcon�gurationsoftheform

�(x 1;x2)=

�
f(r)eil�

jh(r)jei(�+ m �)

�

; f(r)=
r(l�m )

p
r2(l�m ) + jqm j

2
� e

1

2
u(r;qm )

A i(x1;x2)= �l"ij
�(r)

r2
xj ; h(r)=

qm
p
r2(l�m ) + jqm j

2
� e

1

2
u(r;qm )

;

the�rst-orderPDE’sreduceto a system ofnonlinearordinary di�erentialequations:

1

r

d�

dr
= �

1

2l
(f2(r)+ jh(r)j2 � 1) (4)

df

dr
=

l

r
f(r)[1� �(r)] (5)

djhj

dr
=

l

r
jhj(r)(

m

l
� �(r)) (6)
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to besolved togetherwith theboundary conditions

lim
r! 1

f(r)= 1 ; lim
r! 1

h(r)= 0 ; lim
r! 1

�(r)= 1

f(0)= 0 ; jh(0)j= jh0j�m ;0 ; �(0)= 0 (7)

required by energy �nitenessplusregularity atthecenterofthevortex.Letusrecallthatthe

boundary conditionsatin�nity also require thatm be< l.The m agnetic �eld and the energy

density ofthespherically sym m etric vorticesin term softhe�eld pro�lesf(r),�(r)are:

B (r)=
l

2r

d�

dr

E(r)=
1

8
(
1

l2
+ 1)(1� f

2(r)� jh(r)j2)2 +
l2f2(r)

r2
(1� �(r))2 +

l2jh(r)j2

r2
(
m

l
� �(r))2 :

Sem i-localstrings w ith a quantum ofm agnetic  ux

W e now go on to the m ost elem entary solutions that carry a quantum ofm agnetic ux,or,

l = 1 = m + 1 . W e follow the procedure developed in [23]to solve the non-linear ODE

system (4)-(5)-(6)with boundary conditions (7). First,we consider sm allvaluesofr and in

the�rst-orderdi�erentialequationswetestthepowerseries

f(r) � f1 � r+ f2 � r
2 + f3 � r

3 + f4r
4 + � � � (8)

�(r) � �1 � r+ �2 � r
2 + �3 � r

3 + �4 � r
4 + � � � (9)

h(r) � h0 + h1 � r+ h2 � r
2 + h3 � r

3 + h4 � r
4 + � � � ; (10)

where fj and �j,j = 1;2;3;� � �,are real,whereashj,j = 0;1;2;� � �,are com plex coe�cients.

Thecoupled �rst-orderODE’saresolved atthislim itby (8)-(9)-(10)if

f(r) ’ f1 � r+
f1

8
(jh0j

2
� 1)� r

3 +
f1

128

�
(jh0j

2
� 1)(2jh0j

2
� 1)+ 4f21

�
� r

5 + :::

�(r) ’
1

4
(1� jh0j

2)� r
2
�

�
1

32
jh0j

2(jh0j
2
� 1)+

1

8
f
2
1

�

� r
4
�

�

�
1

768
jh0j

2(jh0j
2
� 1)(3jh0j

2
� 2)+

1

192
f
2
1(5jh0j

2
� 4)

�

� r
6 + :::

h(r) ’ h0 +
h0

8
(jh0j

2
� 1)� r

2 +
h0

128

�
(jh0j

2
� 1)(2jh0j

2
� 1)+ 4f21

�
� r

4 + ::: :

W estressthat

h0 =
q0

jq0j
� e

1

2
u(0;q0)

isdeterm ined by thebehaviorofthesolution attheorigin.Afterthat,only a freeparam eter,

f1,is left in the exact solution near the origin. Second,a num ericalschem e is im plem ented

by setting a boundary condition ata non-singularpointoftheODE system ,which isobtained

from the powerseriesfora sm allvalue ofr (r = 0:001 in ourcase). Thisschem e prom ptsa

shooting procedure by varying f1,where the correct asym ptotic behavior ofthe solutions is

obtained by setting an optim alvalueforf1 fora given valueofh0.Finally,the�rst-orderODE

system issolved forlarger by m eansofa powerseriesin 1

r
:

f(r)=
X

j= 0

f
j
� r

�j
; �(r)=

X

j= 0

�
j
� r

�j
; h(r)=

X

j= 1

h
j
� r

�j
;

9



with theresultthat

f(r) ’ 1�
jh1j2

2
� r

�2 + (�2jh1j2 +
3

8
jh

1
j
4)� r

�4 + jh
1
j
2(�32+ 5jh1j2 �

5

16
jh

1
j
4)� r

�6 +

+ jh
1
j
2(�1152+ 158jh1j2 �

35

4
jh

1
j
4 +

35

128
jh

1
j
6)� r

�8 + :::

�(r) ’ 1� jh
1
j
2
� r

�2 + jh
1
j
2(�8+ jh

1
j
2)� r

�4 + jh
1
j
2(�192+ 24jh1j2 � jh

1
j
4)� r

�6

+jh1j2(9216+ 1120jh1j2 � 48jh1j4 + jh
1
j
6)� r

�8 + :::

jh(r)j ’ jhj
1
� r

�1 + �
jh1j3

2
� r

�3 + jh
1
j
3(�2+

3

8
jh

1
j
2)� r

�5 +

+ jh
1
j
3(�32+ 5jh1j2 �

5

16
jh

1
j
4)� r

�7 + ::: :

Again,only onefreeparam eter,h1,isleft.Thevalueofh1 is�xed by dem anding continuity of

thesolution atinterm ediate distances(r= 15 in ourcase)obtained by gluing theshort-r and

large-r approxim ations.In particular,thishastheim portantim plication that

jh0j= 0 ) jh
1
j= 0 ;

linking thenullvalueofjh0j,which givestheem bedded ANO vortex,with thenullvalueofthe

constantjh1jsetting the behaviorofthe solution forvery large r. Anotherim portantrem ark

isthatthe large r behaviorofself-dualsem i-localdefectsdi�ersfrom the large r behaviorof

self-dualANO vorticesthatdecay exponentially.

The following Figures show the results obtained with this procedure forseveralvalues of

h0. Note thath0 =
q0

jq0j
� e

1

2
u(0;q0),u(0;0)= �1 ,u(0;1 )= 0,h0 = 0 forthe ANO vortices,

and h0 = 1 fortheCP1-lum ps.Itisobserved in thegraphicsthatthe�eld pro�lesreach their

vacuum valuesatdistances ofthe orderofr = 15. Consequently,alm ostidenticalnum erical

solutionswould be generated by sewing the num ericaland the asym ptotic solutionstogether

atr greaterthan 15.
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Figure1:Field Pro�lesand Energy DensitiesforSem i-localTopologicalDefects

4 O ne-loop correction to the m asses of

sem i-localself-dualtopologicalsolitons

C asim ir energies

Thestarting pointforcom puting thequantum correctionstothesoliton m assistheevaluation

ofthe zero-pointoscillationsofthe �eldsaround both the soliton and the vacuum . The m ea-

surem ent ofthe zero-pointsoliton energy with respect to the vacuum energy shows a strong

analogy with theCasim ire�ect,wheretheplatesaresubstituted by thesoliton pro�le.

Letus�rstconsidersm alluctuationsaround thesem i-localsoliton by writing:

�(~x)= S(~x)+ �S(x0;~x) ; A j(~x)= Vj(~x)+ �aj(x0;~x) :

By S(~x)and Vk(~x)werespectively denotethescalarand vector�eldsofthetopologicalsoliton

solution,whereas �S(x0;~x)and �aj(x0;~x)calibrate the sm alldeviations ofthe bosonic �elds

with respecttotheclassicalsolution.Ofcourse,notalluctuationsarephysically relevant,and

weshould avoid puregaugedeform ations.In orderto do so,weim posetheW eyl/background

gaugecondition:

A 0(x0;~x)= 0 ; @j�aj(x0;~x)+
i

2
(Sy(~x)�S(x0;~x)� �S

y(x0;~x)S(~x))= 0 :

Underthese constraints,the ground state energy in the topologicalsectorsup to O (�3)order

(one-loop)is:

H
(2) =

v2

2

Z

d
2
x

�
@��T

@x0

@��

@x0
+ ��

T
K �� + ��

�
K

G
��

�

; (11)
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wherethebosonicuctuationsarearranged in thecolum n vector

��(x0;~x)=

0

B
B
B
B
B
B
@

�a1(x0;~x)

�a2(x0;~x)

�S11(x0;~x)

�S21(x0;~x)

�S12(x0;~x)

�S22(x0;~x)

1

C
C
C
C
C
C
A

;

and ��(~x)correspondstoghostuctuations.K and K G aresecond-orderdi�erentialoperators.

K ism atrix-valued and fairly com plicated

K =

0

B
B
B
B
B
B
@

A 0 �2r 1S
2
1 2r 1S

1
1 �2r 1S

2
2 2r 1S

1
2

0 A �2r 2S
2
1 2r 2S

1
1 �2r 2S

2
2 2r 2S

1
2

�2r 1S
2
1 �2r 2S

2
1 B �2Vk@k S1

1S
1
2 + S2

1S
2
2 S1

1S
2
2 � S2

1S
1
2

2r 1S
1
1 2r 2S

1
1 2Vk@k B �S1

1S
2
2 + S2

1S
1
2 S1

1S
1
2 + S2

1S
2
2

�2r 1S
2
2 �2r 2S

2
2 S1

1S
1
2 + S2

1S
2
2 �S1

1S
2
2 + S2

1S
1
2 C �2Vk@k

2r 1S
1
2 2r 2S

1
2 S1

1S
2
2 � S2

1S
1
2 S1

1S
1
2 + S2

1S
2
2 2Vk@k C

1

C
C
C
C
C
C
A

;

and K G isthescalardi�erentialoperator:

K
G = �@k@k + jS1j

2 + jS2j
2

:

In alltheseform ulas,thenotation is

S(~x)=

�
S1(~x)

S2(~x)

�

=

�
S1
1(~x)+ iS2

1(~x

S1
2(~x)+ iS2

2(~x)

�

;

and analogously for �S. The covariant derivatives are rjS
a
M = @jS

a
M + "abVjS

b
M ,and the

di�erentialoperatorsin thediagonalofK taketheform

A = �@k@k + jS1j
2 + jS2j

2
; B = �@k@k +

1

2
(3jS1j

2 + jS2j
2 + 2VkVk � 1) ;

C = �@k@k +
1

2
(jS1j

2 + 3jS2j
2 + 2VkVk � 1):

The energy due to thezero pointuctuationsaround the vacuum m ustbesubtracted.As

is fairly obvious,the Ham iltonian for the vacuum uctuations has exactly the sam e form as

(11)forthe vacuum values:S1 = 1;S2 = 0;V1 = V2 = 0. W e shalldenote by K 0 and K
G
0 the

operatorsK and K G in thevacuum background.

W hen alltheuctuation m odesareunoccupied,weform ally obtain thecontribution to the

sem i-localtopologicalsoliton ground stateenergy asadi�erencebetween two \super-traces" of

di�erentialoperatorsactingon colum n vectorsofL 2(R 2)functions.The�rstsuper-tracecom es

from (the starstressesthefactthatzero m odesdo notcontribute to the trace)oscillationsof

the�eldsaround thesoliton,

4 E TS =
~m

2
�

�

Tr�K
1

2 � Tr�
�
K

G
�1

2

�

=
~m

2
� STr�K

1

2 ;

and thesecond oneaccountsforvacuum uctuationsofthe�elds:

4 E 0 =
~m

2
�

�

TrK
1

2

0 � Tr
�
K

G
0

�1

2

�

= STrK
1

2

0 :

Therefore,

4 M
C
TS = 4 E TS � 4 E 0 =

~m

2

�

STr�K
1

2 � STrK
1

2

0

�

(12)
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form ally m easuresthesem i-localtopologicalsoliton Casim irenergy.

Before proceeding,a furtherexplanation ofhow we choose sm alluctuationsbelonging to

L2(R 2)deservesapause.FollowingtheconventionalQFT approach,weputthesystem in avery

largebut�nitetwo-dim ensionalbox and im poseperiodicboundary conditionson ��(x0;~x)and

��(~x).In AppendicesII,III,and IV ofReference[22]itisshown thattaking thein�nitearea

lim itattheend leavesno rem nantsforkinksand self-dualvortices.Thus,thisprocedureuses

invisible boundary conditionsin such a way that,atinterm ediate stages,one workson circles

orgenusoneRiem ann Surfaces.Nevertheless,therapid (exponential)decay oftheHiggs�eld

to itsvacuum valuein thesecasesensuresthat,starting from largelengthsorareas,therewill

bea very sm alldependenceoftheresultson thesize.Exceptfortheem bedded ANO vortices,

alltheHiggs�eldsofthesem i-localself-dualtopologicalsolitonsdecay to theirvacuum values

as 1

rk
forsom e positive k. Therefore,we expecta m ore signi�cantdependence on the size of

thebox fortheselessconcentrated solitons.

W e m ight try topologicalboundary conditions like those used in Reference [14]for the

bosonicand supersym m etrickink.In thisplanargaugetheoreticalsetting,theanalogousform

oftheanti-periodicboundary conditionswould be:

��(x1;x2)= e
i

R P
m L

P 0
[Vk(~x

0)dx0
k
]
� ��(x1 + m L;x2 + m L) :

The line integralisalong a path starting atthe pointP0 = (x1;x2),ending atPm L = (x1 +

m L;x2 + m L),and passing through regions far away from the vortex core. These twisted

boundary conditionsarealsoinvisiblein thesensethatnoboundary isintroduced.Rather,the

factthatwe are dealing with a non-trivialline bundle of�rstChern classequalto one overa

genusoneRiem ann surfaceistaken into account.In a purely bosonicfram ework,however,the

twisted boundary conditions,likeperiodicboundary conditions,willnotleaveany m ark atthe

in�nitearea lim it.

C ounter-term energies

The Casim ir energy ofthe previous Section is oforder ~,and this is also the order ofthe

counter-term sfound in Section 2. Thus,the one-loop sem i-localtopologicalsoliton m assalso

receivescontributionsfrom thecounter-term sforscalarand vector�elds.Attheself-duallim it

�2 = 1,thesecontributionsare

�M S
c:t:=

~m

2
[4I(1)+I(0)]

Z

d
2
x(1�jS1j

2
�jS2j

2) ; �M A
c:t:= �~m [I(1)+I(0)]

Z

d
2
xVkVk :

W enow reshu�e the sum ofthese two quantitiesinto two pieces,respectively proportionalto

I(1)and I(0):

4 M
I(1)

c:t: =
~m

2
I(1)�(1)(S;Vk) ; 4 M

I(0)

c:t: =
~m

2
I(0)�(0)(S;Vk) ; (13)

where

�(1)(S;Vk)= 4

Z

d
2
x(1�jS1j

2
�jS2j

2
�
1

2
VkVk);�

(0)(S;Vk)=

Z

d
2
x
�
1� jS1j

2
� jS2j

2
� 2VkVk

�
:

Thetotalcontribution totheone-loop m assshiftsfrom them assrenorm alization counter-term s

is:

4 M c:t:= 4 M
I(1)

c:t: + 4 M
I(0)

c:t: :

13



D eform ation ofthe � rst-order equations

Itfollowsfrom theclassicaldegeneracy ofvorticesthattherearesom estaticdeform ationsofa

topologicalsolution thatdo notcostenergy atthetreelevel:thosethatgiveriseto a new self-

dualsoliton.Therefore,thedim ension ofthekerneloftheoperatorK ruling thebosonicsm all

uctuationsaround thetopologicalsoliton should beequaltothedim ension ofthem odulispace

ofself-dualsem i-localsoliton solutions.To check this,weproceed asin thepreviousSection by

expanding the bosonic �eldsaround the solution,butthistim e we consideronly static sm all

uctuations:

�(~x)= S(~x)+ �S(~x) ; A j(~x)= Vj(~x)+ �aj(~x) :

Them odi�ed �eldsarestillsolutionsofthe�rst-orderequationsif(14)and (15)aresatis�ed:

F12 =
1

2
(1� �y�), �@ 2�a1 + @1�a2 +

1

2
(Sy

�S + �S
y
S)= 0 ; (14)

and

D 1�+ iD 2�= 0, (r 1 + ir 2)�S � i(�a1 + i�a2)S = 0 ; (15)

wherer k = @k � iVk.Also asin thepreviousSection,in orderto avoid puregaugeuctuations

wesetthestaticbackground gauge:

@j�aj(~x)+
i

2
(Sy

�S � �S
y
S)= 0 :

Thus,the tangentspace to the m odulispace ofself-dualvorticesisthe kernelofthe �rst-

orderdeform ation operatorD :

D =

0

B
B
B
B
B
B
@

�@2 @1 S1
1 S2

1 S1
2 S2

2

�@1 �@2 �S2
1 S1

1 �S2
2 S1

2

S1
1 �S2

1 �@2 + V1 �@1 � V2 0 0

S2
1 S1

1 @1 + V2 �@2 + V1 0 0

S1
2 �S2

2 0 0 �@2 + V1 �@1 � V2

S2
2 S1

2 0 0 @1 + V2 �@2 + V1

1

C
C
C
C
C
C
A

:

Oneeasily checksthatK = D yD ,and itisalsopossibletoprovethattheKernelofD y isem pty

[24].Thus,K and D have the sam e kerneland the dim ension ofthatkernelisthe dim ension

oftheclassicalm odulispace:4l.

Zeta-function regularization

The zero-pointenergiesforthe topologicalsoliton and the vacuum are form ally super-traces:

the di�erences oftraces ofdi�erentialoperators. Such traces are divergent quantities. The

standard procedure for dealing with this delicate point is understanding these traces as the

generalized zeta functionsofthe corresponding di�erentialoperators;see [12]-[6]-[9]. Given a

di�erentialoperatorA acting on an L 2 space offunctions,the corresponding generalized zeta

function is:

�A(s)=
X

SpecA

�
�s
n ; s2 C ;

where�n aretheeigenvaluesofA.W eshallregularizethezero-pointenergiesin theform :

�E TS(s)=
~�

2

�
�2

m 2

� s

f�K (s)� �K G (s)g ; �E 0(s)=
~�

2

�
�2

m 2

� sn

�K 0
(s)� �K G

0

(s)

o

;
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i.e.,by assigning to them erom orphicgeneralized zeta functionsthevalueobtained by analytic

continuation atthepoints ofthes -com plex plane.Thephysicallim itis:

�M C
TS = lim

s! �
1

2

�M C
TS(s)= lim

s! �
1

2

(�E TS(s)� �E 0(s)):

BecauseK 0 and K
G
0 arefreeSchr�odingeroperators,theirzetafunctionsarewellknown [11,15]:

�K 0
(s)=

m 2L2

�
�
�[s� 1]

�(s)
+
m 2L2

2�
�

1

(s� 1)�(s)
; �K G

0

(s)=
m 2L2

4�
�
�[s� 1]

�(s)
;

where�(s)and [s;a]arethecom pleteand incom plete EulerGam m a functions,respectively.

The contribution from the m ass counter-term s also involves divergent quantities propor-

tionaltotheintegralsI(1)and I(0).Toregularizetheseintegrals,weapplytheresiduetheorem

to integrate I(c)in the com plex k0-plane. On a square ofarea m 2L2 each integralbecom esa

in�nitesum overdiscretem om enta:

I(c)=
1

2

Z
d2k

(2�)2

1
p
~k�~k+ c

=
1

2

1

m 2L2

X

~k2Z2

1
p
~k�~k+ c

:

Accordingly,these integralsare the generalized zeta functionsofthe Euclidean Klein-Gordon

andLaplacianoperatorsevaluatedats= 1

2
.Inthisway,wealsode�nethem assrenorm alization

correction asa m erom orphicfunction in thecom plex s-plane:

�M R
TS(s)=

~

2�L2

�
�2

m 2

� s�
��4 + 1 (s)�

(1)(S;Vk)+ ��4 (s)�(0)(S;Vk)
�

;

and takethephysicallim it:

�M R
TS = lim

s! 1

2

�M R
TS(s) :

W hile� 4 +1isexactly K G
0 ,and itszeta function hasbeen written above,calculation of�4 (s)

is a bit tricky. From the partition function for the Laplacian,via the M ellin transform ,we

have:

��4 (s)=
m 2L2

4�
lim
"! 0

1

�(s)

�Z 1

0

d� �
s�2

e
�"� +

Z 1

1

d� �
s�2

e
�"�

�

;

or,

��4 (s)=
m 2L2

4�
lim
"! 0

1

"s�1 �(s)
([s� 1;"]+ �[s� 1;"]) :

Because[s� 1;"] �=

"! 0

"s� 1

s�1
� "s

s
and �[s� 1;"] �=

"! 0

�[s� 1],weobtain:

��4 (s)=
m 2L2

4�
�

1

(s� 1)�(s)
if Res< 1 :

W e�nally �nd:

I(1)=
1

2m 2L2
��4 + 1 (

1

2
)=

1

8�

�(� 1

2
)

�(1
2
)
= �

1

4�
; I(0)=

1

2m 2L2
��4 (

1

2
)= �

1

4�
p
�

:

Contrary to the kink cases,which are one-dim ensionalproblem s,a �nite answer is obtained

in the regularized integralsvia the associated zeta functions. The reason isthatin thistwo-

dim ensionalproblem thephysicallim its= 1

2
isnota poleofthezeta functionsand only �nite

renorm alizationswillbenecessary.
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5 T he sem i-localtopologicalsoliton heat kernel

and generalized zeta function

Controlof�K (s) and �K G (s) is m uch m ore di�cult. A convenient way for dealing with the

zeta functions ofdi�erentialoperators acting on in�nite dim ensionalspaces is by m eans of

heatkerneltechniques. In thisSection,we shalldevelop this m ethod,applied to oursoliton

operators.

T he heat kernelofa di� erentialoperator. Seeley densities

Theheatequation kernelofa N � N m atrix di�erentialoperatorofthegeneralform

K = K 0 + Q k(~x)@k + V (~x)

isthesolution oftheK-heatequation

�
@

@�
I+ K

�

K K (~x;~y;�)= 0

with initialcondition:K K (~x;~y;0)= I� �(2)(~x� ~y).W eareparticularlyinterested in thediagonal

~x = ~y heat-kernel,becausetheM ellin transform ofthepartition function

Tre��K = tr

Z

R
2

d
2
~xK K (~x;~x;�)

givesthegeneralized zeta function.

To �nd thekernel,onewrites[8]

K K (~x;~y;�)= CK (~x;~y;�)K K 0
(~x;~y;�) ;

where K 0 is the operator K very distant from the origin,where Q k(~x) and V (~x) take their

asym ptoticconstantvacuum values.CK (~x;~y;�)satis�estheN � N -m atrix transferequation

�
@

@�
I+

xk � yk

�
(@kI�

1

2
Q k)� 4 I+ Q k@k + V

�

CK (~x;~y;�)= 0

and istheunitm atrix CK (~x;~y;0)= Iatin�nitetem perature.

Solving thetransferequation asan inverse-tem perature powerseriesexpansion,

CK (~x;~y;�)=

1X

n= 0

cn(~x;~y;K)�
n
;

thePDE equationbecom estantam ounttotherecurrencerelationbetween thedensitiescn(~x;~y;K):

[nI+ (xk � yk)(@kI�
1

2
Q k)]cn(~x;~y;K)= [4 I� Q k@k � V ]cn�1 (~x;~y;K) ; n � 1

to be started from : c0(~x;~y;K) = I. W hile it is easy to �nd the �rst diagonal density,

c1(~x;~x;K)= �V (~x),the determ ination ofhigher-orderdensitiesbecom esm ore and m ore in-

volved.To m aketheproblem m oretractable,weintroducethefollowing notation:

(�1;�2)C
A B
n (~x)= lim

~y! ~x

@�1+ �2[cn]A B (~x;~y;K)

@x
�1
1 @x

�2
2

; [cn]A B (~x;~x;K)=
(0;0)

C
A B
n (~x) :
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Thus,atthe ~y ! ~x lim itthe recurrence relationsbetween densitiesand partialderivativesof

densitiescan bewritten in com pactform :

(k+ �1 + �2 + 1)(�1;�2)C A B
k+ 1(~x)=

(�1+ 2;�2)C
A B
k (~x)+ (�1;�2+ 2)C

A B
k (~x)�

�

NX

d= 1

�1X

r= 0

�2X

t= 0

�
�1

r

��
�2

t

� �
@r+ tQ A D

1

@xr1@x
t
2

(�1�r+ 1;� 2�t)C
D B
k (~x)+

+
@r+ tQ A D

2

@xr1@x
t
2

(�1�r;� 2�t+ 1)C
D B
k (~x)

�

+

+
1

2

NX

d= 1

�1�1X

r= 0

�2X

t= 0

�1

�
�1 � 1

r

��
�2

t

�
@r+ tQ A D

1

@xr1@x
t
2

(�1�1�r;� 2�t)C
D B
k+ 1(~x)+

+
1

2

NX

d= 1

�2�1X

r= 0

�1X

t= 0

�2

�
�2 � 1

r

��
�1

t

�
@r+ tQ A D

2

@xt1@x
r
2

(�1�t;� 2�1�r) C
D B
k+ 1(~x)�

�

NX

d= 1

�2X

r= 0

�1X

t= 0

�
�1

t

��
�2

r

�
@r+ tV A D

@xt1@x
r
2

(�1�t;� 2�r)C
D B
k (~x)

to besolved starting from

c0(~x;~x;K)= I)

�
(�;�)C A B

0 (~x)= 0;if� 6= 0;and=or� 6= 0
(0;0)C A A

0 (~x)= 1;A = 1;2;� � � ;N
:

T he M ellin transform ofthe asym ptotic expansion

W em ustnow dealwith thecasesN = 6 and N = 1,respectively fortheoperatorsK and K G .

A good approxim ation to thegeneralized zeta functionsofboth operatorsisobtained from the

M ellin transform [9]

�K (s)=
1

�(s)

Z 1

0

d� �
s�1 Tre��K ; �K G (s)=

1

�(s)

Z 1

0

d� �
s�1 Tre��K

G

applied to thehigh-tem peratureexpansion ofthepartition functions

Tre��K =
1

4��

1X

n= 0

�
n
�

 

e
��

4X

A = 1

[cIn(K )]A A +

6X

A = 5

[cOn (K )]A A

!

Tre��K
G

=
e��

4��

1X

n= 0

�
n
cn(K

G ) ;

where

[cIn(K )]A A =

Z

d
2
xe

�� [cn]A A(~x;~x;K ) ; A = 1;2;3;4

[cOn (K )]
A A

=

Z

d
2
x[cn]A A(~x;~x;K ) ; A = 5;6 ; [cn(K

G )]=

Z

d
2
x[cn](~x;~x;K

G ):

The factore�� ,which appearsin frontof[cn(K )]A A forA = 1;2;3;4,obeysthe factthatthe

correspondingm odesin � haveoneunitofm ass,whilethem odesforA = 5;6arem assless.The

generalized zeta functionsarethusdivided assum sofm erom orphic-high-tem peratureregim e-

and entire-to beneglected,low tem peratureregim e-functionsofs:
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�K (s) =
1

4��(s)

1X

n= 0

(
4X

A = 1

Z
1

0

d� �
s+ n�2 [cIn(K )]A Ae

�� +

6X

A = 5

Z
1

0

d� �
s+ n�2 [cOn (K )]A A

)

+
1

�(s)

Z
1

1

d� Tr�e��K

=

1X

n= 0

(
4X

A = 1

[cIn(K )]A A
[s+ n � 1;1]

4��(s)
+

6X

A = 5

[cOn (K )]A A
1

4��(s)(s+ n � 1)

)

+
1

�(s)
B K (s)

�K G (s) =
1

�(s)

1X

n= 0

Z
1

0

d� �
s+ n�2

cn(K
G )e�� +

1

�(s)

Z
1

1

d� Tr�e��K
G

=

1X

n= 0

cn(K
G )
[s+ n � 1;1]

4��(s)
+

1

�(s)
B K G (s) ;

where[s+ n � 1;1]areincom pleteEulerGam m a functions.W eshallneglecttheentireparts

B (K ) and B (K G ) and keep a �nite num ber ofterm s,N 0,in future use ofthese generalized

zeta functionsfortheregularization ofultravioletdivergences.

T he high-tem perature one-loop sem i-localvortex m ass shift form ula

Thecontribution ofthec1 coe�cientsto thesem i-localtopologicalsoliton Casim irenergy is

�M
(1)C

TS (s)=
~

2
�

�
�2

m 2

� s
( "

4X

A = 1

[cI1(K )]A A � c1(K
G )

#

�
[s;1]

4��(s)
+

6X

A = 5

[cO1 (K )]A A
1

4�s�(s)

)

;

butthe�rstSeeley coe�cientsdueto bosonicand ghostuctuations,respectively,give:

4X

A = 1

[cI1(K )]A A =

Z

d
2
x[5� 5jS1j

2
� 3jS2j

2
� 2VkVk]

6X

A = 5

[cO1 (K )]A A =

Z

d
2
x[1� jS1j

2
� 3jS2j

2
� 2VkVk]

c1(K
G ) =

Z

d
2
x[1� jS1j

2
� jS2j

2] :

Therefore,

�M
(1)C

TS (�1=2) = �
~m

16�

��

�(1)(S;Vk)+ 2

Z

d
2
x jS2j

2

�

�
[�1=2;1]

�(1=2)

�

�

�(0)(S;Vk)� 2

Z

d
2
x jS2j

2

�

�
2

�(1=2)

�

:

On theotherhand,thecontribution to theone-loop sem i-localstring tension shiftofthem ass

renorm alization counter-term sis2:

�M R
TS(1=2)=

~m

16�
�

�

�(1)(S;Vk)�
[�1=2;1]

�(1=2)
�

2

�(1=2)
� �(0)(S;Vk)

�

;

2[� 1=2;1]instead of� [� 1=2]isusedin thisform ulatobeconsistentwith theapproxim ationin � M
(1)C

T S
(� 1

2
).
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which alm ost cancels the contribution to the sem i-localstring Casim ir energy density ofthe

c1 coe�cients. W e �nally obtain the high-tem perature one-loop sem i-localtopologicalsoliton

m assshiftform ula:

�M TS = �
~m

16�
p
�

"
N 0X

n= 2

(

[

4X

A = 1

[cn(K )]A A � cn(K
G )]� [n �

3

2
;1]+

6X

A = 5

[cn(K )]A A

n � 3

2

)

+ 4l� 8�

#

�
~m

8�
p
�
�

Z

d
2
x jS2j

2
(x1;x2)�

�

[�
1

2
;1]� 2

�

: (16)

In this�nalform ula (16)therearefourtypesofterm s:

� First,polynom ialexpressionsin incom plete Gam m a functionstim esthe heat-kernelex-

pansion coe�cientsforK -savingonlythefour�rstdiagonalcontributionsduetom assive

bosonic particles-and K G -com ing from ferm ionic m assive particles. Allofthem start

from thesecond-ordercoe�cients.

� Second,polynom ialexpressionsin 1

n�
3

2

,including thelasttwo diagonalheatkernelcoef-

�cientsthatcollectthecontribution ofm asslessGoldstoneparticles.Thestarting coe�-

cientsarealso ofsecond order.

� Third,a factor proportionalto 4l,taking into account the subtraction ofthe 4lzero

m odes.

� An extra piece proportionalto the norm ofthe second Higgs�eld due to the im perfect

cancelation ofthe contribution of�rst-orderSeeley coe�cientsby m assrenorm alization

counter-term s.

Finally,letusm ention thatby cutting the expansion ata �nite num ber,N 0,we adm itan

error-besidestherejected entireparts-which isaprioriproportionalto[N0�
1

2
;1]’ 1

N 0�
1

2

,for

N 0 large.Nevertheless,asweshallseein thenextSection,onceallthecalculationshavebeen

done the degree ofconvergence ofthe results isvery good,m eaning thatthe proportionality

coe�cientin thaterrorisvery sm all.Thereliability ofthem ethod isthereforequitehigh.

6 M athem atica calculations

Seeley densities for spherically sym m etric sem i-localvortices

W eshallapply (16)to spherically sym m etric vortices.Theheatkernellocalcoe�cients,how-

ever,depend on successive derivativesofthesolution.Thisdependence can increase theerror

in theestim ation oftheselocalcoe�cientsbecausewearehandlingan interpolatingpolynom ial

asthenum erically generated solution,and thesuccessivederivation with respectto rofsuch a

polynom ialintroducesinaccuracies. Indeed,thisoperation isplugged into the algorithm that

generatesthelocalcoe�cientsin ordertospeed up thisprocess.Itisthusofcrucialim portance

to use the �rst-orderdi�erentialequations(4)-(5)-(6)in orderto elim inate the derivatives of

the solution and to write the localcoe�cients asexpressions thatdepend only on the �elds.

Recalling theform ofthespherically sym m etric solutions,

S
1
1(x1;x2) = f(r)cos� S

2
1(x1;x2)= f(r)sin�

S
1
2(x1;x2) = h(r) S

2
2(x1;x2)= 0

V1(x1;x2) = �
�(r)

r
sin� V2(x1;x2)=

�(r)

r
cos� ;
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useofthe�rst-orderequationsshowsthat:

@S11

@x1
=

f(r)

r

�
1� �(r)cos2�

� @S21

@x2
=
f(r)

r

�
1� �(r)sin2�

� @S12

@x2
= �

h(r)

r
�(r)cos�

@S11

@x2
= �

f(r)

r
�(r)cos�sin�

@S21

@x1
= �

f(r)

r
�(r))sin�cos�

@S12

@x1
= �

h(r)

r
�(r))sin�

@V1

@x1
=

cos2�

2

�
2f(r)�(r)

r
+
f2(r)+ h2(r)� 1

2

�
@V1

@x2
= � cos2�

�(r)

r2
+
sin2�

2
(f2(r)+ h

2(r)� 1)

@V2

@x1
= � cos2�

�(r)

r2
�
cos2�

2
(f2(r)+ h

2(r)� 1)
@V2

@x2
= �

cos2�

2

�
2f(r)�(r)

r
+
f2(r)+ h2(r)� 1

2

�

:

Bearing thisin m ind,wesolvetherecurrence relationsto �nd:

trc
I

1
(r) = 5�

2�(r)
2

r2
�5f(r)

2
�3h(r)

2

trc
I

2
(r) =

1

12r4

h

4�(r)
4
+ 27r

4
f(r)

4
�8r

2
�(r)

“

�1+ 14f(r)
2
+ h(r)

2

”

+

+ 8�(r)
2

“

�2�3r
2
+ 9r

2
f(r)

2
+ 3r

2
h(r)

2

”

+

+ f(r)
2

“

56r
2
�64r

4
+ 34r

4
h(r)

2

”

+ r
4

“

37�32h(r)
2
+ 7h(r)

4

”i

trc
I

3
(r) =

1

120r6

n

�4�(r)
6
�4r

2
�(r)

3

“

14+ 35f(r)
2
�36h(r)

2

”

+

+ 4�(r)
4

“

20+ 9r
2
+ 32r

2
f(r)

2
+ 26r

2
h(r)

2

”

�

�2r
2
�(r)

h

57r
2
f(r)

4
+ f(r)

2

“

32+ 331r
2
�75r

2
h(r)

2

”

�4

“

�1+ h(r)
2

” “

�16�9r
2
+ r

2
h(r)

2

”i

+

+ �(r)
2

h

�256 �144r 2 �117r 4
+ 99r4 f(r)

4
�16r 2 h(r)

2
+ 94r4 h(r)

2
�61r 4 h(r)

4
+

+ 2r
2
f(r)

2

“

56+ 183r
2
+ 19r

2
h(r)

2

”i

+

+ r
4

h

�16+ 151r
2
�29r

2
f(r)

6
+

`

32�135r
2

´

h(r)
2
+

`

�16+ 23r
2

´

h(r)
4
+ r

2
h(r)

6
+

+ f(r)
4

“

�20 + 199r
2
�57r

2
h(r)

2

”

+ f(r)
2

“

392 �321r
2
+ 2

`

�68+ 111r
2

´

h(r)
2
�27r

2
h(r)

4

”io

trc
O

1
(r) = 1�

2�(r)
2

r2
�f(r)

2
�3h(r)

2

trc
O

2
(r) =

1

12r4
[4�(r)

4
�r

4
f(r)

4
+ 8r

2
�(r)

“

1+ 2f(r)
2
�h(r)

2

”

�

�8�(r)
2

“

2+ r2 + r2 f(r)
2
�5r 2 h(r)

2

”

+ 2r2 f(r)
2

“

�4+ 9r 2 h(r)
2

”

+

+ r
4

“

1�8h(r)
2
+ 19h(r)

4

”

]

trcO
3
(r) =

�1

120r6

n

4�(r)
6
�4r 2 �(r)

3

“

�14+ 9f(r)
2
+ 84h(r)

2

”

�

�4�(r)
4

“

20+ 3r
2
+ 2r

2

“

f(r)
2
+ 4h(r)

2

””

+

+ �(r)
2

h

256 + 48r2 �3r 4
+ 45r4 f(r)

4
+ 2r2

`

�40+ 89r 2
´

h(r)
2
�115r 4 h(r)

4
+

+ 2r2 f(r)
2

“

8+ 5r2 �35r 2 h(r)
2

”i

�

�2r
2
�(r)

h

53r
2
f(r)

4
+ 4

“

�1+ h(r)
2

” “

�16�3r
2
+ 7r

2
h(r)

2

”

�f(r)
2

“

32+ 17r
2
+ 47r

2
h(r)

2

”i

+

+ r
4

h

16+ 3r
2
+ 3r

2
f(r)

6
�

`

32+ 19r
2

´

h(r)
2
+

`

16+ 23r
2

´

h(r)
4
+ 33r

2
h(r)

6
+

+ f(r)
4

“

52�r
2
+ 39r

2
h(r)

2

”

+ f(r)
2

“

�24�5r
2
+

`

�72+ 22r
2

´

h(r)
2
+ 69r

2
h(r)

4

”io

c
G

1
(r) = 1�f(r)

2
�h(r)

2

c
G

2
(r) =

1

6r2

h

3r
2
+ 2r

2
f(r)

4
�

“

5r
2
+ 4�(r)

2

”

h(r)
2
+ 2r

2
h(r)

4
+

+ f(r)
2

“

�4�5r
2
+ 8�(r)�4�(r)

2
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2
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2

”i
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c
G

3
(r) =

�1

60r4

n

�10r
4
+ 4r

4
f(r)

6
+

h

23r
4
�8r

2
�(r)+ 16

`

1+ r
2

´

�(r)
2
+ 32�(r)

3
+ 16�(r)

4

i

h(r)
2
+

+ r
2

h

�17r
2
+ 8�(r)�16�(r)

2

i

h(r)
4
+ 4r

4
h(r)

6
+

+ r
2
f(r)

4

h

�24�17r
2
+ 40�(r)�16�(r)

2
+ 12r

2
h(r)

2

i

+

+ f(r)
2

h

�32�(r)
3
+ 16�(r)

4
+ 8r

2
�(r)

“

�5+ 6h(r)
2

”

+ 16�(r)
2

“

1+ r
2
�2r

2
h(r)

2

”

+

+ r
2

“

24 + 23r
2
�2

`

10 + 17r
2

´

h(r)
2
+ 12r

2
h(r)

4

”io

;

etcetera,by m eansofa com puting program im plem ented on a PC with M athem atica.

O ne-loop m ass shift for the m ass ofthe A N O vortex

Denoting sim ply

trcIn = 2�

Z 1

0

drrtrcIn(r) ; trcOn = 2�

Z 1

0

drrtrcOn (r) ; c
G
n = 2�

Z 1

0

drrc
G
n (r) ;

by plugging the NO vortex solution in these expressions,i.e. the case h0 = 0:0,em bedded in

thism odel,we�nd theTableattheleft:

h0 = 0:0

n trcIn trcOn cGn
1 -41.4469 -91.8429 12.599

2 30.3736 0.96286 2.61518

3 12.9447 -0.0592415 0.32005

4 4.22603 0.001512548 0.0230445

5 1.05059 0.000758663 0.0013023

6 0.20900 -0.00023912 0.0000698185

N 0 �M V (N 0)

l= 1

2 -1.61536

3 -1.66862

4 -1.67809

5 -1.67966

6 -1.67989

(left)The sixth lowestSeeley coe� cientsforNielsen-Olesen self-dualvortices.(right)

Convergence ofthe one-loop m assshiftforself-dualsem i-localNO vorticesin unitsof~m .

Because the NO vortex solutionshave been generated num erically,integration overthe whole

planeoftheSeeley densitiescan also only beperform ed num erically.Therefore,weareforced

toputacut-o�intotheareaand replacethein�niteplaneby adiscusofradiusR,which in the

calculationsabove waschosen to be R = 10:000 (com pare with the pro�lesofFigure 1). Use

ofthese num bersin form ula (16)providesuswith the Table atthe right,where the one-loop

m assshiftsin ~m unitsofsem i-localself-dualNO vorticesare shown up to sixth orderin the

asym ptoticform ula.

Ourresultfortheone-loop m assshiftofsem i-localself-dualNO vorticesis:

�M V (N 0 = 6)= �1:67989~m : (17)

Theratiobetween them assshiftsofself-dualNO vorticesin thesem i-localand norm alAbelian

Higgsm odelis:

�M SLA H M
V

�M A H M
V

=
1:67989

1:09449
= 1:53486 ;

see [15]. Sim ilarrelationsexistbetween ratiosofkink m assshiftsin the �(�)42 m odeland the

BNRT m odel;a two-�eld system thatdependson a realpositiveparam eter�:

�M BN RTM
K

�M ��M
K

=
0:693943

0:471113
= 1:47299 if � = 0:99
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�M BN RTM
K

�M ��M
K

=
0:698445

0:471113
= 1:48254 if � = 1:01 ;

see[17].

Severalcom m entsarein order:

1.Thecoe�cientstrc I
n,forn = 2;3;� � � ;6,areidentical,within num ericalprecision,to the

sam e coe�cients for self-dualNO vortices in the Abelian Higgs m odel. Therefore,the

di�erenceofthevortex m assshiftarising in thesem i-localAbelian Higgsm odelisdueto

thecontribution ofthetrcOn coe�cientsand to thedoublenum berofzero m odes.

2.trcI1 and trcO1 are very large negative num bers. In the case at hand, h0 = 0, their

contribution cancelsagainstthe energy induced by m assrenorm alization counter-term s.

A sim ilar behavior ofh0 6= 0 self-dualsem i-localtopologicalsolitons would m ean that

ratherthan decreasing their m ass should grow as the result ofone-loop uctuations,a

possibility thatweshallstudy below.

Seeley coe� cients for sem i-localtopologicalsolitons:

one quantum ofm agnetic  ux and various values ofh0.

To accom plish thisgoal,weo�erseveralTablesin theAppendix with sim ilarnum ericalcalcu-

lationson discusesofradiusR = 102,R = 103,R = 104,R = 105,and R = 106 forthe values

h0 = 0,h0 = 0:1,h0 = 0:3,h0 = 0:6,and h0 = 0:9. Inspection ofthese Tables raises som e

pointsthatm eritcom m ent:

1.W eseefrom theTablesfortheh0 = 0:0casethatalthough the�rst-ordercoe�cientsgrow

spectacularly with the radius,the highest coe�cients are quite stable against growing

areas of integration, suggesting good behavior -a �nite value very close to the value

obtained atR = 104-oftheone-loop correction in thein�nitearea lim it.

2.Thingsstartto be di�erentwhen we considerthe h0 = 0:1 case. First,the positive and

negativecontributionsofthe�rst-orderSeeley coe�cientsarenotcom pletely canceled out

by m assrenorm alization counter-term s. Second,ofspecialim portance isthe departure

ofthe values oftrcOn (K ) from the sam e num bers for the NO vortex,whereas trcIn(K )

and cn(K
G )change slowly with h0. M oreover,trc

O
1 (K )forh0 = 0:1,besides notbeing

exactly canceled,isnegative and large. Thise�ectprom ptsa increasingly lessnegative

one-loop correction,eventually changing sign,with largerand larger R. This behavior

di�ers com pletely from that ofem bedded NO vortices and suggests a di�erent fate for

sem i-localtopologicalsolitonswhen quantum uctuationsenterthegam e.

3.The num berso�ered in the Tablesforh0 = 0:3 follow a sim ilarpattern to those ofthe

h0 = 0:1sem i-localtopologicalsoliton.Thereare,however,som equantitativedi�erences.

trcIn(K ),n 6= 1,h0 = 0:3,di�ersfrom thesam enum beroftheNO vortex m orethan the

h0 = 0:1topologicalsoliton.Thus,thesenum bersgrow with h0 and R.trc
I
1(K )decreases

with respecttothesam enum berfortheNO vortex and with R.Thereisachangeofsign

atR = 103 ifh0 = 0:1and atR = 104 ifh0 = 0:3.Thenum berstrcO1 (K )behaveasin the

h0 = 0:1 casebutdepartm orefrom NO values.Ifh0 = 0:1 theghostcoe�cientsc n(K
G )

areslightly largerthan thesenum bersforh0 = 0,butthey starttodecrease(rapidly with

R)when h0 = 0:3.

4.The pattern observed forthe evolution ofthe Seeley coe�cientswhen the area growsin

the cases h0 = 0:1 and h0 = 0:3 is reinforced for broader sem ilocaltopologicaldefects

with h0 = 0:6 and h0 = 0:9.The unbalanced �rst-ordercoe�cientstrc O
1 ,obtained by by

m assrenorm alizations,rapidly tend toward hugenegativevalues.
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M ass shift ofsem i-localtopologicalsolitons

The consequence is as follows: whereas the one-loop m ass shift ofem bedded ANO vortices

is always negative and varies extrem ely slowly as the area increases towards m ore negative

values,one-loop m assshiftsofgenuinesem ilocaltopologicalsolitonswith jh0j> 0 becom eless

negative,and even positive,forlargerareas,asisshown in thefollowing Table.

One-loop m assshifts for sem i-localtopologicalsolitons: Five valuesofh0,�ve values ofR,and �xed N 0 = 6.

R � M V (N 0 = 6;R) � M V (N 0 = 6;R) � M V (N 0 = 6;R) � M V (N 0 = 6;R) � M V (N 0 = 6;R)

h0 = 0:0 h0 = 0:1 h0 = 0:3 h0 = 0:6 h0 = 0:9

102 -1.67955 -1.61672 -1.05000 2.10142 24.6066

103 -1.67971 -1.58311 -0.626167 4.5485 42.7747

104 -1.67989 -1.55133 -0.252586 6.41655 60.9433

105 -1.68005 -1.51957 0.12086 8.5741 79.1116

106 -1.68026 -1.48779 0.49433 10.7203 97.2798

The classicaldegeneracy in energy between sem i-localtopologicaldefectsseem sto bebro-

ken by one-loop uctuations,the em bedded ANO vorticesbecom ing the ground statesin the

topologicalsector ofone quantum ofm agnetic ux. It is rem arkable how strong this e�ect

becom esforlargejh0j.

These num ericalresults �nd support in the following qualitative argum ents based in the

analysisofthe potentialsarising in them atrix Schrodingeroperatorsgoverning sm alluctua-

tionsaround sem i-localself-dualtopologicalsolitons.Them orepertinent,diagonal,operators

in K and K G are:

A = K
G = � 4 +f2(r)+ h

2(r)= � 4 +A(r)

B = � 4 +
1

2
(3f2(r)+ h

2(r)+ 2
�2(r)

r2
� 1)= � 4 +B (r)

C = � 4 +
1

2
(f2(r)+ 3h2(r)+ 2

�2(r)

r2
� 1)= � 4 +C(r) :

A glanceatFigure2 reveals:

1.ForANO vortices,h0 = 0:0 and h(r)= 0,there are attractive potentialwells with the

bottom attheorigin.Thus,thecorrection m ustbenegative.Also,the�eld pro�lesreach

theirvacuum valuesexponentially and thecorrectionsarequitestablewith respecttothe

area ofthenorm alization box.

2.Forh0 = 0:1,h(r)isnotzero,seealsoFigure1and takeinto accountthat:
�2(r)

r2
’ r! 0 r

2.

W eobservethatthecorrespondingterm spush thewellsupwardsfrom thebottom ,m aking

them lessattractive.Thisexplainswhy them assshiftsarelessnegative.

3.Forh0 = 0:3,h(r)isbig enough to globally produceachangefrom attractivetorepulsive

potentialforcesprovided thattheareaofthenorm alization boxissu�ciently large.There

isconsequently a changein thesign ofthem asscorrection.

4.For h0 = 0:6 and h0 = 0:9,potentialbarriers dom inate starting from relatively sm all

areasofthe norm alization box. The �eld pro�lesgo to theirvacuum valuesvery slowly

and the barriersbecom e very wide,explaining the strong dependence on the size ofthe

norm alization box.

W e conclude thatthe classicaldegeneracy isbroken by one-loop uctuations. Even ifthe

classicaltopologicalbound issaturated by allthe solitonsin the m odulispace ofsolutionsof

the�rst-orderequations,quantum e�ectscan distinguish between thedi�erentenergy densities
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a)FunctionsA(r),B (r)and C (r)for a) h0 = 0:0,a)h0 = 0:3 and a)h0 = 0:9

ofthese extended objects. The two extrem esare the ANO vortices,h0 = 0,where the energy

density is concentrated around the zero ofthe Higgs �eld,and the CP 1-lum ps,with energy

densitiesuniform ly distributed overthewholespatialplane.A sim ilare�ecthasbeen observed

beforein them odulispaceofdegenerated two-com ponentkinksanalyzed in Reference[17].

Infrared divergences: quantum fate ofsem i-localtopologicalsolitons

Thedependenceon theareaofthenorm alization boxisduetotheslow decay (non-exponential)

to theirvacuum valuesofgenuine sem i-localtopologicalsolitonsascom pared with ANO vor-

tices.Plugging the asym ptotic form ofthe spherically sym m etric topologicalsoliton solutions

obtained in Section x. 1.7 into the Seeley densities,we �nd the following behavioratin�nity

in term softheparam eterjh1j(which setsthelarger behaviorofthesolutions):

2�rtrcI1(r) ’
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�
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(1� jh

1
j
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4)+ O (
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The key observation isthe appearance ofinfrared logarithm icdivergencesin the Seeley coef-

�cients trcIn(K ) and trcOn (K )foralln. The ghost coe�cients c G
n (K

G ),however,are infrared

convergent. The com bination ofthe signsthatwe have seen in the previoussub-Sectionsand

the large r behaviorshow thatone-loop m assshiftsofsem i-localtopologicalsolitonstend to

+1 atthein�nitearea lim it.Sem i-localtopologicaldefectsgrow in�nitely m assivedueto the

infrared e�ectsofone-loop uctuations.Thisphenom enon seem sto beam azingly closeto the

non-existence ofGoldstonebosonsin (1+1)-dim ensions.

There is a very im portantexception: forANO vortices,jh1j= 0 and only the �rst-order

coe�cientsareinfrared divergent.However,thecontribution ofthesecoe�cientsistotally can-

celed by m assrenorm alization counter-term s.Ourresultssuggestthatonly theANO vortices

between allthesem i-localtopologicalsolitonssurviveone-loop quantum uctuations.Itwould

bevery interesting to try a m oreanalyticapproach to thisproblem in orderto fully elucidate

thisdelicateissue.

A ppendix

Sem ilocalstrings w ith h0 = 0:0. Em bedded N O vortices

Seeley coe� cients: Sem ilocalstrings with h0 = 0:0

h0 = 0:0 , R = 102

n trcIn trcOn cGn

1 16.3087 -33.9956 12.5761

2 30.3548 0.959353 2.61136

3 12.9428 -0.0596236 0.319668

4 4.2259 0.00149819 0.0230172

5 1.050558 0.000757146 0.00122871

6 0.209003 -0.000239188 0.0000697495

h0 = 0:0 , R = 103

n trcIn trcOn cGn

1 -12.5691 -62.9193 12.5875

2 30.3641 0.960952 2.61327

3 12.9437 -0.0594326 0.319859

4 4.22596 0.00151183 0.0230309

5 1.05058 0.0000747904 0.00122947

6 0.209003 -0.000239154 0.000069784

h0 = 0:0 , R = 104

n trcIn trcOn cGn

1 -41.4469 -91.8429 12.599

2 30.3736 0.96286 2.61518

3 12.9447 -0.0592415 0.32005

4 4.22603 0.001512548 0.0230445

5 1.05059 0.000758663 0.0013023

6 0.20900 -0.00023912 0.0000698185

h0 = 0:0 , R = 105

n trcIn trcOn cGn

1 -70.3247 -120.767 12.6105

2 30.3829 0.964771 2.61709

3 12.9456 -0.0590504 0.320242

4 4.2261 0.00153913 0.0210582

5 1.05059 0.000759469 0.00123099

6 0.209003 -0.000239086 0.00002698506

h0 = 0:0 , R = 106

n trcIn trcOn cGn

1 -99.2028 -149.690 12.6220

2 30.3920 0.9666682 2.61901

3 12.9466 -0.0588602 0.320432

4 4.22617 0.00155181 0.02300754

5 1.05058 0.0007600532 0.00123155

6 0.209003 -0.00023874 0.0000695093
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Sem ilocalstrings w ith h0 = 0:1

Seeley coe� cients: Sem ilocalstrings

h0 = 0:1 , R = 102

n trcIn trcOn cGn

1 19.0369 -35.1867 12.8061

2 31.2832 1.69082 2.62117

3 13.2000 -0.277417 0.31637

4 4.28364 0.567246 0.0225427

5 1.06171 -0.0102584 0.00119161

6 0.210813 0.00159792 0.0000667653

h0 = 0:1 , R = 103

n trcIn trcOn cGn

1 -7.67553 -64.6429 13.0898

2 31.9215 2.14009 2.66844

3 13.3577 -0.406805 0.321364

4 4.31885 0.090590 0.0228803

5 1.0685 -0.01694523 0.00121037

6 0.211935 0.00271637 0.000067618

h0 = 0:1 , R = 104

n trcIn trcOn cGn

1 -34.3878 -94.099 13.3734

2 32.5602 2.58966 2.71571

3 13.5154 -0.536179 0.326091

4 4.35407 0.124453 0.023218

5 1.0753 -0.0236316 0.00122913

6 0.213057 0.00383473 0.0000684707

h0 = 0:1 , R = 105

n trcIn trcOn cGn

1 -61.1001 -123.555 13.6571

2 33.1989 3.03924 2.76299

3 13.6732 -0.665552 0.330819

4 4.38928 0.158316 0.0235856

5 1.0821 -0.0303191 0.00124789

6 0.214679 0.0049531 0.0000693256

h0 = 0:1 , R = 106

n trcIn trcOn cGn

1 -87.8124 -153.011 13.9407

2 33.8375 3.48881 2.81037

3 13.8312 -0.784926 0.335521

4 4.42449 0.192179 0.00238892

5 1.0889 -0.030047 0.00126624

6 0.215306 0.00607261 0.0000689434

Sem ilocalstrings w ith h0 = 0:3

Seeley coe� cients: Sem ilocalstrings

h0 = 0:3 , R = 102

n trcIn trcOn cGn

1 27.8909 -48.6659 11.7815

2 39.9546 7.69438 2.22326

3 15.2219 -2.2614 0.247514

4 4.77643 0.540926 0.0159336

5 1.15832 -0.10716 0.000764659

6 0.226592 0.0176963 0.0000395987

h0 = 0:3 , R = 103

n trcIn trcOn cGn

1 2.4708 -86.5124 10.8818

2 40.2110 11.5509 2.07325

3 16.4824 -3.61196 0.232514

4 5.10495 0.873748 0.0148622

5 1.22480 -0.173998 0.000705138

6 0.237707 0.0288234 0.0000368937

h0 = 0:3 , R = 104

n trcIn trcOn cGn

1 -22.9489 -124.360 9.98213

2 43.4678 15.4073 1.92331

3 17.7429 -4.96241 0.21752

4 5.43346 1.20654 0.0137912

5 1.29128 -0.24083 0.000645635

6 0.248822 0.0399494 0.0000341891

h0 = 0:3 , R = 105

n trcIn trcOn cGn

1 -48.3715 -162.207 9.08246

2 46.7241 19.2687 1.77336

3 19.0034 -6.31286 0.202525

4 5.76197 1.53933 0.0127201

5 1.35776 -0.30766 0.000586148

6 0.259938 0.0510755 0.0000314752
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h0 = 0:3 , R = 106

n trcIn trcOn cGn

1 -73.7864 -200.055 8.18278

2 49.9803 23.1201 1.62347

3 20.2636 -7.6633 0.187535

4 6.09059 1.87212 0.011658

5 1.42424 -0.374493 0.00052486

6 0.271056 0.0622017 0.0000284767

Sem ilocalstrings w ith h0 = 0:6

Seeley coe� cients: Sem ilocalstrings

h0 = 0:6 , R = 102

n trcIn trcOn cGn

1 107.840 -113.330 13.3675

2 72.5374 41.052 1.73758

3 26.5220 -12.8641 0.135265

4 7.45753 3.13219 0.00625589

5 1.67277 -0.615441 0.000232254

6 0.309679 0.101414 8.66613� 10�6

h0 = 0:6 , R = 103

n trcIn trcOn cGn

1 132.751 -189.607 14.4510

2 97.6535 65.4471 1.91781

3 34.6838 -20.9178 0.153289

4 9.48185 5.15141 0.0075433

5 2.0767 -1.01896 0.000303781

6 0.376957 0.168681 0.0000119181

h0 = 0:6 , R = 104

n trcIn trcOn cGn

1 157.661 -265.885 9.98213

2 122.770 89.8409 1.92331

3 42.8451 -28.9709 0.21752

4 11.50061 7.17046 0.0137912

5 2.48061 -1.42244 0.000645635

6 0.44232 0.235944 0.0000151754

h0 = 0:6 , R = 105

n trcIn trcOn cGn

1 182.571 -342.162 16.6184

2 147.886 114.235 2.27905

3 51.0065 -37.0239 0.189413

4 13.5303 9.18952 0.0101236

5 2.88453 -1.82592 0.000447104

6 0.511506 0.303206 0.0000184335

h0 = 0:6 , R = 106

n trcIn trcOn cGn

1 207.481 -418.440 17.7021

2 173.003 138.629 2.45961

3 59.1167 -45.0769 0.207444

4 15.5545 11.2086 0.0114354

5 3.28844 -2.2294 0.000517096

6 0.578786 0.370467 0.0000217957

Sem ilocalstrings w ith h0 = 0:9

Seeley coe� cients: Sem ilocalstrings
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h0 = 0:9 , R = 102

n trcIn trcOn cGn

1 638.887 -601.992 17.3563

2 326.423 290.227 1.24111

3 109.814 -94.6224 0.0897853

4 27.9842 23.3075 0.00588282

5 5.71851 -4.59264 0.000325247

6 0.97486 0.755329 0.0000152661

h0 = 0:9 , R = 103

n trcIn trcOn cGn

1 1055.500 -1030.530 25.0050

2 536.449 495.158 2.5130

3 178.399 -162.381 0.216979

4 45.0018 40.2880 0.014969

5 9.11549 -7.798641 0.00083022

6 1.54073 1.32206 0.0000282526

h0 = 0:9 , R = 104

n trcIn trcOn cGn

1 1472.190 -1459.110 32.6701

2 746.482 700.081 3.79044

3 246.919 -230.135 0.344728

4 62.0179 57.2676 0.0240939

5 12.5121 -11.3800 0.00133716

6 2.10653 1.88677 0.0000612957

h0 = 0:9 , R = 105

n trcIn trcOn cGn

1 1888.870 -1887.670 40.3354

2 956.515 905.004 5.06804

3 315.440 -297.889 0.472483

4 79.0340 74.2472 0.0332125

5 15.2088 -14.7736 0.000184412

6 2.67232 2.45247 0.0000843383

h0 = 0:9 , R = 106

n trcIn trcOn cGn

1 2305.550 -2316.230 48.007

2 1166.550 1109.930 6.34561

3 383.961 -365.644 0.60024

4 96.05501 91.2268 0.0423323

5 19.3054 -18.1672 0.0423323

6 3.23313 3.01818 0.000107346
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