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A bstract

M assshiftsinduced by one-loop uctuationsofsem i-localself-dualvorticesarecom puted.Theproce-

dureisbased on canonicalquantization and heatkernel/zeta function regularization m ethods.Theissue

ofthe survivalofthe classicaldegeneracy in the sem i-classicalregim eisexplored.

1 Introduction

In thiscom m unication weshalldealwith one-loop m assshiftsforthesem ilocalself-dualtopologicalsolitons

-SSTS in thesequel-thatarisein the(2+ 1)-dim ensionalsem ilocalAbelian Higgsm odel;see[1]fora review

ofthe history and properties ofthese classicalsolitonic backgrounds. O n the analyticalside,a form ula

willbe derived thatinvolves the coe� cients ofthe heat-kernelexpansion associated with the second-order

 uctuation operator. Additionally,num ericalm ethodsare used to generate the solutions and to com pute

the coe� cients.Allthistogetherwillallow usto obtain num ericalresultsforone-loop SSTS m assshifts.

Controlofthe ultra-violet divergences arising in the procedure is achieved by using heat kernel/zeta

function regularization m ethods. In the absence ofdetailed knowledge ofthe spectrum ofthe di� erential

operator governing second-order  uctuations around vortices,the expansion ofthe associated heat kernel

willbeused in a way akin to thatdeveloped in thecom putation ofone-loop m assshiftsforone-dim ensional

kinks;see [3]. In fact,a sim ilar technique has been applied previously to com pute the m ass shift for the

supersym m etrickink [4],although in thislattercasetheboundary conditionsm ustrespectsupersym m etry.

In the case ofvortices,the only available resultsreferto eithersupersym m etric vortices,achieved by Vas-

silevich and the Stony Brook/W ien group,[5],[6],or non-supersym m etric self-dualvortices,obtained by

ourgroup,[7].

The closely related issue ofcom puting the quantum energy ofQ ED  ux tubesdue to ferm ionic  uctu-

ationshasbeen addressed in [10]and,m ore recently,in the papers[11]and [12]. Q uantum energiesofthe

m oresubtleelectroweak stringscaused by ferm ionic uctuationshave been thoroughly studied in [13]from

a (2+ 1)-dim ensionalpoint ofview for � = 0 W einberg angle. W e shallconcentrate on the value � = �
2
.

Forthisweak m ixing angletheSU (2)gauge� eld decouples,thestringsbecom etopologically stable,and a

broaderclassoftopologicalsolitonsarise because the Higgsvacuum m anifold becom esthe S3-sphere Hopf

bundle.W e shallrestrictourselves,however,to consideronly thebosonic uctuationsovertopologicalsoli-

tons saturating the Bogom olny bound. This is in contrast to the work m entioned above where ferm ionic

 uctuationsdom inate because theferm ionscarry a high enough num berofcolors.

The study ofquantum  uctuations oftopologicaldefects arising in m odels that describe sub-atom ic

phenom ena isa very im portantand di� cultsubject.W ith the exceptionsofsine-G ordon and �(�)42 kinks,

theknowledgeofthespectrum ofthesecond-orderdi� erentialoperatorsgoverning these uctuationsisnon

com plete. Therefore,asym ptotic m ethods,phase shifts,high-tem perature expansions,etcetera,m ust be

1

http://es.arxiv.org/abs/0710.3135v2


used.In particular,onem ustcom putetheL2 traceofthesquarerootofasecond-orderdi� erentialoperator,

a problem forwhich thezeta function/heatkernelregularization techniques,see[14],arespecially suitable.

Unfortunately,di� cultieswith thisprocedureincrease with the dim ension ofspace-tim e.Nevertheless,the

experience with these planar exam ples m akes conceivable the possibility ofcom puting the one-loop m ass

shiftforBPS m agnetic m onopolessom etim e in the future.

2 T he planar sem i-localA belian H iggs m odel

W e writethe action governing the dynam icsofthe sem i-localAHM in the form 1:

S =
v

e

Z

d
3
x

�

�
1

4
F��F

�� +
1

2
(D �� )

�
D
�� �

�2

8
(�y� �1)2

�

:

Besidesthe Abelian gauge � eld A�(x
�),there isa doubletofcom plex scalar� elds.The action isinvariant

with respect to U (1) gauge (local) and global(rigid) SU (2) transform ations,and it is no m ore than the

bosonicsectoroftheelectro-weak theory when theweak m ixing angleis �
2
.Notethatwede� netheelectric

chargeunconventionally:Q = �T 3+
1

2
Y ,in such a way thattheneutralscalar� eld istheuppercom ponent

oftheweak iso-spinorialHiggs� eld.

A shiftofthe com plex scalar� eld from the vacuum

� (x�)=

�
�1(x

�)

�2(x
�)

�

=

�
�1
1(x

�)+ i�2
1(x

�)

�1
2(x

�)+ i�2
2(x

�)

�

=

�
1+ H (x�)+ iG (x�)

p
2’(x�)

�

and choice ofthe Feynm an-’tHooftrenorm alizable gauge R(A �;G )= @�A
�(x�)�G (x �)lead usto write

theaction in term sofHiggsH ,realG oldstoneG ,com plex G oldstone’,vectorboson A � and ghost� � elds:

S + Sg:f:+ Sghost =
v

e

Z

d
3
x

�

�
1

2
A �[�g

��(� + 1)]A � + @��
�
@
�
� �� �

�

+
1

2
@�G @

�
G �

1

2
G
2 +

1

2
@�H @

�
H �

�2

2
H

2 + @�’
�
@
�
’ (1)

�
�2

2
H (H 2 + G

2)+ A �(@
�
H G �@ �

G H )+ H (A �A
� �� �

�)+ iA �(’
�
@
�
’ �’@ �

’
�)

+ A �A
�j’j2 �

�2

8
(H 2 + G

2)2 +
1

2
(G 2 + H

2)A �A
� �

�2

2
j’j2(j’j2 + H

2 + G
2 + 2H )

�

2.1 Vacuum energy

Canonicalquantization prom oting the coe� cients ofthe plane wave expansion around the vacuum ofthe

� eldsto operatorsprovidesthefreequantum Ham iltonian.Besidestheplanewave expansionsin a norm al-

izing plate ofvery huge area L2 ofthe � elds ofthe Abelian Higgs m odelconsidered in the third paperof

Reference [7]we m ustalso take into accountthe m asslesscom plex G oldstone bosons:

� Ifm = ev,

�’(x0;~x)=
e

m L

r
~

m

X

~k

1
q

2(~k)

h

f
�(~k)eikx + g(~k)e�ikx

i

; (~k)= +

p
~k~k

[̂f(~k);f̂y(~q)]= [̂g(~k);̂gy(~q)]= �~k~q ) H
(2)[�’̂]= ~m

X

~k

(~k)

�

f̂
y(~k)f̂(~k)+ ĝ

y(~k)̂g(~k)+ 1

�

:

1
D etailsofourconventionsand calculationsare given in [8]

2



Thevacuum energy isthesum of� ve contributions:if4 =
P 2

j= 1
@
@xj

� @
@xj

denotestheLaplacian,

� E
(1)

0 =
X

~k

X

�

~m

2
!(~k)=

3~m

2
Tr[�4 + 1]

1

2 ; � E
(2)

0 =
X

~k

~m

2
�(~k)=

~m

2
Tr[�4 + � 2]

1

2

� E
(3)

0 =
X

~k

~m

2
!(~k)=

~m

2
Tr[�4 + 1]

1

2 ; � E
(4)

0 =
X

~k

~m (~k)= ~m Tr[�4 ]
1

2

E
(5)

0 = �
X

~k

~m !(~k)= �~m Tr[�4 + 1]
1

2

com efrom thevacuum  uctuationsofthevectorboson,Higgs,realG oldstone,com plex G oldstone,and ghost

� elds. G host  uctuations,however,cancelthe contribution oftem poralvector bosons and realG olstone

particles,and the vacuum energy in the planar sem i-localAHM is due only to Higgs particles,com plex

G oldstone bosons,and transverse m assive vectorbosons:

� E 0 =

5X

r= 1

� E
(r)

0 = ~m Tr[�4 + 1]
1

2 +
~m

2
Tr[�4 + � 2]

1

2 + ~m Tr[�4 ]
1

2 :

2.2 Sem i-localself-dualtopologicalsolitons

Atthe criticalpointbetween TypeIand TypeIIsuperconductivity,�2 = 1,the energy can bearranged in

a Bogom olny splitting:

E =
m 2

2e2

Z

d
2
x

�

jjD 1� �iD 2� jj
2 + [F12 �

1

2
(�y� �1)]2

�

+
m 2

2

jgj

e2
; g =

Z

d
2
xF12 = 2�l;l2 Z :

Therefore,thesolutionsofthe� rst-orderequationsD1� �iD 2� = 0 = F12�
1

2
(�y� �1)areabsolutem inim a

oftheenergy,hencestable,in each topologicalsectorwith aclassicalm assproportionaltothem agnetic ux.

Ithasbeen shown in [2]thatthereisa 4l-dim ensionalm odulispaceofsuch solitonicsolutionsinterpolating

between the Nielsen-O lesen -NO in the sequel-vorticesofthe Abelian Higgsm odeland the CP 1-lum psof

the planarnon-linearsigm a m odel.

Assum ing a purely vorticialvector� eld plusthe spherically sym m etricansatz

�1(x1;x2)= f(r)cosl� ; �2(x1;x2)= f(r)sinl�

�3(x1;x2)= h(r)cos(� + n�) ; �4(x1;x2)= h(r)sin(� + n�) ; � 2 C ;n 2 Z

A 1(x1;x2)= �l
�(r)

r
sin� ; A2(x1;x2)= l

�(r)

r
cos� ;

g = �
H

r= 1
dxiA i= �l

H

r= 1

[x2dx1�x 1dx2]

r2
= 2�l,the� rst-orderequationsreduceto2

1

r

d�

dr
(r)= �

1

2l
(f2(r)+ h

2(r)�1) ;
df

dr
(r)= �

l

r
f(r)[1��(r)] ;

dh

dr
(r)= �

l

r
h(r)[

n

l
��(r)] ;

to besolved togetherwith the boundary conditions

lim
r! 1

f(r)= 1 ; lim
r! 1

h(r)= 0 ; lim
r! 1

�(r)= 1

f(0)= 0 ; h(0)= h0�n;0 ; �(0)= 0 ; (2)

required by energy � nitenessplusregularity attheorigin (centerofthevortex).A partly num erical,partly

analyticalprocedure explained in detailin [8]providesthe � eld pro� lesf(r),�(r)aswellasthe m agnetic

� eld B (r)= l
2r

d�
dr

and theenergy density:

E(r)=
1

8
(
1

l2
+ 1)(1�f 2(r)�h(r)2)2 +

l2f2(r)

r2
(1��(r))2 +

l2h(r)2

r2
(
jnj

jlj
��(r))2 :

2
The upper(lower)signscorrespond to land n positive (negative).Finite energy solutionsonly existsifjnj< jlj.
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W e have worked com pletely in the last Reference the l= 1,n = 0;� = 0 case and plotted the � eld

pro� lesand theenergy density forfourvaluesofh0.Thephysicalm eaning ofthe param eterh0,giving the

size and the phase ofthe �2 � eld for the solution at the origin,is also explained there. W e rem ark that

solutionswith h0 = 0 aretheNO vorticesem bedded in thissystem and thegrowth ofh0 correspondsto the

spread oftheenergy density ofthegeneric SSTS solutions.Solutionswithjh0j= 1 aretheC P 1-lum pswith

energy density hom ogeneously distributed overthewhole plane.

2.3 C asim ir energy ofsem i-localself-dualtopologicalsolitons

Let us consider sm all uctuations around vortices � (x0;~x) = S(~x)+ �S(x0;~x) ; A k(x0;~x) = Vk(~x)+

�ak(x0;~x),where by S(~x) and Vk(~x) we respectively denote the scalar and vector � eld ofthe sem i-local

vortex solutions.W orking in the W eyl/background gauge

A 0(x0;~x)= 0 ; @j�aj(x0;~x)+
i

2
(Sy(~x)�S(x0;~x)��S

y(x0;~x)S(~x))= 0 ;

the classicalenergy up to O (�2)orderis:

H
(2)+ H

(2)

g:f:
+ H

(2)

ghost
=
v2

2

Z

d
2
x

�
@��T

@x0

@��

@x0
+ ��

T(x0;~x)K ��(x0;~x)+ ��
�(~x)K G

��(~x)

�

;

where

��(x0;~x)=

0

B
B
B
B
B
B
@

�a1(x0;~x)

�a2(x0;~x)

�S11(x0;~x)

�S21(x0;~x)

�S12(x0;~x)

�S22(x0;~x)

1

C
C
C
C
C
C
A

; K
G = �4 + jS 1(~x)j

2 + jS2(~x)j
2

;

and

K =

0

B
B
B
B
B
B
@

A 0 �2r 1S
2
1 2r 1S

1
1 �2r 1S

2
2 2r 1S

1
2

0 A �2r 2S
2
1 2r 2S

1
1 �2r 2S

2
2 2r 2S

1
2

�2r 1S
2
1 �2r 2S

2
1 B �2V k@k S11S

1
2 + S21S

2
2 S11S

2
2 �S

2
1S

1
2

2r 1S
1
1 2r 2S

1
1 2Vk@k B �S 1

1S
2
2 + S21S

1
2 S11S

1
2 + S21S

2
2

�2r 1S
2
2 �2r 2S

2
2 S11S

1
2 + S21S

2
2 �S 1

1S
2
2 + S21S

1
2 C �2V k@k

2r 1S
1
2 2r 2S

1
2 S11S

2
2 �S

2
1S

1
2 S11S

1
2 + S21S

2
2 2Vk@k C

1

C
C
C
C
C
C
A

;

A = �@ k@k + jS1j
2 + jS2j

2
; B = �@ k@k +

1

2
(3jS1j

2 + jS2j
2 + 2VkVk �1) ;

C = �@ k@k +
1

2
(jS1j

2 + 3jS2j
2 + 2VkVk �1) ; r jS

a
M = @jS

a
M + "

ab
VjS

b
M :

Thegeneralsolutionsofthelinearized � eld equations

@2��A

@x20
(x0;~x)+

6X

B = 1

K A B ���B (x0;~x)= 0 ; K
G
��(~x)=

�
�4 + js(~x)j2

�
��(~x)= 0

are theeigenfunction expansions(theprim em eansthatzero m odesarenotincluded)

��
0
A (x0;~x) =

e

m L

r
~

m
�
X

~k

4X

I= 1

1
q

2!(~k)

h

a
�
I(
~k)ei!(

~k)x0u
(I)�

A
(~x;~k)+ aI(~k)e

�i!(~k)x0u
(I)

A
(~x;~k)

i

+
e

m L

r
~

m
�
X

~k

6X

I= 5

1
q

2(~k)

h

a
�
I(
~k)ei(

~k)x0u
(I)�

A
(~x;~k)+ aI(~k)e

�i(~k)x0u
(I)

A
(~x;~k)

i
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��
0(x0;~x)=

e

m L

r
~

m
�
X

~k

1
q

2!(~k)

h

c(~k)u�(~x;~k)+ d
�(~k)u(~x;~k)

i

;

where A = 1;2;3;4;5;6 and by u(I)(k),u(k) the non-zero eigenfunctions ofK and K G are denoted re-

spectively: I = 1;2;3;4,K u(I)(~x)= !(~k)u(I)(~x),I = 5;6,K u(I)(~x) = (~k)u(I)(~x),K G u(~x)= !(~k)u(~x).

Canonicalquantization

[̂aI(~k);̂a
y

J
(~q)]= �IJ�~k~q ; fĉ(~k);̂cy(~q)g = �~k~q ; fd̂(~k);d̂y(~q)g = �~k~q

leadsto thequantum free Ham iltonian

Ĥ
(2)+ Ĥ

(2)

g:f:
+ Ĥ

(2)

G host
= ~m �

X

~k

"
4X

I= 1

!(~k)

�

â
y

I
(~k)̂aI(~k)+

1

2

�

+

6X

I= 5

(~k)

�

â
y

I
(~k)̂aI(~k)+

1

2

�#

+ ~m �
X

~k

�
1

2
!(~k)

�

ĉ
y(~k)̂c(~k)+ d̂

y(~k)d̂(~k)�1

��

;

and theground state energy (allthem odesnon-occupied)ofthe topologicalsolitonsreads:

4 E TS =
~m

2
STr�K

1

2 =
~m

2
Tr�K

1

2 �
~m

2
Tr�(K G )

1

2 ;

wherethestarm eansthatzeroeigenvaluesarenotaccounted for.Notethattheghost� eldsarestaticin this

com bined W eyl-background gauge and theirvacuum energy isone-halfwith respectto the tim e-dependent

case. O nly the G oldstone  uctuations around the vortices m ust be subtracted. The zero-point vacuum

energy renorm alization providesthe Casim irenergy forself-dual(�2 = 1)sem i-localtopologicalsolitons:

4 M
C
TS = 4 E TS �4 E 0 =

~m

2

�

STr�K
1

2 �STrK
1

2

0

�

: (3)

2.4 M ass renorm alization energy

In (2+ 1)-dim ensionalm odelonly graphswith oneortwo externallinesaredivergentin thevacuum Sector.

W e choose the following counter-term sto cancelthesedivergences:

LSc:t: =
~

2

�
2(�2 + 1)� I(1)+ �

2 � I(0)
�
� [��1(x

�)�1(x
�)+ ��

2(x
�)�2(x

�)�1]

LAc:t: = �~[I(1)+ I(0)]� A �(x
�)A �(x�) ; I(c2)=

Z
d3k

(2�)3
�

i

k2 �c2 + i"
:

Therefore,

Sc:t:=
~

2

Z

d
3
x
��
2(�2 + 1)� I(1)+ �

2 � I(0)
�
�
�
2H + H

2 + G
2 + 2j’j2

�
�2[I(1)+ I(0)]�A �A

�
	

m ustbeadded to thebareaction (1)to tam ethedivergencesarising in one-loop order.Thisspeci� cchoice

� xes� niterenorm alizationsaccording to thefollowing criteria:

1. W e have used a m inim alsubtraction schem e taking care only ofin� nitequantities.

2. By doing this,the choice ofscalar � eld counter-term s sets the no-tadpole condition for the critical

value �2 = 1 between Type I and Type IIsuperconductivity,precisely the regim e in which we are

interested.Vanishing ofthe tadpole ensuresno m odi� cation ofthe VEV < � > = (1;0)T atone-loop

level. Thiscondition isstandard in the com putation ofone-loop m assshiftsto supersym m etric and

non-supersym m etrickinksand vortices,see [4]and [3].
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3. Considering no � nite counter-term s for the derivative term s ofthe Higgs,H ,and G oldstone,G ,’,

� elds,aswellastheirthree-valentand four-valentvertices,setsthepolesoftheirm assesattheirtree

levels:m H = �,m G = 1,m ’ = 1,with residueone.

4. The m ass counter-term for the vector boson � eld plus the no addition of � nite counter-term s for

derivativesand three-and four-valentsverticesofthis� eld keepsalso thevectorboson m assatitstree

level:m A = 1.Notethata m assterm fortheA � arisesalready atthetreelevelin theaction (1)asa

consequence ofthe Higgsm echanism in the renorm alizable gauge.Thispointiscrucialforstaying at

the criticalvalue �2 = 1 in theone-loop level.

5. W hen the zeta function regularization m ethod isused in the com putation ofone-loop m assshiftsto

non SUSY and SUSY kinks,the large m ass and heat kernelsubtraction schem es are known to be

equivalent to the vanishing tadpole condition,see [3],[4],and [15]. Essentially this m eans that the

no-tadpolecondition determ inesa contribution ofthecounter-term sto theone-loop kink Ham iltonian

energy density which exactly cancels the contribution ofthe � rstcoe� cient ofthe high-tem perature

heat function expansion c1(K ) to the kink Casim ir energy. O n the other hand,the contribution to

the kink Casim ir energy ofthe zero-order coe� cient is exactly canceled by the zero-point vacuum

energy renorm alization.Thesetwo cancelationstogetherensurethatthereare no divergencesand no

quantum corrections in the energy in the in� nite m ass lim it,as itshould be: there are no quantum

 uctuationsofin� nitem ass.

In the(2+ 1)-dim ensionalAbelian Higgsm odelalso,only thecontributionsofc0(K )and c1(K )to the

vortex Casim irenergieswould benon-zero(in fact,in� nite)in thein� nitem asslim it.Thecontribution

ofc0(K )iscanceled likein thekink caseby subtracting thezero-pointvacuum energy.Thevanishing

tadpole condition,however,is necessary but not su� cient to cancelthe contribution ofc1(K ): one

needsalso thecounter-term to thevectorboson m assconsidered above,see [7].

6. Finally,itwould be possible to expressallthe divergent Feynm an am plitudes,up to � nite parts,in

term s,e.g.,ofthe divergent integralI(1). O ur choice ofcounter-term s,however,respect the global

SU (2)sym m etry which allowstheexistencea prioriofothertopologicalsolitonsthan theNO vortices.

A detailed calculation ofsom e Feynm an am plitudesneeded to perform thisone-loop renorm alization

iso� ered in the lastAppendix ofReference [9].

Thecontribution ofthese counter-term sto theone-loop m assshiftofthe SSTS reads:

� M R
TS =

~m

2

Z

d
2
x
�
I(1)[4(1�jS 1j

2 �jS 2j
2)�2V kVk]+ I(0)[(1�jS 1j

2 �jS 2j
2)�2V kVk]

	

and,form ally,thetotalone-loop m assshiftis:4 M TS = 4 M C
TS

+ 4 M R
TS
.

3 T he high-tem perature one-loop vortex m ass shift form ula

From thehigh-tem perature expansion ofthe heatkernels

Tre��K =
e��

4��
�

1X

n= 0

6X

A = 1

�
n[cn]A A (K ) ; Tre��K

G

=
e��

4��
�

1X

n= 0

�
n
cn(K

G )

the SSTS generalized zeta functionscan bewritten in theform :

�K (s)=

1X

n= 0

(
4X

A = 1

[cn]A A (K )

4�� (s)
�[s+ n �1;1]+

6X

A = 5

[cn(K )]A A

4�� (s)

1

s+ n �1

)

+
1

� (s)

Z 1

1

Tr�e��K d�

�K G (s)=

1X

n= 0

cn(K
G )�

[s+ n �1;1]

4�� (s)
+

1

� (s)

Z 1

1

d� Tr�e��K
G

:
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The diagonalSeeley coe� cients[cn]A A (K )ofthe K -heatfunction high-T expansion (resp.the Seeley coef-

� cientscn(K
G ))aretheintegralsoverthewholeplaneoftheSeeley densities[cn]A A (~x;~x;K )which arisein

the associated K -heatkernelexpansion (resp.the Seeley densitiescn(~x;~x;K
G )):

[cn]A A (K )=

Z

d
2
x[cn]A A (~x;~x;K ) ; cn(K

G )=

Z

d
2
xcn(~x;~x;K

G ) :

Neglecting the entire partand setting a large but� nite N0,theSSTS Casim irenergiesare regularized as

� M C
TS(s) =

~�

2

�
�2

m 2

� s
(

�
4l

� (s)

Z 1

0

d��
s�1 +

N 0X

n= 1

"
4X

A = 1

[cn]A A (K )�cn(K
G )

#

�
[s+ n �1;1]

4�� (s)
+

+

6X

A = 5

[cn(K )]A A

4�� (s)

1

s+ n �1

)

;

where the 4lzero m odeshave been subtracted: the zero-point vacuum renorm alization am ountsto ruling

outthecontribution ofthec0(K )and c0(K
G )coe� cients.Also,� M R

TS
isregularized in a sim ilarway

� M R
TS(s)=

~

2�L2

�
�2

m 2

� sn

��4 + 1 (s)��
(1)(s(~x);Vk(~x))+ ��4 (s)��(0)(s(~x);Vk(~x))

o

�(1)(S;Vk)= 4

Z

d
2
x(1�jS 1j

2�jS 2j
2�

1

2
VkVk) ; �(0)(S;Vk)=

Z

d
2
x
�
1�jS 1j

2 �jS 2j
2 �2V kVk

�
:

The physicallim its s = � 1

2
for� M C

TS
and s = 1

2
for� M R

TS
are regularpointsofthe zeta functions. The

contribution ofthe � rstcoe� cientofthe asym ptotic expansion isnotcom pensated by the contribution of

the m assrenorm alization counter-term s:

� M
(1)C

TS
(�1=2) = �

~m

16�

��

�(1)(S;Vk)+ 2

Z

d
2
x jS2j

2
(x1;x2)

�

�
[�1=2;1]

� (1=2)

�

�

�(0)(S;Vk)�2

Z

d
2
x jS2j

2
(x1;x2)

�

�
2

� (1=2)

�

;

� M R
TS(1=2)=

~m

16�
�

�

�(1)(S;Vk)�
[�1=2;1]

� (1=2)
�

2

� (1=2)
��(0)(S;Vk)

�

:

M asslessparticlesspoilthelargem asssubtraction criterion,see[4],and we� nallyobtain thehigh-tem perature

one-loop SSTS m assshiftform ula:

� M TS = �
~m

16�
p
�

"
N 0X

n= 2

(

[

4X

A = 1

[cn(K )]A A �cn(K
G )]�[n �

3

2
;1]+

6X

A = 5

[cn(K )]A A

n � 3

2

)

+ 4l�8�

#

�
~m

8�
p
�
�

Z

d
2
x jS2j

2
(x1;x2)�

�

[�
1

2
;1]�2

�

: (4)

4 N um ericalresults

Num ericalm ethodsare now im plem ented in a two-step procedure.First,the Seeley densitiesare found by

m eansofa sym bolic program run in a M athem atica environm enton a PC.Second,num ericalintegration

ofthe Seeley densitieson a disk of(non-dim ensional)radiusR = 104 allowsusto com pute the heatkernel

coe� cients. W e thus� nd,by setting N0 = 6 and l= 1,the following num ericalresultsforone-loop m ass

shiftsofsem i-localself-dualtopologicalsolitons

M
l= 1
TS (h0 = 0:1) = m

�
�v

e
�1:55133~

�

+ o(~2) ; M
l= 1
TS (h0 = 0:3)= m

�
�v

e
�0:252586~

�

+ o(~2)

M
l= 1
TS (h0 = 0:6) = m

�
�v

e
+ 6:41655~

�

+ o(~2) ; M
l= 1
TS (h0 = 0:9)= m

�
�v

e
+ 60:9433~

�

+ o(~2);
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ascom pared with the one-loop m assoftheem bedded Nielsen-O lesen vortex:

M
l= 1
TS (h0 = 0:0)= m

�
�v

e
�1:67989~

�

+ o(~2) :

O ur num ericalresults suggest a breaking ofthe classicaldegeneracy, the NO vortices rem aining as the

ground statesofthe topologicalsectorwith l= 1.These resultsare reinforced by the following qualitative

argum ent.Thelong-distance behaviorofthe Seeley densitiesis:

1. Em bedded ANO vortex h0 = 0:0:2�rtrcI1(r)/
1

r
,2�rtrcO1 (r)/

1

r
,2�rtrcI2(r)’ O (1

r3
),2�rtrcO2 (r)’

O (1
r3
),2�rtrcIn(r)’ O (e�cr ),2�rtrcOn (r)’ O (e�cr ),n > 2,when r! 1 .

2. Sem i-localtopologicalsoliton h0 > 0:0:2�rtrcIn(r)/
1

r
,2�rtrcOn (r)/

1

r
,8n,when r! 1 .

Ifh0 = 0,only thec1 coe� cientdiverges,likelogR,butitscontribution iscancelled by m assrenorm alization

counter-term s. Ifh0 > 0,allthe Seeley coe� cients are logarithm ically divergent and infrared divergences

grow outofcontrol.
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