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A bstract

A m ethod for describing the quantum kink states in the sem i-classicallim it ofseveral

(1+ 1)-dim ensional�eld theoreticalm odelsisdeveloped.W eusethegeneralized zetafunction

regularization m ethod to com pute the one-loop quantum correction to the m asses ofthe

kink in thesine-G ordon and cubicsinh-G ordon m odelsand anothertwo P(�)2 system swith

polynom ialself-interactions.
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1 Introduction

BPS statesarising both in extended supersym m etric gauge theories[1]and string/M theory [2]

playacrucialr̂olein theunderstandingofthedualitiesbetween thedi�erentregim esofthesystem .

In this fram ework,dom ain walls appear asextended states in N = 1 SUSY gluodynam ics and

the W ess-Zum ino m odel[3]. This circum stance prom pted the question ofwhether ornotthese

topologicaldefectssaturate the quantum Bogom olny bound. A return to the study ofquantum

correctionsto them assesof(1+1)-dim ensionalsolitonshasthusbeen unavoidable.These subtle

m atters were �rst addressed in the classicalpapers ofDashen,Hasslacher and Neveu,[4],and

Faddeev and Korepin,[5],for the purely bosonic �[�]4
2
and sine-Gordon theories,and then in

Reference[6]forthesuper-sym m etric extension ofthesetheories.Analysisoftheultravioletcut-

o� regularization procedurein thepresence ofa background isthem ain concern in thepapersof

Reference[7]:theauthorscarefullydistinguish between usingacut-o�eitherintheenergyorinthe

num berofm odes.Thesecond m ethod leadsto thesam eresultasin thecom putation perform ed

by DHN forbosonic uctuations. Anotherpointofview istaken in Reference [8],where SUSY

boundary conditionsrelated m oreto infrared behaviour,arecarefully chosen.On thisbasis,and

by usinghigher-derivativeultravioletregularization (SUSY preserving),theauthorsdem onstrated

an anom aly in the centralcharge thatcom pensatesforthe extra (quantum )contribution to the

classicalm ass.

In thispaperwe shallcon�ne ourselvesto purely bosonictheoriesand leave the treatm entof

ferm ionicuctuationsforfutureresearch.W eaddressthequantization ofnon-linearwavesrelying

on the generalized zeta function regularization m ethod to controlthe in�nite quantities arising

in the quantum theory. Thisprocedure hasbeen used previously in com puting Casim irenergies

and the quantum correctionsto kink m asses,see [11].W e shalldevelop thistopic,however,in a

com pletely generalway,also o�ering a com parison with otherapproaches. Aswellasobtaining

exactresults,we also shallexplain how asym ptotic m ethodslead to a very good approxim ation

ofthe rightanswer. W e believe thatthe novelapplication ofthe asym ptotic m ethod should be

very usefulin the cubic sinh-Gordon m odelas wellas in m ulti-com ponent scalar �eld theory,

wherethetraditionalapproach islim ited by thelack ofdetailed knowledgeofthespectrum ofthe

second-ordeructuation operator(see[13],[14]forextensivework on m ulti-com ponentkinksand

theirstability).

The organization ofthe paperisasfollows: In Section x.2 the generalsem i-classicalpicture

ofquantum solitons,the zeta function regularization procedure,the zero-pointenergy and m ass

renorm alization prescriptions,and theasym ptoticm ethod aredescribed.In Section x.3,weapply

the m ethod to the \loop" kinks ofthe sine-Gordon ,�(�)42,and cubic sinh-Gordon m odels. In

the�rsttwo paradigm aticcases,itispossibleto obtain an exactresult,which allowscom parison

with other m ethods. Approxim ate com putations by m eans ofthe asym ptotic expansion ofthe

heatfunction arealso o�ered to testthegoodnessofourprocedureagainstthewellknown exact

answers. Section x.4 is devoted to the analysis ofthe \link" kink arising in the �(�)6
2
m odel.

Finally,Section x.5 o�ersan outlook on furtherapplicationsofourapproach.
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2 Sem i-classicalpicture ofquantum soliton states

W eshallconsider(1+1)-dim ensionalscalar�eld theorieswhoseclassicaldynam icsisgoverned by

theaction

S[ ]=

Z

d
2
y

�
1

2

@ 

@y�

@ 

@y�
� U( )

�

W e choose the m etric tensorin T2(R 1;1)asg = diag(1;�1)and the Einstein convention willbe

used throughout the paper. W e shallnot use a naturalunit system because we wish to keep

track of~ in ourform ulas;nevertheless,we choose the speed oflightto be c = 1. Elem entary

dim ensionalanalysistellsusthat[~]= M L,[U( )]= M L� 1 and [ ]= M
1

2L
1

2 arethedim ensions

oftheim portantquantities.

The classicalcon�guration space C isform ed by the static con�gurations (y),forwhich the

energy functional

E ( )=

Z

dy

�
1

2

d 

dy

d 

dy
+ U( )

�

is�nite: C = f (y)=E ( )< +1 g. In the Schr�odingerpicture,quantum evolution isruled by

thefunctionaldi�erentialSchr�odingerequation:

i~
@

@t
	[ (y);t]= H	[ (y);t]:

Thequantum Ham iltonian operator

H =

Z

dy

�

�
~
2

2

�

� (y)

�

� (y)
+ E [ (y)]

�

actson wave functionals	[ (y);t]thatbelong to L 2(C).

W ewish tocom putethem atrix elem entoftheevolution operatorin the\�eld" representation

G
�
 
(f)(y); (i)(y);T

�
=


 
(f)(y)

�
�e�

i

~
TH

�
� (i)(y)

�
=

Z

D [ (y;t)]exp

�

�
i

~
S[ ]

�

(1)

forthechoice

 
(i)(y;0)=  K (y) ;  

(f)(y;T)=  K (y)

where  K (y) is a kink static solution ofthe classical�eld equations. W e are, however, only

interested in the loop (~)expansion ofG up to the �rstquantum correction. Also perform ing a

analytic continuation to \Euclidean" tim e,t= �i�,T = �i�,thisisachieved by the steepest-

descentm ethod applied to theFeynm an integralin (1):

G E ( K (y); K (y);�)
�= exp

�

�
�E [ K ]

~

�

Det�
1

2

h

�
@2

@�2
+ PK

i

(1+ o(~))

whereK isthedi�erentialoperator

K = �
@2

@y2
+
d2U

d 2

�
�
�
�
 K

;
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and P istheprojectoroverthestrictly positivepartofthespectrum ofK.Notethat,on them ath-

em aticalside,thesteepest-descentm ethod providesa wellde�ned approxim ation to theFeynm an

integralifthe spectrum ofthe quadratic form K is positive de�nite and,on the physicalside,

thezero eigenvalue thatappearsin Spec(K)contributesto thenextorderin theloop expansion:

itisdue to neutralequilibrium on the orbitofthe kink solution underthe action ofthe spatial

translation group. M oreover,in order to avoid the problem s that arise in connection with the

existenceofa continuousspectrum ofK,weplacethesystem in a intervalof�nitebutvery large

length L,i.e. x 2 [� L

2
;L
2
],and,eventually -afterassum ing periodic boundary conditionson the

sm alluctuationsallthroughoutthepaper-weshallletL go to in�nity.

>From thespectralresolution ofK,

K�n(y)= !
2

n�n(y) ; !
2

n 2 Spec(K)= Spec(PK)+ f0g;

wewritethefunctionaldeterm inantin theform

Det

�

�
@2

@�2
+ K

�

=
Y

n

det

�

�
@2

@�2
+ !

2

n

�

:

Allthe determ inantsin the in�nite productcorrespond to harm onic oscillatorsoffrequency i!n

and thus,with an appropriatenorm alization,weobtain forlarge�

G E ( K (y); K (y);�)
�= e

�
�

~
E [ K ]

Y

n

�
!n

�~

� 1

2

e
�

�

2

P

n
!n (1+ o(~))

wheretheeigenvalue in thekernelofK hasbeen excluded.

Inserting eigen-energy wavefunctionals

H	 j[ K (y)]= "j	 j[ K (y)]

wehavean alternativeexpression forG E for� ! 1 :

G E ( K (y); K (y);�)�= 	 �
0
[ K (y)]	 0[ K (y)]e

� �
"0

~

and,therefore,weobtain

"0 = E [ K ]+
~

2

X

!2
n
> 0

!n + o(~2)

j	 0[ K (y)]j
2
= Det

1

4

�
PK

�2~2

�

+ o(~2) ;

asthekink ground stateenergy and wave functionalup to one-loop order.

W ede�nethegeneralized zeta function

�P K (s)= Tr(PK)� s =
X

!2n > 0

1

(!2
n)

s

associated to thedi�erentialoperatorPK.Then,

"
K

0
= E [ K ]+

~

2
Tr(PK)

1

2 + o(~2)= E [�K ]+
~

2
�P K(�

1

2
)+ o(~2) (2)
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j	 0[ K (y)]j
2
= �~expf��P K(0)gexp

�

�
1

4

d�P K

ds
(0)

�

(3)

show how toread theenergy and wavefunctionalofthequantum kink ground statein term softhe

generalized zeta function oftheprojection ofthesecond variation operatorK in thesem i-classical

lim it.

2.1 T he generalized zeta function regularization m ethod : zero-point

energy and m ass renorm alizations

Theeigen-functionsofK form a basisforthequantum uctuationsaround thekink background.

Therefore,the sum ofthe associated zero-point energies encoded in �P K(�
1

2
) in form ula (2) is

in�niteand weneed tousesom eregularization procedure.W eshallregularize�P K(�
1

2
)byde�ning

theanalogousquantity �P K(s)atsom epointin thescom plex planewhere�P K(s)doesnothavea

pole.�P K(s)isa m erom orphicfunction ofs,such thatitsresiduesand polescan bederived from

heatkernelm ethods,see[15].IfK K (y;z;�)isthekerneloftheheatequation associated with K,

�
@

@�
+ K

�

K K (y;z;�)= 0 ; K K (y;z;0)= �(y� z) (4)

theM ellin transform ation tellsusthat,

�P K(s)=
1

�(s)

Z 1

0

d� �
s� 1

hP K (�)

where,

hP K [�]= Tre� � P K = Tre� �K � 1= �1+

Z

dyK K (y;y;�)

isthe heatfunction hP K [�],ifK ispositive sem i-de�nite and dim Ker(K)= 1. Thus,the \regu-

larized" kink energy isin thesem i-classicallim it:

"
K

0
(s)= E [�K ]+

~

2
�
2s+ 1

�P K(s)+ o(~2) (5)

where � isa unitoflength
� 1

dim ension,introduced to m aketheterm sin (5)hom ogeneousfrom

a dim ensionalpointofview.Thein�nitenessofthebarequantum energy isseen herein thepole

thatthezeta function developsfors= � 1

2
.

To renorm alize "K0 we m ust: A.Subtract the regularized vacuum quantum energy. B.Add

counter-term s thatwillm odify the bare m asses ofthe fundam entalquanta,also regularized by

m eansofthegeneralized zeta function.C.Taketheappropriatelim its.

A.Thequantum uctuationsaround thevacuum aregoverned by theSchr�odingeroperator:

V = �
d2

dy2
+
d2U

d 2

�
�
�
�
 V

where V isa constantm inim um ofU[ ].Thekerneloftheheatequation

�
@

@�
+ V

�

K V(y;z;�)= 0 ; K V(y;z;0)= �(y� z)
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providestheheatfunction hV(�),

hV(�)= Tre� �V =

Z

dyK V(y;y;�):

W eexcludetheconstantm odeand,through theM ellin transform ation,weobtain

�V(s)=
1

�(s)

Z
1

0

d� �
s� 1Tre� �V:

Theregularized kink energy m easured with respectto theregularized vacuum energy isthus:

"
K (s) = E [�K ]+ � 1"

K (s)+ o(~2)

= E [�K ]+
~

2
�
2s+ 1[�P K(s)� �V(s)]+ o(~2):

B.Ifwe now go to the physicallim it "K = lim s! �
1

2

"K (s),we stillobtain an in�nite result.

The reason for this is that the physicalparam eters ofthe theory have not been renorm alized.

Itis wellknown thatin (1+1)-dim ensionalscalar�eld theory norm alordering takes care ofall

the in�nities in the system : the only ultraviolet divergences that occur in perturbation theory

com efrom graphsthatcontain a closed loop consisting ofa singleinternalline,[16].From W ick’s

theorem ,adapted tocontractionsoftwo�eldsatthesam epointin space-tim e,weseethatnorm al

ordering addsthem assrenorm alization counter-term ,

H (�m2)= �
~

2

Z

dy�m
2 :

d2U

d 2
:+o(~2)

to theHam iltonian up to one-loop order.To regularize

�m
2 =

Z
dk

4�

1
p
k2 + U 00( V )

we �rstplace the system in a 1D box oflength L so that�m 2 = 1

2L
�V(

1

2
),ifthe constanteigen-

function ofV isnotincluded in �V. Then,we again use the zeta function regularization m ethod

and de�ne:�m 2(s)= � 1

L

�(s+ 1)

�(s)
�V(s+ 1).Notethat�m2 = lim s! �

1

2

�m2(s).Thecriterion behind

thisregularization prescription isthevanishing tadpolecondition,which isshown in Appendix B

ofReference[12]to beequivalentto theheatkernelsubtraction schem e.

Theone-loop correction to thekink energy dueto H (�m2(s))isthus

� 2"
K (s) = h K jH (�m

2(s))j K i� h V jH (�m
2(s))j V i=

= lim
L! 1

~

2L
�
2s+ 1

�(s+ 1)

�(s)

Z L

2

�
L

2

dy�V(s+ 1)

"
d2U

d 2

�
�
�
�
 K

�
d2U

d 2

�
�
�
�
 V

#

=

= � lim
L! 1

~

2L
�
2s+ 1�(s+ 1)

�(s)
�V(s+ 1)

Z L

2

�
L

2

dyV (y) (6)

becausetheexpectation valuesofnorm alordered operatorsin coherentstatesarethecorrespond-

ing c-num ber-valued functions.
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C.Therenorm alized kink energy isthus

"
K

R = E [ K ]+ �M K + o(~2)= E [ K ]+ lim
s! �

1

2

�
� 1"

K (s)+ � 2"
K (s)

�
+ o(~2) (7)

whereastherenorm alized wavefunctionalreads

Z

dx
�
�	 R

0
( K )

�
�2 = Det

1

4

�
PK

�2~2

�

Det
(� 1)

4

�
V

�2~2

�

= �~expf� (�P K(0)� �V(0))gexp

�

�
1

4

�
d�P K

ds
(0)�

d�V

ds
(0)

��

:

2.2 A sym ptotic approxim ation to sem i-classicalkink m asses

In order to use the asym ptotic expansion ofthe generalized zeta function ofthe K operatorto

com pute the sem i-classicalexpansion ofthe corresponding quantum kink m ass,itisconvenient

to use non-dim ensionalvariables. W e de�ne non-dim ensionalspace-tim e coordinatesx� = m dy
�

and �eld am plitudes�(x�)= cd (y
�),wherem d and cd areconstantswith dim ensions[m d]= L� 1

and [cd]= M �
1

2L�
1

2 to bedeterm ined in each speci�c m odel.Also,wewrite �U(�)=
c2
d

m 2
d

U( ).

Theaction and theenergy can now bewritten in term softheirnon-dim ensionalcounterparts:

S[ ] =
1

c2
d

Z

d
2
x

�
1

2

@�

@x�

@�

@x�
� �U(�)

�

=
1

c2
d

�S[�]

E [ ] =
m d

c2
d

Z

dx

�
1

2

d�

dx

d�

dx
+ �U(�)

�

=
m d

c2
d

�E [�]:

Theim portantpointisthattheHessiansatthevacuum and kink con�gurationsnow read

V = m
2

d

�

�
d2

dx2
+ �v2

�

= m
2

d
�V ; K = m

2

d

�

�
d2

dx2
+ �v2 � �V (x)

�

= m
2

d
�K

where d2 �U

d�2
j�V = �v2 and d2 �U

d�2
j�K = �v2 � �V (x).Therefore,

�V(s)=
1

m 2s
d

��V(s) ; �K (s)=
1

m 2s
d

��K (s):

The asym ptotic expansion is superuous ifTre� �P
�K and �P �K(s) are susceptible ofan exact

com putation. If �V (x) is a potentialwellofthe Posch-Teller type,see [17],one can com pletely

solvethespectralproblem for �K and thereisno need forany approxim ation to �P �K(s).In general

the spectrum of �K isnotknown in fulldetail,specially in system swith m ulti-com ponentkinks,

and we can only determ ine �P �K(s)by m eansofan asym ptotic expansion. Nevertheless,we shall

also com putetheasym ptoticexpansion of�P �K(s)in thecaseswheretheexactanswerisknown in

orderto estim atetheerroraccepted in thisapproach.

In the form ulas (4),(5),(6)and (7)we replace V,K and v2 by �V, �K and �v2 and write the

kerneloftheheatequation for �K in theform :

K �K (x;x
0;�)= K �V(x;x

0;�)A(x;x0;�);
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A(x;x0;�)isthusthesolution ofthePDE

�
@

@�
+
x � x0

�

@

@x
�

@2

@x2
� �V (x)

�

A(x;x0;�)= 0 (8)

with \initial" condition:A(x;x0;0)= 1.

For� < 1,wesolve(8)bym eansofan asym ptotic(high-tem perature)expansion:A(x;x0;�)=
P

1

n= 0
an(x;x

0)�n. Note thatthere are no half-integerpowersof� in thisexpansion because our

choiceofboundary conditionswith no boundary e�ects.

In thisregim etheheatfunction isgiven by:

Tre� �
�K =

Z m
d
L

2

�
m
d
L

2

dxK �K (x;x;�)=
e� ��v

2

p
4��

1X

n= 0

Z m
d
L

2

�
m
d
L

2

dxan(x;x)�
n =

e� ��v
2

p
4��

1X

n= 0

an(�K )�
n
:

Itisnotdi�cultto�nd thecoe�cientsa n(x;x)by an iterativeprocedurestartingfrom a0(x;x
0)=

1.Thisprocedureisexplained in theAppendix,which alsoincludestheexplicitexpression ofsom e

ofthelower-ordercoe�cients.

The use ofthe power expansion ofhP �K [�]= Tre� � P
�K in the form ula forthe quantum kink

m assisquiteinvolved:

1.First,wewritethegeneralized zeta function of�V in theform :

��V(s)=
1

�(s)

m dL
p
4�

Z
1

0

d��
s�

3

2e
� ��v2 + B �V(s)

with

B �V(s)=
m dL
p
4�

�[s� 1

2
;�v2]

�v2s� 1�[s]
; ��V(s)=

m dL
p
4�

[s� 1

2
;�v2]

�v2s� 1�(s)
+ B �V(s)

and �[s;�v2]and [s� 1

2
;�v2]being respectively theupperand lowerincom pletegam m a functions,

see[18].Itfollowsthat��V(s)isa m erom orphicfunction ofswith polesatthepolesof[s�
1

2
;�v2],

which occurwhen s� 1

2
isa negativeintegerorzero.B �V(s),however,isa entirefunction ofs.

2.Second,from the asym ptotic expansion ofh�K [�]we estim ate thegeneralized zeta function

ofP �K:

�P �K(s) =
1

�(s)

"

�

Z
1

0

d��
s� 1 +

1
p
4�

X

n< n0

an(�K)

Z
1

0

d��
s+ n�

3

2e
� ��v2 + bn0;�K (s)

#

+ B P �K (s)=

= �
1

s�(s)
+

1

�(s)
p
4�

X

n< n0

an(�K )
[s+ n � 1

2
;�v2]

�v2(s+ n�
1

2
)

+
1

�(s)
bn0;�K (s)+ B P �K (s)

where

bn0;�K (s)=
1

p
4�

1X

n� n0

an(�K)
[s+ n � 1

2
;�v2]

�v2(s+ n�
1

2
)

isholom orphicforRes> �n0 +
1

2
,whereas

B P �K(s)=
1

�(s)

Z
1

�v2

d� Tre� � P
�K
�
s� 1

8



isa entirefunction ofs.Thevaluesofswheres+ n� 1

2
isa negativeintegerorzero arethepoles

of�P �K(s)becausethepolesof[s+ n � 1

2
;�v2]lieatthesepointsin thes-com plex plane.

Renorm alization ofthe zero-pointenergy requires the subtraction of��V(s)from �P �K(s). W e

�nd,

�P �K(s)� ��V(s)�
1

�(s)

"

�
1

s
+

n0� 1X

n= 1

an(�K)
p
4�

[s+ n � 1

2
;�v2]

�v2(s+ n�
1

2
)

#

and theerrorin thisapproxim ation with respectto theexactresultto � 1"
K is:

error1 =
~m d

2
[� 1

2
p
�
bn0;�K (�

1

2
)+ B P �K (�

1

2
)� B �V(�

1

2
)]:

Notethatthesubtraction of��V(s)exactly cancelsthecontribution ofa0(
�K )and hence,thediver-

gence arising ats = � 1

2
,n = 0. The quadratic ultravioletdivergences appearin thisschem e as

related to thepoleof��V(s)ats= � 1

2
,n = 0.

3.Third,� 1"
K now reads

� 1"
K �=

~m d

�(� 1

2
)
+
~

2
lim
s! �

1

2

�
�2

m 2

d

� s

�
a1(�K)

p
4��(s)

[s+ 1

2
;�v2]

�v2s+ 1
+

+
~m d

2

n0� 1X

n= 2

an(�K )
p
4��(� 1

2
)

[n � 1;�v2]

�v2n� 2
:

The logarithm ic ultravioletdivergences,hidden at�rstsightin the DHN approach,arise here in

connection with thepoleof�P �K (s)� ��V(s)ats= � 1

2
,n = 1.

Thesurplusin energy dueto them assrenorm alization counter-term is,

� 2"
K = � lim

L! 1

~a1(�K )

2L
lim
s! �

1

2

�
�

m d

� 2s+ 1
�(s+ 1)

�(s)
��V(s+ 1)+ o(~2)

�= �
~m d

2
p
4�

a1(�K ) lim
s! �

1

2

�
�

m d

� 2s+ 1
[s+ 1

2
;�v2]

�v2s+ 1�(s)
+ o(~2)

and thedeviation from theexactresultis

error2 = lim
L! 1

~

4L
a1(�K)B �V(

1

2
):

Therefore,

"
K

R = E [ K ]+ �M K + o(~2)�= E [ K ]�
~m d

2
p
�

"

1+
1

4
p
�

n0� 1X

n= 2

an(�K)
[n � 1;�v2]

�v2n� 2

#

+

+
~m d

2
p
4�
a1(�K) lim

s! �
1

2

�
�

m d

� 2s+ 1�
[s+ 1

2
;�v2]

�v2s+ 1�(s)
�
[s+ 1

2
;�v2]

�v2s+ 1�(s)

�

+ o(~2):

Notethatthecontributionsproportionaltoa1(�K)ofthepolesats= � 1

2
in � 1"

K (s)and � 2"
K (s)

cancel.
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W eareleftwith thevery com pactform ula:

�M K
�= ~m d[� 0 + D n0]

8
>>><

>>>:

� 0 = �
1

2
p
�

D n0 = �

n0� 1X

n= 2

an(�K)

8�

[n � 1;�v2]

�v2n� 2

(9)

In sum ,there are only two contributionsto sem i-classicalkink m assesobtained by m eansofthe

asym ptotic m ethod: 1)~m d� 0 is due to the subtraction ofthe translationalm ode;2)~m dD n0

com esfrom the partialsum ofthe asym ptotic seriesup to the n0 � 1 order. W e stressthatthe

m eritoftheasym ptoticm ethod liesin thefactthatthereisno need tosolvethespectralproblem

ofK:alltheinform ation isencoded in thepotentialV (x).

3 Loop kinks

The existence ofkinksisguaranteed ifthe m inim a ofU( )are a discrete setwhich isthe union

oforbitsofthe discrete sym m etry group ofthe system . W e shalluse the term \loop" kinks to

referto thoseclassicalsolutionsthatinterpolatebetween vacua belongingtothesam eorbitofthe

sym m etry group;otherwise,thesolitary waveswillbereferred to as\link" kinks,see[20].In this

Section weshalldiscussthreekinksofthe\loop" type.

3.1 T he quantum sine-G ordon soliton

W e �rst treat the sine-Gordon m odelby considering the potentialenergy density: U[ (y�)]=
m 4

�
(1� cos

p
�

m
 ). The dim ensions ofthe param eters m and � are respectively: [m ]= L� 1 and

[�]= M � 1L� 3.Therefore,wechoosem d = m and cd =
p
�

m
and �nd: �U[�(x;t)]= (1� cos�).

The \internal" sym m etry group ofthe system is the in�nite dihedralgroup D 1 = Z2 � Z

generated by internalreections,� ! ��,and 2� translations,� ! �+ 2�.Thevacuum classical

con�gurations �V (x;t) = 2�n form the orbit M = D 1

Z2
and there is spontaneous sym m etry

breakdown ofthe internaltranslationalsym m etry through the choice ofvacuum . The m oduli

spaceofvacua,however,M̂ = M

D 1
,isa singlepointand alltheequivalentskinksofthem odel,

�K (x;t)= �4 arctanex + 2�n ;  K (y;y0)= �
4m
p
�
arctanem y +

2�nm
p
�

;

areloop kinks.Itiseasy to check thatE [ K ]=
8m 3

�
and E [ V ]= 0.

Thesecond ordervariation operatoraround thekink solutionsis

K = �
d2

dy2
+ m

2(1� 2sech
2
m y) ; �K = �

d2

dx2
+ 1� 2sech

2
x:

NotethatK = m 2 �K ;henceforth,�P K(s)=
1

m 2s�P �K (s).Sim ilim odo,in thevacuum sectorwehave:

V = �
d2

dy2
+ m

2
; �V = �

d2

dx2
+ 1 ; V = m

2�V ; �V(s)=
1

m 2s
��V(s):

10



3.1.1 Exact com putation ofthe m ass and the w ave functional

� Generalized zeta function of�V:

The spectrum of �V acting on functionsbelonging to L2(R)isSpec�V = k2 + 1,with k 2 R a

realnum ber.There isa half-bound statefk2= 0(x)= constantthatwe shallnotconsiderbecause

it is paired with the other half-bound state in Spec(�K ). The spectraldensity on the interval

I = [� m L

2
;m L

2
]with periodicboundary conditionsis��V(k)=

m L

2�
.Theheatfunction is,

Tre� �
�V =

m L

2�

Z 1

� 1

dke
� �(k2+ 1) =

m L
p
4��

e
� �

and thegeneralized zeta function reads:

��V(s)=
m L

�(s)
p
4�

Z
1

0

d� �
s�

3

2e
� � =

m L
p
4�

�(s� 1

2
)

�(s)
:

Therefore,��V(s)(hence�V(s))isam erom orphicfunction ofswith polesats=
1

2
,� 1

2
,� 3

2
,� 5

2
,� � �.

The generalized zeta function ofthe Hessian atthe vacuum is,however,also infrared-divergent:

itislinearly divergentwhen L ! 1 even atpointss2 C where�V(s)isregular.

� Generalized zeta function of�K:

In thiscaseSpec �K = f0g[ fk2 + 1g,k 2 R and thespectraldensity on I is

��K (k)=
m L

2�
+

1

2�

d�(k)

dk

with phaseshifts

�(k)= 2arctan
1

k

because �K istheSchr�odingeroperatorthatgovernsthescattering through the�rstofthe\trans-

parent" Posch-Tellerpotentials,[17].Thus,

Tre� �
�K = 1+

m L

2�

Z 1

� 1

dke
� �(k2+ 1)+

1

2�

Z 1

� 1

dk
d�(k)

dk
e
� �(k2+ 1) =

= 1+
m L
p
4��

e
� �

� Erfc
p
�

where Erfc
p
� is the com plem entary error function,[18]. Note that �K has a zero m ode,the

eigen-function being the translationalm ode
d�K
dx

= sech
2
x,which m ustbe subtracted because it

arises in connection with the breaking ofthe translationalsym m etry,x ! x + a,by the kink

solution and doesnotcontribute to thekink m assup to thisorderin theloop expansion.There

isalso a half-bound state,fk2= 0(x)= tanhx,thatexactly cancelsthecontribution oftheconstant

half-bound statein SpecV.Therefore,weobtain

Tre� � P
�K = Tre� �

�K
� 1= Tre� �

�V
� Erfc

p
�

and

�P �K (s)= ��V(s)�
1

�(s)

Z
1

0

d� Erfc
p
��

s� 1 = ��V(s)�
1
p
�

�(s+ 1

2
)

s�(s)
:

11



�P �K(s)(hence�P K(s))isalsoa m erom orphicfunction ofsthatsharesallthepoleswith ��V(s),but

theresiduesaredi�erentexceptats= 1

2
,a polewheretheresiduesof�P �K(s)and ��V(s)coincide.

Theinfrared divergence,however,isidenticalin thekink background and thevacuum .

W ecan now com putethelim itoftheregularized quantitiesthatenterintheone-loopcorrection

form ula to thekink m ass:

� 1"
K =

~

2

"

lim
s! �

1

2

�
�2

m 2

� s

�(�P �K(s)� ��V(s))

#

= �
~m

2
p
�

�

lim
"! 0

�
�

m

�2" �(")

�(1
2
+ ")

�

=
~m

2�
lim
"! 0

�

�
1

"
� 2log

2�

m
�  (1)+  (

1

2
)+ o(")

�

(10)

and

� 2"
K = �

2~

L
lim
s! �

1

2

�
�

m

�2s+ 1 �(s+ 1)

�(s)
��V(s+ 1)+ o(~2)= �

~m
p
�

lim
s! �

1

2

�
�

m

�2s+ 1 �(s+ 1

2
)

�(s)

= �
~m
p
�
lim
"! 0

�
�

m

�2" �(")

�(� 1

2
+ ")

=
~m

2�
lim
"! 0

�
1

"
+ 2log

2�

m
+  (1)�  (�

1

2
)+ o(")

�

+ o(~2):

where (z)=
�0(z)

�(z)
isthedigam m a function.

Theim portantpointto noticeisthattherenorm alization ofthezero-pointenergy perform ed

by thesubtraction of�V(�
1

2
)stillleavesa divergence com ing from thes= � 1

2
polesbecause the

residues are di�erent. The correction due to the m ass renorm alization counter-term also has a

pole.Thesum ofthecontributionsofthetwo polesleavesa �niterem ainderand weend with the

�niteanswer:

� 1"
K + � 2"

K = �
~m

�
; "

K

R = E [ K ]�
~m

�
+ o(~2)=

8m


�
~m

�
+ o(~2): (11)

The one-loop quantum correction to the m ass ofthe sine-Gordon soliton obtained by m eans of

the generalized zeta function procedure exactly agreeswith the accepted result,see [4],[5],and,

henceforth,with theoutcom eofthem odenum berregularization m ethod,[7].

The square ofthe m odulusofthe ground state wave functionalup to one-loop orderisgiven

by (3). IfW = P �K

C 2 and C = �~�

m 2

d

,obviously,�W (s)= C 2s�P �K (s)(�W (0)= �P �K(0))and we have

d�W
ds

= C 2s�P �K(s)logC + C 2sd�P �K

ds
(s):Thus,

d�P �K

ds
=

d��V

ds
�

1
p
�

�(s+ 1

2
)

s�(s)

�

 (s+ 1

2
)�

1

s
�  (s)

�

d��V

ds
=

m L
p
4�

�(s� 1

2
)

�(s)

�
 (s� 1

2
)�  (s)

�
(12)

and

��V(0)= 0 ; �P �K(0)= �1 ;
d��V

ds
(0)= �m L ;

d�P �K

ds
(0)= �m L +  (1)�  (1

2
):

Therefore,

j	 0(�K (x))j
2
=

r
C

2
exp

�
1

4
m L

�

; j	 0(�V (x))j
2
= exp

�
1

4
m L

�

:

12



Renorm alizing thewavefunctionalwith respectto thevacuum weobtain

j	 0(�K (x))j
2

j	 0(�V (x))j
2
=

r
C

2
(13)

3.1.2 T he asym ptotic expansion and quantum corrections

In thesine-Gordon m odeltheexactform ulasforTre� � P
�K and �P �K (s)arereadily derived because

the spectrum ofthe Schr�odingeroperator �K iscom pletely known. On the otherhand,the series

expansion ofthecom plem entary errorfunction tellsusthat

Tre� � P
�K =

"
m L
p
4��

+
1
p
�

1X

n= 1

2n �n�
1

2

1� 3� 5� :::� (2n � 1)

#

e
� �

� 1

and thean(�K)coe�cientscan becom puted from thisexactexpression:

Tre� � P
�K =

e� �
p
4�

1X

n= 0

an(�K)�
n� 1

2 � 1 ; a0(�K)= m L ; an(�K)=
2n+ 1

(2n � 1)!!
:

Onecan check by directcalculation thatindeed,

an(�K)=

Z m L

2

�
m L

2

dxan(x;x) ; n = 0;1;2;3;:::

and thean(�K)aretheintegralsofthefunctionsde�ned in Appendix for �V (x)= 2sech2x.

Inanycaseweseefrom theform ula(9)thatthecom parison withtheexactresultissatisfactory:

�M K
�= �0:282095~m �

n0� 1X

n= 2

an(�K )dn~m versus�M K = �0:318309~m :

Thepartialsum s

D n0 = �

n0� 1X

n= 2

an(�K)dn = �

n0� 1X

n= 2

an(�K)
[n � 1;1]

8�

can beestim ated with thehelp ofthefollowing Table,

n an(�K ) n0 � 1 D n0

2 2.66667 2 -0.0670702

3 1.06667 3 -0.0782849

4 0.30476 4 -0.0802324

5 0.06772 5 -0.0805373

6 0.012324 6 -0.0805803

7 0.0018944 7 -0.0805857

8 0.00025258 8 -0.0805863

9 0.00002972 9 -0.0805863

13



For instance,choosing n0 = 10 we �nd that D 10 = �0:080586 and the correction obtained by

m eansoftheasym ptoticexpansion is:

E [ K ]+ �M K
�=
8m 3

�
� 0:362681~m + o(~2�)

In fact

~m

2
[B P �K (�

1

2
)� B �V(�

1

2
)]+ lim

L! 1

~m

L
B �V(

1

2
)=

~m

2
p
�

Z 1

1

d�

�
1

2

Erfc
p
�

�
3

2

+
e� �

�
p
�

�

= 0:044373~m

isalm ostthetotalerror:0:044372~m .Thedi�erenceis:

�
~m

4
p
�
b10;K (�

1

2
)� 10� 6~m :

Notein theTablethatan(�K)rapidly decreaseswith increasing n.

3.2 T he quantum �(�4)2 kink

W e now consider the other prototype of solitary waves in relativistic (1+1)-dim ensional�eld

theory:thekink ofthe�(�4)2 m odel.Thepotentialenergy density is:U[ (y
�)]= �

4

�

 2 � m 2

�

�2
.

W echoose,however,m d =
mp
2
butkeep cd =

p
�

m
and �nd: �U[�(x;t)]= 1

2
(�2 � 1)

2
.

The internalsym m etry group isnow the Z2 group generated by the � ! �� reectionsand

the orbitofvacuum classicalcon�gurations�V (x;t)= �1 2 M gives rise to a m odulispace of

vacua M̂ = M

Z2
which isa singlepoint.Thekink solitary wavesarethusloop kinksand read

�K (x;t)= � tanhx ;  K (y;y0)= �
m
p
�
tanh

m y
p
2
:

Thekinkandvacuum solutionshaveclassicalenergiesofE [ K ]=
4

3

m 3

p
2�
andE [ V ]= 0respectively.

TheHessian operatorsforthevacuum and kink solutionsare

V = �
d2

dy2
+ 2m 2 =

m 2

2

�

�
d2

dx2
+ 4

�

=
m 2

2
�V

K = �
d2

dy2
+ 2m 2

�
3m 2

cosh
2m y
p
2

=
m 2

2

�

�
d2

dx2
+ 4�

6

cosh
2
x

�

=
m 2

2
�K

and thecorresponding generalized zeta functionssatisfy

�P K (s)=

 p
2

m

! 2s

�P �K(s) ; �V(s)=

 p
2

m

! 2s

��V(s):
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3.2.1 Exact com putation ofthe sem i-classicalm ass and w ave functional

� Generalized zeta function of�V = � d2

dx2
+ 4.

Actingon theL2(R)
 C HilbertspacewehavethatSpec�V = fk2+ 4g,k 2 R,butthespectral

density on the interval �I = [� m L

2
p
2
;m L

2
p
2
]ofeigen-functions with periodic boundary conditions is

��V(k)=
m L

2
p
2�
.From thesedata,theheatand generalized zeta functionsareeasily com puted:

Tre� �
�V =

m L

2
p
2�

Z 1

� 1

dke
� �(k2+ 4) =

m L
p
8��

e
� 4�

��V(s)=
m L
p
8�

1

�(s)

Z 1

0

d� �
s�

3

2e
� 4� =

m L
p
8�

1

4s�
1

2

�(s� 1

2
)

�(s)
(14)

andwe�nd that��V(s)hasthesam epolesand infraredbehaviourinthe�(�
4)2 and thesine-Gordon

m odels.

� Generalized zeta function of�K = � d2

dx2
+ 4� 6

cosh
2 x
.

�K isthe Schr�odingeroperatorforthe second transparentPosch-Teller potential,[17]. Thus,

Spec �K = f0g[ f3g[ fk2 + 4g,k 2 R,and thespectraldensity on I is

��K (k)=
m L

2
p
2�

+
1

2�

d�(k)

dk

wherethephaseshiftsare�(k)= �2arctan 3k

2� k2
,ifPBC areconsidered.Thus,we�nd

Tre� � P
�K = e

� 3� +
m L
p
8�

Z 1

� 1

dke
� �(k2+ 4)+

1

2�

Z 1

� 1

dk
d�(k)

dk
e
� �(k2+ 4)

=
m L
p
8��

e
� 4� + e

� 3�(1� Erfc
p
�)� Erfc2

p
� :

TheM ellin transform im m ediately providesthegeneralized zeta function:

�P �K(s)= ��V(s)+
�(s+ 1

2
)

p
� �(s)

�
2

3s+
1

2

2F1[
1

2
;s+ 1

2
;3
2
;� 1

3
]�

1

4s

1

s

�

(15)

where 2F1[a;b;c;d]istheGausshypergeom etricfunction,[18].

Thepowerexpansion of2F1,

2F1[
1

2
;s+ 1

2
;3
2
;� 1

3
]=

�(3
2
)

�(1
2
)�(s+ 1

2
)

1X

l= 0

(�1)l

3ll!

�(l+ 1

2
)�(s+ l+ 1

2
)

�(l+ 3

2
)

tells us that,besides the poles of��V(s),�P �K (s) has poles at s = � 1

2
+ l;� 3

2
+ l;� 5

2
+ l;� � �,

l2 Z
+ [ f0g;i.e.,asin the sG soliton case,��V(s)and �P �K(s)share the sam e polesexcepts=

1

2

but the residues in the �(�4)2 m odelare increasingly di�erent with larger and larger values of

jResj.
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Applying theseresultsto thekink m assform ula,weobtain

� 1"
K = lim

s! �
1

2

~

2

�
2�2

m 2

� s

�[�P �K (s)� ��V(s)]

=
~m

2
p
2�

lim
"! 0

�
2�2

m 2

� "
�(")

�(� 1

2
+ ")

"
2

3"
2F1[

1

2
;";3

2
;� 1

3
]�

1

(� 1

2
+ ")4�

1

2
+ "

#

=
~m

2
p
2�

lim
"! 0

�

�
3

"
� 3ln

2�2

m 2
+ 2+ ln

3

4
� 2F

0
1[
1

2
;0;3

2
;� 1

3
]+ o(")

�

� 2"
K = � lim

L! 1

6~

L
lim
s! �

1

2

�
2�2

m 2

� s+
1

2 �[s+ 1]

�[s]
��V(s+ 1)= �

3~m
p
2�

lim
"! 0

�
2�2

m 2

� "
4� "�(")

�(� 1

2
+ ")

+ o(~2�)=
3~m

2
p
2�

lim
"! 0

�
1

"
+ ln

2�2

m 2
� ln4+  (1)�  (�

1

2
)+ o(")

�

+ o(~2�)

where 2F
0
1
is the derivative ofthe Gauss hypergeom etric function with respect to the second

argum ent.Therefore,� 1"
K + � 2"

K = ~m

2
p
6
� 3~m

�
p
2
,and weobtain:

"
K

R = E [ K ]+ �M K =
4

3

m 3

p
2�

+ ~m

�
1

2
p
6
�

3

�
p
2

�

+ o(~2�) ;

thesam eansweraso�ered by them ode-num berregularization m ethod [7].

To com pute the norm ofthe ground state wave functionals we closely follow the procedure

applied in sub-Section x3.1.to thesine-Gordon soliton.In the�(�4)2 m odel,we�nd that

d�P �K

ds
=

d��V

ds
+

1
p
�

�(s+ 1

2
)

�(s)

�

4� s
�
1

s
+ ln4+  (s)�  (s+ 1

2
)

�

�

�2s3� s�
1

2
2F1[

1

2
;s+ 1

2
;3
2
;� 1

3
](log3�  (s+ 1

2
)+  (s))+ 2s3� s�

1

2
2F

0
1
[1
2
;s+ 1

2
;3
2
;� 1

3
]

i

and
d��V

ds
=

m L
p
8�

1

4s�
1

2

�(s� 1

2
)

�(s)

�
 (s� 1

2
)�  (s)� log4

�
:

from theseexpressionsand form ulas(14)and (15)onechecksthat

��V(0)= 0 ; �P �K(0)= �1 ;
d��V

ds
(0)= �

p
2m L ;

d�P �K

ds
(0)= �

p
2m L + log48:

W eobtain

j	 0(�K (x))j
2
=
1

2

�
C
p
3

� 1

2

exp

�
m L

2
p
2

�

; j	 0(�V (x))j
2
= exp

�
m L

2
p
2

�

:

Thequotientoftheprobability densitiesis

j	 0(�K (x))j
2

j	 0(�V (x))j
2
=
1

2

�
C
p
3

� 1

2

: (16)
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3.2.2 T he asym ptotic expansion and quantum corrections

In the�(�4)2 m odel
d2 �U

d�2
j�V (x)= 4and �V (x)= d2 �U

d�2
j�V (x)�

d2 �U

d�2
j�K (x)= 6sech

2
x arethepotentials

ofthe Sch�odingeroperatorsthatrespectively correspond to the Hessiansatthe vacuum and the

kink con�gurations.Theasym ptoticexpansion oftheheatfunction

Tre� � P
�K = �1+

e� 4�
p
4��

1X

n= 0

Z m L

2
p
2

�
m L

2
p
2

dxan(x;x)�
n = �1+

e� 4�
p
4�

1X

n= 0

an(�K)�
n�

1

2

can beeitherobtained asa seriesexpansion oftheexactresult

Tre� � P
�K = �1+

"
m L
p
8��

+
1
p
�

1X

n= 1

2n(1+ 22n� 1)

(2n � 1)!!
�
n�

1

2

#

e
� 4�

orfrom thecoe�cientsde�ned in theAppendix for �V (x)= 6sech
2
x

an(�K)=

Z m L

2
p
2

�
m L

2
p
2

dxan(x;x) ; a0(�K)=
m L
p
2

; an(�K )=
2n+ 1(1+ 22n� 1)

(2n � 1)!!
:

To com pare with the exactresult,we apply the form ula given in the Appendix and observe

that

"
K

R
�=
4

3

m 3

p
2�

� 0:199471~m �

n0� 1X

n= 2

an(�K )dn~m + o(~2�)

isfarfrom theexactresult

"
K

R =
4

3

m 3

p
2�

� 0:471113~m + o(~2�)

before adding the contribution ofthe term s between n = 2 and n = n0 � 1 in the asym ptotic

expansion to thecontribution com ing from thesubtraction ofthetranslationalm ode.Thepartial

sum s

D n0 = �

n0� 1X

n= 2

an(�K)dn = �

n0� 1X

n= 2

an(�K)
[n � 1;4]

8
p
2� 4n� 1

can beestim ated up to n0 = 11 with thehelp ofthefollowing Table

n an(�K ) n0 � 1 D n0

2 24.0000 2 -0.165717

3 35.2000 3 -0.221946

4 39.3143 4 -0.248281

5 34.7429 5 -0.261260

6 25.2306 6 -0.267436

7 15.5208 7 -0.270186

8 8.27702 8 -0.271317

9 3.89498 9 -0.271748

10 1.63998 10 -0.271900
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Choosing n0 = 11,we �nd thatD 11 = �0:271900~m and the correction obtained by adding

D 11~m is:

�M K
�= �0:471371~m + o(~2�)

in good agreem entwith theexactresultabove.In fact

~m

2
[B P �K (�

1

2
)� B �V(�

1

2
)]+

3~m
p
2L

B �V(
1

2
)

=
~m

2
p
2�

Z 1

1

d�

�

�
e� 3�

2�
3

2

+
e� 3�Erfc

p
�

2�
3

2

+
Erfc2

p
�

2�
3

2

+
3e� 4�
p
��

�

� 0:00032792~m

isalm ostthetotalerror:0:0002580~m .Thedeviation is

�
~m

4
p
2�
b10;K (�

1

2
)� 10� 4~m :

W ith respectto the sine-Gordon m odelthere are two di�erences:a)in the �(�4)2 m odelthe

errorcom m itted by using asym ptoticm ethodsissm aller,oftheorderof10� 4~m ,a 0.07 percent,

ascom pared with 10� 2~m ,a 6.00 percent,in thesG case;b)therejection ofthecontributionsof

the n0 > 11 term sand the non-exactcom putation ofthe m asscounter-term contribution hasa

costofapproxim ately 10� 4~m in the �(�4)2 m odelversus10
� 6
~m in the sG system . Both facts

have to do with the largervalue ofthe sm aller eigenvalue ofthe vacuum Hessian in the �(�4)2
m odelwith respectto thesG system ,4 versus1.

3.3 T he cubic sinh-G ordon kink

W eshallnow study a system ofthesam etypewherethepotentialenergy density is:U[ (y�)]=

m 4

4�

�

sinh
2
p
�

m
 � 1

�2
. Non-dim ensionalquantities are de�ned through the choice m d = m and

cd =
p
�

m
;theEuler-Lagrangeequation is

2�(t;x)= �
1

2
sinh(2�)(sinh

2
� � 1) (17)

and the justi�cation for the choice ofnam e is clear. W e �nd this m odelinteresting because it

reducesto the�(�4)2 system ifj�(t;x)j< 1 and istheLiouvillem odel,[19],with oppositesign of

thecoupling constant,in the �(t;x)�= �1 ranges.In fact,the potentialenergy density �U(�)=
1

4
(sinh

2
� � 1)2,see Figure 1(a),presents two m inim a at the classicalvalues: �V = �arcsinh1.

Thetwo vacuum pointsareidenti�ed by the� ! �� internalsym m etry transform ation and the

sem i-classicalvacuum m odulispaceisapoint.Forthisreason,�U(x)hasbeen applied tothestudy

ofthe quantum theory ofdiatom ic m olecules: the solutions ofthe associated tim e-independent

Schr�odinger equation are a good approxim ation to the eigen-states ofa quantum particle that

m ovesundertheinuenceoftwo centersofforce.W edealwith the� = 1 and M = 3 m em berof

the Razavy fam ily ofquasi-exactly-solvable Schr�odingeroperators,[25],although we are looking

atitfrom a �eld-theoreticalperspective.

Thesolutionsofthe�rst-orderequations

d�

dx
= �

1
p
2
(sinh

2
� � 1) ; �K (x)= � arctanh

tanh(x + b)
p
2

; (18)
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Figure 1: Graphic representation of(a) the potentialenergy density (b) the kink and (c) the Hessian

potentialwell.

seeFigure1(b)forb= 0,arethekink solitary wavesofthesystem .TheHessian operatorsatthe

vacuum and kink solutionsarerespectively:

V = �
d2

dy2
+ 4m 2 = m

2

�

�
d2

dx2
+ 4

�

= m
2 �V

K = �
d2

dy2
+2m 2+

16m 2

(1+ sech
2
y)2

�
14m 2

1+ sech
2
y
= m

2(�
d2

dx2
+2+

16

(1+ sech
2
x)2

�
14

1+ sech
2
x
)= m

2 �K

Them assofthefundam entalm esonsisthus2m . �K isan Schr�odingeroperator:

�K = �
d2

dx2
+ 4� �V (x) ; �V (x)=

2sech
2
x(9+ sech

2
x)

(1+ sech2x)2

wherethepotentialwellplotted in Figure1(c),albeitanalytically very di�erentfrom thes-G and

�(�4)2 kink potentialwells,exhibitsa sim ilarshape.

W eshallnotattem pttosolvethespectralproblem of�K .Theonly thingthatweneed toknow

in orderto apply theasym ptoticm ethod isthatthelowesteigen-stateistheuniquezero m ode:

f0(x)=
d�K

dx
=

2
p
2

(3+ cosh2x)

Therefore,theenergy ofthesem i-classicalkink stateisapproxim ately (seeform ula (9))

"
K

R
�=
m 3

2�

�

1� 3
p
2arcsinh1

�

� ~m

 
1

2
p
�
+

n0� 1X

n= 2

an(�K )
[n � 1;4]

8�4n� 1

!

(19)

IntheTablebelow wewritetheSeeley’scoe�cientsandthepartialsum sD n0 = �
P n0� 1

n= 2
an(�K )

[n� 1;4]

8�4n� 1

up to n0 = 11:

n an(�K ) n0 � 1 D n0

2 29.1604 2 -0.20135

3 39.8523 3 -0.26501

4 42.1618 4 -0.293253

5 36.0361 5 -0.306715

6 25.7003 6 -0.313005

7 15.6633 7 -0.315779

8 8.3143 8 -0.316917

9 3.9033 9 -0.317349

10 1.6590 10 -0.317502
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obtaining theapproxim ateanswer:

�M K
�= ~m [� 0 + D 11]= �0:282095~m � 0:317502~m = �0:599597~m

W e cannotestim ate the errorbutwe assum e thatthisresultisasgood asthe answerobtained

forthe�(�4)2 kink becausethecontinuousspectrum of �K also startsat4.

4 Link kinks: the �(�6)2 m odel

Finally,we considerthe following potentialenergy density: U[ (y�)]= �2

4m 2 
2

�

 2 � m 2

�

�2
. The

choiceofm d =
mp
2
and cd =

p
�

m
leadstothenon-dim ensionalpotential: �U[�(x;t)]= 1

2
�2(�2 � 1)

2
.

Them odulispaceofvacua M̂ = M

Z2
,m adeoutoftwo Z2 orbits,containstwo points:

�V0(x;t)= 0 ; �V� (x;t)= �1:

Quantizationaroundthe�V0(x;t)vacuum preservesthe� ! �� sym m etry,which isspontaneously

broken atthedegeneratevacua �V� (x;t).Thekink solitary wavesofthesystem

�K (x;t)= �
1
p
2

p
1� tanh(x + b) ;  K (y;y

0)= �
m
p
2�

r

1� tanh
m
p
2
(y+ ~b)

interpolate between �V� (x;t)and �V0(x;t),orvice-versa,which are vacua belonging to distinct

Z2 orbits:thesesolutionsarethuslink kinks.

Thekinkand vacuum solutionshaveclassicalenergiesofE [ K ]=
1

4

m 3

p
2�
and E [ V0]= E [ V� ]=

0 respectively.TheHessian operatorsforthevacuum and kink solutionsare

V0 = �
d2

dy2
+
m 2

2
=
m 2

2

�

�
d2

dx2
+ 1

�

=
m 2

2
�V0

V� = �
d2

dy2
+ 2m 2 =

m 2

2

�

�
d2

dx2
+ 4

�

=
m 2

2
�V�

K = �
d2

dy2
+
5m 2

4
�
3m 2

4
tanh

m y
p
2
�

15m 2

8cosh
2m y
p
2

=

=
m 2

2

�

�
d2

dx2
+
5

2
�
3

2
tanhx�

15

4cosh
2
x

�

=
m 2

2
�K

The problem ofthe sem i-classicalquantization ofthese and other link kinks have been ad-

dressed som ewhatunsuccessfully in [21]dueto theanalyticalcom plexity oftheeigen-functionsof
�K aswellastheconceptualdi�culty ofdealing with a QFT on thereallinewheretheasym ptotic

statesfaron theleftand faron therightcorrespond to m esonswith di�erentm asses.Thisissue

has been analyzed in depth in [22]: the m ain suggestion is that the norm al-order prescription

should beperform ed with an arbitrary m assto be�xed in orderto avoid theam biguity induced

by the step function background. W e now apply the asym ptotic expansion ofthe heatfunction

m ethod in thiscom plex circum stance to �nd a very naturalway ofchoosing the m assrenorm al-

ization param eter.M oreover,we im prove the approxim ation obtained in the com putation ofthe

quantum kink m assby going fartherthan �rst-orderin theasym ptoticexpansion.
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Figure 2:Graphicalrepresentation of(a) the potentialenergy density (b) the kink and (c) the Hessian

potentialwell.

Besidesthebound state,

f0(x)=
1

2cosh
2
x
p
2(1� tanhx)

;

the !2 = 0 translationalm ode,the spectrum of �K includestransm issionlessscattering statesfor

1 � !2 � 4,and stateswith both non nulltransm ission and reection coe�cientsif! 2 � 4. In

the language ofQFT,the topologicalsectors based on link kinks are peculiarin the sense that

theN -particleasym ptoticstatesarem esonsthathavedi�erentm assesatx = �1 .Ifthem eson

energy is less than 2m 2,the bosons are reected when com ing from the left/right towards the

kink. M ore energetic m esonscan eitherbe reected by orpassthrough the kink. Ifthe m esons

aretransm itted thereisaconversion from kineticto\inertial"energy,orvice-versa,in such away

thatthe polesofthe propagatorsfarto the leftorfarto the rightofthe kink can only occurat

p2 = m 2

p
2
and p2 = 2m 2.

Thisisthereason why thesubtraction from theCasim irenergy of�K ,
~

2
�P K(�

1

2
),ofeitherthe

Casim irenergyofthe�V0,
~

2
�V0(�

1

2
),orthe�V� ,

~

2
�V� (�

1

2
),vacuaishopeless,even afteraddingthe

m assrenorm alization counter-term to the Lagrangian. Therefore,we cannotuse the generalized

zeta functions�V0(s)and �V� (s)to renorm alizethezero pointenergy in thekink sector.Instead,

wewillgaugethekink Casim irenergy againsttheCasim irenergiesofafam ily ofbackground �eld

con�gurationsthatsatisfy:

5�4B (x)� 4�2B (x)=
1

2
(1� tanh�x); (20)

where� 2 R
+ .Therationalebehind thischoiceisthatthe� ! 1 lim itisthebackground used

by Lohe,[21]:� �B 1
(x)= ��(x).The problem with Lohe’schoice isthatthe discontinuity atthe

origin posesm any problem sforthe algorithm ofthe asym ptotic expansion because a nightm are

ofdelta functionsand theirderivativesappearsatx = 0 atordershigherthan the�rst.Thus,we

need som eregularization,which isachieved by replacing thesign function by tanh in theform ula

(20)above.In Figures3(a)and 3(b)theHessian potentialwellsforthebackgrounds� �B 1
and � �B 1

arecom pared.

Forany non-zero �nite �,� �B �
(x) interpolates sm oothly between � 4

5
and �1 when x varies

from �1 to 1 . The jum p from �1 to 0 occurring atx = 0 in � �B 1
(x) becom es a jum p from

� 4

5
to 0,which therefore takes place atx = �1 !,followed by the sm ooth interpolation to �1

. If� = 0 the background con�guration is also pathological: � �B 0
(x) = �

2+

p
13

2

5
;8x,except at

x = �1 ,wheretherearejum psto 0 and �1.
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Figure 3:Graphic representation ofthe potentialwellproduced by (a) the �B 1
background (b) the �B 1

background asfunctionsofx

TheSchr�odingeroperators

�B� = �
d2

dx2
+
5

2
�

3

2
tanh�x

�B1 = �
d2

dx2
+
5

2
�
3

2
"(x) ; �B0 = �

d2

dx2
+
5

2

govern thesm alluctuationsaround thebackground � �B �
.Thus,

� 1"
K (�)=

~m d

2
lim
s! �

1

2

�
�2

m d

� s+
1

2

[�P �K (s)� ��B� (s)]

istheCasim irkinkenergy renorm alized with respecttothe� �B �
background.From theasym ptotic

expansion ofboth �P �K (s)and ��B� (s)weobtain:

� 1"
K (�)�=

~m d

2

(
2

�(� 1

2
)
+ lim

s! �
1

2

�
2�2

5m 2

d

� s+
1

2 c1(�K �)
p
4�

[s+ 1

2
;5
2
]

�(s)
+

n0� 1X

n= 2

cn(�K �)
p
4�

�
2

5

� n� 1
[n � 1;5

2
]

�(� 1

2
)

)

wherecn(�K �)= an(�K)� an(�B�).Thedeviation from theexactresultis:

error1 =
~m d

2

�

�
1

4
p
�

�
bn0;�K (�

1

2
)� bn0;�B� (�

1

2
)
�
+ B P �K (�

1

2
)� B �B�

(� 1

2
)

�

:

In orderto im plem entthe m assrenorm alization prescription,we assum e thatvirtualm esons

running on theloop ofthetadpolegraph have a m assof mp
2
halfofthetim eand a m assof

p
2m

theotherhalf-tim eon average.Thenorm al-orderisthusprescribed forannihilation and creation

operatorsofm esonswith M =
p
5

2
m m ass;thisam ountsto considering

�m
2 =

1

2m dL
��B0(

1

2
)

asthe in�nite quantity associated with the single divergent graph ofthe system . Zeta function

regularization plustheasym ptoticexpansion tellusthattheinduced counter-term adds

� 2"
K (�) =



 K jH (�m

2)j K
�
�


 B �

jH (�m2)j B �

�

�= �
~m d

2
p
4�
c1(�K �) lim

s! �
1

2

�
2�2

5m 2

d

� s�
1

2 [s+ 1

2
;5
2
]

�(s)
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to theone-loop correction to thelink kink m ass,whereastheerroris

error2 = lim
L! 1

~

4L
c1(�K �)B �B0

(1
2
):

Thesum ofthecontributionscom ing from thes! � 1

2
polesof� 1"

K (�)and � 2"
K (�)vanishes:

~m d

2

c1(�K �)
p
4�

lim
s! �

1

2

�
2�2

5m 2

d

� s+
1

2
�
[s+ 1

2
;5
2
]

�(s)
�
[s+ 1

2
;5
2
]

�(s)

�

= 0:

ThechoiceofM =
p
5

2
m asam assrenorm alization param eterleadstoexactly thesam eresultthat

weencountered in them oreconventionalsystem swith loop kinksand weend with theanswer:

�M K �

�= ~m [� 0 + D n0(�)]

where� 0 = � 1

2
p
2�

and

D n0(�)= �

n0� 1X

n= 2

cn(�K �)dn = �

n0� 1X

n= 2

cn(�K �)

�
2

5

� n� 1
[n � 1;5

2
]

8
p
2�

:

Thecoe�cientsand thepartialsum sup to n 0 = 11for� = 1 areshown in thefollowing Table

n cn(�K 1) n0 � 1 D n0(1)

2 -9.3750 2 0.0968454

3 10.9375 3 0.0617547

4 -10.2567 4 0.0786049

5 7.89397 5 0.0703349

6 -5.12392 6 0.0741904

7 2.86874 7 0.0725233

8 -1.40987 8 0.0731872

9 0.61636 9 0.0729439

10 -0.24186 10 0.0730259

W e �nd:

�M K 1

�= ~m [� 0 + D 11(1)]= � 0:199471~m + 0:0730259~m = � 0:126445~m

as the approxim ation to the kink Casim ir energy m easured with respect to the Casim ir energy ofthe

� �B 1
(x)background �eld con�guration.

Thechoice of� = 1 isoptim um in the sense thatforsm allervaluesof� a tendency ofthe quantum

correction towards� 1 isobserved whereasfor� greaterthan 1 the tendency istoward + 1 .In Figure

4 , � = 1 is identi�ed as the inexion point of a fam ily that interpolates between two background

con�gurationswith bad features:too abruptif� = 1 and too sm ooth if� = 0.

W e end this Section by com paring ourrenorm alization criterion with the prescription used in [22].

Loheand O ’Brien chooseam assrenorm alization param eterM 0in such away thatthem asscounter-term

exactly cancelsthedi�erencein vacuum Casim irenergiesbetween di�erentpointsin thevacuum m oduli

space.
~m

2
p
2

h

��V0(�
1

2
)� ��V� (�

1

2
)+ 3mp

2
L�m02

i

= 0 (21)
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Thecontribution ofthetadpolegraph m ustbeconsidered form esonswith asuitablem assto satisfy (21):

�m
02 =

1
p
2m L

��V(
1

2
) ; �V = � d2

dx2
+ �M 02

and we �nd �M 02 = 2:33,M 0= �M 0mp
2
,a very close value to M .Atthe L ! 1 lim it

��B0(
1

2
)� ��V(

1

2
)= 1

4�
log

2;33

2;50

Ifwehad used M 0asthe m assrenorm alization param eter,the resultwould di�erby

� K 1
M

0
� � K 1

M =
~m

4
p
2

c1(�K 1)

(4�)
3

2

log
2:33

2:50

which isa very sm allquantity indeed.

5 O utlook

The naturalcontinuation ofthis work,and the m ain m otivation to develop the asym ptotic m ethod,

is the com putation ofquantum kink m asses in theories with N-com ponent scalar �elds. Nevertheless,

explorationsin the supersym m etricworld along these linesare also interesting.

Allthem odelsthatwehavedescribed adm itasupersym m etricextension becausethepotentialenergy

density alwayscan bewritten asU ( )= 1

2

dW
d 

dW
d 
.In non-dim ensionalvariablesthesuperpotential �W (�)

foreach m odelis:

�W (�)= � 4cos
�

2
; �W (�)= � (� �

�3

3
)

�W (�)= � 4
1
p
2
(
1

4
sinh2� �

3

2
�) ; �W (�)= �

�2

2
(
�2

2
� 1):

Thesupersym m etricextension includesalso a M ajorana spinor�eld:

�(x�)=

�
�1(x

�)

�2(x
�)

�

; �
�
� = �� ; � = 1;2:

Choosing theM ajorana representation 0 = �2;1 = i�1;5 = �3 oftheCli�ord algebra f�;�g = 2g��

and de�ning theM ajorana adjoint �� = �t0,theaction ofthe supersym m etricm odelis:

S =
1

2c2
d

Z

dx
2

�

@��@
�
� + i���@�� �

d �W

d�

d �W

d�
� ��

d2 �W

d�2
�

�

:
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The N = 1 supersym m etry transform ation is generated on the space ofclassicalcon�gurations by the

Ham iltonian spinorfunction

Q =

Z

dx

�


�

0
�@�� + i

0
�
d �W

d�

�

:

Thecom ponentsoftheM ajorana spinorialcharge Q close the supersym m etry algebra

fQ �;Q �g = 2(�0)��P� � 21��T: (22)

Their(anti)-Poisson bracketisgiven in (22)in term softhe m om entum P� and the topologicalcentral

charge T = j
R
d �W j.

The chiralprojections Q � =
1� 5

2
Q and �� =

1� 5

2
� provide a very specialcom bination ofthe

supersym m etriccharges:

Q + + Q � =

Z

dx

�

(�+ � �� )
d�

dx
� (�� + �+ )

d �W

d�

�

:

Q + + Q � iszerofortheclassicalcon�gurationsthatsatisfy
d�

dx
= � d �W

d�
and �� = 0which arethusclassical

BPS states. O ne im m ediately noticesthatourkinksare such BPS statesand besidesthe sm allbosonic

uctuationsone m usttake into accountthe sm allferm ionic uctuationsaround the kink forcom puting

thequantum correction to thekink m assin theextended system .Theferm ionicuctuationsaround the

kink con�guration lead to othersolutionsofthe �eld equationsifthe Dirac equation

�

i
�
@� +

d2 �W

d�2
(�K )

�

�F �(x;t)= 0

issatis�ed.W e m ultiply thisequation fortheadjointofthe Dirac operator

�

� i
�
@� +

d2 �W

d�2
(�K )

� �

i
�
@� +

d2 �W

d�2
(�K )

�

�F �(x;t)= 0

and,due to the tim e-independence ofthe kink background,look for solutions ofthe form : �F (x;t) =

fF (x;!)e
i!t.Thisistantam ountto solving thespectralproblem

�

�
d2

dx2
+
d2 �W

d�2
(�K )

d2 �W

d�2
(�K )� i

1d
�W

d�
(�K )

d3 �W

d�3
(�K )

�

fF (x;!)= !
2
fF (x;!):

Projecting onto theeigen-spinorsofi1,

f
(1)

F
(x;!)=

1+ i1

2
fF (x;!)=

1

2

�
f
+

F
(x;!)� f

�

F
(x;!)

� f
+

F
(x;!)+ f

�

F
(x;!)

�

we end with the spectralproblem :

�

�
d2

dx2
+
d2 �W

d�2
(�K )

d2 �W

d�2
(�K )�

d �W

d�
(�K )

d3 �W

d�3
(�K )

�

f
(1)

F
(x;!)= Kf

(1)

F
(x;!)= !

2
f
(1)

F
(x;!)

forthesam e Schr�odingeroperatorasthatgoverning the bosonicuctuations.

Therefore,generalized zeta function m ethodscan also beused in supersym m etricm odelsforcom put-

ing the quantum corrections to the m assofBPS kinks. G reatcare however,is needed in choosing the

boundary conditionson the ferm ionic uctuationswithoutspoiling supersym m etry.W e look forward to

extend thisresearch in thisdirection.
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A ppendix

In this Appendix we describe the iterative procedure that gives the coe�cients a n(x;x) used in the

text.Foralternative descriptions,see [23],[24].Foran interesting interpretation ofthese coe�cientsas

invariantsoftheK orteweg-de Vriesequation,see [26].

Starting from form ula (8)in thetext,we writethe recurrencerelation

(n + 1)an+ 1(x;y)+ (x � y)
@an+ 1(x;y)

@x
� �V (x)an(x;y)=

@2an(x;y)

@x2
: (23)

In orderto take the lim ity ! x properly,we introducethe notation

(k)
A n(x)= lim

y! x

@kan(x;y)

@xk

and,afterdi�erentiating (23)k tim es,we �nd

(k)
A n(x)=

1

n + k

�
(k+ 2)

A n� 1(x)+

kX

j= 0

�
k

j

�
@j�V (x)

@xj
(k� j)

A n� 1(x)

�

:

from this equation and (k)A 0(x) = lim y! x
@ka0
@xk

= �k0,allthe (k)A n(x) can be generated recursively.

Returning to (23),we �nally obtain a well-de�ned recurrencerelation

an+ 1(x;x)=
1

n + 1

h
(2)
A n(x)+ �V (x)an(x;x)

i

suitable forourpurposes.

W e give the explicit expressionsofthe �rsteight an(x;x) coe�cients. The abbreviated notation is

uk =
dk �V

dxk
(x),un

k
=

�
dk �V

dxk
(x)

�n
:

a1(x;x) = u0

a2(x;x) =
1

2
u
2
0 +

1

6
u2

a3(x;x) =
1

6
u
3
0 +

1

6
u2u0 +

1

12
u
2
1 +

1

60
u4

a4(x;x) =
1

24
u
4
0 +

1

12
u2u

2
0 +

1

12
u
2
1u0 +

1

60
u4u0 +

1

40
u
2
2 +

1

30
u1u3 +

1

840
u6

a5(x;x) =
1

120
u
5
0 +

1

36
u2u

3
0 +

1

24
u
2
1u

2
0 +

1

120
u4u

2
0 +

1

40
u
2
2u0 +

1

30
u1u3u0 +

1

840
u6u0 +

11

360
u
2
1u2
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+
23

5040
u
2
3 +

19

2520
u2u4 +

1

280
u1u5 +

1

15120
u8

a6(x;x) =
1

720
u
6
0 +

1

144
u2u

4
0 +

1

72
u
2
1u

3
0 +

1

360
u4u

3
0 +

1

80
u
2
2u

2
0 +

1

60
u1u3u

2
0 +

11

360
u
2
1u2u0 +

1

280
u1u5u0

+
1

288
u
4
1 +

1

15120
u8u0 +

61

15120
u
3
2 +

43

2520
u1u2u3 +

23

5040
u0u

2
3 +

5

1008
u
2
1u4 +

19

2520
u0u2u4

+
23

30240
u
2
4 +

19

15120
u3u5 +

1

1680
u
2
0u6 +

11

15120
u2u6 +

1

3780
u1u7 +

1

332640
u10

a7(x;x) =
1

5040
u
7
0 +

1

720
u2u

5
0 +

1

288
u
2
1u

4
0 +

1

240
u
2
2u

3
0 +

1

180
u1u3u

3
0 +

11

720
u
2
1u2u

2
0 +

1

560
u1u5u

2
0

+
1

288
u
4
1u0 +

61

15120
u
3
2u0 +

43

2520
u1u2u3u0 +

5

1008
u
2
1u4u0 +

1

332640
u10u0 +

23

10080
u
2
3u

2
0

+
19

5040
u2u4u

2
0 +

1

5040
u6u

3
0 +

83

10080
u
2
1u

2
2 +

1

252
u
3
1u3 +

31

10080
u2u

2
3 +

1

280
u1u3u4 +

1

1440
u
4
0u4

+
5

2016
u
2
2u4 +

23

30240
u0u

2
4 +

1

420
u1u2u5 +

19

15120
u0u3u5 +

71

665280
u
2
5 +

1

2016
u
2
1u6

+
11

15120
u0u2u6 +

61

332640
u4u6 +

1

3780
u0u1u7 +

19

166320
u3u7 +

1

30240
u
2
0u8 +

17

332640
u2u8

+
1

66528
u1u9 +

1

8648640
u12

a8(x;x) =
1

40320
u
8
0 +

1

960
u
2
2u

4
0 +

1

720
u1u3u

4
0 +

1

576
u
4
1u

2
0 +

1

252
u
3
1u3u0 +

1

280
u1u3u4u0 +

1

420
u1u2u5u0

+
31

10080
u2u

2
3u0 +

5

2016
u
2
2u4u0 +

1

2016
u
2
1u6u0 +

1

8648640
u12u0 +

23

60480
u
2
4u

2
0 +

19

30240
u3u5u

2
0

+
11

30240
u2u6u

2
0 +

1

7560
u1u7u

2
0 +

11

2160
u
2
1u2u

3
0 +

1

90720
u8u

3
0 +

1

7200
u4u

5
0 +

1

1440
u
5
0u

2
1

+
1

4320
u
6
0u2 +

17

8640
u
4
1u2 +

83

10080
u0u

2
1u

2
2 +

61

30240
u
2
0u

3
2 +

1261

1814400
u
4
2 +

43

5040
u
2
0u1u2u3

+
227

37800
u1u

2
2u3 +

23

30240
u
3
0u

2
3 +

659

302400
u
2
1u

2
3 +

5

2016
u
2
0u

2
1u4 +

19

15120
u
3
0u2u4 +

527

151200
u
2
1u2u4

+
7939

9979200
u
2
3u4 +

6353

9979200
u2u

2
4 +

1

1680
u
3
0u1u5 +

17

30240
u
3
1u5 +

13

12320
u2u3u5 +

3067

4989300
u1u4u5

+
71

665280
u0u

2
5 +

1

20160
u
4
0u6 +

3001

9979200
u
2
2u6 +

13

29700
u1u3u6 +

61

332640
u0u4u6

+
3433

259459200
u
2
6 +

109

498960
u1u2u7 +

19

166320
u0u3u7 +

1501

64864800
u5u7 +

71

1995840
u
2
1u8

+
17

332640
u0u2u8 +

2003

129729600
u4u8 +

1

66528
u0u1u9 +

5

648648
u3u9 +

1

665280
u
2
0u10

+
73

25945920
u2u10 +

1

1441440
u1u11 +

1

259459200
u14
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