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A bstract

Linksbetween supersym m etric classicaland quantum m echanicsare explored. Diagram m atic

representations for ~-expansions ofnorm s ofground states are provided. The W K B spectra of

supersym m etricnon harm onicoscillatorsarefound.

1 Introduction

In thisessay,written to com m em oratethesixtieth birthday ofJ.Cari~nena,wediscussseveralelem en-

tary issuesin one-dim ensionalsupersym m etricquantum m echanics.The r̂ole ofthe Riccatiequation

in this fram ework has been thoroughly analyzed by Cari~nena and collaborators at the highest level

ofm athem aticalrigor by approaching topics such as the factorization m ethod or shape invariance

from a group-theoreticalpoint ofview,see [1],[2]and [3]. O ur purpose here is to approach these

m atters from a rather physicalpoint ofview. To construct a supersym m etric quantum m echanical

system starting from a physicalpotentialenergy we shallbeled to dealwith the Ham ilton-Jacobior

the Poisson equations,although in both casesthere isan associated Riccatiequation.W e shallfocus

on studying therelationship between supersym m etricclassicaland quantum m echanicalsystem s,fol-

lowing thestandard References[4]and [5]and them orerecentLecturesofA.W ipf[6].In particular,

m odelswheresupersym m etry isunbroken and instantonsexistwillbeanalyzed atlength.Them ain

m otivation to discussthese1D SUSY Q M m odelsisto takepro�toftheknowledgeacquired to study

highly non-trivial2D system sasthose proposed in [19].Anotherissue to be treated with care isthe

sem iclassicalbehaviorofsupersym m etricquantum system s,thisdonewith thehelp oftheenlightening

paperofA.Com tetetal.[11].
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2 R ôle ofthe H am ilton-Jacobi,R iccatiand Poisson

equations in SU SY quantum m echanics

Letusstartwith a naturalLagrangian ofonedegree offreedom and the action functional:

S =

Z

dt

�
m

2

dx

dt

dx

dt
� V (x;�;k)

�

; [�]= M L� 2T� 2
; [k]= M T� 2

: (1)

W e shallconsiderpotentialenergiesV (x;�;k)thatdepend on two param eters� and k ofdim ensions

given in (1)and weshallintroducethenon-dim ensionalvariables:x !

q
k

�
� x,t!

p
m

k
� t,V (x;�;k)=

k
2

�
V (x),such that the action and the Ham iltonian read (non-dim ensionalvariables willbe used in

whatfollows):

S =
k

3

2m
1

2

�
�

Z

dt

�
1

2

dx

dt

dx

dt
� V (x)

�

; H (p;x)=
k2

�

�
1

2
p
2 + V (x)

�

; p =
@L

@_x
=
dx

dt
:

2.1 O ne-dim ensionalN = 2 SU SY classicalm echanics

A N = 2 supersym m etric extension of a classicalm echanicalsystem of one degree of freedom is

constructed asfollows:

1. W e add two \ferm ionic" degrees offreedom to the \bosonic" degree offreedom with the real

coordinate x.Theferm ionic coordinatesform a G rassm an M ajorana spinor:

� =

 
�1

�2

!

; ���� + ���� = 0 ; 8�;� = 1;2 :

2. A superPoisson structure is de�ned in the phase superspace with coordinates p;x;�1;�2 . G iven

two superfunctionsF and G on thesuperspace,thePoisson superbracket

fF;G gP =
@F

@p

@G

@x
�
@F

@x

@G

@p
+ i

2X

�= 1

F

 

@

@��

!

@

@��
G

isread from thebasicbrackets:8�;� = 1;2;,fp;xgP = 1,fx;xgP = 0,fp;pgP = 0,f��;��gP = i���.

Note that in the \soul" ofthe system -the subspace ofthe superspace spanned by the G rassm an

variables-the con�guration space and the phase space coincide. The reason is that the Lagrangian

ruling the dynam ics ofthe ferm ionic variables is of�rst order in tim e derivatives. Thus,the tim e

derivativesofG rassm an variableswillnotappearin theHam iltonian.

3.TheclassicalSUSY charges:Q 1 = p�1�
dW

dx
�2,Q 2 = p�2+

dW

dx
�1,closetheclassicalsupersym m etric

algebra:

fQ 1;Q 1gP = fQ 2;Q 2gP = 2iH S ; fQ �;H SgP = 0 ; fQ 1;Q 2gP = 0 :

4.TheclassicalHam iltonian H S

H S =
1

2
p
2 +

1

2

dW

dx

dW

dx
� i

d2W

dx2
�2�1 (2)

isinvariantbyconstruction with respecttothesuper-transform ationsgenerated byQ 1 and Q 2.Besides

thekineticenergy ofthebosonicvariables,therearetwo interaction energy term sin theHam iltonian
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(2)proportionalto the (square of)the derivative and the second derivative ofthe arbitrary function

W (x),usually referred to asthe superpotential.

Therefore,a given classicalHam iltonian: H = 1

2
p2 + V (x),adm its an extension to a N = 2

supersym m etricpartnerH S ifand only ifthesuperpotentialsatis�es

1

2

dW

dx
�
dW

dx
= V (x) (3)

Note that d
2
W

dx2
entersin H S asthe expectation value in G rassm an statesand disappearsin a purely

bosonic setting.

Let us now consider the Ham iltonian for the \
ipped" potentialV (x) = � U (x) and the associated

Ham ilton-Jacobiequation:

H F =
1

2
p
2 + U (x) ;

@S

@t
+ H F (

@S

@x
;x)= 0 :

The tim e-independence ofthe Ham iltonian suggests solutions ofthe form S(x;t) = � E t+ W (x),

leading to thereduced HJ equation:

1

2

dW

dx
�
dW

dx
+ U (x)= E : (4)

Therefore, the superpotentialis no m ore than the Ham ilton characteristic function for E = 0 of

the m echanicalsystem with 
ipped potential. In sum ,to �nd the superpotential,allowing for the

supersym m etricextension ofa classicalm echanicalsystem ,onem ustsolvea related Ham ilton-Jacobi

equation,see Reference [7].

In general,forany E ,the Ham ilton characteristic function is:

W (x;E )= �

Z

dx
p
2(E � U (x)) : (5)

Theenergy E trajectoriessatisfy theO DE

dx

dt
= �

dW

dx
= �

p
2(E � U (x)) ) �

Z
dx

p
2(E � U (x))

= t+ t0 (6)

2.2 O ne-dim ensionalN = 2 SU SY quantum m echanics

Canonicalquantization oftheabovesystem to obtain theanalogousN = 2 quantum supersym m etric

system proceedsasfollows,see,e.g.,References[8],[9],[14]and [15]:

1. Replace Poisson brackets by com m utators forthe bosonic variablesand anticom m utators forthe

ferm ionic variables:

[̂x;p̂]= x̂p̂� p̂x̂ = i�~ ; f�̂�;�̂�g= �̂� �̂� + �̂��̂� = � �~��� ;

wherethe non-dim ensionalPlanck constant�~ = �~

m
1

2 k
3

2

hasbeen introduced.

2. W e choose the coordinate representation for the bosonic variables but the classicalG rassm an

variablesbecom e Ferm ioperatorsin the quantum dom ain: p̂ =
�~

i

d

dx
,x̂ = x,�̂1 =

p
�~ 1,�̂2 =

p
�~ 2,

f 1; 2g = 0.
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TheFerm ioperatorsarerepresented on theEuclidean spinorsin R2 by theanti-Herm itian 2� 2 Pauli

m atrices:

 1 =
i
p
2
�1 ;  2 = �

i
p
2
�2 ; �̂

2
1 = �̂

2
2 = �

�~

2

 
1 0

0 1

!

; f�̂1;�̂2g= 0 ; [̂�1;�̂2]= i�~�3 :

3.Thequantum supercharges,Q̂ 1 = � �̂1�~
d

dx
� î�2

dW

dx
,Q̂ 2 = �̂2

�~ d

dx
+ î�1

dW

dx
,are

Q̂ 1 = � i

r
�~

2

 
0 �~ d

dx
� dW

dx

�~ d

dx
+ dW

dx
0

!

; Q̂ 2 =

r
�~

2

 
0 � �~ d

dx
+ dW

dx

�~ d

dx
+ dW

dx
0

!

and satisfy thequantum algebra:fQ̂ 1;Q̂ 1g= fQ̂ 2;Q̂ 2g= 2�~Ĥ S,fQ̂ 1;Q̂ 2g = 0,[̂Q 1;Ĥ S]= [Q̂ 2;Ĥ S]=

0,with the quantum SUSY Ham iltonian:

Ĥ S =

 
ĥ(0) 0

0 ĥ(1)

!

=
1

2

0

B
B
@

� �~2 d
2

dx2
+ dW

dx
�dW
dx

� �~d
2
W

dx2
0

0 � �~2 d
2

dx2
+ dW

dx
�dW
dx

+ �~d
2
W

dx2

1

C
C
A :

Itisalso interesting to work with non-herm itian supercharges Q̂ � = 1

2
(Q̂ 1 � iQ̂ 2),

Q̂ + = � i

r
�~

2

 
0 �~ d

dx
� dW

dx

0 0

!

; Q̂ � = � i

r
�~

2

 
0 0

�~ d

dx
+ dW

dx
0

!

;

and reshu�ethequantum superalgebra in the form :f Q̂ + ;Q̂ � g= 2�~Ĥ S,[̂Q + ;Ĥ S]= [̂Q � ;Ĥ S]= 0.

4.Thequantum Ham iltonian isa block-diagonal2� 2 m atrix di�erentialoperator ĥ(f= 0) and ĥ(f= 1)

are ordinary Schr�odinger operators acting respectively on the subspaces ofthe Hilbert superspace

labeled by the eigenvaluesofthe Ferm inum beroperator:

f̂ = �̂� ��̂+ =
�~

2
�

 
0 0

0 1

!

; �̂� =
i

2
(̂�1 � î�2)

5. W ave functions in the subspaces with zero and one Ferm inum ber annihilated respectively by

Q̂ + and Q̂ � : Q̂ + 	
(0)

0
(x)= 0,Q̂ � 	

(1)

0
(x)= 0,are eigenfunctions ofthe Ham iltonian ofzero energy.

Therefore,

	
(0)

0
(x)= C

�
exp[�~

� 1
W (x)]

0

�

; 	
(1)

0
(x)= C

�
0

exp[� �~� 1
W (x)]

�

aretheground statesofthesupersym m etricquantum system iftheyarenorm alizable:
R

R
dxe2W (x)�~� 1

<

+ 1 or
R

R
dxe� 2W (x)�~� 1

< + 1 .Note thateither	
(0)

0
or	

(1)

0
can benorm alizable.

2.3 T he tw o-fold w ay to supersym m etric quantum m echanics

G iven a physicalsystem ,theissueofbuilding theassociated supersym m etricquantum m echanicscan

beaddressed in two di�erentways.
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� Quantization ofa classicalsupersym m etric system .In the�rstm ethod,itisassum ed thattheclas-

sicalsupersym m etricextension hasbeen perform ed.Theidenti�cation oftheclassicalsuperpotential

requiresthatwe m ustsolve the O DE

1

2

dW

dx

dW

dx
= V (x) ;

thetim e-independentHam ilton-Jacobiequation (4)forzero energy and 
ipped potentialenergy.This

ideahasbeen applied tointegrablebutnotseparablesystem swith twodegreesoffreedom in Reference

[19].Canonicalquantization,asin the previousSection,providesallthe interactionsin thequantum

system

V̂
(0)(x)=

1

2

dW

dx

dW

dx
+
�~

2

d2W

dx2
; V̂

(1)(x)=
1

2

dW

dx

dW

dx
�
�~

2

d2W

dx2

in term softhe Ham ilton characteristic function.

� Supersym m etrization of a quantum system . The identi�cation ofthe \quantum " superpotential

would requireone to solve one ofthe two Riccatidi�erentialequations

1

2

dŴ

dx

dŴ

dx
�
�~

2

d2Ŵ

dx2
= V (x) ; (7)

the sign m arking the subspace where the the potentialenergy V is expected to act. There is no

dependence on the Planck constant in the potentialenergy ofany physically signi�cant m echanical

system .Therefore,wechangethestrategyand lookforsuperpotentialsthatsolvethePoisson equation:

�
d2Ŵ P

dx2
(x)= V (x) ; (8)

with thesam ecriterion forthesigns.Physically,thism eansthattheYukawa interactionsprovidethe

potentialenergy at stake. M athem atically,the solution ofthe Poisson equation (8) Ŵ P provides a

solution to a pairofrelated Riccatiequations(9):

1

2

dŴ P

dx

dŴ P

dx
+
�~

2

d2Ŵ P

dx2
= V̂

(0)(x) ;
1

2

dŴ P

dx

dŴ P

dx
�
�~

2

d2Ŵ P

dx2
= V̂

(1)(x) ; (9)

forotherrelated potentialenergies: V̂ (0)(x),V̂ (1)(x).O nceagain,thedatum isV (x)in (8)from which

V̂ (0)(x),V̂ (1)(x)arederived.

3 Exam ples: A nharm onic oscillators ofsixth-order

To puttheseideasto work,wechooseasexam plesone-dim ensionaloscillatorswith term sproportional

to x4 and x6 in thepotentialenergy.Papers,reviewsand even booksdealing with thex4 caseabound.

W eshalldiscussthex6 casebecauseitprovidesa splendid arena to disentangletwo e�ects,instantons

and spontaneoussupersym m etry breaking,which in thex4 casecom etogether.Thepotentialenergies

are:

V (x;�;k)=
�2

2k
x
2

�

x
2 �

k

�

� 2

; V (x)=
1

2
x
2(x2 � 1)2 ; (10)

describing respectively a single (+ sign) or triple (-sign) well. W e shallonly describe the �rstline

ofattack here from the solution to the HJ equation (where the potentialenergy is notfound in the

Yukawa interactions)and leave the Poisson routeforanotherpublication.
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3.1 Q uantization ofclassicalsupersym m etric sixth-order w ells

3.1.1 Single w ell

1. Supersym m etric classicalm echanics. The solution to the HJ equation for E = 0 and U (x) =

� 1

2
x2(x2 + 1)2 is:

W (x)= �

Z

dxx(x2 + 1)= �

�
x4

4
+
x2

2

�

:

Thesupersym m etricclassicalHam iltonian and the superchargesread:

H S =
1

2
p
2 +

1

2
x
2(x2 + 1)2 � i((3x2 + 1)�2�1 ; Q � = p�� � x(x2 + 1)"���� :

In the\soul" oftherelated supersym m etricsystem with 
ipped potential,theHam ilton characteristic

function and the trajectoriesare given analytically by hyperelliptic integrals:

W (x;E )=

Z

dx
p
x6 + 2x4 + x2 + 2E ;

Z
dx

p
x6 + 2x4 + x2 + 2E

= t+ t0 :

For E = 0,there isonly one constanttrajectory,where the particle sitson the top ofthe potential:

�x(t)= 0,which isalso theuniqueBPS trajectory ofthe supersym m etricclassicalsystem .

2.Supersym m etric quantum m echanics.Thequantum superchargesare:

Q̂ 1 = � i

r
�~

2

 
0 �~

d

dx
� x(x

2
+ 1)

�~
d

dx
� x(x

2
+ 1) 0

!

; Q̂ 2 =

r
�~

2

 
0 � �~ d

dx
� x(x

2
+ 1)

�~
d

dx
� x(x

2
+ 1) 0

!

; (11)

and the potentialenergiesarising in H S read:

V̂
(0)(x)=

1

2
(x2(x2 + 1)2 � �~(3x2 + 1)) ; V̂

(1)(x)=
1

2
(x2(x2 + 1)2 � �~(3x2 + 1)) : (12)

Thus,thezero energy ground statesare:

	
(0)

0
(x)= C

0

@ expf�
(
x
4

4
+

x
2

2
)

�~
g

0

1

A ; 	
(1)

0
(x)= C

0

@
0

expf
� (

x
4

4
+

x
2

2
)

�~
g

1

A :

The supersym m etric quantum system has always one ground (BPS) state and supersym m etry is

unbroken: ifwe choose W = x
4

4
+ x

2

2
as the superpotential,the ground state belongs to the Ferm i

subspace-	
(0)

0
isnotnorm alizable-,thechoiceofW = x

2

2
+ x

4

4
forcesa Bosonicground statewhereas

	
(1)

0
becom esnon-norm alizable.

O necan guesstheenergy and thetypeofeigen-function ofthenextenergeticstatesby looking at

the \e�ective" potentials:

V+ (x)=
1

2
(x2(x2 + 1)2 � �~(3x2 + 1)) ; V� (x)=

1

2
(x2(x2 + 1)2 + �~(3x2 + 1)) ;

either V̂ (0) or V̂ (1) depending on the choice ofW . The criticalpoints ofV� (x) are: x0 = 0,x�
1
=

�

q

�
2�

p
1� 9�~

3
,x�

2
= �

q
� 2+

p
1� 9�~

3
,

d2V�

dx2
(x0)= 1� 3�~ ;

d2V�

dx2
(x�

1
)= 4(1� 3�~+

p
1� 9�~) ;

d2V�

dx2
(x�

2
)= 4(1� 3�~�

p
1� 9�~) :
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x

V+@xD

x

V+@xD

x

V+@xD

x

V+@xD

Figure 1:Potentialenergy V̂+ and BPS ground state	 G

0
(x)(red)for:

(a)�~ = 0:001,(b)�~ = 0:1,(c)�~ = 2,(d)�~ = 4.

x0 isa m inim um ofV+ if�~ < 1

3
and becom esa m axim um otherwise. x�

1
are alwaysim aginary roots

butx�
2
are realand becom e m inim a ofV+ for�~ > 1

3
.

There is a unique m inim um for V� ,x0,and the wave function ofthe �rstlevelover the ground

state iswellapproxim ated by a G aussian around it:

	
E
�

1

� (x)’

�
!�
�~�

� 1

4

 
0

expf�
!�

2�~
x2g

!

; !� =
p
1+ 3�~ ; E

E
�

1

� ’
�~

2
(1+ !� ) :(13)

Thesupersym m etricpartnerstate in thesubspaceof	 G

0 isobtained by acting on 	
E
�

1

� with Q̂ + :

	
E
+

1

+ (x)= Q̂ + 	
F

� (x)=

�
!�

�~

4�

� 1

4

 
(x3 + (1+ !� )x)exp[�

!�

�~
x2]

0

!

; E
+

1
= E

�
1

: (14)

x

V+@xD

x

V+@xD

x

V+@xD

x

V-@xD

x

V-@xD

x

V-@xD

Figure 2: Potentialenergies V̂� .Degeneratein energy 	
E

�
1

� (x)(green)

and 	
E

+

1

+
(x)(blue)wavefunctions:(a)�~ = 0:01,(b)�~ = 0:1,(c)�~ = 1.

3. Zero-energy ground state. The dependence of	 G

0 (x)= exp[�
(
x
4

4
+

x
2

2
)

�~
]on �~ isratherinvolved and

can bedescribed analytically through theasym ptoticbehaviorwhen �~ ! �~c and �~c = 0istheclassical

value:

exp[�
1

2�~
(
x4

2
+ x

2)]’ lim
�~c! 0

exp[�
1

�~c
(
x4

2
+ x

2)]

(

1+
1

�~2
c

�

 
2�~

(x
4

2
+ x2)

� �~c

!

+
1� 2�~c

2�~4
c

�

 
2�~

(x
4

2
+ x2)

� �~c

! 2

+
1+ 6�~c(�~c� 1)

6�~6
c

�

 
2�~

(x
4

2
+ x2)

� �~c

! 3

+ � � �

9
=

;
:

Itisalso interesting to analyze how the norm ofthe BPS ground state 	 G

0 (x)dependson
�~:

N (�~)=

Z

dxexp

�

�
x4

2�~
�
x2

�~

�

=
p
�~

Z

dzexp

�

�
�~z4

2
� z

2

�

; x =
p
�~z : (15)
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Thisnon-gaussian integralisno m ore than the partition function Z (�~)= N (�~)ofa Q FT system in

(0+ 0)-spacetim e dim ensionsand Lagrangian [10]:

L = �
1

2
’
2 �

�

4!
’
4

; z =
’
p
2

; � = 3�~ : (16)

Thepartition function can beexpressed asa seriesin �~,

Z (�~)=

1X

m = 0

Z 1

� 1

dz
(� 3�~)m

(4!)m m !
z
4m

e
� z2

;

Z 1

� 1

dzz
4m

e
� z2 =

(4m )!

(2m )!22m
�
p
� ; (17)

by perform ing in�niteG aussian integrals:

Z (�~)
p
�~�

=

1X

m = 0

(� 3�~)m

(4!)m m !
�

(4m )!

(2m )!22m
= 1�

1

8
(3�~)+

5� 7

3� 27
(3�~)2 �

5� 7� 11

3� 210
(3�~)3 + � � � : (18)

The expansion (18) ofthe partition function shows an essentialsingularity at �~ = 0 -the classical

lim it-and itisan asym ptotic series. The bestapproxim ation to the integralisreached by keeping a

num berofterm sm 0 such thatthequotientbetween two consecutive term sisofthe orderofone:

�
�
�
�
am 0+ 1

am 0

�
�
�
�=

(4m 0 + 3)(4m 0 + 1)

4!(m 0 + 1)
j3�~j� �~2m 0 � 1 ) m 0 �

1

2�~
;

and the errorassum ed by neglecting higher-orderterm sisbounded by exp[� 1

2�~
].

Itistem pting to explain thepictorialdescription oftheseriesusing Feynm an diagram technology.

W riting thepartition function in theform ,

Z [�]
p
�=3

=
X Z

z }| {

(� �)’4

4!
� � � � �

(� �)’4

4!

m !
e(�

1

2
’
2)d’ ; (19)

one discovers the following Feynm an rule: there is a single tetravalent vertex with a factor (� �).

The lower-orderterm sin the series(18)correspond to the weightsofthe vacuum diagram s-the � �

factorofthevertex divided by thecom binatorialfactor,thenum berofequivalentgraphsofthesam e

topologicaltype-up to second orderin perturbation theory shown in thenextTable.

Vacuum graph W eight Vacuum graph W eight

! 1

! �
�

23
!

�2

24

!
�2

27
!

�2

3� 24
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3.1.2 Triple w ell

1. Supersym m etric classicalm echanics. The solution to the HJ equation for E = 0 and U (x) =

� 1

2
x2(x2 � 1)2 is:

W (x)= �

Z

dxx(x2 � 1)= �

�
x4

4
�
x2

2

�

:

The superpotentialisthusthe \som brero" potential. The supersym m etricclassicalHam iltonian and

the superchargesread:

H S =
1

2
p
2 +

1

2
x
2(x2 � 1)2 � i((3x2 � 1)�2�1 ; Q � = p�� � x(x2 � 1)"���� :

Although feasible,we shallnotattem ptto search fortrajectorieswith non-nullG rassm an degreesof

freedom .

Itisinteresting,instead,to look atsolutionsin the\body" ofthe related supersym m etricsystem

with 
ipped potentialbecause oftheir r̂ole in the quantum H S system . The Ham ilton characteristic

function and the trajectoriesare given analytically by hyperelliptic integrals:

W (x;E )=

Z

dx
p
x6 � 2x4 + x2 + 2E ;

Z
dx

p
x6 � 2x4 + x2 + 2E

= t+ t0 :

ForE = 0,the integrationsare easily perform ed and two kindsoftrajectoriesarefound:

� Constanttrajectories,wherethe particle sitson the top ofthe potential: �x(t)= 0,�x(t)= � 1.

� Trajectorieswheretheparticlestartsfrom a m axim um ofthepotentialatt= � 1 and slowly m oves

to reach x = � 1 (in�niteaction)oranotherm axim um (�nite action)att= 1 .

x
2
> 1 : �x2(t)=

1

1� e� 2(t+ t0)
; x

2
< 1; instanton : �x(t)= �

1
p
1+ e� 2(t+ t0)

:

The constant trajectories are specialdue to the factthatthey are also zero energy (BPS)classical

t

x@tD

t

x@tD

x
U@xD

x

W+@xD

x

W-@xD

Figure3: (a)Potentialenergy U (x).(b)Ham ilton characteristicfunction (superpotential)W � (x).

(c)Zero-energy,�nite action,trajectories(instantons).

solutionsto H S because the classicalsuperchargesQ � = (p� ix(x2 � 1))�� are annihilated by them

forany value of�� .

2.Supersym m etric quantum m echanics.Thequantum superchargesare:

Q̂ 1 = � i

r
�~

2

 
0 �~

d

dx
� x(x

2 � 1)

�~
d

dx
� x(x

2 � 1) 0

!

; Q̂ 2 =

r
�~

2

 
0 � �~ d

dx
� x(x

2 � 1)

�~
d

dx
� x(x

2 � 1) 0

!

; (20)
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and the potentialenergiesarising in H S read:

V̂
(0)(x)=

1

2
(x2(x2 � 1)2 � �~(3x2 � 1)) ; V̂

(1)(x)=
1

2
(x2(x2 � 1)2 � �~(3x2 � 1)) : (21)

Thus,thezero-energy ground statesare:

	
(0)

0
(x)= C

0

@ expf�
(
x
4

4
�

x
2

2
)

�~
g

0

1

A ; 	
(1)

0
(x)= C

0

@
0

expf
� (

x
4

4
�

x
2

2
)

�~
g

1

A :

The supersym m etric quantum system always has one ground (BPS) state and supersym m etry is

unbroken:ifwechooseW = x
4

4
� x

2

2
assuperpotentialtheground statebelongsto theFerm isubspace

-	
(0)

0
is not norm alizable-,the choice ofW = x

2

2
� x

4

4
forces a bosonic ground state whereas 	

(1)

0

becom esnon norm alizable.

Nevertheless,despiteunbroken supersym m etry thissystem hasinstantons.To analyzethecoexis-

tence ofthese two phenom ena oneneedsto study how

V+ (x)=
1

2
(x2(x2 � 1)2 � �~(3x2 � 1)) ; V� (x)=

1

2
(x2(x2 � 1)2 + �~(3x2 � 1))

evolve in response to changesin �~. Note thateitherV+ orV� are either V̂ (0) or V̂ (1),depending on

the choice ofW .ThecriticalpointsofV� (x)are:x0 = 0,x�
1
= �

q
2�

p
1� 9�~

3
,x�

2
= �

q
2+

p
1� 9�~

3
,

d2V�

dx2
(x0)= 1� 3�~ ;

d2V�

dx2
(x�

1
)= 4(1� 3�~�

p
1� 9�~) ;

d2V�

dx2
(x�

2
)= 4(1� 3�~+

p
1� 9�~) :

x

V+@xD

x

V+@xD

x

V+@xD

x

V+@xD

x

V+@xD

x

V+@xD

Figure 4: Potentialenergy V+ and BPS wavefunction 	 G

0
(x)(red)plotted asfunctionsofx

forseveralvaluesof�~:(a)�~ = 0:001,(b)�~ = 0:1,(c)�~ = 2.

x
�
2
are always m inim a ofV+ (x),x0 isa m inim um ofV+ if�~ < 1

3
butbecom esa m axim um if�~ > 1

3
,

and x
�
1
are m axim a ofV+ for �~ < 1

3
,notanym ore criticalpointfor �~ > 1

3
,see Figure 2. Therefore,

because V+ (x0)=
�~

2
> V+ (x

�
2
)=

2+

p
1+ 9�~

3

�
1�

p
1+ 9�~

9
� 2�~

�

+
�~

2
,x0 isa false vacuum thatdecaysto

the true vacua x�
2
when �~ < 1

3
.The decay am plitude can be com puted from the classicalbounce for

the 
ipped potential,starting and ending at x0,which is very wellapproxim ated by an instanton-

anti-instanton con�guration forsm allvaluesof�~.Itisrem arkablehow wellthisbehaviorisdescribed

by the ground state wave function 	 G

0 (x);even m ore rem arkable,	 G

0 (x) also m atches the expected

behaviorfor�~ > 1

3
wherethereisno tunnele�ectatall,see again Figure2.
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x0,however, is the absolute m inim um of V� (x); if �~ < 1

9
, x�

2
are also m inim a ofV� (x), but

V� (x0) = �
�~

2
< V� (x

�
2
) =

2+

p
1� 9�~

3

�
1�

p
1� 9�~

9
+ 2�~

�

�
�~

2
. If�~ > 1

9
x0 is the single criticalpoint

(m inim um )ofV� (x).Therefore,theeigenfunction ofthelowesteigenvalueoftheSchrodingeroperator

with potentialenergy V� (x)isapproxim ately a G aussian centered atx0 = 0:

	
E
�

1

� (x)’

�
!�
�~�

� 1

4

� expf�
!�

2�~
x
2g ; !� =

p
1+ 3�~ ; E

�
1
’
�~

2
(!� � 1) : (22)

	
E
�

1

� (x),the �rsteigenfunction ofH s outside the kernel,livesin the subspace orthogonalto the sub-

spaceof	 G (x).For�~ < 1

9
,	

E
�

1

� growsfrom thedecay ofthefalsevacua x�
2
ruled by instantons/anti-

instantonsnow starting and ending atx�
2
.M athem atica drawingsofthesewave functionsareo�ered

in Figure 3.

x

V-@xD

x

V-@xD

x

V-@xD

x
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x

V-@xD

x
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Figure 5: Potentialenergy V� (x)and wavefunction 	
E

�
1

� (x)(green)plotted asfunctionsofx

forseveralvaluesof�~:(a)�~ = 0:001,(b)�~ = 0:1,(c)�~ = 1.

Acting on 	
E
�

1

� (x) with the supercharge operator Q̂ + , an approxim ate eigenfunction of H S is

obtained in the subspaceof	 G (x).Thesupersym m etricpartnerof	
E
�

1

� (x)isthus,

	
E
+

1

+ (x)= Q̂ + 	
E
�

1

� (x)=

�
!�

�~

4�

� 1

4

� (x3 � (1� !� )x)exp[�
!�

2�~
x
2] ; E

+

1
= E

�
1

; (23)

and E +

1
isthelowest-lying eigenvalue in thesubspaceofthezero m ode(ground state).Plotsofthese

\odd" wave functionsare shown in Figure 4 forseveralvaluesof�~.Thewave function hasa nodeat

the origin.

3. Zero-energy ground state. The dependence of	 G

0 (x)= exp[�
(
x
4

4
�

x
2

2
)

�~
]on �~ issom ewhatinvolved

and can be described analytically through the asym ptotic behavior when �~ ! �~c and �~c = 0 is the

classicalvalue:

exp[�
1

2�~
(
x4

2
� x

2)]’ lim
�~c! 0

exp[�
1

�~c
(
x4

2
� x

2)]

(

1+
1

�~2
c

�

 
2�~

(x
4

2
� x2)

� �~c

!

+
1� 2�~c

2�~4
c

�

 
2�~

(x
4

2
� x2)

� �~c

! 2

+
1+ 6�~c(�~c� 1)

6�~6
c

�

 
2�~

(x
4

2
� x2)

� �~c

! 3

+ � � �

9
=

;
:
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Figure 6: Potentialenergy V+ (x)and wave function 	
E
+

1

+ (x)(blue)asa function ofx

forseveralvaluesof�~:(a)�~ = 0:001,(b)�~ = 0:1,(c)�~ = 1.

Thenorm oftheBPS ground state	 G

0 (x)isagain a non-G aussian integral.Denoting z =
x� 1p
�~
,2z = ’

and 3

4
�~ = �,we obtain:

N (�~)=

Z

dxexp

�

�
x4

2�~
+
x2

�~

�

= e
�~

2

p
�~

Z

dzexp

�

�
�~z4

2
� 2

p
�~z3 � 2z2

�

: (24)

N (�~) = Z (�~) is the partition function for the Euclidean �(’)40-m odelwith spontaneous x ! � x

sym m etry breaking in (0+ 0)-space tim e dim ensionsand theLagrangian:

L = �
1

2
’
2 �

�

4!
’
4 �

p
3�

3!
’
3

: (25)

Perform ing in�niteG aussian integrals

Z [�]

e
2�

3

p
4�=3

=

1X

m = 0

1X

2k= 0

Z
(� �)m

(4!)m m !
�
(�
p
3�)2k

(3!)2k(2k)!
’
4m + 6k

e
�

1

2
’
2

d’

one obtainstheasym ptotic �~-expansion:

Z [�]

e
2�

3

p
2��=3

=

1X

m = 0

1X

k= 0

(� �)m

(4!)m m !
�
(�
p
3�)2k

(3!)2k(2k)!
�

(4m + 6k)!

(2m + 3k)!22m + 3k
(26)

= 1�
�

8
+

5� 7

27 � 3
�
2 �

5� 7� 11

210 � 3
�
3 + � � �

| {z }

�
3� 5� 7

26
�
2

| {z }

+ � � � +
5

23
� +

5� 7� 11

27
�
2 +

5� 7� 11� 13� 17

210 � 3
�
3 + � � �

| {z }

Again,theoptim um valueofthenum berofterm sofk typecan beestim ated.K eepinga�xed but�nite

value ofm = m 0 such thatm 0 < < k0,the quotientbetween two consecutive k = k0 and k = k0 + 1

term sm ustbeofthe orderofone:
�
�
�
�
am 0+ k0+ 1

am 0+ k0

�
�
�
� =

1

(2k0 + 2)(2k0 + 1)
�

�
(4m 0 + 6k0 + 6)(4m 0 + 6k0 + 5)� � � (4m0 + 6k0 + 1)

(2m 0 + 3k0 + 3)(2m 0 + 3k0 + 2)(2m 0 + 3k0 + 1)

�
j3�j

(3!)223

� 27�k0 � 1 ) k0 �
1

27�
;

and the errorassum ed by neglecting higher-orderterm sisbounded by exp[� 1

27�
].

W riting the partition function in theform

Z [�]

e
2�

3

p
4�=3

=

1X

m = 0

1X

k= 0

Z
z }| {
(� �)’4

(4!)
� � � � �

(� �)’4

4!

m !
�

z }| {
(�

p
3�)’3

3!
� � � � �

(�
p
3�)’3

3!

(2k)!
e
�

1

2
’
2

d’ (27)
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one seesthatthe Feynm an rulesencom passone tetra-valentvertex and one trivalentvertex thatare

proportionalrespectively to (� �)and � (
p
3�). Four-leg vertices com e from

(� �)’4

(4!)
in the integrand

of(27);three-leg verticesaredueto
(�

p
3�)’3

3!
term sin (27)and only contributein pairs.Com parison

with the �~-expansion (26)showsthatpicturesofthe k = 0 term s,collected in the �rsttwo blocksof

the �rst row,are provided by the diagram s shown in Table 1. Diagram s with one tetra-valent and

two three-valent vertices,k = m = 1,shown in Table 2,provide the second block in the �rst row:

�
3�2

26
�

3�2

3� 25
�

3�2

24
�

3�2

22
�

3�2

23
�

3�2

3� 22
� � 3� 5� 7

26
�2.

Diagram W eight Diagram W eight

! �
3�2

26
! �

3�2

3� 25

! �
3�2

24
! �

3�2

22

! �
3�2

23
! �

3�2

3� 22

,

In Table 3 only diagram swith tri-valentvertices,m = 0,are displayed:

Vacuum graph W eight Vacuum graph W eight

!
3�

23
!

3�

3� 22

!
32�2

27
!

32�2

3� 25

!
32�2

32 � 25
!

32�2

25

!
32�2

3� 24
!

32�2

24

!
32�2

25
!

32�2

3� 2

Diagram swith twotri-valentverticescontribute:
3�

23
+

3�

3� 22
� 5

23
�,whereasthecontribution ofdiagram s

with fourtrivalentverticesis:
32�2

27
+

32�2

3� 25
+

32�2

25
+

32�2

3� 24
+

32�2

24
+

32�2

25
+

32�2

3� 2
� 5� 7� 11

27
�2.
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4 Supersym m etric W K B approxim ation

Thesem iclassicalregim e ischaracterized by the inequality:

�~

�
�
�
�
d2W

dx2
(x)

�
�
�
�< <

�
�
�
�
dW

dx
(x)

�
�
�
�

2

= j
(x)� 
(x)j2 ; 
(x)=
p
2V (x) :

Thus,
��

2�
=

�~
p
2V (x)

< <

�
�
�
�
2V (x)

dV=dx

�
�
�
�

is satis�ed in the lim it of short wave lengths. To obtain the W K B eigen-functions of the SUSY

Ham iltonian in,e.g.,thesubspaceforwhich thezero Ferm inum beriszero -becausesupersym m etry

W K B eigenfunctionsofnon-zero energy in theFerm isectoraregiven autom atically -onestartsfrom

the W entzel-K ram m ers-Brillouin ansatz in the classically forbidden region E < V (x):

	 E (x;t)= A(x)� exp[�
W E (x)

�~
]� e

i
E t

�~ : (28)

TheSchrodingerequation forV+ (x)becom es

�~2
�
d2lnA

dx2
(x)+

dlnA

dx
(x)�

dlnA

dx
(x)

�

�

� �~

�
d2W E

dx2
(x)+ 2lnA(x)�

dW E

dx
(x)�

d


dx
(x)

�

+ W E (x)� WE (x)� 
(x)� 
(x)+ 2E = 0 :(29)

with threeterm sofrespectively order2,1,and 0 in �~.TheusualW K B strategy startsby solving the

equation (29)forthe �~-independentterm sto �nd:

W E (x)=

Z

dx
p

(x)� 
(x)� 2E ;

with thenovelty with respectto thenon SUSY casethattheturningpointsarethosecorrespondingto

V (x),ratherthan those setby the e�ective potentialV+ (x).The second step isto plug thissolution

into theequation fortheterm sproportionalto �~:

dlnA

dx
(x)=

1

2

"
1

p

(x)
(x)� 2E

�

(x)


(x)
(x)� 2E

#

�
d


dx
(x) :

Integration ofthisequation providestheSUSY W K B wave functions:

A(x)/
1

(
(x)
(x)� 2E )
1

4

�

�

j
j(x)+
p

(x)
(x)� 2E

� j

2

: (30)

Notetheotherdi�erence:in thenon-SUSY casethenum eratorofthisexpression is1.In theclassical

allowed regions,2E > 
2(x),however,theW K B ansatz reads,

 
E (x)= A(x)exp[� i

jW (x)j

�~
] ; (31)

and one obtains:

A(x)=
1

[2E � 
2(x)]
1

4

� exp

�
i

2
arcsin


(x)
p
2E

�

:
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To m atch theW K B wavefunctions(28)and (31)analytically attheclassicalturning pointsx = a <

x = b,such that
2(a)= 2E = 
2(b),the following supersym m etricquantization ruleisrequired:

Z
b

a

dx
�
2E � 
2(x)

�1
2 = n��~ n 2 Z

+
: (32)

The appearance ofthe num eratorin (30)ism agic: �rstly,because thisterm m odi�esthe processof

analytic continuation necessary to m atch the exponentialand periodic W K B wave functions at the

turning pointsin such a way thatthe �

2
�~ term thatappearsin thenon SUSY version of(32)doesnot

enterthe SUSY case.To obtain the W K B wave function in theclassically allowed region

 
E (x)= e

�

q
E

2 �

p p
2E � 
2 + i


(2E � 
2)
1

4

�

n

C1e
i

�~

R
x

b
dx

0
p
2E � 
 2(x0)

+ C2e
�

i

�~

R
x

b
dx

0
p
2E � 
 2(x0)

o

from the W K B wave functionsin theforbidden regions

 
E (x)= C

q p

2 � 2E + j
j

(
2 � 2E )
1

4

� e
�

1

�~

R
a

x
dx

0
p

 2(x0)� 2E

;  E (x)= C
0

q p

2 � 2E + j
j

(
2 � 2E )
1

4

� e
�

1

�~

R
x

b
dx

0
p

 2(x0)� 2E

onechoosespathsin thex-com plex planethatgoesaround theturningpointsa and batgreatdistance,

eitherin theupperorthelowerhalf-planes.Unliketo thenon-SUSY case,thereisno e� i
�

4 factorleft

and two wave functionsareobtained in theclassically allowed region,onefrom theleftand theother

from the right:

 
E (x)= C

q p
2E � 
2(x)+ i
(x)

(2E � 
2(x))
1

4

� cos[
1

�~

Z
x

b

dx
0
p
2E � 
2(x0)]

 
E (x)= C

0

q p
2E � 
2(x)+ i
(x)

(2E � 
2(x))
1

4

� cos[
1

�~

Z
a

x

dx
0
p
2E � 
2(x0)] :

These expressions are identicalifand only if(32) holds. Secondly,E = 0 is a solution of(32) for

n = 0,whereas(28)becom estheexponentialofthesuperpotential:theexactground stateisa SUSY

W K B wave function !

4.1 W K B analysis ofthe single w ell

W eshallconsiderasexam plesnon-harm onicoscillatorsoffourth orderto avoid hyperellipticintegrals

and dealwith (slightly!) m anageable expressions. In the case ofa single wellwith potentialenergy

V (x)= �

2
(x2 + k

�
)2 wehave,using non-dim ensionalvariables:

V (x)=
1

2
(x4 + 2x2 + 1) ; 
(x)= x

2 + 1 ; W (x)=
x3

3
+ x :

Theturning pointsare therealrootsofthe quartic equation:

x
4 + 2x2 � a = 0 ; a = 2E � 1 ; x� = �

q

� 1+
p
1+ a : (33)
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Thesupersym m etricquantization rule istherefore:

I(E ;x� ;x+ )=

Z
x+

x�

p
a� x4 � 2x2dx = n��~ : (34)

Denoting A � = � 1+
p
1+ a,thede�niteintegralin (37)reads:

I(E ;x� ;x+ )=
4

3

p
A �

�
p
a+ 1K

�
� A �

A +

�

� E

�
� A �

A +

��

; (35)

where K (k2)and E(k2)are respectively the com plete elliptic integralsof�rstand second type. This

resultisshown in Figure 8.

x

V+@xD
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x
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Figure7:G raphicsofV � (x)for�~ = 0:1 -(1),(3)-and �~ = 1 -(2),(4)-.
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Figure8:M athem atica plotofI(E ;x� ;x+ )asa function ofa and intersection with n��~ forlow n and

�~ = 1 (left)and �~ = 0:1 (right)

The �rst three (double,see Figure 7) eigenvalues for �~ = 1 and �~ = 0:1 are: E 1 = 2:18674k
2

�
,

E 2 = 4:23942 k
2

�
,E 3 = 6:5444 k

2

�
,and E 1 = 0:64500 k

2

�
,E 2 = 0:78289 k

2

�
,E 3 = 0:95403 k

2

�
,respectively.

4.2 W K B analysis ofthe double w ell

For a non-harm onic oscillator offourth order and a double wellthings are even m ore di�cult. The

potentialenergy isV (x)= �

2
(x2 � k

�
)2,such thatin non-dim ensionalvariableswe have:

V (x)=
1

2
(x4 � 2x2 + 1) ; 
(x)= x

2 � 1 ; W (x)=
x3

3
� x :

Theturning pointsare therealsolutionsofthequartic equation:

x
4 � 2x2 � a = 0 ; x� � = �

q

1�
p
1+ a ; x+ � =

q

1�
p
1+ a : (36)
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Fora > 0 there are only two realrootsand the supersym m etricquantization rulereads:

I(E ;x� + ;x+ + )=

Z
x+ +

x� +

p
a� x4 + 2x2dx = n��~ : (37)

Thecom putation ofI(E ;x� + ;x+ + )isqualitatively identicaltothepreviouscaseand resultsareshown

in Fig.10(left).

If� 1 < a < 0 things are m ore di�cult: there are four turning points,four realroots,and the

quantization rulesplitsinto two equations:

I(E ;x� � ;x+ � )=

Z
x+ �

x� �

p
a� x4 + 2x2dx = n��~ = I(E ;x� + ;x+ + )=

Z
x+ +

x� +

p
a� x4 + 2x2dx :

(38)

Thede�niteintegralsin (38)now read:

I(E ;x� � ;x+ � )= I(E ;x� + ;x+ + )=
2a

3A +

p
A �

"
p
a+ 1

 

K

�
� A +

A �

�

� F

 

arcsin

s

� A �

A +

;
� A +

A �

! !

� E

�
� A �

A +

�

+ E

 

arcsin

s

� A �

A +

;
� A +

A �

! #

: (39)

Note thatincom plete elliptic integrals ofthe �rst,F(u;m ),and second,K (u;m ),type also enter. In

any case,it is possible to plot these functions ofa and �nd the intersection points determ ining the

spectrum .

x

V+@xD

x

V+@xD

x

V-@xD

x

V-@xD

Figure 9:G raphicsofV � (x)for�~ = 0:1 -(1),(3)-and �~ = 1 -(2),(4)-.
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Figure10:M athem atica plotsofI(E ;x� + ;x+ + )for�~ = 1 and a > 0 (left)and I(E ;x� � ;x+ � )for�~ = 0:1 and

� 1< a < 0 (right)asfunction ofa.Theintersection pointswith n��~ giving the eigenvaluesarealso shown.

The �rst three eigenvalues for a > 0 and �~ = 1 are: E 1 = 0:82272 k
2

�
,E 2 = 2:08330 k

2

�
,E 3 =

5:63830 k
2

�
.
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In the case of� 1 < a < 0 eigenvalues only exist if�~ < 0:95. Application ofrule (38) for the

turning pointson the leftgives:E 1 = 0:19183 k
2

�
,E 2 = 0:36384 k

2

�
,E 3 = 0:49993 k

2

�
.

Because ofform ula (39)thechoice ofpairofturning pointsisirrelevant;E 1,E 2,E 3,etcetera,are

eigenvaluesofthe Schr�odingerequation forboth V+ (x)and V� .

5 O utlook

The next step is to study physicalsystem s oftwo degrees offreedom . It is tem pting to start by

discussing problem s ofthis type in Ham ilton separable system s. Following the works [14]-[15]on

supersym m etricquantum m echanicsin m orethan onedim ensions,thegeneralstructureofsupersym -

m etric classicaland quantum Liouville system s has been described in References [13]and [12]. An

im portantexam pleofthiskind ofsystem sisthesupersym m etricclassicaland quantum hydrogen atom

respectively analyzed by Heum ann [17]and K irchberg et al[18]. It seem s also plausible to address

sim ilarissuesin non-separable butintegrable system sasthose proposed in [19].
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