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W e present a m ethod for generating new deform ed solutions starting from system s oftwo real

scalar�eldsforwhich defectsolutionsand orbitsareknown.Theproceduregeneralizestheapproach

introduced in a previous work [Phys. Rev. D 66,101701(R) (2002)],in which it is shown how

to construct new m odels altogether with its defect solutions,in term s ofthe originalm odeland

solutions.Asan illustration,we work outan explicitexam ple in detail.

PACS num bers: 11.10.Lm ,11.27.+ d

I. IN T R O D U C T IO N

K inks,dom ain wall,vortices,strings and m onopoles are allwellknown exam ples ofdefect solutions with

topologicalpro� les for � eld theories in di� erent dim ensions [1,2,3]. These solutions have been intensively

studied since the seventies in high energy physics. The interest has been continuously renewed in di� erent

branchesofphysicssince defectsolutionsin generalappearin m odels ofcondensed m atteraswellasstring

theory. In particular,system s ofrealscalar � elds have attracted attention with very distinct m otivation,

since they can be used to describe dom ain wallsin supergravity [4]and braneworld scenarioswith an extra

dim ension [5]. Therefore,itisim portantto � nd explicitanalytic solutionsforthiskind ofsystem sand isin

thisdirection thatthe m ethod conceived in ref. [6]hasshown to be very useful. In thatwork itwasshown

thatknowing a defectsolution ofa scalar� eld m odelfora singlereal� eld isenough forgenerating an in� nity

ofnew m odelswith itssolutions,allwritten in term softhe originalm odeland solutions.

For� eld theoriesinvolving two realscalar� elds,the m athem aticalproblem concerning the integrability of

the equations ofm otion is m uch harder,as one deals with a system oftwo coupled second order nonlinear

ordinary di� erentialequations,and the con� guration space shows a distribution ofm inim a that allows for

a num ber oftopologicalsectors. O ne way ofsim plifying the problem is to consider potentials belonging to

the (wide) class corresponding to the bosonic sector ofsupersym m etric theories. This kind ofsystem s can

be studied,via the introduction ofa superpotential,in a � rst order form alism which allows (stable) BPS

con� gurations[7]. Even in thiscase � nding explicitsolutionscan be a highly non-trivialtask and therefore,

any m ethod forobtaining new solutionswould be ofgreatutility.

For m odels with two interacting com ponents,the solutionson each topologicalsectordeterm ine orbitsin

the con� guration space,which can be expressed asa constraintequation O (�1;�2)= 0.Based on thisfactit

wasintroduced in [8]a procedurecalled trialorbitm ethod consistingin shooting an orbitand testing iton the

equation corresponding to them odelconsidered.Later,thism ethod wasadapted [9]forthesearching ofBPS

statesofsystem sof� rstorderO DEs,leading to som e advances. In recentyears,othergeneralm ethods for

theinvestigation ofcom plicated nonlinearproblem sarising in m any-� eld system swhich com prisem ultidefect

solutionshavebeen developed;see,forinstance,[10,11,12,13,14,15]and referencestherein.M odelsoftwo

scalar� eldshavealsobeen used to describecom plex phenom enasuch astheentrapm entoftopologicaldefects;

see,forinstance [16,17,18].

Aswillbe shown below,the � eld deform ation m ethod introduced in [6]forone-� eld m odelsalso worksfor

connecting O DE system softwo � rst-orderequationsin m odelswith two scalar� elds.Theequationsarisingin

thisextended procedurearein generalm uch m orecom plicated than theircounterpartfora singlescalar� eld,

given thatnotone buttwo deform ation functionsare now required,and ithappensto be di� cultto realize

which pairofdeform ation functions would do the job in the rightway,generating a wellbehaved deform ed

potentialand solutionsconsistentwith the equationsofm otion ofthe system .To overcom ethisdi� culty,we

takeinto accountthefactthattheactualsolutionsconnecting two vacua ofa topologicalsectorliverestricted

to orbitsin � eld space.Therefore,by deform ing the� rstorderequationsfora two-� eld system whileim posing

the orbit constraint,we assure the consistency ofthe solutions ofthe deform ed m odelat the levelofthe

dynam icalequations.

The paper is organized as follows. In the next Sec.IIwe brie y review the deform ation m ethod for one
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com ponent system s,and we extend the deform ation procedure to two-� eld m odels. In Secs.IIIand IV we

show how the incorporation oforbitconstraints allowsto obtain consistent deform ed solutions for two-� eld

m odels. Then we work out an explicit exam ple in detailto illustrate the procedure in Sec.V.W e end this

work with som ecom m entsand conclusionsin Sec.IV.

II. T H E D EFO R M A T IO N M ET H O D

W e start with a system ofa single realscalar � eld �(x�) :R1;1 �! R,o a bi-dim ensionalM inkowski

spacetim e(� = 0;1 with x0 = x0 = t;x1 = � x1 = x),described by a Lagrangian with the usualform

L =
1

2
@��@

�
� � V (�); (1)

wherethe potentialV (�)speci� esthe m odel.

Forstaticcon� gurations(� = �(x):R �! R),the equation ofm otion reads

d2�

dx2
=
dV (�)

d�
; (2)

and the energy functionalassociated to the static solutionsisgiven by

E [�]=

Z

dx

"
1

2

�
d�

dx

� 2

+ V (�)

#

(3)

Requiring for the energy ofthe solutions to be � nite results in the boundary conditions d�=dx ! 0 and

V (�)! 0 asx ! � 1 .Thus,the physicalsolutionsare constantatin� nity,and theirasym ptotic valuesare

m inim a ofthe potential.Perform ing a � rstintegralofthe equation ofm otion underthese conditions,we get

to the � rstorderequation

�
d�

dx

� 2

= 2V (�): (4)

In this work we willrestrict our study to solutions ofthis � rst order equation which present topological

(kink-like)character,in the sensethatthey connecttwo di�erentm inim a ofthe potential.

Itisconvenientto considerpotentialsoftheform V (�)= 1

2
[W 0(�)]2,wheretheprim em eansderivativewith

respectto the argum ent,and the functionalW (�)isthe superpotential.Thisallowsusto write equation (4)

asthe gradient ow equationsofW

d�

dx
= � W

0(�) (5)

Letusnow describethedeform ation procedurefora singlerealscalar� eld m odel,asintroduced in [6].The

prescription isthe following.First,wede� ne the deform ed potentialas

U (�)=
V (f(�))

[f0(�)]2
; (6)

wheref isthe deform ation function.

Thisnew potentialdeterm inesthe m odelforthe deform ed � eld � through the deform ed Lagrangian

L =
1

2
@�� @

�
� � U (�): (7)

The � rst-orderO DE determ ining the defectpro� lein the deform ed m odelreads

�
d�

dx

� 2

= 2U (�); (8)
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with U (�)given by (6). Thiscan also be seen asthe gradient ow equation ofthe deform ed superpotential

W (�)de� ned by

d�

dx
= � W

0(�) ; W
0(�)=

W 0(f(�))

f0(�)
(9)

Second,we connectsolutionsofthe originaland deform ed m odelsthrough the deform ation function

�(x)= f[�(x)]; (10)

Herethe deform ation function f(�)isassum ed to be bijective -see however[11].

Therefore,ifdefect solutions �(x) of(4)are known,the link between the two m odels providesthe defect

solutions�(x)of(8)by justinverting the � eld transform ation (10)

�(x)= f
� 1(�(x)): (11)

III. EX T EN SIO N T O T W O -FIELD M O D ELS

Atthelevelofthe� rstorderequations,thedeform ation m ethod can bedirectly generalized to m odelswith

two scalar� elds.W e startwith the m odel

L =
1

2
@�~� � @

�
~� � V (~�); (12)

where ~� isan isospinorialreal� eld ~� = (�1;�2).Supposethatthe potentialenergy density can be written in

the form

V (�1;�2)=
1

2

�
@W

@�1

� 2

+
1

2

�
@W

@�2

� 2

(13)

where the superpotentialW isa wellbehaved function in the space ofscalar� elds ~�(x;t)2 M aps(R1;1;R2).

A subtle pointis the following: Because (13)is a PDE equation there can be severalindependent solutions

for W -not m erely a globalchange ofsign as in the one-� eld case -see [19]. Then the static � nite energy

solutions(topologicaldefects)ofthism odelsatisfy the � rst-orderO DE system

8
<

:

d�1

dx
= @W

@�1

d�2

dx
= @W

@�2

(14)

Now wechoosea deform ation function ~f :R2 ! R
2 such that

~�(x)= ~f(~�(x)) ,

8
<

:

�1(x)= f1(�1(x);�2(x))

�2(x)= f2(�1(x);�2(x))

; (15)

where�1 and �2 arethe deform ed � elds.Then the � rst-orderO DE system (14)becom es

8
<

:

@1f1
d�1

dx
+ @2f1

d�2

dx
= @f1W

@1f2
d�1

dx
+ @2f2

d�2

dx
= @f2W

; (16)

where

@jfi �
@fi(�1;�2)

@�j
and @fiW �

@W (f1(�1;�2);f2(�1;�2))

@fi
:
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Thissystem can be rewritten as

8
><

>:

d�1

dx
= 1

J(~f)
(@2f2 @f1W � @2f1 @f2W )

d�2

dx
= 1

J(~f)
(@1f1 @f2W � @1f2 @f1W )

(17)

where J(~f)= @1f1 @2f2 � @2f1 @1f2 (the Jacobian of ~f),and we assum e thatJ(~f)6= 0.(Note thatthisfact

can be relaxed by restricting the deform ation m ethod to acton a fam ily ofopen setsin R
2 where J(~f)6= 0).

Equations(17)can be interpreted asthe � rst-orderO DE system

8
<

:

d�1

dx
= @1W

d�2

dx
= @2W

(18)

where W (�1;�2) is the superpotentialofthe deform ed system and the right hand side derivatives denote

@jW =
@W (�1;�2)

@�j
.

In term softhe originalsuperpotential,the deform ed oneisdeterm ined by the PDE system

8
><

>:

1

J(~f)
(@2f2 @f1W � @2f1 @f2W ) = @1W

1

J(~f)
(@1f1 @f2W � @1f2 @f1W ) = @2W

(19)

Therefore,ifany two-com ponent defect solution ~�(x) of(14) is known,the link between the two m odels

providestwo-com ponentdefectsolutions ~�(x)of(18)by calculating

~�(x)= ~f
� 1(~�(x))

Viceversa,iftwo-com ponentdefectsolutions~�(x)of(18)areknown,thelink between both m odelsprovides

two-com ponentdefectsolutions~�(x)of(14)by applying the transform ation

~�(x)= ~f(~�(x))

Theexistenceof~f� 1 isassociated to theabovem entioned precisionsaboutthezerosofJ(~f)via theInverse

Function Theorem .

Atthispoint,thedi� erencesbetween working with oneorm orescalar� eldsappear.First,theO DE system

(18)is supposed to give the solutionsforthe deform ed system . This willbe true only when those solutions

satisfy,besidesthe � rstordersystem ,the dynam icalequationsforthe deform ed potential

V(�1;�2)=
1

2
[(@1W )

2
+ (@2W )

2
]: (20)

Thisisautom atically satis� ed by any solution of(18).Butbesidethis,oneisassum ingthatthedeform ation

leads to well-behaved, sm ooth potentials. Therefore, we should ask for the � rst order derivatives of the

deform ed superpotentialW (�1;�2)to becontinueor,alternatively,foritssecond ordercross-derivativesto be

identical @12W = @21W . Im posing this condition on the system s(18)and (19)leadsto a very com plicated

constraintwhich suggestno obviouschoice ofthe deform ation functionsf1 and f2. Forthisreason,in order

to m akeprogressweneed to introducesom eassum ptionsto sim plify thesituation to a tractablecase.W ewill

considerfunctionsofthe form f1 = f1(�1)and f2 = f2(�2). Thissigni� cantly reducesthe com plexity ofthe

constraint,which becom esthe sim ple condition

�
(@1f1)

2
� (@2f2)

2
�
@f1f2W @1f1 @2f2 = 0 (21)

Thisistrue wheneverf1 and f2 satisfy @1f1 = � @2f2 but,asf1(�1)and f2(�2)are functionsofdi� erent

� elds,thisexpression seem sto be nonsense.However,since the solutions�1(x)and �2(x)live on an orbitin
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con� guration space,condition (21)m ustbe understood asa function ofthe solutions,therefore we rewrite it

as
�
df1(�1)

d�1
= �

df2(�2)

d�2

�

orbit
(22)

W hen the deform ation functionsdepend on one� eld only,the PDE system (19)takesthe sim plerform

8
>>><

>>>:

@1 W (�1;�2) =
@f1W [f1;f2]

@1f1

@2 W (�1;�2) =
@f2W [f1;f2]

@2f2
:

(23)

Each oneoftheseequationsresem blesthedeform ation recipeapplied to thecaseofa singlescalar� eld m odel,

so onecould think thatitisjusta duplication oftheone-� eld procedure.However,thesuperpotentialW now

depends on both deform ation functions f1(�1) and f2(�2),as a consequence ofthe interaction between the

� elds,and then thedeform ed superpotentialW dependson both �1 and �2,and theresulting deform ed m odel

describesinteracting � elds.

Aswe have shown,requiring thatthe deform ed m odelhasa sm ooth potentialleadsto a condition on the

deform ation functions. Using this,and the factthatthe � elds are enforced to obey an orbitwe are able to

constructa consistentdeform ation procedure,detailed in the following section.

IV . T H E O R B IT -B A SED D EFO R M A T IO N

Taking into account the considerations above,we present an orbit-based procedure for constructing the

deform ation pair offunctions. The steps to be followed for deform ing two-� eld interacting m odels are the

following:

1.Choose a deform ation function forone ofthe � elds,forexam ple a function f1(�1). Then,asstated in

(15)we de� ne the deform ed � eld by �1 = f1(�1)(or,equivalently,�1 = f
� 1
1
(�1)). Forthe other� eld,

�2 = f2(�2)wecan write

�2 =

Z

@2f
� 1
2
(�2)d�2 =

Z
d�2

@2f2
�
f
� 1
2
(�2)

� (24)

2.Choosethe topologicalsectorto bedeform ed and an orbitO (�1;�2)= 0,associated to thissector.Use

thisequation to write�1 asa function of�2,i.e.�1 = F (�2).

3.Then im pose the condition (22)on (24)and use the expression �1 = F (�2)to obtain

�2 = �

Z
d�2

@1f1
�
f
� 1
1
(F (�2))

� = �

Z
�
@1f

� 1
1
(�1)

�

�1= F (�2)
d�2: (25)

After integration we obtain �2 as a function of�2,which is nothing but the inverse ofthe deform ation

function f2.Thisisthe key resultofthe presentwork.

Thus,the chosen function f1(�1)and the constructed onef2(�2)form a pairthattakesthe originalm odel

and solutionsto a deform ed m odelwith a sm ooth potential,and solutionssatisfying the � rstorderequations

aswellasthe equationsofm otion.

Notethattheproceduredescribed aboveisorbit-dependentand the possibility of� nding the second defor-

m ation function isrestricted to the ability ofexplicitly integrating eq.(25).

V . A D ETA ILED EX A M P LE

Asan exam pleofapplication ofthe extended deform ation m ethod weconsiderthe m odel[20,21]

W = �1 �
1

3
�
3

1 � r�1�
2

2 ; r2 R (26)
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Itpresents4 m inim a:vA A = [� 1;0]on the �1 axis,and vB B = [0;� 1p
r
]on the �2 axis.

The corresponding � rstordersystem ofequationsis

8
<

:

d�1

dx
= 1� �21 � r�22

d�2

dx
= � 2r�1�2:

(27)

The integrating factorforthissystem can be found explicitly,and this allowsto � nd the  ow-line fam ily of

curves

r�
2

2 � (1� 2r)(1� �
2

1)+ C �
1

r

2
= 0; r6=

1

2
(28)

whereC isan integration constant.RealvaluesofC giveorbitsstarting orending in vA A m inim a,butthere

exist som e criticalvalues. W hen C = C S = � 2r(�
p
r)

1

r the orbits start and end at di� erent axis,joining

vA A and vB B m inim a.Theexistenceofthesecriticalvaluesdeterm inesseveralrangesofC in R forwhich the

corresponding solutionsof(28)arenotkink orbits-see[21].

So we have a two-� eld m odeland its generalorbitequation depending on two param eters(r and C ). In

order to apply the orbit-based procedure described in the previous section,we willconsider separately the

di� erentkind oforbits,corresponding to di� erentregionsin param eterspace.

A . Elliptic orbit deform ation

Letus� rstconsiderthesim plestcasein which theintegration constantC istaken tobezeroand rrestricted

to the interval(0;1
2
).In thiscase,the orbitsareellipsesand (28)can be rewritten as

�2 = F (�1)= �

r
1� 2r

r
(1� �2

1
) (C = 0; 0 < r<

1

2
) (29)

A two-� eld staticsolution forthe system (27),which satis� esthisconstraintis[20]

�1(x)= tanh(2rx); �2(x)=

r
1� 2r

r
sech(2rx): (30)

In � gure1 weshow thevacua structureand som eorbitsofthem odelfordi� erentvaluesoftherparam eter.

W hile the two m inim a in the horizontalaxis form a topologicalsector (AA-sector),the two m inim a in the

verticalaxis(B B -sector)cannotbe connected by solutionsofthe � rstordersystem (27).

Figure 1:M inim a and orbitsofthe undeform ed m odelforC = 0 and di�erentr values(r= 4

9
;
1

3
;
1

4
).

Now,following the prescription established in the preceding section,we choose a deform ation function for

�1

�1 = f
� 1
1
(�1)= arcsinh(�1) (31)
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Forconstructing the deform ation function forthe other� eld,�2,we calculate the integral(25)using (29)

and (31)

�2 =

Z
d�2

f0
1

�
f
� 1
1
(F (�2))

� =

Z
d�2

r

2�

�
r

1� 2r

�

�2
2

(32)

W e obtain

�2 = f
� 1
2
(�2)=

r
1� 2r

r
arcsin

�r
r

2(1� 2r)
�2

�

: (33)

Thus

f2(�2)=

r
2(1� 2r)

r
sin

�r
r

1� 2r
�2

�

(34)

W ith the deform ation functions at hand,and m aking use of(23),we are able to write down the deform ed

potential,which reads

U (�1;�2;r) = 1

2

h

1� sinh
2
(�1)� 2(1� 2r)sin2

�q
r

1� 2r
�2

�i2
sech

2
(�1)

+ 2r(1� 2r)sinh
2
(�1)tan

2

�q
r

1� 2r
�2

�
(35)

Evaluating the � elds�1 and �2 atthe solution ofthe originalm odelwe obtain a solitonic solution ofthe

deform ed m odelspeci� ed by U (�1;�2)

�1(x)= arcsinh[tanh(2rx)]; �2(x)=

r
1� 2r

r
arcsin

 p
2

2
sech(2rx)

!

(36)

Condition (22)is autom atically satis� ed by this solution. This m akesitconsistentwith the second order

equationsofthe deform ed system ,ascan be explicitly veri� ed.

To show how thisdeform ation acts,in � gure2 weplotboth,the deform ed and the originalsolutions.

Figure 2:Solutionsofthe undeform ed (dotted line)and deform ed (solid line)m odelsforC = 0,r= 1

4
.

Substituting theoriginal� eldsby itscorresponding deform ed partnersin (28)weobtain thedeform ed orbit

cosh
2
(�1)� 2cos2

�r
r

1� 2r
�2

�

= 0: (37)

which allowswriting �2 asa function of�1

�2 = �

r
1� 2r

r

"

arccos

 p
2

2
cosh(�1)

!

+ k�

#

(k 2 Z ); (38)
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Figure 3:Som e vacua and orbitsofthe deform ed m odelwith C = 0,r= 1=4.

and this explicitly showsthatthe new m odelpresentsa periodic vacua structure. Such structure and som e

orbitsofthe deform ed m odelareshown in � g.3.

W e can sum m arizethe resultsobtained forthe AA-sectorasfollows

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

orbA A : r�22 � (1� 2r)(1� �21)= 0; vA A = f[1;0];[� 1;0]g

~�(x) =

�

tanh2rx;

q
1� 2r

r
sech2rx

�

~f =

�

sinh�1;

q
2(1� 2r)

r
sin

� p
r

p
1� 2r

�2

��

orbA A def : cosh
2
�1 � 2cos2

� p
r

p
1� 2r

�2

�

= 0:

vA A def =

�

0;

q
1� 2r

r

�

arcsin 1p
2(1� r)

+ k�

��

~� (x) =

�

arcsinh(tanh2rx);

q
1� 2r

r
arcsin

�p
2

2
sech2rx

��

(39)

B . Linear orbits deform ation

Itisalso possible to � nd explicitsolutionsforthe BNRT m odel(26)in otherregionsin param eterspace.

For exam ple,for speci� c values ofthe integration constantC and param eter r,there are orbits connecting

onem inim un on the�1 = 0 axiswith oneon the�2 = 0 axis(AB -sectors).Asan illustration weaddressnow

the r = 1 case,and deform orbitsforintegration constantsC = C S = � 2. There are fourlinearorbits,one

foreach sector,thatwelabela,b,cand d,starting from the � rstquadrantand m oving forward clockwise,as

shown in � gure4.

Figure 4:AB -orbits(C = � 2,r= 1).

In order to deform these linear sectors we choose again the deform ation function for one ofthe � elds as

�1 = f1(�1) = sinh(�1),and construct the f2(�2) by using the corresponding orbits. The resulting vacua

structureand orbitsforthe deform ed m odelsareshown below.
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Forthe a sectorweobtain

8
>>>>>>>><

>>>>>>>>:

orb
(a)

A B
: �2 + �1 � 1 = 0; v

(a)

A B
= f[1;0];[0;1]g

~� (a)(x) =
�
1

2
(1� tanhx); 1

2
(1+ tanhx)

�

~f (a) = (sinh�1;1+ sinh�2 )

orb
(a)

A B def
: sinh�2 + sinh�1 = 0

v
(a)

A B def
= f[0;0];[0;� sinh

� 1
(2)];[sinh

� 1
(1);sinh

� 1
(� 1)];[sinh

� 1
(� 1);sinh

� 1
(� 1)]g

~� (a)(x) =
�
� sinh

� 1 1

2
(� 1+ tanhx);sinh

� 1 1

2
(� 1+ tanhx)

�

(40)

(a)O riginalorbit (b)D eform ed orbit

Figure 5:D eform ation ofAB
(a)

sector(C = � 2,r = 1).

Figure 6:Com pared pro�lesoforiginal(dashed line)and deform ed (solid line)defectsolutions.AB
(a)

sector.

Forthe bsectorweget

8
>>>>>>>><

>>>>>>>>:

orb
(b)

A B
: �2 � �1 + 1= 0; v

(b)

A B
= f[1;0];[0;� 1]g

~� (b)(x) =
�
1

2
(1� tanhx);� 1

2
(1+ tanhx)

�

~f (b) = (sinh�1;� 1+ sinh�2 )

orb
(b)

A B def
: sinh�2 � sinh�1 = 0

v
(b)

A B def
= f[0;0];[0;sinh

� 1
2];[sinh

� 1
(1);sinh

� 1
(1)];[sinh

� 1
(� 1);sinh

� 1
(1)]g

~� (b)(x) =
�
� sinh

� 1 1

2
(� 1+ tanhx);� sinh

� 1 1

2
(� 1+ tanhx)

�

(41)
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(a)O riginalorbit (b)D eform ed orbit

Figure 7:D eform ation ofAB (b) sector(C = 2,r= 1).

Figure 8:Com pared pro�lesoforiginal(dashed)and deform ed (solid)defectsolutions.AB (b) sector

In the caseofthe csectorweobtain

8
>>>>>>>><

>>>>>>>>:

orb
(c)

A B
: �2 + �1 + 1= 0; v

(c)

A B
= f[� 1;0];[0;� 1]g

~� (c)(x) =
�
� 1

2
(1� tanhx);� 1

2
(1+ tanhx);

�

~f (c) = (sinh�1;� 1+ sinh�2 )

orb
(c)

A B def
: sinh�2 + sinh�1 = 0

v
(c)

A B def
= f[0;0];[0;sinh

� 1
2];[sinh

� 1
(1);sinh

� 1
(1)];[sinh

� 1
(� 1);sinh

� 1
(1)]g

~� (c)(x) =
�
sinh

� 1 1

2
(� 1+ tanhx);� sinh

� 1 1

2
(� 1+ tanhx)

�

(42)

(a)O riginalorbit. (b)D eform ed orbit.

Figure 9:D eform ation ofAB
(c)

sector(C = 2,r= 1).
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Figure 10:Com pared pro�lesoforiginal(dashed line)and deform ed (solid line)defectsolutions.AB (c) sector.

Finally,forthe d sectorwehave

8
>>>>>>>><

>>>>>>>>:

orb
(d)

A B
: �2 � �1 � 1= 0; v

(d)

A B
= f[� 1;0];[0;1]g

~� (d)(x) =
�
� 1

2
(1� tanhx); 1

2
(1+ tanhx);

�

~f (d) = (sinh�1;1+ sinh�2 )

orb
(d)

A B def
: sinh�2 � sinh�1 = 0

v
(d)

A B def
= f[0;0];[0;� sinh

� 1
2];[sinh

� 1
(1);sinh

� 1
(� 1))];[sinh

� 1
(� 1);sinh

� 1
(� 1)]g

~� (d)(x) =
�
sinh

� 1 1

2
(� 1+ tanhx);sinh

� 1 1

2
(� 1+ tanhx)

�

(43)

(a)O riginalorbit. (b)D eform ed orbit.

Figure 11:D eform ation ofAB (d) sector(C = � 2,r= 1).

Figure 12:Com pared pro�lesoforiginal(dashed line)and deform ed (solid line)defects.AB
(d)

sector.

In the aboveexam ples,wehaveconsidered two casesin which C hasbeen � xed.Letusnow m oveto other

regionsin param eterspace,letting C to beundeterm ined.Thiswillofcourseincrem entthecom plexity ofthe
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problem but,aswewillshow below,thereisstillalotofpossibilitiesofgeneratingnew m odels.Thisillustrates

therichnessofresultsthatcan beobtained by exploiting thedeform ation m ethod extended to interacting� eld

m odels.

C . A n integrable case

Recallthe generalorbitequation (28)

�
2

1 = 1�
r

1� 2r
�
2

2 �
C

1� 2r
�

1

r

2
: (44)

Now,following the prescription forgenerating the deform ed m odel,we areled to

�1 = f1(�1)= sinh�1; �1 = f
� 1
1
(�1)= arcsinh�1 (45)

and

�2 =

Z
d�2

q

2� r

1� 2r
�2
2
� C

1� 2r
�

1

r

2

(46)

Integral(46)ishighly non trivialforarbitrary valuesofC and r. Howeveritisintegrable forsom e values

ofr,in particularforr= 1

4
.Forthisvaluethereisonly onecriticalconstantC S = � 1

32
,and kink orbitsarise

ifC 2 [C S;1 ).In thiscase,(46)isan elliptic integral,thatcan be written in the form

�2 =
1

p
� 2C

Z
d�2

p
(�2

2
� �1)(�

2
2
� �2)

; (47)

with �1 = � 1

8C

�
1+

p
1+ 64C

�
and �2 = � 1

8C

�
1�

p
1+ 64C

�
:

By an appropriatechangeoftheintegration variable,integral(47)can besolved in term sofJacobian elliptic

functions[22].The resultis

�2 =
1

p
�1
p
� 2C

sn� 1

 
�2
p
�2
;

r
�2

�1

!

: (48)

W e note thatforallthe Jacobielliptic functionsappearing in thiswork we have to take itsrealpart,aswe

aredealing with realscalar� eldsand they aresolutionsofa physicalproblem .

Thissolution presentsdistinguishable behaviorsdepending on C taking valueson the regions(� 1

32
;� 1

64
),

(� 1

64
;0)or(0;1 ).ForthespecialvaluesC = 0 and C = � 1

64
,thedeform ed system presents� eld solutionsin

term sofelem entary functionsratherthan Jacobielliptic functions.

Putting the original� eld solutionsin term softhe deform ed ones

�1 = sinh�1 ; �2 =
p
�2 sn

 
p
�1

p
� 2C �2;

r
�2

�1

!

; (49)

wecan write the explicitform the deform ed m odelpotential.W e obtain

U (�1;�2;
1

4
;C ) =

1

2

h

1� sinh
2
�1 � �2 sn

2

�p
�1

p
� 2C �2;

p
�2=�1

�i2
sech

2
�1

�
�1C

2
sinh

2
�1

sc2
�p

�1
p
� 2C �2;

p
�2=�1

�

dn
2

�p
�1
p
� 2C �2;

p
�2=�1

� (50)

A � eld solution ofthe undeform ed system (27),satisfying theorbit(44)forr= 1

4
is

�1(x)=
sinh(x)

cosh(x)+ b2
; �2(x)= 2

b
p
cosh(x)+ b2

; (51)
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where b2 = 1=
p
1+ 32C. Therefore,using the deform ation functions (49),the solutions for the deform ed

system read

�1(x)= arcsinh

�
sinh(x)

b2 + cosh(x)

�

; �2(x)=
1

p
� 2�1C

sn� 1

"

2
b=
p
�2

p
cosh(x)+ b2

;

r
�2

�1

#

(52)

In � gure13 weplottheoriginaland deform ed pro� lesofthe� eld solution (taking C = 1).Itisrem arkable

how sim ilaristhebehaviorofthesesolutionsand theonesplotted in � gure2,despitethem uch m oreinvolved

analyticalexpressionsin thislastcase(com pareform ula (50)with form ula (35)).

Figure 13:D eform ed (solid)and undeform ed (dotted)solutionsforBNRT m odel(r= 1

4
,C = 1).

From the resultsobtained above we stressthatthe orbit-based deform ationscan be applied to every kink

orbit ofthe BNRT m odel(26) for the integrable case ofr = 1=4. For alm ost any value ofthe constant C

we obtain di� erentm odelsin term sofelliptic Jacobifunctions,with two exceptions:C = 0 and C = � 1=64.

Also,we notethatthere isonly one kink solution foreach m em berofthe fam ily ofdeform ed m odels,com ing

from the appropriatekink orbitin theoriginalm odel.

D . A nother integrable case.

Forr = 1 the deform ed m odelforevery kink orbitcan also be found,given that,asforthe form ercase,it

ispossible to integrate(46)forany value ofC .In fact,setting r= 1 in (46)and taking �1 = arcsinh(�1),we

obtain the deform ed �2 � eld

�2 = ln

�
1

2
C + �2 +

q

2+ C �2 + �2
2

�

(53)

W riting the original� eld solutions in term s ofthe deform ed ones,we can � nd the explicit form for the

deform ed m odelpotential,which turnsoutto be

U (�1;�2;r= 1;C ) = 1

2
sech(�1)

2
�
1� sinh(�1)

2 � 1

64
e� 2�2(� 8+ 4e2�2 � 4C e�2 + C 2)2

�2

+ 1

4
sinh(�1)

2e� 2�2

h
� 8+ 4e

2� 2 � 4C e
� 2 + C

2

8e� � 2 + 4e� 2 � C 2 e� � 2

i2 (54)

The solutionsofthe BNRT m odelforr= 1 can be written as

�1 =
(e2x)2 � C 2

1 + C 2
2

(e2x � C1)
2 � C 2

2

; �2 = �
2C2e

2x

(e2x � C1)
2 � C 2

2

(55)

with C2 = 2C1=C and jC j�
�
�C S

�
�= 2.Aswassaid before,the solutionsgiven in form ula (55)are notkinks

ifjC j< 2,asboth �1 and �2 becom e singularforthisvaluesofC .

The corresponding deform ed solutionsread

�1 = arcsinh

�
(e

2x
)
2
� C

2

1
+ C

2

2

(e2x � C 1)
2� C 2

2

�

�2 = ln

h
1

2
C �

2C 2e
2x

(e2x � C 1)
2� C 2

2

+

q

2+
4C 2

2
(e2x )2

(e2x � C 1)
2� C 2

2
)2
�

4C 1e
2x

(e2x � C 1)
2� C 2

2

i (56)
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Forthe speci� c value C = 2,the solutions(55)are both kink-like,aswellasthe deform ed solutions(56),

and itspro� lesarevery sim ilarto thatofthe caseC = � 2,plotted in Fig.10.

ForC > 2 we � nd thatthe pro� lesof�1 and �2 in (55)are kink and lum p-like respectively,asshown in

Fig.14.

Figure 14:D eform ed (solid)and original(dotted)solutionsforBNRT m odelforr= 1,C 1 = � 1 and C = 3.

Before ending thissection,letusrecallthatthe valuesr = 1=4 and r = 1;forwhich the integral(46)can

be analyticaly im plem ented,presentspecialfeatures: kinksofthe r = 1=4 fam ily are separatrix trajectories

ofa m echanicalproblem which is Ham ilton-Jacobiseparable in parabolic coordinates,and for r = 1;the

m echanicalproblem isseparablein Cartesian coordinates;theseproblem sareknown asLiouvilletypeIIIand

IV,respectivelly [23].However,even though the separableLiouville type problem sseem to lead to integrable

expressionsin equation (25),in practicenotallthekinkorbitsarealgebraic,and thism ayprecludethepresence

ofanalyticalsolutions.

V I. C O M M EN T S A N D C O N C LU SIO N S

In this work we have presented a generalization ofthe deform ation m ethod,� rstintroduced in [6],which

allowsto generate deform ed potentialsand solutionsgiven a m odeloftwo realscalar� eld and itssolutions.

The m ain new ingredient consist in the need ofim posing a constraint on the functions used to deform the

� elds,required to preservethe relation between the originalsolutions,thatlive in orbitsofthe con� guration

space. Asthe construction ofthe deform ed solutionsinvolvesthe orbitconstraint,the deform ation m ustbe

im plem ented independently on each topologicalsector. Consequently,di� erentorbits (even when belonging

to the sam esector)can lead to di� erentfulldeform ed m odelsand solutions.

Thepresentversion ofthem ethod appliesto m odelswith an associated superpotentialW (�1;�2):Although

wehaveconsidered deform ation functionsdepending on a single� eld,m oregeneralfunctionscan beused,and

reduced to the form ercase with the use ofthe orbititself. Deform ation functionsdepending on both scalar

� eldsarenow being considered in the contextofm odelswith holom orphicsuperpotentials[24],asisthe case

ofthebosonicsectorofthe(1+ 1)-dim ensionalN= 2 SUSY W ess-Zum ino m odel.W ewillfurtherreporton this

possibility in future work.

Asthe described procedure isorbitdependent,wheneverdeform ing a two-� eld m odel,the integrability of

equation (25) has to be analyzed separately in each case. However,in case oftwo-� eld theories which are

associated to separablem echanicalsystem softhe Liouville type,itseem sthatthe presentm ethod willwork

very nicely,atleastwhen oneisrestricted to consideralgebraickink orbits.Interesting exam plesofthiskind

areknown,asthe celebrated M STB m odel[25]and otherm odelsproposed recently in Ref.[26].

Thisnew version ofthe deform ation procedureprovidesa toolforstudying m oresophisticated system s.It

allowsoneto generatea diversity ofnew system swith theircorresponding solutions,which m ay contributeto

im provethe understanding ofcom plex problem s.
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