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B PS and non-B PS kinks in a m assive non-linear S2-sigm a m odel
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Thestability ofthetopologicalkinksofthenon-linearS
2
-sigm am odeldiscovered in [1]isdiscussed

by m eans ofa direct estim ation ofthe spectra ofthe second-order 
uctuation operators around

topologicalkinks.The one-loop m assshiftscaused by quantum 
uctuationsaround thethesekinks

are com puted using the Cahill-Com tet-G lauber form ula [2]. The (lack of) stability of the non-

topologicalkinksisunveiled by application ofthe M orse index theorem .These kinksare identi�ed

asnon-BPS states.Thereare two typesoftopologicalkinkscom ing from thetwofold em bedding of

the sine-G ordon m odelin the m assive non-linearsigm a m odel. Itisshown thatsine-G ordon kinks

ofonly one type satisfy �rst-order equations and are accordingly BPS classicalsolutions. Finally,

the interplay between instability and supersym m etry isexplored.

PACS num bers:11.10. Lm ,11.27.+ d,75.10.Pq

I. IN T R O D U C T IO N

The m ain them e in this paper is the analysis ofthe

structure ofthe m anifold ofkink solitary wavesdiscov-

ered in [1].In particular,weshallo�era fulldescription

ofthestability ofthedi�erenttypeofkinks.Asa bonus,

weshallgain inform ation aboutthesem i-classicalbehav-

iorofsuch kinksfrom thestability analysis,providing us

with enough data to com pute the one-loop m ass shifts

forthe topologicalkinks.

Priortoourwork[1],kinksin m assivenon-linearsigm a

m odels have been known for som e tim e and profusely

studied in di�erent supersym m etric m odels under the

circum stance thatallthe m assesofthe pseudo Nam bu-

G oldstone particles are equal. The study started with

two papersby Abraham and Townsend [3],[4]in which

the authors discovered a fam ily ofQ -kinks in a (1+ 1)-

dim ensionalN = (4;4)supersym m etricnon-linearsigm a

m odelwith a hyper-K ahlerG ibbons-Hawking instanton

as the target space and m ass term s obtained from di-

m ensionalreduction. In [5],however,these kinks were

re-considered by constructing the dim ensionally reduced

supersym m etric m odelby m eansofthe m athem atically

elegant technique ofhyper-K ahler quotients. By doing

this,the authorsdealwith m assive CP
N
orH P

N
m od-

els,a playground closerto oursim plerm assiveS2-sigm a

m odel.Sim ilarN = 2 BPS wallsin theCP
1
-m odelwith

twisted m assweredescribed in [6].In a paralleldevelop-

m entin the (2+ 1)-dim ensionalversion ofthese m odels,

two-dim ensionalQ -lum pswere discovered in [7]and [8].

Throughoutthis �eld,the m ostinteresting resultisthe

dem onstration in [9]and [10]thatcom posite solitonsin

d = 3+ 1 ofQ -stringsand dom ain wallsare exactBPS

solutionsthatpreserve 1

4
ofthe supersym m etries: (See

also the review [11],where a sum m ary ofthese super-

sym m etrictopologicalsolitonsiso�ered.)

O urinvestigationdi�ersfrom previousworkin thearea

oftopologicaldefectsin non-linearsigm a m odelsin two

im portant aspects: 1) W e rem ain in a purely bosonic

fram ework; in fact, we consider the sim plest m assive

non-linearsigm a m odel.2)W e study the case when the

m asses ofthe pseudo Nam bu-G oldstone bosons are dif-

ferent. The search for kinks in the (1+ 1)-dim ensional

m odel(dom ain wallsin d = 3+ 1)istantam ountto the

search for�nite action trajectoriesin the repulsiveNeu-

m ann system ,a particle m oving in an S
2-sphere under

the action ofnon-isotropic repulsive elastic forces. Itis

wellknown thatthisdynam icalsystem iscom pletely in-

tegrable[25],[27].W eshow,however,thattheproblem is

Ham ilton-Jacobiseparable by using elliptic coordinates

in the sphere. Use ofthis allows us to �nd four fam i-

liesofhom oclinictrajectoriesstarting and ending atone

ofthe poleswhich areunstablepointsofthe m echanical

system . In the �eld-theoreticalm odelthe polesbecom e

ground states,whereas the hom oclinic trajectories cor-

respond to four fam ilies ofnon-topologicalkinks. Each

m em berin a fam ily is form ed by a non-linearcom bina-

tion oftwobasictopologicalkinks(ofdi�erenttype)with

theircenterslocated atany relativedistancewith respect

each other.

Itisrem arkable thatthe static �eld equationsofthis

m assive non-linear sigm a m odelare (alm ost) the static

Landau-Lifshitz equations governing the high spin and

long wavelength lim it of 1D ferrom agnetic m aterials.

From this perspective, topologicalkinks can be inter-

preted respectively asBloch and Isingwallsthatform in-

terfacesbetween ferrom agneticdom ains,sim ilarto those

discovered in theXY m odeldealtwith in [33].Thevari-

ety ofournon-topologicalkinks,understood as solitary

spin waves,isthusform ed bynon-linearsuperpositionsof

onebasicBloch walland onebasicIsing wallatdi�erent

distances. Farfrom thisnon-relativistic context,degen-

erateBloch/Ising braneshavebeen studied in two-scalar

�eld theoriescoupled to gravity in [12,13,14].

II. T H E (1+ 1)-D IM EN SIO N A L M A SSIV E

N O N -LIN EA R S
2
-SIG M A M O D EL

W eshallfocuson thenon-linearS2-sigm a m odelstud-

ied in Reference [1].The action governing the dynam ics

http://es.arxiv.org/abs/0903.0593v2
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is:

S[�1;�2;�3]=

Z

dtdx

(
1

2
g
��

3X

a= 1

@�a

@x�

@�a

@x�
� V

)

; (1)

with V = V (�1(t;x);�2(t;x);�3(t;x)). The scalar�elds

are constrained to satisfy:�21 + �22 + �23 = R 2,and thus

�a(t;x) 2 M aps(R1;1;S2) are m aps from the (1 + 1)-

dim ensionalM inkowskispace-tim e to a S2-sphere ofra-

diusR,which isthe targetm anifold ofthe m odel.

O ur conventions for R1;1 are as follows: x� 2 R
1;1,

� = 0;1,x� � x� = g��x�x�,g
�� = diag(1;� 1). x0 = t,

x1 = x,x� � x� = t2 � x2;@�@
� = g��@2�� = 2 = @2t � @2x.

Theinfrared asym ptoticsof(1+ 1)-dim ensionalscalar

�eld theoriesforbidsm asslessparticles,see[15].W ethus

choose the sim plestpotentialenergy density thatwould

begenerated by quantum 
uctuationsgivingm assto the

fundam entalquanta:

V (�1;�2;�3)=
1

2

�
�
2
1 �

2
1 + �

2
2 �

2
2 + �

2
3 �

2
3

�
; (2)

which we setwith no lossofgenerality such that: �21 �

�22 > �23 � 0.

1. Solving �3 in favor of �1 and �2, �3 =

sg(�3)
p
R 2 � �21 � �22,we�nd:

S =
1

2

Z

dtdx f@��1@
�
�1 + @��2@

�
�2+

(�1@��1 + �2@��2)(�1@
��1 + �2@

��2)

R 2 � �21 � �22
� 2VS2(�1;�2)

�

VS2(�1;�2)=
1

2

�
(�21 � �

2
3)�

2
1 + (�22 � �

2
3)�

2
2 + const:

�

’
�2

2
�
2
1(t;x)+


2

2
�
2
2(t;x) (3)

with �2 = (�21 � �23),

2 = (�22 � �23),�

2 � 
2.

2.Thus,the interactionscom efrom the geom etry:

(�1@��1 + �2@��2)(�1@
��1 + �2@

��2)

R 2 � �21 � �22
’

’
1

R 2

�

1+
1

R 2
(�21 + �

2
2)+

1

R 4
(�21 + �2)

2 + � � �

�

�

� (�1@��1 + �2@��2)(�1@
�
�1 + �2@

�
�2) ;

and 1

R 2 isa non-dim ensionalcoupling constant,whereas

the m asses ofthe pseudo-Nam bu-G oldstone bosons are

respectively � and 
.

Takingintoaccountthatin thenaturalsystem ofunits

~ = c= 1 the dim ensionsof�elds,m assesand coupling

constants are [�a]= 1 = [R],[
]= M = [�],we de�ne

the non-dim ensionalspace-tim ecoordinatesand m asses

x
�
!

x�

�
;�

2 =
�22 � �23

�21 � �23
=

2

�2
; 0 < �

2
� 1;

to write the energy in term softhem :

E =
�

2

Z

dx

n

(@t�1)
2
+ (@t�2)

2
+ (@x�1)

2
+ (@x�2)

2

+
(�1@t�1 + �2@t�2)

2 + (�1@x�1 + �2@x�2)
2

R 2 � �21 � �22

+ �
2
1(t;x)+ �

2
� �

2
2(t;x)

	
: (4)

In thetim e-independenthom ogeneousm inim a oftheac-

tion orvacua ofourm odel,�V
�

1 = �V
�

2 = 0,�V
�

3 = � R

(North and South Poles), the Z2 � Z2 � Z2, �a !

(� 1)�ab�b, b = 1;2;3 sym m etry of the action (1) is

spontaneously broken to: Z2 � Z2, �� ! (� 1)�� � ��,

�;� = 1;2.Finite energy con�gurationsrequire:

lim
x! � 1

d��

dx
= 0 ; lim

x! � 1
�� = 0 : (5)

Therefore,the con�guration space C =
�
M aps(R;S2)=

E < + 1 g isthe union offourdisconnected sectorsC =

CN N
S
CSS

S
CN S

S
CSN labeled by the vacua reached by

each con�guration at the two disconnected com ponents

ofthe boundary ofthe realline.

W enow solvetheconstraintby using sphericalcoordi-

nates:� 2 [0;�],’ 2 [0;2�)

�1(t;x) = R sin�(t;x)cos’(t;x)

�2(t;x) = R sin�(t;x)sin’(t;x)

�3(t;x) = R cos�(t;x) :

In sphericalcoordinatesthem assterm s(weshalldenote

in the sequel:�� =
p
1� �2)are

V (�;’)=
R 2

2
sin2 �(�2 + ��2 cos2 ’) ; (6)

the action becom es

S =

Z

dtdx

�
R 2

2

�
@��@

�
� + sin2 �@�’@

�
’
�

�
R 2

2
sin2 �(�2 + ��2 cos2 ’)

�

;

and the �eld equationsread:

2� �
1

2
sin2�

�
@
�
’@�’ � cos2 ’ � �

2 sin2 ’
�
= 0 (7)

@
�(sin2 �@�’)�

1

2
��2 sin2 � sin2’ = 0:(8)

Finite energy solutions for which the space-tim e de-

pendence isofthe form :

�(t;x)= �

�
x � vt
p
1� v2

�

; ’(t;x)= ’

�
x � vt
p
1� v2

�

;

for som e velocity v,are called solitary waves. Lorentz

invariance allows us to obtain allthe solitary waves in

ourm odelfrom solutionsofthe static�eld equations

�
00
�
1

2
sin2� (’0)2 =

1

2

�
cos2 ’ + �

2 sin2 ’
�
sin2� (9)

d

dx
(sin2 � ’0) =

1

2
��2 sin2 � sin2’ ; (10)
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where the notation is: �0 = d�

dx
,’0 =

d’

dx
. The energy of

the staticcon�gurationsis:

E [�;�]= �

Z

dx E(�0(x);’0(x);�(x);’(x));

E =
�R2

2

�
(�0)2 + sin2 �(’0)2 + sin2 �(�2 + ��2 cos2 ’)

�
:

III. T O P O LO G IC A L K IN K S

Equation (8)issatis�ed forconstantvaluesof’ ifand

only if: ’ = 0;�
2
;�;3�

2
. Depending on which pairof’-

constantsolution wechoose,(7)becom esoneoranother

sine-G ordon equation:

2� +
�2

2
sin2� = 0 ; 2� +

1

2
sin2� = 0 :

Thus,sine-G ordon m odels are em bedded in our system

on these two orthogonalm eridians.

0

Π
����
2

ΠΠ

Θ

0

Π

2 Π

j
0

Π
����
2Θ

Figure 1:a)V (�;’)deform ation ofS
2
,b)Em bedding ofthe

sine-G ordon m odelat’ = 0,’ = �

2
asseen in � V (�;’).

1. K 1=K
�
1 kinks. W e denote K 1=K

�
1 the kink/antikink

solutionsofthesG m odelem bedded insidetheS2 m odel

in the ’K 1
(x) = �

2
or ’K �

1
(x) = 3�

2
two halves ofthe

singlem eridian intersecting the �2 :�3 plane,

�K 1
(x)= �K �

1
(x)= 2arctan e� �(x� x0) ; (11)

seeFigure1.Theenergy ofthesekinks,which belong to

CN S (kinks)orCSN (antikinks),is:E C
K 1

= E C
K �

1

= 2�R2�.

2. K 2=K
�
2 kinks. Taking ’K 2

(x)= 0 or’K �

2
(x)= �,

we�nd the sG kinks:

�K 2
(x)= �K �

2
(x)= 2arctane� (x� x0) : (12)

The energy ofthe K 2=K
�
2 kinks,which also belong to

the CN S,CSN sectors,is greater than the energy ofthe

K 1=K
�
1 kinks:E C

K 2
= E C

K �

2

= 2�R2.

3. D egenerate fam ilies of Q �-kinks. W hen �2 =

1,the system enjoys SO (2) internalsym m etry and the

m asses ofthe two pseudo-Nam bu-G oldstone bosons are

equal, there are degenerate fam ilies of tim e-dependent

Q -kinks of�nite energy. If� = 1: ’Q � (t) = !t+ �,

where! and � arerealconstants,solves(8)forany tim e-

independent�(x).M oreover,by plugging’Q � (t)into(7)

oneobtains:

�
Q � (x)= 2arctane�

p
1� ! 2(x� x0);8�: (13)

Therefore,if0< !2 < 1,the(�Q � (x);’Q � (t))con�gura-

tionsform a degeneratecircleofperiodicin tim eQ -kink

solutionsofenergy:

E
C
Q �

=
2�R2

p
1� !2

=
2�R2

�!
; 8� :

In fact,these Q -kinkscan be viewed asthe sG kinksro-

tating around them ain axisofS2 with constantangular

velocity !. In another reference fram e m oving with re-

spectto the Q �-kink CM with velocity v,the interplay

between x and tdependence ism orecom plicated:

’
Q � (x;t)= !

�
t� vx
p
1� v2

�

+ �

�
Q � (x;t)= 2arctane

� �!

„

x � vtp
1� v2

� x0

«

:

Atthe ! = 0 lim it we �nd a circle ofstatic topological

kinksthatform a degenerate fam ily ofsolitary wavesof

the system .

O fcourse,allthem ulti-soliton,soliton-antisoliton and

breathersolutionsofthesG m odelarealsosolitonsofour

system in them eridiansintersecting eitherthe�2 :�3 or

the�1 :�3 planes.W eshallnotdiscussthesesolutionsin

thiswork and postponetheirstudy to a future research.

IV . T O P O LO G IC A L K IN K STA B ILIT Y

A . Sm all
uctuations on topologicalkinks

The analysis ofsm all
uctuations around topological

kinksrequiresusto considerboth thegeodesicdeviation

operatorand theHessian ofthepotentialenergy density.

W ewilldenote� = �1 2 [0;�],’ = �2 2 [0;2�),and thus

thearc-length reads:ds2 = R 2d�1d�1+ R 2 sin2 �1d�2d�2.

W ealso denotetheK ink trajectoriesand sm alldeform a-

tionsaround them as:�K (x)= (�1K (x)=
��;�2K (x)= �’),

�(x)= �K (x)+ �(x),�(x)= (�1(x);�2(x)).

Let us consider the following contra-variant vector

�elds along the kink trajectory, �;�0K 2 �(TS2 jK ):

�(x)= �1(x) @

@�1
+ �2(x) @

@�2
and �0K (x)=

��0 @

@�1
+ �’0 @

@�2
.

The covariantderivative of�(x)and the action ofthe

curvaturetensoron �(x)are:

r �0
K
� =

�
�
0i(x)+ �ijk�

j��0k
� @

@�i

R(�0K ;�)�
0
K = ��0i�j(x)��0kR l

ijk

@

@�l
:

Thegeodesicdeviation operatoris:

D 2�

dx2
+ R(�0K ;�)�

0
K = r �0

K
r �0

K
� + R(�0K ;�)�

0
K :

To obtain the di�erential operator that governs the

second-order 
uctuations around the kink �K , the re-

m aining ingredientisthe Hessian ofthe potential:

r �gradV = �
i

�
@2V

@�i@�j
� �kij

@V

@�k

�

g
jl @

@�l
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evaluated at �K (x). In sum ,second-orderkink 
uctua-

tionsaredeterm ined by the operator:

� K � = �
�
r �0

K
r �0

K
� + R(�0K ;�)�

0
K + r �gradV

�
(14)

B . T he spectrum ofsm all
uctuations around

K 1=K
�
1 kinks

Plugging theK 1 solutionsinto (14),weobtain thedif-

ferentialoperatoracting on the second-order
uctuation

operatoraround the K 1=K
�
1 kinks:

� K 1
� = �K �

1
� =

�

�
d2�1

dx2
+

�

�
2
�

2�2

cosh
2
�x

�

�
1

�
@

@�1

+

�

�
d2�2

dx2
+ 2�tanh�x

d�2

dx
+ ��2�2

�
@

@�2
:(15)

The vector �elds v(x) = v1(x) @

@�1
+ v2(x) @

@�2
parallel

along the K 1 kink orbitssatisfy:
dv

i

dx
+ �i

jk
��0jvk = 0,or,

(
dv

1

dx
= 0 ; v1(x)= 1

dv
2

dx
+ �

cotan(2arctane
� x

)

cosh�x
v2 = 0 ; v2(x)= cosh�x

:

Therefore,v1 = @

@�1
; v2(x) = cosh�x @

@�2
is a fram e

fv1;v2g in �(TS2jK 1
) parallelto the K 1 kink orbit in

which (15)reads:

� K 1
� = �K �

1
� =

�

�
d2��1

dx2
+ (�2 �

2�2

cosh
2
�x

)��1
�

v1

+

�

�
d2��2

dx2
+ (1�

2�2

cosh
2
�x

)��2
�

v2 ; (16)

where� = ��1 v1 + ��2 v2,�
1 = ��1,and �2 = cosh�x ��2.

The second-order
uctuation operator(16)isa diago-

nalm atrix oftransparentP�osch-TellerSchr�odingeroper-

atorswith very wellknown spectra.Asexpected,despite

thegeom etricnatureof4 K 1
,we�nd in thev1 =

@

@�1
di-

rection theSchr�odingeroperatorgoverning sG kink 
uc-

tuations. Finding another P�osch-Tellerpotentialofthe

sam e type in the v2 =
@

@�2
direction com esoutasa sur-

prise because there is no a priorireason for such a be-

haviorin the orthogonaldirection.

In thev1 direction thereisa bound stateofzeroeigen-

valueand a continuousfam ily ofpositiveeigenfunctions:

��10(x)= sech�x ; "
(1)

0 = 0

��1k(x)= e
ik�x(tanh�x � ik) ; "

(1)(k)= �
2(k2 + 1):

In the v2 = cosh�x @

@�2
direction the spectrum issim ilar

butthebound statecorrespondstoa positiveeigenvalue:

��21� �2(x)= sech�x ; "
(2)

1� �2 = 1� �
2
> 0

��2k(x)= e
ik�x(tanh�x � ik) ; "

(2)(k)= �
2
k
2 + 1 :

Becausethereareno 
uctuationsofnegativeeigenvalue,

the K 1=K
�
1 kinksarestable.

C . O ne-loop shift to classicalK 1=K
�
1 kink m asses

There
ection coe�cientofthescattering wavesin the

potentialwells ofthe Schr�odingeroperators in (16) be-

ing zero,itispossibleto use the Cahill-Com tet-G lauber

form ula [2](see also [17]fora m ore detailed derivation)

to com pute the quantum correction to the K 1 classical

kink m assup to one-loop order:

E K 1
(�) = E

C
K 1
(�)+ �E K 1

(�)+ O (
1

R 2
)=

= 2�R2
� �

��

�
[sin�1 +

1

�
sin�2 � �1 cos�1

�
1

�
�2 cos�2]+ O (

1

R 2
) (17)

In (17)�1 = arccos0 = �

2
,�2 = arccos��,aredeterm ined

from theeigenvaluesofthebound statesand thethresh-

oldsofthe continuousspectra. Thissim ple structure of

the one-loop kink m assshiftoccursonly fortransparent

potentials.In ourm odel,we�nd the form ula:

E K 1
(�)= 2�R2��

��

�

h

2�
��

�
arccos(��)

i

+ O (
1

R 2
) (18)

Forinstance,for� = 1

2
we obtain a resultsim ilarto the

m assshiftofthe ��42-kink:

E K 1
(
1

2
)= �R

2
�
3�

2�

�
2

3
�

�

6
p
3

�

+ O (
1

R 2
)

Asin the��42-kink case,a zero m odeand a bound eigen-

state ofeigenvalue "
(2)
3

4

= 3

4
contribute. The gaps be-

tween the bound state eigenvalues and the thresholds

"(1)(0) = �2, "(2)(0) = 1 of the two branches of the

continuous spectrum are the sam e in our m odel. The

gaps, however,are di�erent from the gaps in the ��42
m odelbetween the eigenvaluesofthe two bound states

and the threshold ofthe only branch ofthe continuous

spectrum .Both featurescontributeto theslightly di�er-

entresult.The� = 1sym m etriccaseism oreinteresting.

W e �nd exactly twice the spectrum ofthe sG kink:two

zero m odesand two gapswith respectto the thresholds

ofthecontinuousspectrum equaltoone.Nowonderthat

the one-loop m assshiftsofthe degeneratekinksistwice

the one-loop correction ofthe sG kink:

E K �
(1)= 2�

�

R
2
�
1

�

�

+ O (
1

R 2
); 8� !:

M oreover,the quantum 
uctuationsdo notbreak the

SO (2)-sym m etry and ourresult�tsin perfectly wellwith

the one-loop shift to the m ass ofthe N = (2;2) SUSY

CP
1
kink com puted in [18]wherethe authors�nd twice

the m assofthe N = 1 SUSY sine-G ordon kink. A dif-

ferentderivation ofform ula (18)following theprocedure

of[19],seealso [20,21],willbe published elsewhere.
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D . T he spectrum ofsm all
uctuations around

K 2=K
�
2 kinks

By inserting theK 2 solutionsin (14)thesecond-order


uctuation operatoraround the K 2=K
�
2 kinksisfound:

� K 2
� = �K �

2
� =

�

�
d2�1

dx2
+ (1�

2

cosh
2
x
)�1

�
@

@�1

+

�

�
d2�2

dx2
+ 2tanhx

d�2

dx
� ��2�2

�
@

@�2
: (19)

Solvingagain theparalleltransportequations,now along

the K 2 solutions, it is obtained the parallel fram e:

fu1;u2g 2 �(TS2 jK 2
), u1 = @

@�1
, u2(x) = coshx @

@�2
,

to the K 2=K
�
2 orbits.(19)becom es:

� K 2
� = �K �

2
� =

�

�
d2~�1

dx2
+ (1�

2

cosh
2
x
)~�1

�

u1

+

�

�
d2~�2

dx2
+ (�2 �

2

cosh
2
x
)~�2

�

u2 : (20)

with � = ~�1u1 + ~�2u2,�
1 = ~�1,�2 = coshx~�2.

Again, the second-order 
uctuation operator (19) is

a diagonalm atrix oftransparentP�osch-Telleroperators.

In thiscase,thereisa bound stateofzeroeigenvalueand

a continuousfam ily ofpositiveeigenfunctionsstarting at

the threshold "(1)(0)= 1 in the u1 =
@

@�1
direction:

~�10(x)= sechx ; "
(1)

0 = 0

~�1k(x)= e
ikx(tanhx � ik) ; "

(1)(k)= (k2 + 1);

ascorrespondsto the sG kink.In the u2(x)= coshx @

@�2

direction,the spectrum is sim ilar but the eigenvalue of

thebound stateisnegative,whereasthethreshold ofthis

branch ofthe continuousspectrum is"(2)(0)= �2:

~�2�2� 1(x)= sechx ; "
(2)

�2� 1
= �

2
� 1< 0

~�2k(x)= e
ikx(tanhx � ik) ; "

(2)(k)= k
2 + �

2
:

Therefore,K 2=K
�
2 kinksare unstable and a Jacobi�eld

fork = i� arises: ~�2J(x)= e�x(tanhx � �),"
(2)

J
= 0.

E. O ne-loop shift to classicalK 2=K
�
2 kink m asses

O nceagain weusetheCahill-Com tet-G lauberform ula

to com pute the quantum correction to the K 2 classical

kink m ass up to one-loop order. As before,the angles

�1 = arccos(0) = �

2
, �2 = arccos(i��), are determ ined

from theeigenvaluesofthebound statesand thethresh-

oldsofthe continuousspectra.Thenovelty isthatsince

thebound stateeigenvalueisnegative�2 ispurely im ag-

inary.Therefore,we�nd:

E K 2
(�)= 2�R2 �

��

�

�
1

�
+
p
2� �2 � i

�

2
��

+ �� log

hp
2� �2 � ��

ii

+ O (
1

R 2
): (21)

Thekeypointisthattheone-loop m assshiftisacom plex

quantity, the im aginary part telling us about the life-

tim e of this resonant state. In the � = 1 sym m etric

case,however,we �nd the expected purely realanswer:

E K 2
(1)= 2�

�
R 2 � 1

�

�
+ O ( 1

R 2 ).

F. B P S Q � -kinks as d = 1+ 1 dyons

In the �2 = 1 case there is sym m etry with respect

to the exp[�

�
0 � 1 0

1 0 0

0 0 0

�

]2 SO (2) subgroup ofthe O (3)

group. The associated N�oethercharge distinguishesbe-

tween di�erentQ �-kinks:

Q =
1

2

Z

dx(�1@t�2 � �2@t�1)= R
2

Z

dx sin2 �@t’

Q [Q �]= R
2
!

Z

dx sin2 �Q � = 2R 2!

�!
:

For con�gurations such that � is tim e-independent and

’ isspace-independent,the energy can be written as:

E =
�R2

2

Z

dx
�
sin2 �[_’ � !]2 + [�0� �! sin�]2

	

+ �R
2

Z

dx
�
! sin2 � _’ � �!�0sin�

	
; (22)

(_’ =
d’

dt
(t)),in such a way thatthesolutionsofthe�rst-

orderequations:

_’ = ! ) ’
Q � (t)= !t+ �

�
0= � �! sin� ) �

Q � (x)= 2arctane� �!(x� x0) ;

the Q �-kinks, saturate the Bogom olny bound and are

BPS:

E B PS =
2�R2

�!
= � f!Q + �!Tg: (23)

Here, the topological charge T = jW [�(+ 1 ;t)]�

W [�(� 1 ;t)]j com ing from the superpotential W =

R 2(1 � cos�) valued at the Q�-kinks gives: T[Q �] =

2R 2;8�. This explains why \one cannot dent a dyon"

(even a one-dim ensionalcousin),see [23]. Conservation

ofthe N�oethercharge forbidsthe decay ofQ � kinks,all

ofthem living in the sam e topologicalsector,to others

with lessenergy.

G . B ohr-Som m erfeld rule: Q -kink energy and

charge quantization

TheBohr-Som m erfeld quantization ruleapplied to pe-

riodicin tim e-classicalsolutionsin ourm odelreads:

Z T

0

dt

Z

dx�’(t;x)
@’

@t
(t;x)

= R
2

Z T

0

dt

Z

dx sin2 �(x;t)
@’

@t

@’

@t
= 2�n :
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In [16]itisexplained how derivation ofthisform ula with

respectto the period T = 2�

!
leadsto the O DE:� dn

dE
=

!� 1(E ),or,

�

Z n

0

dn =

Z E n

E 0

E dE
p
E 2 � 4�2R 4

) E n = �
p
n2 + 4R 4

startingfrom E 0 = 2�R2 and assum ingn tobeapositive

integer. The Q -kink energy is thus quantized and the

frequenciesand chargesallowed by theBohr-Som m erfeld

ruleform also a num erablein�nite set:

!n =

s

1�
1

1+ n2

4R 4

; Q n = n :

V . T H E M A SSIV E N O N -LIN EA R S
2
-SIG M A

M O D EL IN SP H ER IC A L ELLIP T IC

C O O R D IN A T ES

The secret ofthis non-linear (1+ 1)-dim ensionalm as-

siveS2-sigm am odelisthatitsanalogousm echanicalsys-

tem isHam ilton-Jacobiseparablein sphericalellipticco-

ordinates. This fact willallow us to known explicitly

notonly thekink solutionsinherited from theem bedded

sG m odels,butthe com pletesetofsolitary wavesofthe

system .

A . T he sphericalelliptic system oforthogonal

coordinates

The de�nition ofelliptic coordinatesin a sphere isas

follows: one �xes two arbitrary points (and the pair of

antipodalpoints)in S2.W e choosethese pointswith no

lossofgenerality in the form :F1 � (�f;�),F2 � (�f;0),
�F1 � (� � �f;0), �F2 � (� � �f;�),�f 2 (0;�

2
).

Thedistancebetween thetwo �xed pointsisd = 2f =

2R�f < �R,see Figure 2(a). G iven a pointP 2 S
2,let

Θf

f

F1

F2

F2
�����

F1
�����

z

x
F2

F1

P

r2r1

Figure 2: a)Fociand antipodalfociofthe elliptic system of

coordinateson S
2
.b)D istancesfrom a pointto the foci.

us consider the distances r1 2 [0;�R]and r2 2 [0;�R]

from P to F1 and F2.

r1 = 2R arcsin

r
1

2
(1� cos�f cos� + sin�f sin� cos’)

r2 = 2R arcsin

r
1

2
(1� cos�f cos� � sin�f sin� cos’);

see Figure 2(b). The sphericalelliptic coordinatesofP

are halfthe sum and halfthe di�erence ofr1 and r2:

2u = r1 + r2 , 2v = r1 � r2. u 2 (R�f;R(� � �f)),

v 2 (� R�f;R�f).W erem ark thatthisversion ofelliptic

coordinatesin a sphereisequivalentto using conicalco-

ordinatesconstrained to S2,asde�ned e.g.in Reference

[24].W e shallusethe abbreviated notation:

su = sin
u(t;x)

R
;sv = sin

v(t;x)

R
;sf= sin�f

su2 = sin2
u(t;x)

R
;sv2 = sin2

v(t;x)

R
;sf

2
= sin2 �f

and analogouslyforcu,cv,and cf.Topassfrom elliptical

to Cartesian coordinates,orviceversa,oneuses:

�1(t;x) =
R

sf
susv ; �3(t;x)=

R

cf
cucv

�2(t;x) = �
R

sfcf

q

(su2 � sf
2
)(sf

2
� sv2) ;

whereasthe di�erentialarc-length reads:

ds
2
S2
=
su2 � sv2

su2 � sf
2
� du

2 +
su2 � sv2

sf
2
� sv2

� dv
2

:

ThesphericalellipticcoordinatesoftheNorth and South

Poles,and thefociarerespectively:(uN ;vN )= (R�f;0),

(uS;vS) = (R(� � �f);0), (uF1
;vF1

) � (R�f;� R�f),

(uF2
;vF2

) � (R�f;R�f),(u �F1
;v�F1

)� (R(� � �f);R�f),

(u �F2
;v�F2

)� (R(� � �f);� R�f).

B . Static �eld equations and H am ilton-Jacobi

separability

W e choose a system of sphericalelliptic coordinates

with the focideterm ined by �f = arccos�, i.e., �2 =

cos2�f,��
2 = sin2�f. W e stressthat the foci(and their

antipodalpoints)arethe branching pointsm entioned in

the previousSection. In this coordinate system the ac-

tion forthem assivenon-linearS2-sigm a m odelreads:

S =

Z

dtdx

�
1

2

�
su2 � sv2

su2 � sf
2
@�u@

�
u +

su2 � sv2

sf
2
� sv2

@�v@
�
v

�

� V (u(t;x);v(t;x))

o

;

V (u;v)=
R 2

2(su2 � sv2)

�
su2(su2 � sf

2
)+ sv2(sf

2
� sv2)

�
:

Thestatic energy reads:

E [u;v]= �

Z

dxE(u0(x);v0(x);u(x);v(x));

E =
1

2

�
su2 � sv2

su2 � sf
2
(u0)2 +

su2 � sv2

sf
2
� sv2

(v0)2
�

+ V (u;v):

Letusthink ofE [u;v]asthe action fora particle:E as

theLagrangian,x asthetim e,U (u;v)= � V (u;v)asthe
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m echanicalpotentialenergy,and the targetm anifold S
2

asthe con�guration space.The canonicalm om enta are:

pu =
@E

@u0
,pv =

@E

@v0
,and thestatic�eld equationscan be

thoughtofasthe Newtonian O DE’s:

d

dx
�

�
su2 � sv2

su2 � sf
2
� u

0

�

=
�V

�u

d

dx
�

�
su2 � sv2

sf
2
� sv2

� v
0

�

=
�V

�v
:

Becausethe m echanicalenergy is

U (u;v) = � V (u;v)= �
1

su2 � sv2
(f(u)+ g(v))=

= �
R 2[su2(su2 � sf

2
)+ sv2(sf

2
� sv2)]

2(su2 � sv2)

this m echanicalsystem is a Liouville type I integrable

system ,(see [27]). The Ham iltonian and the Ham ilton-

Jacobiequation ofsphericalTypeILiouvillem odelshave

the form :

H =
hu + hv

su2 � sv2
;

�
hu =

1

2
(su2 � sf

2
)p2u � f(u)

hv =
1

2
(sf

2
� sv2)p2v � g(v)

@S

@x
+ H

�
@S

@u
;
@S

@v
;u;v

�

= 0 ;

which guarantees HJ separability in this system ofco-

ordinates. The separation ansatz S(x;u;v) = � i1x +

Su(u)+ Sv(v)reducesthe HJ equation to the two sepa-

rated O DE’s,in the usualHJ procedure,leading to the

com plete solution:S = S(x;u;v;i1;i2):

S = � i1x + sg(pu)

Z

du

s

2(i2
R 2 + i1 su

2 + f(u))

su2 � sf
2

+ sg(pv)

Z

dv

s

2(� i2
R 2 � i1 sv

2 + g(v))

sf
2
� sv2

(24)

in term softhe m echanicalenergy I1 = i1 and a second

constantofm otion:the separation constantI2 =
i2
R 2 .

V I. N O N -T O P O LO G IC A L K IN K S

W enow identifythefam iliesoftrajectoriescorrespond-

ing to the values i1 = i2 = 0 of the two invariants

in the m echanicalsystem . These orbits are separatri-

ces between bounded and unbounded m otion in phase

space and becom e solitary wave solutions in the �eld-

theoreticalm odelbecause the i1 = i2 = 0 conditions

force the boundary behavior (5). (See [28]and [29]for

application ofthisidea to thesearch forsolitary wavesin

othertwo-scalar�eld m odelswith analogousm echanical

system swhich areHJ separablein elliptic coordinates.)

1.In a�rststep we�nd theHam ilton characteristicfunc-

tion forzero particle energy (i1 = 0 = i2)by perform ing

the integrations in (24): W (u;v) = Su(u;i1 = 0;i2 =

0)+ Sv(v;i1 = 0;i2 = 0),

W
(�1;�2)(u;v)= F

(�1)(u)+ G
(�2)(v)

with (� 1)�1 = � sgpu,(� 1)
�2 = � sgpv � sgv,and:

F
(�1)(u)= R

2(� 1)�1 cu; G
(�2)(v)= R

2(� 1)�2 cv :

2.TheHJprocedureprovidesthekinkorbitsbyintegrat-

ing sgpu
R

du

(su2 � sf2)jsu j
� sgpv

R
dv

(sf2 � sv2)jsv j
= R 3
2:

e
R

2

2 sf

2

=

2

6
4

�
�
�tan

u� f

2R
tan

u+ f

2R

�
�
�

1

2 cf

jtan u

2R
j

3

7
5

sgpu

�

2

6
4

jtan v

2R
j

�
�
�tan

v� f

2R
tan

v+ f

2R

�
�
�

1

2 cf

3

7
5

sgpv

: (25)

In Figure3(a)aM athem aticaplotiso�ered showingsev-

eralorbitscom plying with (25)forseveralvaluesofthe

integration constant 
2. Note that allthe orbits start

and end atthe North Poleand passthrough the foci �F1
such thatwehaveshown a one-param etricfam ily ofnon-

topologicalkink orbits. In fact,there are four fam ilies

ofnon-topologicalkinksam ong thesolutionsof(25):the

orbitsofa second fam ily also startand end attheNorth

Polebutpassthrough �F2.The orbitsin the second pair

ofNTK fam iliesstartand end attheSouth Poleantpass

through eitherF1 orF2.

F2

A

A
�

F1
����

-f 0 f

f

ΠR-f

KA-F-A

KA A
���

KAA

v

u

F1 F2

F2
�����

F1
�����

A
�

A

Figure 3: a) SeveralNTK kink orbits. b) The sam e NTK

kink orbitsin the elliptic rectangle.

Γ2 = -3
Γ2 = 10

Γ2 = 0

-10 -5 5 10

0.2

0.4

0.6

0.8

1.0

Figure 4: NTK energy densities for three di�erent values of


2: 1) 
2 = � 3,highest peak on the left (blue) 2) 
2 = 0,

sym m etricalpeaks (green) 3) 
2 = 10 highest peak on the

right(red).

3. The HJ procedure requires sim ilar integrations in

sgpu
R

jsu jdu

(su2 � sf2)
� sgpv

R
jsv jdv

(sf2 � sv2)
= R(x + 
1) to �nd
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the kink pro�les(orparticle\tim e " schedules):

e
2(x+ 
1)cf =

�
�
�tan

u(x)� f

2R
tan

u(x)+ f

2R

�
�
�
sgpu

�
�
�tan

v(x)� f

2R
tan

v(x)+ f

2R

�
�
�
sgpv

: (26)

In Figure4 theNTK energy densitiesforthreevaluesof


2 areplotted.

4. Reshu�ing equations (25) and (26), it is possi-

ble to �nd the NTK fam ilies analytically, (27), based

on (uN ;vN ) = (R�f;0). The other fam ilies,based on

(uS;vS)= (R(� � �f);0)aregiven by a sim ilarform ula.

tan
uK (x;
1;
2)

2R
=

�
p
2
p
1+ e1e2 t

f

2
r

e1 + e2
2
+ tf

2

4

+ e1e
2

2
tf
2

4

�

q

(e1 + e2
2
+ tf

2

4

+ e1e
2

2
tf
2

4

)2 � 4(1+ e1)2e
2

2
tf
2

4

tan
vK (x;
1;
2)

2R
=

�

r

e1 + e2
2
+ t

f

2

4

+ e1e
2

2
t
f

2

4

�

q

(e1 + e2
2
+ t

f

2

4

+ e1e
2

2
t
f

2

4

)2 � 4(1+ e1)2e
2

2
t
f

2

4

p
2
p
1+ e1 t

f

2

(27)

wherewehaveused the new abbreviations:e1 = e2(x+ 
1)cf ; e2 = ex+ 
1� R
2

2 sf

2

; tf
2
= tan

f

2R
.

V II. N O N -T O P O LO G IC A L K IN K

IN STA B ILIT Y :M O R SE IN D EX T H EO R EM

To study the (lack of) stability ofNTK kinks, it is

convenientto use the following notation for the elliptic

variables: u1 = u,u2 = v. The static �eld equations

read:

D

dx
�
dui

dx
= g

ij d

dx

�

gjk
duk

dx

�

= g
ij @V

@uj
: (28)

Let us consider a one-param etric fam ily ofsolutions of

(28):uiK (x;
).Thederivation of

�

�
D

dx
�
duiK

dx
+ g

ij(u1K ;u
2
K )

@V

@uj

�

� gik
@ukK

@

= 0

with respectto the param eter
 im plies:

D 2

dx2
�
@uiK

@

+
@u

j

K

@x
�
@ukK

@

�
@ulK

@x
R
i
jkl+

+ gik
�

@2V

@uj@uk
� �ljk(u

1
K ;u

2
K )

@V

@ul

�
@u

j

K

@

= 0:

In the lastthree form ulasthe m etric tensor,the covari-

antderivatives,theconnection,thecurvaturetensor,and

the gradientand Hessian ofthe potentialare valued on

(u1K ;u
2
K ),see [39]. Thus,

@u
i
K

@

is an eigenvector ofthe

second order
uctuation operatorofzeroeigenvalue.The

derivativesoftheNTK solutions(27)with respectto the

param eter
2 are accordingly eigenvectorsofthe second

order
uctuation operatorofzero eigenvaluesorthogonal

to the NTK orbit,i.e.,Jacobi�eldsthatm ovefrom one

NTK kink to anotherwith no costin energy.

Betterthan directderivation of(27)the Jabobi�elds

can be obtained from (25) and (26) by using im plicit

derivation with respectto the param eter
2 and solving

the subsequent linear system . W e skip the (deep) sub-

tletiesofthiscalculation and m erely providetheexplicit

analyticalexpressions:

J
N T K (x;
2)=

R 3(su2 � sf
2
)(sf

2
� sv2)

su2 � sv2
�

�

�

sg(pu)su
@

@u
� sg(pv)sv

@

@v

�

: (29)

In Figures5a)-b),6a)-b)twoJacobi�eldsfortwovalues

of
2,aswellasthecorrespondingNTK �eld pro�les,are

plotted forthethree�1,�2,�3 original�eld com ponents.

-10 -5 5 10

-1.0

-0.5

0.5

-10 -5 5 10

-0.2

-0.1

0.1

0.2

Figure5: a)Pro�lesofthe�eld com ponentsforNTK 
2 = 0

kink.b)Plotofthe Jacobi�eld J
N T K

(x;0)

-10 -5 5 10

-1.0

-0.5

0.5

-10 -5 5 10

-0.1

0.1

0.2

0.3

Figure6: a)Pro�lesofthe�eld com ponentsforNTK 
2 = 1

kink.b)Plotofthe Jacobi�eld J
N T K

(x;1)

The zeroes of the Jacobi �elds along a given 
2-
NTK orbit (in the four disconnected sectors) are as
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follows: either A � (uK (� 1 ;
2) = f;vk(� 1 ;
2) =

0), �F1 � (uK (�
1;
2) = �R � f;vK (�
1;
2) = � f),
�F2 � (uK (�
1;
2) = �R � f;vK (�
1;
2) = f), or,
�A � (uK (� 1 ;
2) = �R � f;vk(� 1 ;
2) = 0), F1 �

(uK (�
1;
2) = f;vK (�
1;
2) = � f),F2 � (uK (�
1;
2) =
f;vK (�
1;
2)= f). Thus,the conjugate points with re-
spect to either the North or the South Poles along the
NTK orbitsarelisted below:

Starting Point C onjugatePoint C onjugatePoint

NorthPole:A AntipodalFocus: �F1 AntipodalFocus: �F2

SouthPole: �A Focus:F1 Focus:F2

In this two-dim ensionalsetting,the M orse index the-

orem states that the num ber ofnegative eigenvalues of

thesecond order
uctuation operatoraround a given or-

bitisequalto thenum berofconjugatepointscrossed by

the orbit [30]. The reason is that the spectrum ofthe

Schr�odinger operator has in this case an eigenfunction

with asm any nodesastheM orseindex,theJacobi�eld,

whereastheground statehasnonodes.TheJacobi�elds

oftheNTK orbitscrossoneconjugatepoint,theirM orse

index isone,and the NTK kinksareunstable.

V III. N O N -B P S N O N -T O P O LO G IC A L K IN K S

TheavailabilityoftheHam ilton characteristicfunction

asa sum ofone function ofu and anotherfunction ofv

allowsusto writetheenergy ofstaticcon�gurations�a la

Bogom olny:

E [u;v] =
�

2

Z

dx

(
su2 � sv2

su2 � sf
2

�
du

dx
�

su2 � sf
2

su2 � su2

dF (�1)

du

� 2

+
su2 � sv2

sf
2
� sv2

�
dv

dx
�

sf
2
� sv2

su2 � su2

dG (�2)

dv

� 2
)

+ �

Z

dx
du

dx

dF (�1)

du
+ �

Z

dx
dv

dx

dG (�2)

dv
:

Solutionsofthe �rst-orderequations

du

dx
=

su2 � sf
2

su2 � sv2

dF (�1)

du
= � R(� 1)�1

su2 � sf
2

su2 � sv2
su(30)

dv

dx
=

sf
2
� sv2

su2 � sv2

dG (�2)

dv
= � R(� 1)�2

sf
2
� sv2

su2 � sv2
sv(31)

are absolute m inim a of the energy and therefore are

stable. Note that the energy ofthe solutions of(30)-

(31) is positive or zero because sgu0 = sgdF
(� 1)

du
and

sgv0= sgdG
(� 1)

dv
.

Even though theNTK trajectoriesaresolutionsofthe

analogousm echanicalsystem provided by the HJ proce-

durethatisclosely related to theO DE system (30)-(31),

they do notstrictly solve(30)-(31).Taking the quotient

ofthe two equationsin (30)-(31)we �nd the equation

du

dv
= (� 1)�1� �2

su2 � sf
2

sf
2
� sv2

su

sv
; (32)

which determ ines the kink orbit 
ow. Note that this

equation isidenticalto theequation in theHJ procedure

that one m ustintegrate to �nd (25). The subtle point,

however,is that this 
ow is unde�ned, 0

0
, at the four

foci:F1,F2, �F1, �F2,and alltheNTK orbitspassthrough

oneofthesedangerouspoints,seeFigures3(a)and 3(b).

Thenon-topologicalkinkorbitssolve(30)-(31)foragiven

sign com bination before m eeting at a focus and are so-

lutions of (30)-(31) with another choice of signs after

leaving these orbit intersections. Thus,non-topological

kinks are classi�ed as non-BPS in the term inology of

\pre-supersym m etric" system s. W e rem ark that in el-

liptic coordinates the pathology is not in the Ham ilton

characteristicfunction butin the factorsinduced by the

changeto ellipticcoordinates.Theconclusion isthatthe

energy ofthe NTK kinks m ust be com puted piecewise

along the orbit. E C
K (
2)

= 2�
�
�G (�2)(0)� G (�2)(v

�

B
)
�
�+

2�
�
�F (�1)(u+

B
)� F (�1)(u�

B
)
�
�,i.e.,

E
C
K (
2)

= 2�R2
j1� �j+ 2�R2j2�j= 2�R2(1+ �) (33)

givesthe kink energy asthe action ofthe corresponding

trajectory.

A . Singular K 1 and K 2 kinks: kink m ass sum rule

AnalysisoftheBPS/non-BPSnatureofthetopological

kinksin elliptic coordinatesisillum inating.TheK 1=K
�
1

kink orbitslie in the v = 0 line,splitting the two-halves

oftheellipticrectangle:vK 1
= vK �

1
= 0,seeFigure3(b).

The �rst-order equations (30)-(31) on the K 1=K
�
1 kink

orbits(�1 = 0 giveskinksand �1 = 1 anti-kinks)and the

K 1=K
�
1 kink pro�lesin elliptic coordinatesare:

du

dx
= � (� 1)�1R

su2 � sf
2

su

uK 1
(x)= uK �

1
(x)= R arccos[� tanh((� 1)�1�x)]:

TheK 1=K
�
1 kink energy saturatesthe BPS bound:

E
C
K 1

= �

�
�
�F

(�1)(uK 1
(+ 1 ))� F

(�1)(uK 1
(� 1 ))

�
�
�= 2�R2

�:

TheK 2=K
�
2 kinkorbitsarethefouredgesoftheelliptic

rectangle:uK 2
= uK �

2
= R�f,vK 2

= R�f,vK 2
= � R�f,

uK 2
= uK �

2
= R(� � �f),see again Figure 3(b). The

K 2=K
�
2 kinks are accordingly three-step trajectories in

the elliptic rectangle.

I.� 1 < x < logtan
�f

2
and uIK 2

= uIK �

2

= R(� � �f),

the �rst-orderO DE,and the solutionsare:

�2 = 1;v0= Rjsvj;vIK 2
(x)= � v

I
K �

2
(x)= 2R arctanex :
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II.logtan
�f

2
< x < logtan

�� �f

2
,vIIK 2

= � vIIK �

2

= R�f,

the �rst-orderO DE and the solution are:

�1 = 0;u0= � R su;uIIK 2
(x)= u

II
K �

2

(x)= 2R arctane� x :

III.logtan
�� �f

2
< x < + 1 ,uIIIK 2

= uIIIK �

2

,the �rst-

orderequation and the solutionsare:

�2 = 0;v0= � Rjsvj;vIIIK 2
(x)= � v

III
K �

2

(x)= 2R arctane� x :

Anti-kinks are obtained by changing the choices of�1
and �2.In any case,theK 2=K

�
2 kink energy isnotofthe

BPS form :

E
C
K 2

= �

�
�
�
�G

(1)(v(� 1 ))� G
(1)(v(logtan

�f

2
))

�
�
�
�

+ �

�
�
�
�F

(0)(u(logtan
�f

2
))� F

(0)(u(logcotan
�f

2
))

�
�
�
�

+ �

�
�
�
�G

(0)(v(logcotan
�f

2
))� G

(0)(v(+ 1 ))

�
�
�
�

= �R
2
j1� cfj+ �R

2
j� 2cfj+ �R

2
j1� cf+ 1j= 2�R2

:

Itisrem arkablethatthese energiessatisfy the following

\K ink m asssum rule":

E
C
K (
2)

= 2�R2(1+ �)= E
C
K 2

+ E
C
K 1

(34)

In fact,the j
2j! 1 lim itofthe fam ily ofK 
2 (NTK )

kinksiscom patiblewith equation (25)only attheedges

ofthe elliptic rectangle(form ing the K 2=K
�
2 orbits)and

the K 1=K
�
1 orbit. Therefore,the K 1 and K 2 form the

boundary ofthem odulispaceofK 
2 in such a way that

(34)showsthiscom bination asone ofthe NTK kinks.

IX . SO LITA R Y SP IN W AV ES

Field con�gurations that satisfy the Euler-Lagrange

equations:

@A a

@t
(t;x)=

3X

b= 1

�
�Ab

��a
(t;x)�

�Aa

��b
(t;x)

�

�
@�b

@t
(t;x)

=

3X

b= 1

3X

c= 1

"abcB c[�(t;x)]�
@�b

@t
(t;x)

areextrem alsofthe \W ess-Zum ino" action:

SW Z[�]= R
2

Z

dtdx

3X

a= 1

A a[�(t;x)]
@�a

@t
(t;x) :

In particulara \m agneticm onopole" �eld B a[�(t;x)]=
�a (t;x)

R 3 in the R3 internalspace where the S2-sphere is

em bedded is obtained by the choice ofsingular \vector

potentials":

A
�
1 [�(t;x)] = �

�2
p
�21 + �22 + �23(�3 �

p
�21 + �22 + �23)

A
�
2 [�(t;x)] =

�1
p
�21 + �22 + �23(�3 �

p
�21 + �22 + �23)

A
�
3 [�(t;x)] = 0 :

~A + [�(t;x)]] is singular on the negative � 3-axis but

a gauge transform ation to ~A � [�(t;x)]] m oves the

Dirac string -henceforth a gauge artifact- to the

positive �3-axis. The scalar �elds are constrained

to live in the �21(t;x) + �22(t;x) + �23(t;x) = R 2

sphere, a surface where this m agnetic 
ux is con-

stant. Therefore,Stoke’s theorem tells us that SW Z =

R 2
R
dx

H P 3

a= 1
d�a(x)A a[�(x)]isthearea bounded by

a closed curvein S2.

Theim portantpointisthattheEuler-Lagrangeequa-

tionsforthesum ofthetwo actionsSW Z + S,whereS is

the action ofourm odel,are:

1

R

3X

b= 1

3X

c= 1

"abc�c
@�b

@t
+ 2�a +

�2a

�2
�a = 0 : (35)

Atthe long wavelength lim it,the O DE system (35)be-

com e the Landau-Lifshitz system ofequations offerro-

m agnetism . The connection between the sem i-classical

(high-spin)lim itofthe Heisenberg m odeland the quan-

tum non-linearS2-sigm a m odeliswellestablished [32].

A . Spin w aves

Plugging the constraintinto (35),we �nd the system

oftwo O DE’s:

�
X

�

"��
sg�3

R

0

@

s

R 2 �
X




�
�
 �
@��

@t

+ ��

P



�
@t�


q

R 2 �
P



�
�


1

A + 2�� + m
2
���

+
��

R 2 �
P



�
�


"P



�
@

��
 +
P

�
��@���

R 2 �
P



�
�


�
X




(@��
@��
 + �
2�
)

#

= 0 : (36)

�;�;
 = 1;2,m2
1 = 1,m 2

2 = �2. The ground statesare

the hom ogeneoussolutionsofthissystem :�01 = �02 = 0,

�03 = � R. In orderto visualize these con�gurationsin,

e.g.,Figure7 wedraw thespin chain in such a way that

the �2 :�3 plane is perpendicular to the x spatialline

whereas�1 isaligned with thex-axis.W estressthatthis

choiceofbasisisarbitrary butitiseasy to �gureoutthe

form ulas and the graphics in another rotated basis for

the m agnetization vector: ~�(x) = �1(x)~e1 + �2(x)~e2 +

�3(x)~e3 = �01(x)
~e01 + �02(x)

~e02 + �03(x)
~e03.Them ain fea-

turesofourpreferred basis~e1;~e2;~e3 are:1)The~e1 vector

pointsin the direction ofweaker� V (�;’)potential,see

Figure 1(b). 2)~e1;~e2;~e3 isthe basisused in the contin-

uous XY (in fact YZ) m odelofeasy-axis ferrom agnets

nearthe Curiepoint,see [33,35]and Referencesquoted

therein.
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Figure 7:a)G round state �
0

3 = R .Allthe spinsare aligned

pointing to theNorth Poleb)G round state�
0

3 = � R .Allthe

spinsare aligned pointing to the South Pole.

The spin 
uctuations �1(t;x) = ��1(t;x),�2(t;x) =

��2(t;x) around the ground state �3(t;x) = R satisfy

the linearized equations:

0 =
@��2

@t
+
@2��1

@t2
�
@2��1

@x2
+ ��1

0 = �
@��1

@t
+
@2��2

@t2
�
@2��2

@x2
+ �

2
��

2
2 :

Therefore,the spin waves:

���(t;x) =
1

p
�L

X

k

1
p
!(k)

�
a�(k)e

i!t� ikx+

+ a��(k)e
� i!t+ ikx

�
(37)

satisfying periodic boundary conditions ���(t;x) =

���(t;x + �L) are solutions of(37) for the frequencies

com plying with the hom ogeneous system of algebraic

equations:
 

� !2 + k2 + 1 i!

� i! � !2 + k2 + �2

!  

a1(k)

a2(k)

!

=

 

0

0

!

:

(38)

At the long wavelength lim it !2 < < !,(38) is tanta-

m ountto the non-relativisticdispersion law

!
2(k2)= (k2 + 1)(k2 + �

2)

characteristic of ferrom agnetic m aterials, although the

quadratic term sin the free energy preventthe standard

!(k)= k2 form .

B . B loch and Ising w alls

O ne m ay check that the K 1=K
�
1 kinks (11) solve the

staticLandau-Lifshitzequations(36)on the�1 = 0orbit:

d2�2

dx2
=

� �2

R 2 � �22

"
(�2

d�2

dx
)2

R 2 � �22
+

�
d�2

dx

� 2

+ �2
d2�2

dx2

#

+ �2�2

TheK 1=K
�
1 kinksofthenon-linearsigm a m odelarecon-

sequently solitary spin wavesofthisnon-relativisticsys-

tem ,seeFigure8.

Sim ilim odo,the K 2=K
�
2 kinks (12) solve (36) along

the �2 = 0 kink orbit:

d2�1

dx2
=

� �1

R 2 � �21

"
(�1

d�1

dx
)2

R 2 � �21
+

�
d�1

dx

� 2

+ �1
d2�1

dx2

#

+ �1

Figure 8: G raphic arrow representation ofthe K 1 kinks: a)

K 1 spin chain. b) Perspective from one com ponent of the

boundary of S
2
� R showing how the spin 
ip happens by

m eansofa �-rotation around the �1-axis.

and arealso spin solitary wavesin thissystem ,(Fig.9).

Figure 9: G raphic arrow representation of the K 2 kink a)

K 2 spin chain. b) Perspective from one com ponent of the

boundary ofS
2
� R showing a forward spin 
ip.

Because the system ofO DE’s giving static solutions

ofthe (35) PDE system is the sam e as the static �eld

equations of the non-linear S2-sigm a m odel, the NTK

kinksarealso solitary spin waves,seeFigure10.

Figure 10: G raphic arrow representation of K 
2
kinks: a)

K 
2
spin chain.b)Perspective from the boundary ofS

2
� R

showing the 2� rotation around the �1-axis of the spin to

com e back to the initialground state.

In sum ,understoodassolitaryspinwavesK 1=K
�
1 kinks

areBloch wallswhereasK 2=K
�
2 kinksareIsing wallsde-

scribing interfaces between ferrom agnetic dom ains, see

[33], [35]. In this m odel we have thus found a m od-

ulispace ofsolitary waves with an structure very sim -

ilarto the structureofthe spaceofsolitary wavesofthe

XY m odeldescribed in References [33]and [34]. There

are Bloch and Ising walls and a one-param etric fam ily

ofNTK kinks that are non-linearsuperpositions ofone

Bloch and one Ising wallwith arbitrary separation be-

tween their centers. The novelties here are: a) there is

no need in the free energy offourth-order term s in the
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m agnetization in the non-linearsigm a m odelfor�nding

these m ixturesofBloch and Ising walls.b)Theanalyti-

calexpressions(27)di�erfrom theiranaloguesin theXY

m odel.

From thestability analysisperform ed in previousSec-

tions,itisclearthatonly theBloch wallsarestableand

saturate the Bogom olny bound. Things are di�erentat

the� = 1 lim itwhereallthekinksaretopological,Bloch

walls,and saturate the Bogom olny bound. In this lat-

ter case the structure ofthe kink space is akin to the

kink space structure ofthe BNRT m odel[36],see [37],

[38],[14].Thereisa one-param etricfam ily ofdegenerate

Bloch wallssaturating the Bogom olny bound.

X . FU R T H ER C O M M EN T S:

SU P ER SY M M ET R Y A N D STA B ILIT Y

Finally, we brie
y explore the possibility of em bed-

ding our bosonic m odelwith its m odulispace ofkinks

in a broader supersym m etric fram ework. It turns out

that the sim pler N = 1, d = 1 + 1 SUSY version of

the m assivenon-linearS2-sigm a m odelonly existsifthe

m assesofthepseudo Nam bu-G oldstonebosonsareequal

(� = 1).Italso seem sdi�cultto build m ore exoticpos-

sibilitiescom ing from dim ensionalreduction ofm odelsof

K ahlerorhyper-K ahlernaturebecausethepotentialen-

ergy density is not com patible with com plex structures

when � 6= 1.

A . Isotherm alcoordinates

Itisconvenientto introduceisotherm alcoordinatesin

thechartS2� f(0;0;� R)g,which areobtained via stere-

ographicprojection from the South Pole:

�
1 =

�1

1+
�3

R

=
R�1

R + sg(�3)
p
R 2 � �21 � �22

�
2 =

�2

1+
�3

R

=
R�2

R + sg(�3)
p
R 2 � �21 � �22

: (39)

Them etricand theaction in thiscoordinatesystem read:

ds
2 =

4R 4

(R 2 + �1�1 + �2�2)2
(d�1d�1 + d�

2
d�

2)

S[�1;�2]=

Z

dx
2 2R 4

(R 2 + �1�1 + �2�2)2
�
�
@��

1
@
�
�
1+

+ @��
2
@
�
�
2
� (�1�1 + �

2
�
2
�
2)
�
;

whereasthe K 1 kinksaregiven by:

�
1
K 1
(x)= 0;�2K 1

(x)= � R exp[� �(x � x0)]; (40)

and we rewrite the second order 
uctuation operator

around theK 1 kink (with �
2
K 1
(x)= Re� �x))in theform :

� K 1
� = �

�
d2�1

dx2
+ 2�(1� tanh�x)

d�1

dx

�
�
1� 2�2 + 2�2 tanh�x

�
�
1
� @

@�1
�

�
d2�2

dx2
+

+ 2�(1� tanh�x)
d�2

dx
+ �

2 (1� 2tanh�x)�2
�

@

@�2
:

In a parallel fram e � = �1(x) @

@�1 + �2(x) @

@�2 2

�(TS2 jK 1
),

d�
i

dx
+ �i

jk
(�K )�

0j

K
�k = 0,along theK 1 kink:

d�1

dx
+ �(1� tanh)�1(x)= 0 ) �

1(x)= 1+ e
� 2�x

d�2

dx
+ �(1� tanh)�2(x)= 0 ) �

2(x)= 1+ e
� 2�x

:

werecoverthe P�osch-Telleroperators:

� K 1
� =

�

�
d2�1

dx2
+ (1�

2�2

cosh
2
�x

)�1
�

(1+ e
� 2�x)

@

@�1

+

�

�
d2�2

dx2
+ (�2 �

2�2

cosh
2
�x

)�2
�

(1+ e
� 2�x)

@

@�2
(41)

Notethatnow theK 1 orbitsarethepositiveand negative

ordinate half-axes,the stereographic projections ofthe

’ = �

2
and ’ = 3�

2
half-m eridians,such that
uctuations

orthogonaltotheorbitrun in thedirection oftheabscissa

axis.

B . T he N = 1 m assive SU SY sigm a m odel

In Reference [40]we analyzed the relationship ofthe

com plete solution of the Ham ilton-Jacobiequation for

zero energy and the superpotentialofa supersym etric

associated classical m echanical system . Thus, we are

tem pted to usethe Ham ilton characteristicfunction

W
(�1;�2)(�)=

(� 1)�1R 2

R 2 + �1�1 + �2�2
� (42)

q

(�+ (�2)R
2 + �� (�2)(�

1�1 + �2�2))
2
� 4��2R 2�1�1;

�� (�2)= 1� (� 1)�2�,to build the N = 1 SUSY exten-

sion ofourm assive non-linearS2-sigm a m odel. O n one

hand we havethat:

1

2
g
ij@W

(�1;�2)

@�i
�
@W (�1;�2)

@�j
=

2R 2(�1�1 + �2�2�2)

(R 2 + �1�1 + �2�2)2
;

8�1;�2.O n the otherhand (42)isfree ofbranch points

only for� = 1.Supersym m etry doesnotallow superpo-

tentialswith branch pointsand itseem sthatHam ilton-

Jacobi characteristic functions are com patible with a

weaker form called pseudo-supersym m etry in [41]. W e
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close oureyesto thisfactfora m om entand proceed to

form ally build the N = 1 SUSY extension ofourm odel

using (42).

Therearealso two M ajorana spinor�elds:

 
i(x�)=

 

 i
1(x

�)

 i
2(x

�)

!

;( i
�)

� =  
i
�; � = 1;2:

W e choose the M ajorana representation 
0 = �2;
1 =

i�1;
5 = �3 ofthe Cli�ord algebra f
�;
�g = 2g�� and

de�ne the M ajorana adjoints as: � i = ( i)t
0. The

action ofthe supersym m etricm odelis:

S =

Z
dx2

2

n

gij

�

@��
i
@
�
�
j + i� i



�(@� 

j + �
j

lk
@��

k
 
l)

�

�
1

6
R ijlk

� i
 
j � l

 
k
� g

ij@W

@�i

@W

@�j
� � i D @W

@�i@�j
 
j

�

;

where D @W

@�i@�j =
@
2

@�i@�j + �
k
ij

@W

@�k .Thespinorsupercharge

Q =

Z

dxgij

�



�


0
 
i
@��

j + i

0
 
i
g
jk @W

@�k

�

(43)

actson the con�guration spaceand leavesthe action in-

variant. Tim e-independent �nite energy con�gurations

com plying with

d�i

dx
= g

ij@W

@�j
;  

i
1(x)= �  

i
2(x) (44)

annihilates the supercharge com bination Q 1 + Q 2 and

these solutionsm ightbe interpreted as 1

2
BPS statesin

thissupersym m etricfram ework.In particular,theSUSY

K 1 kinks

�
1
K 1
(x)= 0 ; �

2
K 1

= � Re
� �x

 
1
K 1
(x)=

 

0

0

!

;  
2
K 1
(x)= � �Re

� �x

 

1

� 1

!

satisfy (44) (with appropriate choices of�1,�2). Note

that  2
K 1
(x) is the SUSY partner of�2K 1

(x) under the

action ofthe broken SUSY supercharge Q 1 � Q 2. W e

also rem ark that

d�2K 1

dx
= � �Re

� �x = � �R(1+ e
� 2�x)�

1

cosh�x
;

i.e.,the ferm ionic partnerin the SUSY kink isthe zero

m odeofthesecond order
uctuation operatorback from

the parallelfram e to the K 1 orbit.

C . Ferm ionic 
uctuations

TheDiracequation ruling thesm allferm ionic
uctua-

tionson the K 1 kink reads:

D � 
i(t;x) = i(
0@0 � 


1
@1)� 

i(t;x)

� i

1�ijk(�K 1

)@1�
j

K 1
(x)� k(t;x)

+ gij(�K 1
)
D @W

@�j@�k
(�K 1

)� k(t;x) :(45)

Acting on (45) with the adjoint Dirac operator, the

search forsolutionsofD yD � i(t;x)= 0ofthestationary

form � i(t;x)= ei!t�%i(x;!)requiresustodealwith the

following O DE system :

�
d2

dx2
�%

i(x)+ g
ij D @W

@�j@�k
� g

kl D @W

@�l@�m
�%

m (x)

+ R i
jkl

d

dx
�
j

K 1

d

dx
�
k
K 1
�%

l(x)

� i

1
g
ij@W

@�j
� g

kl D 2@W

@�k@�l@�m
�%

m (x)= !
2
�%

i(x)

valued at� = �K 1
.

O n eigenspinors of� i
1 = �1,�%i1(x) = � �%i2(x) =

�%i� (x),the above spectralO DE system reduce to the

(sym bolically written)pairofequations:

4
�

K 1
�%� =

�

�
d2

dx2
+ W

00

 W

00+ R � W
0

 W

000

�

�%� :

(46)

4
+

K 1
isexactly equalto the second orderdi�erentialop-

eratorruling the bosonic 
uctuations. Therefore,in the

parallelfram e to the K 1 orbit we write 4 +

K 1
in m atrix

form :

4
+

K 1
=

 

� d
2

dx2
+ 1� 2�

2

cosh2�x
0

0 � d
2

dx2
+ �2 � 2�

2

cosh2�x

!

:

In the sam e fram e 4 �

K 1
is the intertwined partner,see

[18]:

4
�

K 1
=

 

� d
2

dx2
+ 1 0

0 � d
2

dx2
+ �2

!

:

If � 6= 1, there is a bound state in 4
+

K 1
of energy

1� �2 unpaired with an eigenstate ofthe sam e energy

in 4
�

K 1
,a factincom patible with supersym m etry aswe

expected from the use ofthe com plete solution ofthe

Ham ilton-Jacobiequation assuperpotential,closing our

eyesto the factthat,related to the instability ofN TK

and K 2 kinks,the Ham ilton characteristic function has

branching points at the focide�ning the elliptic coor-

dinate system . A sim ilar problem arouse in [42] and

[43] where m erom orphic Ham ilton characteristic func-

tionshave been found.Itisan open problem to explore

whetherornotthesem ildersingularitiesallow theuseof

these Ham ilton characteristic functions as superpoten-

tialsto extend thebosonicm odelsdealtwith in [42],[43]

to the supersym m etricfram ework.

Ifthem assesareequal(� = 1),however,theHam ilton

characteristicfunction isfreeofbranchingpointsand the

unpaired statesarezerom odes.TheN = 1SUSY m odel

is correct and we can apply the SUSY version of the

Cahill-Com tet-G lauberform ula proposed in [44]to �nd

the sam e one-loop correction to the SUSY S
2 kink as

given in [18]:

4 E
SU SY
K 1

(� = 1)= �
�

2�

2X

i= 1

(sin�
+

i � �
+

i cos�
+

i )= �
�

�
:
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Here �
+
1 = �

+
2 = arccos(0)= �

2
are the anglesobtained

from thebound statesof4 +

K 1
.Therearenobound states

in the spectrum of4
�

K 1
.
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