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1. Introduction

Q uantum 
uctuations around background kink �elds are sophisticated

cousinsofvacuum 
uctuations.Van Nieuwenhuizen etal.1 reported on the

state ofthe artin thistopic in Q FEXT03 forsusy solitonsaspointed out

by M ilton2.M orerecently,new resultshavebeen achieved by (alm ost)the

sam eStony Brook/W ien group in theanalysisofthequantum 
uctuations

ofsusy solitonsofnon-linearsigm a m odels3,4.Alm ostin parallel,wedevel-

oped a sim ilarprogram 5{8 forthekinksofthem assivenon-linearS2-sigm a

m odelin a purely bosonic fram ework.O urgoalin thiswork isto describe

the quantum 
uctuations ofthe S3-kinks.The bosonic sectorofthe non-

linearversion oftheG ell-M ann/Levy �-m odel9 isprecisely thesystem that

wearegoing to address.Being non renorm alizablein (3+ 1)-dim ensions,it

wasconceived asan e�ectivetheory describing the low energy interactions

ofnucleons and pions.In (1+ 1)-dim ensions,however,the pion dynam ics

can be re-interpreted asthe dynam icsofa linearchain ofO (4)spin �elds,

which was renorm alized by Brezin et al10.W e just m erely add quadratic

term sin the �eldsto escapefrom infrared divergences.

2. M assive non-linear S3-sigm a m odeland topologicalkinks

Let us consider �a(t;x);a = 1;2;3;4,four scalar �elds in the (1 + 1)-

dim ensionalM inkowskispace-tim e R1;1.The action ofthe m assive non-
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linearS3-sigm a m odellooksvery sim ple

S[�1;�2;�3;�4]=

Z

dtdx

(
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; (1)

where �21 > �22 > �23 > �24,but the �elds are constrained to live in the

S
3-sphere,�21 + �22 + �23 + �24 = R 2 form ing the in�nite dim ensionalspace:

M aps(R1;1;S3).W etakeg�� = diag(1;�1;�1;1)and thenaturalsystem of

units~ = c= 1.W e select�22 =
�
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�2
,such that

0 < �23 < �22 < �21 = 1,and de�ne non-dim ensionalcoordinates:x� ! x
�

�
.

The extrem ely non-lineardynam icsim plied by (1)plusthe constraint

is unveiled ifone solves �4 in favor of�1;�2;�3 in the action and intro-

duce thepowerexpansion ofthe non-polynom ialterm .Thisprocessshows

that:(a) There are an in�nite num ber ofvertices determ ining the inter-

actionsbetween the three pseudo-Nam bu-G oldstone bosons.(b) 1

R 2 isthe

coupling constant.Vertices with di�erent num bers oflegs belong to dif-

ferent orders ofperturbation theory: 1

R 2n � 2 arises as a factor in the ver-

ticeswith 2n legs.(c)In (1+ 1)-dim ensionsm asslessbosonsarediscarded

due to the infrared asym ptotics.W e considerthe situation when the three

m asses are di�erent.The one-loop self-energy graphs of �1,�2 and �3:

�2(�2;�3) = �22�1(�2;�3),�3(�2;�3) = �23�1(�2;�3) are divergent be-

cause�1(�2;�3)=
2i

R 2

�
I(1)+ I(�22)+ I(�23)

�
with I(c2)=

R
dk

4�

1p
k2+ c2

.To

tam e thesein�nitiesthe one-loop m assrenorm alization counter-term s

LC T = �
1

R 2
��1(�2;�3)

�
�
2
1(x

�)+ �
2
2�

2
2(x

�)+ �
2
3�

2
3(x

�)
�

m ust be added to the bare Lagrangian.Searching only for sem i-classical

e�ectswedo notneed to careaboutotherdivergentgraphs.

Theclassicalm inim a oftheaction arethestaticand hom ogeneouscon-

�gurationsthatannihilate the integrand in (1),i.e.,the North and South

Poles ofS3.There is the possibility ofthe existence oftopologicalkinks

and to search forthem itisconvenientto use polarhyper-sphericalcoor-

dinates:�1 = R sin sin� cos’,�2 = R sin sin� sin’,�3 = R sin cos�,

�4 = R cos , 2 [0;�),� 2 [0;�),’ 2 [0;2�).There are three types

ofthese kinks:(1) in the m eridians on the �3 �� 4 plane,� = 0 or �,

the non-trivial�eld equation is:
@
2
 

@t2
�

@
2
 

@x2
+

�
2

3

2
sin2 = 0 and the kink

solutions,that we shalldenote generically as K 1,can be written in the

form  K 1
(t;x) = 2arctane� �3x wherex = x� x0� vtp

1� v2
;(2)analogously in the

m eridianson the�2 �� 4 plane,� =
�

2
,’ = �

2
or 3�

2
,thekink solutionswill

be referred to asK 2 and are given by  K 2
(t;x) = 2arctane� �2x and (3)
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K 3 kinks,which livein them eridianson the�1�� 4 plane,� = �

2
,’ = 0 or

�,are  K 3
(t;x)= 2arctane� x.The topologicalS3-kink classicalenergies

are:E (K 1)= 2�R 2�3 < E (K 2)= 2�R 2�2 < E (K 3)= 2�R 2.

Changing slightly the notation by denoting  = �1,� = �2,’ = �3,

sm all 
uctuations around the kink solution �(x) = �K (x) + �(x) =

(�1
K
(x);�2

K
(x);�3

K
(x))+ (�1(x);�2(x);�3(x))m odify the action as:

S[�1;�2;�3]= S[�1K ;�
2
K ;�

3
K ]+

R 2

2

Z

dtdx�(x)�(K )�(x)+ O (�3) :

The second-order operator governing the kink sm all 
uctuations is the

geodesic deviation operator plus the Hessian ofthe potential:�(K )� =

�
�
r �0

K

r �0
K

� + R(�0
K
;�)�0

K
+ r �gradV

�
.Standard geom etric calculations

allow usto concludethatK 1 sm all
uctuationsaregoverned by them atrix

ofSchr�odingeroperators:

�(K 1)=

�

�
d2

dx2
�

2�2

cosh
2
�3x

�

I+ diag
�
�
2
3;1;�

2
2

�
(2)

provided thata \parallelfram e" to thekink orbit,i.e.,
uctuationsofthe

form �2(x)= cosh�3x�
2(x),�3(x)= cosh�3x�

3(x),ischosen.

Therefore,them eson spectrum in theK 1 kink sectorhasthreebranches

that share a perfectly transm itting P�osch-Teller wellbut have di�erent

thresholds.The�rstbranch correspondsto
uctuationstangenttothekink

orbit.Thereisa bound state,�10(x)=
1

cosh�3x
,ofzero eigenvalue and one-

particle scattering states �1
k
(x) = eik�3x(tanh�3x �ik) with frequencies

!2(k)= �23(k
2 + 1).In theorthogonaldirectionstheeigenfunctionsarethe

sam ebutthebound stateenergiesand thresholdsofthecontinuousspectra

areshifted respectively to:1�� 2
3,�

2
2 ��

2
3,1 and �

2
2.

3. Spectralzeta function and kink m ass quantum correction

W e choose a norm alization intervaloflength l= �L and im pose periodic

boundary conditionson the 
uctuations:�(� l

2
)= �(l

2
).Atthe end ofthe

com putations we willsend the length l ofthe norm alization intervalto

in�nity.�(K )actson the Hilbertspace L 2 = L2
1(S

1)
L

L2
2(S

1)
L

L2
3(S

1).

Theheattrace(� isa �ctitiousinversetem peratureorEuclidean tim e)is:

TrL 2e
� ��(K 1) =

lA
p
4��

+ tanh
�3l

2

�

1+ e
� (1� �

2

3
)� + e

� (�
2

2
� �

2

3
)�

�

Erf[�3
p
�]

where A = e� �
2

3
� + e� � + e� �

2

2
�.It is interesting also to use the short

tim e asym ptotics ofthe heat trace.Due to the structure ofthe second-

order 
uctuations operator (2),a power � expansion ofthe heat trace is
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sensible7:

TrL 2e
� ��(K 1) = TrL 2e

� �� 0(K 1)

1X

n= 0

cn(K 1)�
n =

A
p
4��

1X

n= 0

cn(K 1)�
n
;

wherethe coe�cientsare:c 0(K 1)= l,cn(K 1)=
2
n + 1

�
2n � 1

3

(2n� 1)!!
.

TheCasim irenergy �E C = �E ��E 0 =
�

2

h

Tr
�
L 2�

1

2 (K 1)�Tr L 2�
1

2

0 (K 1)

i

is ultra-violet divergent. W e shall regularize these divergences by us-

ing the zeta function m ethod.The zeta functions are the M ellin trans-

form of the heat traces, �� (s) = 1

�(s)

R1
0

d��s� 1 TrL 2 e� �� and thus

we regularize the divergence by assigning to it the value of the spec-

tralzeta function at a regular point ofthe s-com plex plane:�E C (s) =

�

2

�
�
2

�2

�sh

��
�(K 1)

(s)�� � 0(K 1)
(s)

i

.The behaviour ofthe kink Casim ir en-

ergy nearthe physicalpole s= � 1

2
+ " is:

�E C = �
��3

2�

�
3

"
+ 3ln

�2

�2
+ ln

26

�23��
2
13��

2
23

�4+ F [�
�
2

3

��2

13

]+ F [�
�
2

3

��2

23

]

�

(3)

wherewedenoteF [x]= 2F
(0;1;0;0)

1 [1
2
;0;3

2
;x],��213 = 1�� 2

3 and ��
2
23 = �22��

2
3.

The kink energy due to the m ass renorm alization counter-term s that

m ustbeadded,�E M R = ��
�
2

3

R 2 [I(1)+ I(�22)+ I(�23)]
R
dx�

K 1

3 (x)�
K 1

3 (x)=

2��3[I(1)+ I(�22)+ I(�23)]isalso ultra-violetdivergent.Theloop integrals

becom e in the �nite length norm alization intervaldivergentseriessuscep-

tible ofbeing regularized asspectralzeta functions:

I(c2)=
1

2l

1X

n= � 1

1

(�23n
2 + c2)

1

2

= �
�

�l
lim

s! � 1

2

�
�2

�2

� s+ 1
�(s+ 1)

�(s)
�
� d2

dx 2
+ c2

(s)

The regularized m assrenorm alization kink energy

�E M R (s)= �
2�3�

2

�
p
4�

�
�2

�2

� s+ 1
�(s+ 1

2
)

�(s)

�

1+
1

�
2s+ 1

2

+
1

�
2s+ 1

3

�

behavesnearthe physicalpole as:

�E M R (�
1

2
+ ")=

��3

2�

�
3

"
+ 3ln

�2

�2
+ 3(ln4�2)�ln� 2

2�
2
3

�

(4)

From the short-tim e asym ptotics ofthe heattrace we obtain an approxi-

m ated form ula forthe kink Casim irenergy by m eansofthe partialM ellin

transform on the [0;b]integration intervalofthe truncated to N 0 term s

heattraceexpansion:

�E C (b;N 0)= �
�

2
p
�b

�
�

8�

N 0X

n= 1

cn(K )

�
�23

�2n
3


[�23b]+ 
[b]+
�22

�2n
2


[�22b]

�
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where
[c]= 
[n�1;c]and 
[z;c]istheincom pleteEulergam m a function.

The contribution �E C

(1)
ofthe term with c1(K 1) = 4�3 to this approxi-

m ation to the kink Casim irenergy isdivergentbecause z = 0 isa pole of


[z;c].Fortunately,thedivergentm assrenorm alization kink energy �E M R

exactly cancels�E C

(1)
.

Finally,theK 1 sem iclassicalm ass,E (K 1)= 2��23R
2 + �E + O ( 1

R 2 ),is

obtained by adding (3)and (4):

�E = �
��3

2�

�

2+ F [�
�
2

3

��2

13

]+ F [�
�
2

3

��2

23

]+ ln
�22

��213��
2
23

�

: (5)

Becausethe wellsin the second-order
uctuation operatoraretransparent

theCahill-Com tet-G lauberform ula11,�E (K 1)= �
��3
�
[sin�1 +

1

�3
sin�2 +

�2
�3
sin�3 �� 1 cos�1 �

1

�3
�2 cos�2 �

�2
�3
�3 cos�3],with �1 = arccos(0)= �

2
,

�2 = arccos��13 ,�3 = arccos��23
�2
,giving the one-loop m assshift in term s

only ofthe bound state eigenvalues and the thresholds ofthe continuous

spectra,can be applied11.Despite appearances,the result

�E (K 1)= �
��3

�

�

3�
��13

�3
arccos(��13)�

��23

�3
arccos(

��23

�2
)

�

(6)

isidenticalto (5)asonecan check by plotting ofboth expressions.A third

(approxim ate)form ula,usefulin thecaseswhen thespectralinform ation on

thekink 
uctuationsisunknown,isderived from theasym ptoticexpansion:

�E (b;N 0)= �
�

2
p
�b

�
�

8�

N 0X

n= 2

cn(K )

�
�23

�2n
3


[�23b]+ 
[b]+
�22

�2n
2


[�22b]

�

(7)
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