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Abstract

We show the existence of families of orthonormal, future directed bases which
allow to cast every skew-symmetric endomorphism of M'"* (SkewEnd (M""))
in a single canonical form depending on a minimal number of parameters. This
canonical form is shared by every pair of elements in SkewEnd (Ml*") differ-
ing by an orthochronous Lorentz transformation, i.e. it defines the orbits of the
orthochronous Lorentz group O (1, n) under the adjoint action on its algebra.
Using this form, we obtain the quotient topology of SkewEnd (Ml *”) /OT(1,n).
From known relations between SkewEnd (Ml’"+l) and the conformal Killing
vector fields (CKVFs) of the sphere S”, a canonical form for CKVFs follows
immediately. This form is used to find adapted coordinates to an arbitrary CKVF
that covers all cases at the same time. We do the calculation for even n and obtain
the case of odd n as a consequence. Finally, we employ the adapted coordinates
to obtain a wide class of TT-tensors for n = 3, which provide Cauchy data at
conformally flat null infinity .#. Specifically, this class of data is characterized
for generating A > 0-vacuum spacetimes with two-symmetries, one of which
axial, admitting a conformally flat .. The class of data is infinite dimensional,
depending on two arbitrary functions of one variable as well as a number of con-
stants. Moreover, it contains the data for the Kerr—de Sitter spacetime, which
we explicitly identify within.

Keywords: canonical form, conformal Killing vector fields, TT-tensors, skew-
symmetric endomorphisms
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1. Introduction

Having a Lie group G acting on a space X representing a set of physical quantities is always a
desirable feature in a physical problem, as Lie groups represent symmetries (either global or
gauge) and their presence is often translated into a simplification of the formal aspects of the
problem. Roughly speaking, in this situation the ‘relevant’ part for the physics effectively hap-
pens in the quotient space X/G. For the study of these quotient spaces, one may be interested
in obtaining a unified form to give a representative for every orbit in X/G, i.e. a canonical form
(also known as normal form). A particularly relevant case is when X is a Lie algebra g and G
its Lie group acting by the adjoint action, in which case the orbits are also called conjugacy
classes of G (see e.g. [5]). In the first part of this paper, we study the conjugacy classes of
the pseudo-orthogonal group O(1, n) (or Lorentz group), for which we will obtain a canonical
form. Our main interest on this, addressed in the second part of the paper, lies in its relation
with the Cauchy problem of general relativity (GR) (cf [11] and e.g. [7, 14]) and more pre-
cisely, its formulation at null infinity .# for the case of positive cosmological constant A (cf
[12, 13]). In the remainder of this introduction we summarize our ideas and results, and we
will also briefly review some results on conjugacy classes of Lie groups related to our case, as
well as the Cauchy problem of GR with positive A.

A typical example of a canonical form in the context described above, is the well-known
Jordan form, which represents the conjugacy classes of GL(n, K) (where K is usually R, C or
the quaternions H). Besides this example, the problem of finding a canonical representative
for the conjugacy classes of a Lie group has been addressed numerous times in the literature.
The reader may find a list of canonical forms for algebras whose groups leave invariant a
non-degenerate bilinear form in [9] (this includes symmetric, skew-symmetric and symplectic
algebras over R, C and H) as well as the study of the affine orthogonal group (or Poincaré
group) in [8] or [19]. Notice that these works deal, either directly or indirectly, with our case
of interest O(1, n), whose algebra o(1, n) will be represented in this paper as skew-symmetric
endomorphisms of Minkowski spacetime M. When giving a canonical form, it is usual to
base it on criteria of irreducibility rather than uniformity (e.g. [8, 9, 19]). This is similar to what
is done when the Darboux decomposition is applied to two-forms (i.e. elements of o(1, n)),
for example in [24] or for the low dimensional case n = 3 (e.g. [18, 30]). As a consequence,
all canonical forms found for the case of o(1,n) require two different types of matrices to
represent all orbits, one and only one fitting a given element. Our first aim in this paper is to
give a unique matrix form which represents each element F' € o(1, n), depending on a minimal
number of parameters that allows one to easily determine its orbit under the adjoint action
of O(1, n). This is obviously achieved by loosing explicit irreducibility in the form. However,
this canonical form will be proven to be fruitful by giving several applications. This same
issue has also been addressed in [25] for the case of low dimensions, i.e. O(1,2) and O(1, 3),
where in addition, several applications are worked out. The present work constitutes a natural
generalization of the results in [25] to arbitrary dimensions.

The Lorentz group is well-known to be of particular interest in physics, as for example, it
is the group of isotropies of the special theory of relativity and the Lorentz—Maxwell electro-
dynamics (e.g. [23, 28, 30]). Its study in arbitrary dimensions has received renewed interest
with theories of high energy physics such as conformal field theories [29] or string theories
[19]. Related to the former and for our purposes here, a fact of special relevance is that the
orthochronous component 0" (1,74 1) C O(1,n + 1) is homomorphic to the group of con-
formal transformations of the n-sphere, Conf (S"). The conformal structure of .# happens to
be fundamental for the Cauchy problem at null infinity of GR for spacetimes with positive A.
Such a set consists of a manifold > endowed with a (Riemannian) conformal structure [v],
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representing the geometry of null infinity .# := (%, [v]), together with the conformal class [D]
of a transverse (i.e. zero divergence), traceless, symmetric tensor D (TT-tensor) of #. If the
spacetime generated by the data is to have a Killing vector field, the TT-tensor must satisfy a
conformally covariant equation depending on a conformal Killing vector field (CKVF) of .#,
the so-called Killing initial data (KID) equation [26].

The class of data in which [vy] contains a constant curvature metric (or alternatively the
locally conformally flat case) includes the family of Kerr—de Sitter black holes and its study
could be a possible route towards a characterization result for this family of spacetimes. Even
in this particular (conformally flat) case, it is difficult to give a complete list of TT-tensors.
See for example [3, 32], where the authors (locally) derive all TT tensors, in neighborhoods
which are respectively star-shaped and with vanishing second de Rham cohomology, as the
image under a certain map from the space of symmetric tensors. In addition [32] extends the
solution to more dimensions in the analytic case. The parametrization that both authors give is
of course redundant, since the map has a large kernel. Our idea is to derive directly, and with an
optimal parametrization, TT tensors corresponding to data of spacetimes with Killing vectors.
This is achieved by imposing the KID equations to the data. Using the homomorphism between
OT(1,n+ 1) and Conf (S"), we induce a canonical form for CKVFs from the canonical form
obtained for o(1,n + 1). Since this form covers all orbits of CKVFs under the adjoint action of
Conf (§"), our adapted coordinates fit every CKVF and in addition, since the KID equation is
conformally covariant, we can choose a conformal gauge where this CKVF is a Killing vector
field, which makes the KID equation trivial. Hence, a remarkable feature from our method is
that by solving one simple equation, we are solving many cases at once. This has already been
done in the case of S? in [25] and here we extend it to the more interesting and difficult case
of (open domains of) S*.

Specifically, we obtain the most general class of TT-tensors on a conformally flat .# such
that the A > 0-vacuum four-dimensional spacetime generated by these data admits two local
isometries, one of them axial. It is worth highlighting that this is a broad class (of infinite
dimensions as it depends on functions) of TT-tensors and it contains the Kerr—de Sitter Cauchy
data at .#. This provides a potentially interesting ‘sandbox’ to try the consistence of possible
definitions of (global) mass and angular momentum (see [31] for a review on the state of the
art). Recall that symmetries are well-known to be related to conserved quantities, in partic-
ular, axial symmetry is related to conservation of angular momentum and time symmetry to
conservation of energy. Moreover, for a spacetime to have constant mass, one may require no
radiation escaping from or coming within the spacetime, a condition which, following the crite-
rion of [10], is guaranteed by conformal the flatness of .#. Finally, the presence of the Kerr—de
Sitter data within the set of TT-tensors contributes to its physical relevance and furnishes the
possibility of looking for new characterization results for this family of spacetimes.

As an additional sidenote concerning our results, notice that both the canonical form of
CKVFs as well as the adapted coordinates are obtained in arbitrary dimensions, so similar
applications may be worked out in arbitrary dimensions which, needless to say, is a consider-
able harder problem. On the possible extension to more dimensions of this type of TT-tensors,
one should mention that the Cauchy problem at .# for positive cosmological constant is known
to be well-posed in arbitrary even dimensions [2]. However the KID equations are only known
to be a necessary consequence of having symmetries, but sufficiency is an open problem in
spacetime dimensions higher than four.

The paper is organized as follows. In order to properly define the canonical form, in section 2
we rederive a classification result for skew-symmetric endomorphisms (cf theorem 2.6),
employing only elementary linear algebra methods. The results of this section are known (see
e.g. [16, 17, 21]), but the method is original and we believe more direct than other approaches
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in the literature. We also include the derivations in order to make the paper self-contained.
Section 2 leads to the definition of canonical form in section 3. Section 4 deals with a par-
ticular type of skew-symmetric endomorphisms (the so-called simple, i.e. of minimal matrix
rank), which will be useful for future sections. In section 5 we work out some applications
of our canonical form: identifying invariants which characterize the conjugacy classes of the
orthochronous Lorentz group (cf theorem 5.1) and obtaining the topological structure of this
quotient space (cf section 5.1).

In section 6 we use the homomorphism between O" (1,7 + 1) and Conf (S") and apply
the canonical form obtained for skew-symmetric endomorphisms to give a canonical form for
CKVFs, together with a decomposed form (cf proposition 6.1) which is analogous to the one
given for skew-symmetric endomorphisms. In section 7, we adapt coordinates to CKVFs in
canonical form, first in the even dimensional case, from which the odd dimensional case is
obtained as a consequence. Finally, in section 8 we employ the adapted coordinates to find
the most general class of data at .# corresponding to spacetime dimension four, such that
# is conformally flat and the (A > 0)-vacuum spacetime they generate admits at least two
symmetries, one of which is axial. It is remarkable how easily are these equations solved with
all the tools developed before. With this solution at hand, we are able to identify the Kerr—de
Sitter family within.

2. Classification of skew-symmetric endomorphisms

In this section we derive a classification result for skew-symmetric endomorphisms of
Lorentzian vector spaces. Let V be a d-dimensional vector space endowed with a pseudo-
Riemannian metric g. If g is of signature (—, +,...,+), then (V, g) is said to be Lorentzian.
Scalar product with g is denoted by (, ). An endomorphism F : V — V is skew-symmetric when
it satisfies

(X, F() = —(F(x),y) Vx,yeV.

We denote this set by SkewEnd (V) C End (V). We take, by definition, that eigenvectors of an
endomorphism are always non-zero. We use the standard notation for spacelike and timelike
vectors as well as for spacelike, timelike and degenerate vector subspaces. In our convention
all vectors with vanishing norm are null (in particular, the zero vector is null). We denote ker
and Im F, respectively, to the kernel and image of F € End (V).

Lemma 2.1 (basic facts about skew-symmetric endomorphisms). Let F be a
skew-symmetric endomorphism in a pseudo-Riemannian vector space V. Then

(a) Yw € V, F(w) is perpendicular to w, i.e. (F(w),w) = 0.

(b) ImF C (ker F)* and ker F C (Im F)™.

(¢) Ifw e ker FNImF then w is null.

(d) If w € V is a non-null eigenvector of F, then its eigenvalue is zero.

(e) If w is an eigenvector of F with zero eigenvalue, then all vectors in Im F are orthogonal
tow,ie. ImF C w.

(f) IfF restricts to a subspace U C V (i.e. F(U) C U), then it also restricts to U*.

Proof. (a) is immediate from (w, F(w)) = —(F(w), w). For (b), let v € ker F and w be of
the form w = F(u) for some u € V, then

(w,v) = (F(u),v) = —(u, F(v)) =0
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the last equality following because F(v) = 0. (c) is a consequence of (b) because w belongs
both to ker F and to its orthogonal, so in particular it must be orthogonal to itself, hence null.
(d) is immediate from

0 = (w, F(w)) = AMw, w)

so if w is non-null, its eigenvalue A must be zero. (e) is a corollary of (b) because by hypothesis
w € kerF so

ImF C (ker F)* C wt

the last inclusion being a consequence of the general fact U; C U, = Uy C Uj. Finally, (f)
is true because for any u in an F-invariant subspace U and w € U+

0 = (F(u),w) = — (u, F(w)) .
O

Another well-known property of skew-symmetric endomorphisms that we will use is that
dimIm F is always even. Equivalently, dim ker F has the same parity than dim V. To see this,
consider the two-form F assigned to every F' € SkewEnd (V) by the standard relation

F(e,¢") = (e, F(¢)), Ve ecV.

The matrix representing F is skew in the usual sense, hence the dimension of ImF C V* (the
dual of V) is the rank of that matrix, which is known to be even (see e.g. [15]) and clearly
dimImF = dimImF.

The strategy that we will follow to classify skew-symmetric endomorphisms of V with g
Lorentzian is via F-invariant spacelike planes. Conditions for F-invariance of spacelike planes
are stated in the following lemma:

Lemma 2.2. Let F € SkewEnd (V). Then F has an F-invariant spacelike plane 11 if and
only if

F(u) = pv, F(v) = —pu, (1)

Sfor Ty = span{u, v} with u,v € V spacelike, orthogonal, unit and 1 € R. Moreover, (1) is
satisfied for p # 0 if and only if tip are eigenvalues of F with (null) eigenvectors u + iv, for
u,v € V spacelike, orthogonal with the same square norm.

Proof. 1If (1) is satisfied for u,v € V spacelike, orthogonal, unit, then I, = span{u, v} is
obviously F-invariant spacelike. On the other hand, if Il is F-invariant, then it must hold that

F(u) = aju + ayv, F(v) = biu+ byv, aj,ax,bi,by € R,

for a pair of orthogonal, unit, spacelike vectors u, v spanning II;. Using skew-symmetry and
the orthogonality and unitarity of u, v, the constants are readily determined: a, = b, = 0 and
a, = —b; =: p, which implies (1). This proves the first part of the lemma.

For the second part, it is immediate that if (1) holds with p # 0, then iy are eigenvalues of
F with respective eigenvectors u + iv. The orthogonality of u, v follows from (F(u),u) = 0 =
(v, u) and the equality of norm from skew-symmetry (F(u),v) = — (u, F(v)) = pu (v, v) =
1 {u,u). Assume now that F has an eigenvalue i # 0 with (necessarily null) eigenvector
w = u + iv, foru, v € V. Since F is real, neither u nor v can be zero. From the nullity property
(w,w) = 0, it follows that (u, u) — (v,v) = 0 and (u, v) = 0. Hence, u, v are orthogonal with
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the same norm, so they are either null and proportional, which can be discarded because it
would imply that u (and v) is a real eigenvector with complex eigenvalue; or otherwise u, v are
spacelike, thus the lemma follows. O

There is an analogous result for F-invariant timelike planes:

Lemma 2.3. Ler F € SkewEnd (V). Then F has an F-invariant timelike plane 11, if and
only if

F(e) = pv, F(v) = pe, (2

SforTl, = span{e,v} withe,v € V fore timelike unit orthogonal to v spacelike, unitand p. € R.
Moreover, (1) is satisfied for p # O if and only if £ are eigenvalues of F with (null) eigenvec-
tors e = v, for e,v € V orthogonal, timelike and spacelike respectively with opposite square
norm.

Proof. For the first claim, repeat the first part of the proof of lemma 2.2 assuming u = e
timelike.

For the second claim, assume (2) is satisfied with p # 0. Then it is immediate that
(F(e),e) =0 = u(v,e), hence e,v are orthogonal and by skew-symmetry (F(e),v) =
—(e, F(v)) = p(v,v) = —p (e, e), i.e. must have opposite square norm. Conversely, let
£ # 0 be a pair of eigenvalues with respective null eigenvectors ¢, , that w.l.o.g. can be cho-
sen future directed. Thene:=¢, +q_and v:=¢g, — q_ are orthogonal, with opposite square
norm (e, e) =2 {(g1,q-) = —(v,v) < 0, and they satisfy (2). O

The F-invariant spacelike or timelike planes will be often be referred to as ‘eigenplanes’
and p will be denoted as the ‘eigenvalues’ of II. Notice that a simple change of order in the
vectors switches the sign of the eigenvalue . Thus, unless otherwise stated, we will consider
the eigenvalues of eigenplanes (both spacelike and timelike) non-negative by default.

The first question we address here is under which conditions such a plane exists (cf
proposition 2.1). But before doing so, we need to prove some results first.

Lemma 2.4. Let V be a Lorentzian vector space and F € SkewEnd (V). Then there exist

two vectors x,y € V, with x # 0, such that one of the three following exclusive possibilities
hold

(a) xis a null eigenvector of F.
(b) x is a non-null eigenvector (with zero eigenvalue).

(¢) x,yare orthogonal, spacelike and with the same norm, and define an eigenplane of F with
non-zero eigenvalue, i.e.

Fo)=py,  FG)=—px, peR\{0}.
If, instead, V is Riemannian, only cases (b) and (c) can arise.

Proof. From the Jordan block decomposition theorem we know that there is at least one,
possibly complex, eigenvalue s; + is, with eigenvector x + iy, that is, F(x + iy) = (51 + is2)
(x + iy), or equivalently:

F(x) = s1x — 52, 3)
F(y) = s2x + s1y. “)
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This system is invariant under the interchange (x,y) — (—y, x), so without loss of generality
we may assume x # 0. The respective scalar products of (3) and (4) with x, y yield

s1(x,x) — 85 (x,y) = O} - ((x, x) - <x,y>> <s1> _ (0) )
st(,y) +s2(x,y) =0 by ey ) \s 0)"
Observe that if sy +1is) #0 the determinant of the matrix must vanish. i.e.

(x,y) ({x,x) + (y.y)) = 0. Hence, we can distinguish the following possibilities:

(a) s; = s» = 0. Then x is an eigenvector of F with vanishing eigenvalue so we fall into cases
(a) or (b).
(b) 51+ isz # 0. From (x,y) ({x,x) + (v.y)) = 0 we distinguish two cases:

1. (x,y) = 0.If sy # O then (5) forces x and y to be both null and, being also orthogonal
to each other, there is a € R such that y = ax and we fall into case (a). So, we can
assume s; = 0 (and then s, # 0). Let 1 := — 5, thus (c¢) follows from equations (3),
(4) and lemma 2.2.

2. (x,y) # 0. Then (x, x) = —(y, y) and the matrix problem (5) reduces to
s1{x,x) — 52 (x,y) = 0.

In addition, (3) and (4) imply

(F(x),y) = 51 (x,3) = $2(0,y) = 51 (x.5) + 52 (x,x) = (F), x) .

But skew-symmetry requires (F(x),y) = — (F(y), x), so (F(y),x) = 0 and we con-
clude

s1(x,y) + 52 (x,x) = 0.

Combining with (2) yields

(x.x) =) (s1) _ (0
(x,y)  {x,x) 52 0"
The determinant of this matrix is non-zero which yields a contradiction with s; +
isy # 0. So this case is empty.
|
Remark 2.1. One may wonder why the lemma includes the possibility of having a spacelike

eigenplane (case (c)), but not a timelike eigenplane. The reason is that invariant timelike planes,
which are indeed possible, fall into case (a) by lemma 2.3, because e & v are null eigenvectors.

In the case of Riemannian signature, lemma 2.4 can be reduced to the following single
statement:

Corollary 2.4.1. Let V be Riemannian of dimension d and F € SkewEnd (V). Ifd = 1 then
F =0and ifd > 2 then there exist two orthogonal and unit vectors u, v satisfying

Fu)=pv,  F)=—pu, peR (6)

Proof. The case d = 1 is trivial, so let us assume d > 2. By the last statement of lemma 2.4
either there exists an eigenvector x with zero eigenvalue or the pair {u,v} claimed in the
corollary exists. In the former case, we consider the vector subspace x*. Its dimension is at
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least one and F restricts to this space so again either the pair {u, v} exists or there is y € x*
satisfying F(y) = 0. But then {x, y} are orthogonal and non-zero. Normalizing we find a pair
{u, v} that satisfies (6) with . = 0 .0

Lemma 2.4 lists a set of cases, one of which must always occur. However, we now show
that, if the dimension is sufficiently high, case (a) of that lemma implies one of the other two:

Lemma 2.5. Let F € SkewEnd (V), with V Lorentzian of dimension at least four. If F has a
null eigenvector, then it also has either a spacelike eigenvector or a spacelike eigenplane.

Proof. Let k € V be a null eigenvector of F. The space A:=k" C V is a null hyperplane
and F restricts to A. On this space we define the standard equivalence relation y, ~ y, iff y, —
v, = ak, a € R. The quotient A/ ~ (which has dimension at least two) inherits a positive defi-
nite metric g and F also descends to the quotient. More precisely, if we denote the equivalence
classofanyy € Abyy, thenforanyy € A/ ~andanyy € ythe expression F(y) = F(y)is well-
defined (i.e. independent of the choice of representative y) and hence defines an endomorphism
F of A/ ~ which, moreover, satisfies

(FON. M)z = =01 FO)z-

In other words F is a skew-symmetric endomorphism in the Riemannian vector space A/ ~.
By corollary 2.4.1 (here we use that the dimension of A/ ~ is at least two) there exists a pair
of orthogonal and g-unit vectors {7, ;} satisfying

F(ey) =ae;,  F(e) = —ae;, acR.

Select representatives e; € e; and e, € e;. In terms of F, the condition (2) and the fact that k
is eigenvector require the existence of constants o, a, A; and A, such that

F(k) = ok, F(e)) = aey + \ik, F(ey) = —ae; + \ok.

Whenever a + o> # 0 the vectors

1
(ady + o\ k, vi=ey+ ——— (a\ — o)k

u=e —
a? + o2

a’> + o?
satisfy F(u) = a and F(v) = —au. Since u and v are spacelike, unit and orthogonal to each
other the claim of the proposition follows (with 4 = a). If 0 = a = 0, then either \; = A\, =0
and then {ey, e, } are directly the vectors {u, v} claimed in the proposition (with z = 0), or at

least one of the As (say \;) is not zero. Then e :=e; — %62 is a spacelike eigenvector of F. [J

Now we have all the ingredients to show one of the main results of this section, that will
eventually allow us to classify skew-symmetric endomorphisms of Lorentzian vector spaces.

Proposition 2.1. Let V be a Lorentzian vector space of dimension at least five and F €
SkewEnd (V). Then, there exists a spacelike eigenplane.

Proof. We examine each one of the three possibilities described in lemma 2.4. Case (c) yields
the result trivially, so we can assume that F has an eigenvector x.

If we are in case (b), the vector x is either spacelike or timelike. If it is timelike we consider
the Riemannian space x* where F restricts. We may apply corollary 2.4.1 (note that x* has
dimension at least four) and conclude that the vectors {u, v} exist. So it remains to consider
the case when x is spacelike and F admits no timelike eigenvectors. We restrict to x which
is Lorentzian and of dimension at least four. Applying again lemma 2.4, either there exists a
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spacelike eigenplane, or a second eigenvector y € x, which can only be spacelike or null. If y
is spacelike, {u := x, v:=y} span a spacelike eigenplane with ; = 0. If y is null, we may apply
lemma 2.5 to F|,. to conclude that either a spacelike eigenplane exists, or there is a spacelike
eigenvector e € x*, so the pair {u:=e,v:=x} satisfies (1) with p = 0. This concludes the
proof of case (b).

In case (a), i.e. when there is a null eigenvector x we can apply lemma 2.5 and conclude that
either {u, v} exist, or there is a spacelike eigenvector ¢ € V, in which case we are into case (b),
already solved. This completes the proof. (]

Proposition 2.1 provides the basic tool to classify systematically skew-symmetric endo-
morphisms if the dimension d is at least five. The idea is to start looking for a first spacelike
eigenplane 1I. Then, we restrict to I, that is Lorentzian of dimension d — 2. If d — 2 > 5,
proposition 2.1 applies again and we can keep on going until we reach a subspace of dimen-
sion three if d odd or dimension four if d even. Therefore, for a complete classification it only
remains to solve the problem in three and four dimensions. This has already been done in
[25], where a canonical form based on the classification of skew-symmetric endomorphisms
is introduced. The results from [25] that we shall need are summarized in proposition 2.2 and
corollary 2.5.1 and their main consequences in the present context are discussed in remarks
2.2 and 2.3 below, where we also relate the canonical form with the classification of skew-
symmetric endomorphisms. For a proof and extended discussion, we refer the reader to [25].
In the remainder, when we explicitly write a matrix of entries F® 3, where « is the row and
the column, we refer to a linear transformation expressed in a vector basis {e, }i;lo acting on
the vectors v = v%e, € V by

F(v) = F30%e,.

Proposition 2.2. For every non-zero F € SkewEnd(V), with V Lorentzian four-
dimensional, there exists an orthonormal basis B:= {eo, e\, ez, €3}, with e timelike future
directed, into which F is

o T
0 0 -1+ -
+4 4
o T
0 0 —1-= —=
F= o - 4 41, oT€ER, )
—14+—- 1+ - 0 0
- 4 7_4
— - 0 0
4 4
where o .= —%TerandTZ:: —4detF, witht > 0. Moreover, if T = 0 the vector e; can be

taken to be any spacelike unit vector lying in the kernel of F.

Corollary 2.5.1. For every non-zero F € SkewEnd(V), with V Lorentzian three-
dimensional, there exists an orthonormal basis B:= {ey,e1,ex}, with ey timelike future
directed, into which F is

0 0 —1+%
1
F= 0 0 -1-2|, o=—--Te(F)eRr (8)
a a 4 2
A 0
ty g
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Remark 2.2. A classification result follows because only two exclusive possibilities arise:

(a) If either o or 7 do not vanish, F has a timelike eigenplane and an orthogonal spacelike
eigenplane with respective eigenvalues

=+ (—oc+p)/2 and p;:=+/(c+p)/2 forp=+vo2+7220. (9

The inverse relation between pi,, ji; and o, 7is 0 = p2 — p? and 7 = 241, 41;.
(b) Otherwise, 0 = 7 = 0 if and only if ker F' is degenerate two-dimensional. Equivalently, F
has null eigenvector orthogonal to a spacelike eigenvector both with vanishing eigenvalue.
One can easily check that when 7 = 0, the sign of ¢ determines the causal character of
ker F, namely o < 0 if ker F is spacelike, o = 0 if ker F’ is degenerate and o > 0 if ker F is
timelike. Obviously, 7 # 0 implies ker F = {0}. The characteristic polynomial of F is directly
calculated from (7)

Pr(x) = (x* — pH)(x* + pd).

Remark 2.3. For a classification result in the three dimensional case, one can see by direct
calculation that ¢ := (1 + 0 /4)ey + (1 — o /4)e; generates ker F and furthermore (g, g) = —o.
Hence, the sign of o determines the causal character of ker F, namely it is spacelike if o < 0,
degenerate if 0 = 0 and timelike if o > 0. Moreover, when o # 0, F has an eigenplane with
opposite causal character than g and eigenvalue \/H . The characteristic polynomial of F reads

Pr(x) = x(x*> + o).

We have now all the necessary ingredients to give a complete classification of skew-
symmetric endomorphisms of Lorentzian vector spaces. In what follows we identify Lorentzian
(sub)spaces of d-dimension with the Minkowski space M'<“~!. Also, for any real number
x € R, [x] € Z denotes its integer part.

Theorem 2.6 (classification of skew-symmetric endomorphisms in Lorentzian
spaces). Let F € SkewEnd (V) with V Lorentzian of dimension d > 2. Then V has a set
of[%] — 1 mutually orthogonal spacelike eigenplanes {11;}, i = 1,. .., [%] — 1, so that V
admits one of the following decompositions into direct sum of F-invariant subspaces:
(@) If d even V. =M"* @ H% @ --- @1l and either F|yu3 = 0 or otherwise one of the
following cases holds:
1. F|yps has a spacelike eigenvector e orthogonal to a null eigenvector with vanishing
eigenvalue and then M'* = M'? & span{e}.
2. Flyps has a spacelike eigenplane H(]Z;Z (as well as a timelike eigenplane M'!
orthogonal to Hd%g) and then M'3 = M @ Hd;22.
(b) If d odd V =M'? H% @ --- @1 and either Flyn. =0 or otherwise one of the
following cases holds:

1. F|yp2 has a spacelike eigenvector e and then M!'> = M"! @ span{e}.
2. Flyp.2 timelike eigenvector t and then M'3 = span{t} & IVER
3. Flyp2 has a null eigenvector with vanishing eigenvalue.

Proof. The proofis a simple combination of the previous results. First, if d > 5, we can apply
proposition 2.1 to obtain the first spacelike eigenplane IT;. Then II; is Lorentzian of dimension
d—2.1fd—2>5, we can apply again proposition 2.1 to obtain a second eigenplane II,.
Continuing with this process, depending on d, two things can happen:

10
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(a) If d even, we get 5% (=[] — 1) spacelike eigenplanes, until we eventually reach a
Lorentzian vector subspace of dimension four, M'3, where proposition 2.1 cannot be
applied. In M3, either F|y;13 = 0 or otherwise cases (1) and (2) follow from remark 2.2,
cases 2 and 1 respectively.

(b) If d odd, we get 43 (=[%;'] — 1) spacelike eigenplanes, until we reach a Lorentzian
vector subspace of dimension three, M2, In M!?, either F|y;. = O or by remark 2.3
there exists a unique eigenvector o with vanishing eigenvalue. If ¢ null, case (3) follows.
If it is spacelike e := o, F restricts to e = M!! ¢ M"? and (1) follows. If o timelike, the
same argument applies with ¢:= ¢ and - C M!? defines the remaining spacelike plane

g,
2
O

3. Canonical form for skew-symmetric endomorphisms

Our aim here is to extend the results in proposition 2.2 and corollary 2.5.1 to arbitrary dimen-
sions. To do that, we will employ the classification theorem 2.6 derived in section 2, from
which it immediately follows a decomposition of any F € SkewEnd (V) into direct sum of
skew-symmetric endomorphisms of the subspaces that F restricts to, namely

]
F=Flyus € Fly, ifd even, (10)
i=1

4]
F=Flyp. @ Fly, ifdodd, (11)

i=1

where II; are spacelike eigenplanes. In what follows, we will denote
p=I[d-1)/2]—- 1.

Notice that the blocks F|y;3 and F|;. may also admit different subdecompositions depend-
ing on the case. In order to avoid a case-by-case analysis we leave this part unaltered. It
will be convenient for the rest of the paper to give a name to the decompositions (10)
and (11):

Definition 3.1. Let F € SkewEnd (V) non-zero for V Lorentzian d-dimensional. Then, a
decomposition of the form (10) or (11) is called block form of F. A basis that realizes a block
form is called block form basis.

Writing F in block form allows us to work with F as a sum of skew-symmetric endomor-
phisms of Riemannian two-planes plus one skew-symmetric endomorphism of a three or four
dimensional Lorentzian vector space. For the latter we will employ the canonical forms in
proposition 2.2 and corollary 2.5.1, and for the former, it is immediate that in every (suitably
oriented) orthonormal basis of II;

0 — i
Fln, (m 0 ) , 0< i eR. (12)

Having defined a canonical form for four, three and two dimensional endomorphisms (i.e.
matrices (7), (8) and (12) respectively), the idea is to extend this result to arbitrary dimensions

1
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finding a systematic way to construct a block form (10), (11) such that each of the blocks
are in canonical form. This is not immediate, firstly, because the block form does not require
the blocks F|15 or Fly2 to be non-zero and secondly, because, unlike in the four and three
dimensional cases, the parameters o, 7 of the four and three dimensional blocks cannot be
invariantly defined as, for example, traces of F or determinant of F. The first of these concerns
is easily solved by suitably choosing a block form:

Lemma 3.1. Let F € SkewEnd (V) be non-zero for V Lorentzian of dimension d. Then there
exists a block form (10) and (11) such that F|y 5 and F|yp2 are non-zero and they either con-
tain no spacelike eigenplanes or they contain one with largest eigenvalue (among all spacelike
eigenplanes of F). In addition, the rest of spacelike eigenplanes 11; are sorted by decreasing
value of i3, ie. 3 > p3 > -+ > ,uf,-

Proof. If ker F is degenerate', it must correspond with cases 1 (d even) or 3 (d odd) of
theorem 2.6. Hence, in any block form the blocks F|,;13 and F|y,» are non-zero and they do
not contain any spacelike eigenplane, as claimed in the lemma. So let us assume that ker F is
non-degenerate or zero, which discards cases 1 and 3 of theorem 2.6. In all possible cases, any
block form admits the following splitting in

F|M1’3 :F|H, ®F‘HS’ F‘Ml’z :F|span{7;} @F‘vi’ (13)

with II;, I, spacelike and timelike eigenplanes with (possibly zero) respective eigenvalues g,
and p,, v a timelike or spacelike eigenvector (in ker F) and v+ C M"? an eigenplane with
opposite causal character than v. If v is spacelike, then either F|, . is non-zero, in which case
Flypn2 # 0 and clearly contains no spacelike eigenplanes (which is one of the possibilities in
the lemma), or F|,1. = 0 and then F|;;1» = 0, so we can rearrange the decomposition (13) using
some timelike vector v’ € v* instead of v, i.e. Flyj2 = F| () @ F|,.. Hence, in the case
of d odd, we may assume that v is timelike and v C M is a spacelike eigenplane. Let II,,
be a spacelike eigenplane of F with largest eigenvalue p among 11, (d even) or v (d odd) and
Iy, ..., II,. Then, switching F|Hx or F|H,,L by F|HM we construct

Flyps =Fy, EBF|H#, Flypa =F]| EBF|H#'

span{v}

The resulting matrix is still in block form and has non-zero blocks F JF |M1~2 containing a
1.3

M3
spacelike eigenplane with largest eigenvalue, which is the other possibility in the lemma. The
last claim follows by simply rearranging the remaining spacelike eigenplanes 1I; by decreasing
order of 2. O

With a skew-symmetric endomorphism F in the block form given in lemma 3.1 we can take
each of the blocks to its respective canonical form. Let us denote F,, :=F|,u5 (if d even),
F, =F|yn2 (if d odd) and F,,, :=F ‘Hi when written in the canonical forms (7), (8) and (12)
respectively. Consequently

p p
F=F, PF, deven), F=F,{DF, (dodd, (14)

i=1 i=1

where, notice, each of the blocks is written in an orthonormal basis of the corresponding sub-
space, which moreover is future directed if the subspace is Lorentzian, i.e. M3 or M"? (cf

! By degenerate we always mean degenerate signature and dimension at least one.

12



Class. Quantum Grav. 38 (2021) 125009 M Mars and C Pedn-Nieto

proposition 2.2 and corollary 2.5.1). Hence, the form given in (14) corresponds to a future
directed, orthonormal basis of M1,

Our aim now is to give an invariant definition of o, 7, ;. A possible way to do this is through
the eigenvalues of F2. One may wonder why not to use directly the eigenvalues of F. One
reason is that since we are interested in real Lorentzian vector spaces V (although, for practical
reasons, we may rely on the complexification V¢ for some proofs), it is more consistent to give
our canonical form in terms of real quantities, while the eigenvalues of F' may be complex.
In addition, the canonical form will require to sort them in some way, for which using real
numbers is better suited.

The characteristic polynomial of F is known (e.g. [24]) to possess the following parity:

Pr(x) = (=) Pp(=x). (15)
Thus, a simple calculation relates the characteristic polynomials of F and F>
Pra(x) = det(xId, — F*) = det (v/xId, — F) det (v/xIdy + F)

(16)
2
= (=DPr(V0)Pr(—Vx) = (Pr(v1)",
\/x being any of the square roots of x in C and Id, the d x d identity matrix. We can extract
some conclusions from (16):

Lemma 3.2. Ler F € SkewEnd (V) for V Lorentzian of dimension d. Then the non-zero
eigenvalues of F* have even multiplicity m, and the zero eigenvalue has multiplicity mo with
the parity of d. In addition, F possesses p, (resp. exactly one) spacelike (resp. timelike)
eigenplanes with eigenvalue 11 # 0 if and only if F* has a negative (resp. positive) non-zero
eigenvalue —pi? (resp. p?) with multiplicity m, = 2p,, (resp. exactly two).

Proof. It is an immediate consequence of equation (16) that non-zero eigenvalues of F?
must have even multiplicity m,. Moreover, since the sum of all multiplicities adds up to the
dimension d, the multiplicity of the zero my has the parity of d.

Combining lemma 2.2 and equation (16), F has a spacelike eigenplane II with non-zero
eigenvalue y if and only if F? has a negative double? eigenvalue —p2. If d < 4, there can-
not be any other spacelike eigenplanes in II*, so applying the same argument to F I €
SkewEnd (II"), the multiplicity m, of —p? must be m, = 2. If d > 4 and m, > 4, then —.*
is an eigenvalue of (F/|;. )? with multiplicity m, — 2, thus F has a second spacelike eigenplane
with eigenvalue 1 in II'. Repeating this argument, F? has a negative eigenvalue —p> with
multiplicity m, if and only if F has p, = m, /2 spacelike eigenplanes with eigenvalue p.

Finally, by lemma 2.3 and equation (16), F' has a timelike eigenplane II with non-zero eigen-
value . if and only if F? has a positive double eigenvalue 1>. Obviously, the maximum number
of timelike eigenplanes that F' can have is one. Thus, F|;. cannot have timelike eigenplanes
and hence (F|[. )% has no additional positive eigenvalues. Consequently, the multiplicity of 1>
is exactly two. (]

Taking into account lemma 3.2, we will employ the eigenvalues of —F? rather than those of
F?, so we assign positive eigenvalues of F? with spacelike eigenplanes and negative eigenvalues
to timelike eigenplanes. This amounts to employ the roots of the characteristic polynomial
PFZ (_ X ) .

2 We adopt the convention that a root with multiplicity m > 2 is also double.
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We now discuss how to invariantly define the parameters o, 7, p,; for d even and o, f;
for d odd. The result of the argument is formalized below in definition 3.2. Recall that the
characteristic polynomial of a direct sum of two or more endomorphisms is the product of
their individual characteristic polynomials, in particular, the characteristic polynomial of —F?
equals to the product of the characteristic polynomials of —F2_or —F?2 times those of each
—Fﬁi (cf equation (14)). Let us define:

Qpa(x) = (Ppa(—x))"*  (d even),

B 1/2
Qp(x) = (@) (d odd), (17)

Starting with d even, from formula (14) it is immediate that u? are double roots
of Pr(—x?), which by lemma 3.1 satisfy p?>-- > uﬁ > 0. On the other hand,
let p=+/(—o+p)/2 and ip,=i\/(c +p)/2 with p:=+o2+72 >0, that by
remark 2.2, are roots of Pp, (x), thus roots of Pr(x). By equation (16), —pu?, u?
are double roots of Pp2(—x). The set {—uf, pi,pi,...,p5} are in total p+2=
[(d—1)/2]+ 1 =d/2 elements, each of which is a double root of Pr(—x). In other
words, {—p7,p2,p3,...,p2} is the set of all roots of the polynomial® Qp(x). If
ker F is degenerate, then kerF,, is degenerate and by remark 2.2 it must happen
= py=0. Hence pj > 3 > - - pp > pf = —pj = 0. Otherwise, also by remark 2.2,
F . contains a spacelike eigenplane with eigenvalue i, (which by lemma 3.1 is the largest) as
well as a timelike eigenplane with eigenvalue y,. In this case 7 > pi > -+ - pp > 0 > —pi7.

We next discuss o, p; for d odd. Again, from (14) we have that u,-z are double roots of
Pr2(—x?), which by lemma 3.1 also satisfy yii > - - - > p2 > 0. By remark 2.3, /o is a root of
Pr_(x), thus a root of Pr(x), so by formula (16), o is a double root of Pr2(—x). Also, Pr2(—x)
has at least one zero root and hence, Pr2(—x)/x is a polynomial with d — 1 roots (count-
ing multiplicity). Then, the set {o, if, . . ., u?,} are all double roots of P2 (—x)/x, which are
p+1=1[d—-1)/2] = (d — 1)/2 elements. Therefore Q. as defined in (17) is also a poly-
nomial and {0, u%, . ..,ulz,} is the set of all its roots. If ker F is timelike, then ker F, is
timelike, which happens if and only if o > 0 (cf remark 2.3) and also F, has a spacelike
eigenplane with eigenvalue \/W , that by lemma 3.1 is the largest eigenvalue among spacelike
eigenplanes. Thus o > puf > -+ > uf,. In the case ker F' not timelike, the inequalities become
pzezp=20>o0.

Summarizing, the parameters o, 7, pu; correspond to the set of all roots of Q- sorted in a
certain order fully determined by the causal character of ker F.. This allows us to put forward
the following definition:

Definition 3.2. Let Roots (Q2) denote the set of roots of Q2(x) repeated as many times

as their multiplicity. Then

(a) If d odd, {o: 7, ..., 12} :=Roots (Qp2) sorted by o > pif > -+ > pu if ker F is time-
likeand pi? > -+ > ,ulz, > 0 > o otherwise.

(b) If d even, o=y — p?, 7:=2|pps| with {—p2, pi2; 13, .. .,u?,} :=Roots (Q2) sorted
by pi =+ > pp > pi = —p7 = 0 if ker F is degenerate and pf > pif > -+ - > p2 >
0 > —p? otherwise.

3 Q2(x) is a polynomial because all the roots of Pp2(—x) are double.
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In addition, we also summarize the results concerning the canonical form in the following
theorem:

Theorem 3.3. Let F € SkewEnd (V) non-zero, with V Lorentzian of dimension d > 3 and
p:=1[(d —1)/2] — 1. Then there exists an orthonormal, future oriented basis such that F is
given by (14) where F o :=F |y 3, Fo i =F|yp2, Fy, = F|n, are given by (7), (8), (12) respec-
tivelyand o, T, ; are given in definition 3.2. In particular, F,,, F, are non-zero and they either
do not contain a spacelike eigenplane or they contain one with maximal eigenvalue (among
all spacelike eigenplanes of F) and the eigenvalues p; are sorted by i3 > i3 > - - -uf,.
Definition 3.3. For any F € SkewEnd (V), for V Lorentzian d-dimensional, the form of F
given in theorem 3.3 is called canonical form and the basis realizing it is called canonical
basis.

The first and obvious reason why the canonical form is useful is that it allows one to work
with all elements F € SkewEnd (V) at once. The fact that we can give a canonical form for
every element without splitting into cases is a great strength, since we can perform a general
analysis just in terms of the parameters that define the canonical form. Moreover, as we will
show in section 5, this form is the same for all the elements in the orbit generated by the
adjoint action of the orthochronous Lorentz group O (1,d — 1). Thus, the canonical form is
specially suited for problems with 07 (1,d — 1) invariance (or covariance) which, as discussed
in section 6, is directly related to certain conformally covariant problems in GR.

We finish this section with two corollaries that will be useful later. The first one is trivial
from the canonical form (14)

Corollary 3.3.1.  The characteristic polynomial of F € SkewEnd (V) is

p
Pr(x) = (o — ) + D] [ 2 + 1) (d even),

i=1
V4
Pr(x) = x( + [ [ & + ) (d odad), (18)

i=1

where —2u? =0 — o2 + 72, 2u2 =0 + Vo + 72.

The second gives a formula for the rank of F. We base our proof in the canonical form (14)
because it is straightforward. However, we remark that this corollary can also be regarded as a
consequence of theorem 2.6.

Corollary 3.3.2. Let F € SkewEnd (V), with V Lorentzian of dimension d and myq the
multiplicity of the zero eigenvalue. Then, only of the following exclusive cases hold:

(a) ker F is non-degenerate or zero if and only if rank F = d — my.
(b) ker F is degenerate if and only if my > 2 and rank F = d — mgy + 2.

Proof. Consider F in canonical form (14) and let k € N be the number of parameters y; that
vanish. For d even we have dimker F = 2k + dimker F,,,. On the one hand, ker F' degener-
ate implies ker F',, degenerate, which by remark 2.2 happens if and only if 0 = 7 = 0 and in
addition dim ker F',, = 2. Therefore dimker F = 2k + 2 and by (18), my = 2k + 4(> 2). Thus
rank ' = d — dimker F = d — mp + 2. On the other hand, ker F non-degenerate if at most
one of ¢ or 7 vanish. If 7 # 0 (so that i, # 0 and p, # 0), dimker F,, = 0 and my = 2k =
dimker F. Consequently rank F = d — my. If 7 = 0 (and o # 0, so that exactly one of p,, p,
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vanish), by remark 2.2 dimker F,,, = 2 and by (18) my = 2k + 2. Hence dimker F = 2k + 2
and rank F' = d — my.

For d odd, we have dimker F = 2k + dimker F, = 2k + 1, because dimkerF, =1
(cf remark 2.3). kerF' is degenerate if and only if kerF, is degenerate, which by
remark 2.3 occurs if and only if o = 0. Hence, by equation (18), my = 2k 4+ 3(> 2) and
rank F = d — dimker F = d — mg + 2. For the ker F non-degenerate case, o # 0 and also by
(18) my = 2k + 1 = dimker F. Therefore rank F' = d — my. O

4. Simple endomorphisms

By simple skew-symmetric endomorphismwe meana G € SkewEnd (V) satisfying rank G = 2.
As usual ¢, = (e, ) is the one-form obtained by lowering index to a vector e € V. Then, a
simple skew-symmetric endomorphism can be always written as

G=e®u, —v®e
for two linearly independent vectors e, v € V and its action on any vector w € V is
G(w) = (v,w) e — (e, w) v.

Since the two-fom associated to a simple endomorphism is G = e, A v,, it follows from ele-
mentary algebra that two simple skew-symmetric endomorphisms G = ¢ ® v, — v ® e, and
G' = ¢ ®v] —v' ® €] are proportional if and only if span{e,v} = span{¢’,v'}. This freedom
in the pair {e, v} defining G can be used to choose them orthogonal.

Lemma 4.1. Let G € SkewEnd (V) be simple. Then there exist two non-zero orthogonal
vectors e,v € V such that G = e ® v, — v ® e, with v spacelike.

Proof. By definition G = ¢ ® 0, — ¥ ® e, for two linearly independent vectors ¢, v € V. If
one of them is non-null, we set ¢ := v and decompose V = span{v} @ v'. Thus é = av + e
with a € R and e € v+ and G takes the form G = (av +e) @ v, — v ® (av + ), = e Q@ v, —
v ® ey, as claimed. If ¢ and ¢ are both null, consider V = span{e} @ (&)° (we use @ because this
direct sum is not by orthogonal spaces) where (€)° is a spacelike complement of span{e}. Then
we can write 0 = aé + v/, witha € Rand v’ € & non-null. Thus G = é ® v] — v’ ® &,, with v/
non-null and we fall into the previous case. Allinall, G = e ® v, — v ® e, with e, v orthogonal.
Consequently, either one of the vectors is spacelike or both are null and proportional which
would imply G = 0, against our hypothesis rank G = 2. (|

The decomposition G =e ®@ v, — v ® e, is not unique even with the restriction of v
being spacelike unit and orthogonal to e. One can easily show that the remaining freedom
is given by the transformation ¢’ = ae — b (e, e) v, v = be + av with a,b € R restricted to
a* + b* (e,e) = 1. Nevertheless, the square norm (¢’, ¢') is invariant under this change, so the
following definition makes sense:

Definition 4.1. Let G € SkewEnd (V) be simple, with G=eQ®uv, —vR®e,, e,v €V
orthogonal with v spacelike unit. Then G is said to be spacelike, timelike or null if the vec-
tor e is spacelike, timelike or null respectively. In the non-null case, G is called spacelike (resp.
timelike) unit whenever (e, e) = +1 (resp. {e,e¢) = —1).

By lemma 4.1, it is immediate that definition 4.1 comprises any possible simple endomor-
phism (up to a multiplicative factor).
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We next obtain the necessary and sufficient conditions for a simple endomorphism G to
commute with a given F' € SkewEnd (V). We first make the simple observation that the com-
position of a one-form e, and a skew-symmetric endomorphism F satisfies (simply apply for
sides to any w € V)

e, o F = —F(e),.

An immediate consequence is that for any pair of vectors e,v € V and F € SkewEnd (V) it
holds

Fo(e®w,)=F(e) ® v, (e@uv)oF = —e®F(v), (19)

The following commutation result will be used later.

Lemma 4.2. Let F,G € SkewEnd (V) with G = e ® v, — v ® e, simple and e,v € V as in
definition 4.1. Then [F, G] = 0 if and only if there exist i € R such that:

F(e) = (e, e) pv, F(v) = —pe. (20)
Proof. The commutator is

[F,G]=FoG—-—GoF=Fo(e®u,—1v®e)—(e®Qv, —vXRe)0F
=Fle)@uv —Fu)®e +e® F(v), —v® F(e), (2D

where we have used (19). The ‘if’ part is obtained by direct calculation inserting (20) in
(21). To prove the ‘only if” part, the condition [F, G] = O requires the two endomorphisms
Fle) @ v, —v ® F(e), and F(v) ® e, — e ® F(v), to be equal. One such endomorphism is
either identically zero or simple. This implies that span{F(e), v} and span{e, F(v)} are either
both one dimensional or both two-dimensional and equal. In the first case, F(v) = —pe and
F(e) = av for p, a € R, which are determined by skew-symmetry to satisfy o = p (e, €), so
the lemma follows. The second case is empty, for it is necessary that v = ae + bF(v) with
a,b € R, which implies (v, v) = (ae + bF(v),v) = b (F(v),v) = 0, against the hypothesis of
v being spacelike. (]

Corollary 4.2.1. Let G,G' € SkewEnd (V) be simple, spacelike and linearly independent.
Let {e,v}, {€/,v'} be orthogonal spacelike vectors such that G = e @ v, — v @ e, and G' =
¢ @uv —v' ®@é. Then [G,G'] = 0 if and only if {e,v, ¢, v'} are mutually orthogonal.

Proof. By the previous lemma [G, G'] = 0 if and only if there exist ;1 € R such that
G(e) = (e,v)e— (¢, e)v=pv, G =, v)e— (W, e)v=—pue. (22)

If 41 # 0, then span{e,v} = span{¢’,v'} and G and G’ are proportional, against hypothesis.
Thus, ¢ = 0 and by (22) the set {e, v, ¢/, v'} is mutually orthogonal. O

5. 0T (1,d—1)-classes

In this section we use the canonical form of section 3 to characterize skew-symmetric endo-
morphisms of V under the adjoint action of the orthochronous Lorentz group O (1,d — 1).
Recall that this is the subgroup of O(1,d — 1) preserving time orientation. The corresponding
classes of skew-symmetric endomorphisms are also known as the adjoint orbits or conjugacy
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classes and we denote them by [F],+ for a given element F' € SkewEnd (V). The characteri-
zation of these orbits by a set of independent invariants is known and it can be found in [24]
in terms of two-forms and other references such as [5]. What we do here is, first, to give an
alternative way to characterize the orbits [F],+ by a convenient set of invariants and second,
to show that the canonical form is the same for every element in a given orbit. This makes the
canonical form specially useful as a tool for problems with O(1,d — 1) invariance.

We formulate this section in terms of the orthochronous component O™ (1,d — 1) because
of its relation with conformal transformations of the sphere S¢=2 (see section 6), but note that
the orbits of the full group O(1,d — 1) are exactly the same as those of O (1,d — 1). Recall
that the time-reversing component O~ (1,d — 1) is one-to-one with O™ (1,d — 1). We can map
elements A~ € O (1,d — 1) to elements in AT € OT(1,d — 1) by e.g. AT :=A"Ag, where
AO = —Idd. Then

ATFAT) ' = A AgFAQA ) ' = A F(A ),

which clearly implies that the orbits generated by the full group O(1,d — 1) coincide with the
orbits generated by the subgroup 0" (1,d — 1).

A consequence of equation (15) is that the characteristic polynomial of F' € SkewEnd (V)
must have the form

q
Pr(x) = x! + > cpx®, (23)
b=1
d

where we have introduced g:=[5]. The coefficients c, can be obtained using the

Fadeev—LeVerrier algorithm, summarized by the following matrix determinant [15]:

TrF 2b— 1 0 .0

Tr F? TcF 2b—2 ... 0

Ccp = —— : : :
2b)! : : :
(26) Tt TeF?®2 0 ]
TrF? TeF®' ... ... TrF

Since the traces of odd powers vanish by skew-symmetry, the coefficients ¢, depend on the
entries of F only through the traces of the squared powers of F:

1
I, = ETr(Fz”), b=1,...,q.

Recall that the adjoint representation Ad of a matrix Lie group G is a linear representation
of G on its Lie algebra automorphisms Aut(g) given by

Ad: G — Aut(g)

g+ Ad(g)=Adg:g—g X — gXg L.

The traces I, are obviously invariant under the adjoint action of 07 (1,d — 1) and so are the
coefficients ¢;. Another invariant that plays an important role in the classification of conjugacy
classes is the rank of F. Since this is always even, we denote it by

rank F = 2r,

18
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and clearly r < ¢. From now we say rank parameter to refer to r. In the following proposition
we show that this set of invariants actually identifies the canonical form.

Proposition 5.1. Ler F,F e SkewEnd (V), for V Lorentzian of dimension d. Then the
invariants {cp, r} and {¢, 7} of F and F respectively are equal if and only if their canonical
forms given by theorem 3.3 are the same.

Proof. The ‘if” part (<) is trivial, because the invariants ¢, r are independent on the basis,
so they can be calculated in a canonical basis. Hence, same canonical form implies same invari-
ants. For the ‘only if* part (=), we notice that if the coefficients c¢; and ¢, of Pr and Py are
equal, so are their characteristic polynomials, the multiplicities of their zero eigenvalue and the
polynomials Q> and Oz (equation (17)). Sincerank F = rank F, corollary 3.3.2 implies that
ker F and ker F must have the same causal character. The canonical form only depends on the
roots Q. and the causal character of ker F' through definition 3.2. Thus, F' and F must have
the same canonical form. O

We now characterize the classes [F],+ in terms of the same invariants given in
proposition 5.1. As mentioned above, this result is known [24], but we give here an alternative
and very simple proof based on our canonical form:

Theorem 5.1. [24] Let F, F € SkewEnd V), for V Lorentzian of dimension d. Then their
invariants {cy, r} and {c, 7} are the same if and only if F and F are O (1,d — 1)-related.

Proof. The if (<) partisimmediate, since it is trivial from their definitions that the quantities
{cp, r} are Lorentz invariant. To prove the ‘only if* (=), by proposition 5.1, F and F have the
same canonical form in canonical bases B and B respectively. By definition (cf theorem 3.3),
these bases are uni~t, future oriented and orthonormal. Thus, the transformation taking B to B
transforms F into F and both must be O (1, d — 1)-related.

|

Theorem 5.1 establishes the necessary and sufficient conditions for two endomorphisms to
be O (1,d — 1)-related. Combining this result with proposition 5.1, we find that the canonical
form (hence the parameters o, u? or o, 7, u?) totally define the equivalence class of skew-
symmetric endomorphisms up to O" (1, d — 1) transformations. Moreover, we emphasize that
this form is the same for every equivalence class, unlike other canonical (or normal) forms
based on the classification of SkewEnd (V), such as the one in [9], where they seek irreducibility
of the blocks, so they must give two different forms to cover every case.

Next, we discuss some facts about the coefficients of the characteristic polynomial, also
stated in [24], where the proof is only indicated, and which can now be easily proven using the
canonical form.

Lemma 5.2. Ler F € SkewEnd (V) be non-zero and let 2r = rankF. Then ¢, >0,
¢, = 0,¢, < Oifand only ifker F is timelike, null or spacelike (or zero) respectively. Moreover,
ifr<g.cg=cg1=---=crp1 =0.

Proof. Taking into account that the parities of d and mj are equal (lemma 3.2), ¢ — [}] =
(4] —[%] = d;’"", so equation (23) can be rewritten

d—m,
q-Imy/2] =

PF(X) = ™0 xd—mo + E chxd—mo—Zh — x™0 xd—mo + E chxd—mo—Zh , (24)
b=1 b=1
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where we have explicitly substituted all zero coefficients by extracting the common factor
X0, thus the remaining coefficients ¢, # 0 for b= 1,...,(d — my)/2. By corollary 3.3.2,
ker F' is degenerate if and only if 2r = d — mp + 2 and my > 2, so the sum in (24) runs up
to(d —mp)/2 =r— 1, whichmeansc¢, =c¢,41 =--- = ¢y = 0, as stated in the lemma. Also
by corollary 3.3.2, ker F non-degenerate if and only if 2r = d — my. In this case, the sum
in (24) runs up to (d — mp)/2 = r, hence ¢, # 0 and if r < g, the next coefficients vanish
Cry1 = Cryp = - - - = ¢4 = 0.Inaddition ¢, is the independent term in the polynomial in paren-
theses. Let ji, ..., p, be all the non-zero parameters among the {s;} of the canonical form
of F given in (14). By equation (18), ¢, can be written for d odd:

¢ = 0i .. iR
Then, the sign of ¢ determines the sign of ¢, and, by remark 2.3, also the causal character of
ker F',, hence, the causal character of ker F in accordance with the statement of the lemma. For
d even, also from (18) we have

o, 2 2 2

CI':_ZM1~-~M)\<O (1 #0), cr=opi... 1y (7=0),
where the expression for 7 = 0 follows because in this case either yu, or p, (or both) vanish,
hence either ¢, = p2pu? ... p3 or ¢, = —p2p? ... p3 and o equals 2 in the first situation and
—p2 in the second. By remark 2.2, when 7 # 0 we have ker F,, = {0} and hence ker F is
always spacelike or zero and when 7 = 0, the causal character of ker F',; (and that of ker F) is
determined by the sign of ¢ in accordance with the statement of the lemma. ([

Remark 5.1. A converse version of lemma 5.2 also holds, in the sense that the number
v of last vanishing coefficients restricts the allowed rank parameters r. Let v be defined by
v = 0 if ¢; # 0 and, otherwise, by the largest natural number satisfying ¢, =c,—1 =--- =
¢q-v+1 = 0. By equation (24) it follows v = [mg/2], and since the dimension d and m, have
the same parity (cf lemma 3.2), d — my = 2[d/2] — 2[my/2] = 2(q — v) which in particular
shows that v determines mg uniquely. If my > 2, by corollary 3.3.2 the rank parameter admits
two possibilities r = {¢g — v, g — v + 1}, each of which determined by the causal character of
ker F. If my < 2, also by corollary 3.3.2 the ker F degenerate case cannot occurand r = (g — v)
is uniquely determined. In particular, if d = 4, r is always determined by cy, ¢;, because r = 2
happens if and only if » = 0 and otherwise r = 1 (unless F is identically zero, in which case
r=20).

5.1. Structure of SkewEnd (V) /OT(1,d — 1)

By theorem 5.1, the g-tuple (cy,...,c,) corresponding to the coefficients of the character-
istic polynomial of a skew-symmetric endomorphism, does not suffice to determine a point
in the quotient space SkewEnd (V) /O"(1,d — 1), since generically two ranks are possible
(dimensions three and four are an exception). As dicussed in remark 5.1, for a number v of
last vanishing coefficients ¢, the allowed rank parameters are r € {g — v,q — v + 1}, and
r =q — v+ 1 is only possible provided my > 2 (in particular, when ¢, # O then necessarily
r = g). One says that there is a degeneracy for the value of the rank at certain points in the
space of coefficients ¢;. In the submanifold {c, = - - - = ¢;—,41 = 0, ¢,4—,, # 0}, the possible
rank parameters are r € {g — v, g — v + 1}. When a boundary point where the number of last
vanishing coefficients increases by exactly one is approached, the rank parameter may remain
equal to ¢ — v or jump to ¢ — v — 1 (note that while the coefficients ¢; are continuous func-
tions of F, the rank is only lower semicontinuous, e.g. [22]). As we shall see in this section, this
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ly

h

Figure 1. Representation of SkewEnd (V) /O%(1,d — 1) in the region A C R?. The
shadowed region is not included.

behaviour gives rise to special limit points which make the space of parameters defining the
canonical form (i.e. the space of conjugacy classes) a non-Hausdorff topological space, when
endowed with the natural quotient topology. Let us start by locating these limit points using the
canonical form. Degeneracies can only occur in dimensions d = 5 or larger because in dimen-
sion three the rank is two for any non-trivial F' and in dimension four the rank is uniquely
determined by the invariants (cf remark 5.1). We thus consider first the case d = 5 and then
extend to all values d > 5. In d = 5 the space of parameters .4 defining the [F],+ classes is
(see figure 1)

A= {(U,/f)éRXRﬂU}/f ifa>0}.

Consider a [F],+ in the region R4 := {o > p> > 0} and let F be a representative of [F],+
in a canonical basis B = {eq},_q_ 4 thatis

ag
0 0 -1+ -
+4 .
F=| o 0 _1_% @( 0“>. (25)
1+72 1472 o g
4 4

Let us define the functions C..(x) :=
is well defined in R :

+ 7. Then, the following change of basis to B’ = {e[, }

1
X

elg = C(W(C+(Vo)eg+C_(v/o)ey) — C_(p)es, el = —e3, ely=C_(o)eg+Cy(v/0)ey
ety = —C_(W(C+(Vo)eg + C_(v/o)er) + Cr(wes, elz = —es. (26)

By direct calculation, F is written in basis B’ as

0 0o —1+5
2 0 —o
f— u
F 0 0 _I_Z EB<\/E 0 ) 27
s 1w
—14+5 145 0
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The basis B’ is non-canonical because ;> < o. However, if we vary the parameters so that
u — 0 (keeping ¢ unchanged), the matrix (27) becomes canonical (i.e. of the form (14)) in
the limit and the class [lim,,_ F]y+ is given by [; = (0, o). On the other hand, F in canon-
ical form (25) also admits a limit x — O, which is also canonical and whose representative
[lim, Flp+ is given by [, = (o, 0). Both limits are defined by the same sequence of points,
because the transformation (26) is invertible in R . However this sequence has two different
limit points. As a consequence, the space of canonical matrices, and therefore the quotient
space SkewEnd (V) /O™ (1,d — 1), inherits a non-Hausdorff topology.

Something similar happens in the region R_ := {0 < 0, & > 0}. Let F be a representative
in canonical form of a point [F],+ in this region. Then, F has a timelike eigenplane II, with
eigenvalue \/m (cf remark 2.3), a spacelike eigenvector e as well as spacelike eigenplane 11
with eigenvalue . Thus V =11, & span{e} ¢ II; and there exist a (non-canonical) basis B’
adapted to this decomposition, into which F takes the form

(28)

F=1/]o 0 0 ® 0

0 0 0

) )

Keeping p unchanged, expression (28) has a limit o — 0, which has a spacelike eigenplane
II, of eigenvalue y and it is identically zero on II*. Hence, ker F is timelike and using
definition 3.2, the canonical form of this limit lim,_ F is given by o/ = 2 and ;/ = 0. Thus
[lim,_ F]y+ is represented by the point [, = (142, 0). On the other hand, in a canonical basis
(25), F also admits a limit ¢ — 0, whose class [lim,_, F],+ is obviously represented by the
point [} = (0, ).

The same reasoning can be carried out to arbitrary odd dimension. First, define the regions

R(_f’o):: {a}uf}~-~>ui>0} and R0 .= {U<O,uf>~-~>uf,>0}
and also the limit regions
R = {0 =043 >---2p; >0} and RV = o> p} >z pr > =0},

Consider representatives F, and F_ (in canonical form) of points (o, (u")%, .. .. (11;})?) and
(07 (-, (1g,)?) in the regions RY” and R respectively. Then F has a space-
like eigenplane II] with eigenvalue 1} as well as timelike eigenvector e* and space-
like eigenplane IT;" with eigenvalue Vot. Restricting to the subspace W = span{e™} &
II" @ II;" we can repeat the procedure followed for the five dimensional case and con-
clude that [limu; _o F+1has simultaneously limits at the points (oF, (1), ..., (u} )%, 0) €
RV and (0, (uf 2. .., (1)) € Ry™. Analogously F_ has a spacelike eigenplane II; with
eigenvalue (1, as well as spacelike eigenvector e~ and timelike eigenplane I, with
eigenvalue \/ﬁ. Restricting to the subspace W~ =11 @ span{e” } & II';, the above
arguments for the five dimensional case show that [lim,-_, F_] has simultaneous limits
on the points (12, ), ()% - - (1, )% 0) € REY and (0, (u1)?.. ... (11,)») € RE™. Thus
the regions RS‘:’O) and R“? limit simultaneously with R(f’l) and Rg’*o) as p, and o
tend to zero respectively. Indeed, the same ideas can be applied again to R(jr“) and
RYD .= {o<Opiz-> ,ulz,_ L > ,ulz, =0}, so that they also limit simultancously, as
f1, 1 and o go to zero respectively, with Ri"" = {o = 0,43 > - > (5 > pp =0} and
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RYP={0>0,p43> - >p2 > p>, =p’ =0} In general, the regions R’ analo-
gously defined, i.e. where i gives the number of vanishing parameters Pp="++"= ;=0
and the subindex =+ gives the sign of o, have simultaneous limits in Réd’i) and Rf’iJrl), where
the subindex 0 stands for vanishing o.

For the even dimensional case (with d > 6), notice that the canonical form (14) with 7 =0
is equivalent to the odd dimensional case direct sum with a one dimensional zero endo-
morphism (of a Riemannian line). Hence, the previous reasoning for odd dimensions also
applies for even dimensions and 7 = 0. For example, consider in d = 6 dimensions the regions
Ry={r=0,0>p*>0}andR_ = {7 =0,0 < 0,4? > 0}. Then they both assume limit
inRyp={r=0,0=0,4%>0} and RY"" = {7 = 0,0 > > = 0}. Notice that if we keep
T # 0 no degenerate limits of this kind occur. This can be justified as follows. Let x,, 1, be
defined as in (9). Then, it can be readily checked that det F = —p?u?p?, soif o, 7, pu # 0, then
rank F = 6. If we keep 7 # O (thus both p,, 1, are different from zero), ;+ # 0 and make o — 0,
the limit must have always rank F = 6. Hence, it is not possible that a limit o — 0 ends at two
points with different rank. Similarly, keeping 7 # 0, the limit ;. — 0 always has rank F = 4
and therefore, . — 0 limits cannot be degenerate either. The generalization to arbitrary even
dimensions with 7 = 0 is also straightforward from the odd dimensional case discussed above,
which we now summarize in the following remark:

Remark 5.2. In the case of d odd, consider the subset of R? given by
Add . — {(U, u%, . ,ulz,) € R x (R"‘)pm% > > uil andif 0 > 0, 0 > u% > > ui}.

Define also the subsets of A% given by

(dii) .__ 2 2 dd 2 2 2 _ _ 2 _
R—&-l = {(U’Nl""’ﬂp)eA(o )“72/11 2"'>'ull—t'>/“tp—i+l _"'_“p_o}’
d,i) . 2 2 dd 2 2 2 2
R4 = {(o,pf,.. o) € Ao <0, 7 > 2 pp >y iy = = pp =0},
d,i) . 2 2 dd 2 2 2 2
RE) P = {(G’UI""’UP)GA(O )‘GZO’MI2"'>M11—i>Up—i+l:"'::up:O}'

Then in the quotient topology of SkewEnd (V) /OT(1,d — 1) the sequences of Rgf_i) with limit
at R§" also have limit at R
In the case of d even, first define i, as in (9) and let A©*°™ be the subspace of RY given by:

Aleven) — {(U,T,/t%,...,,u]z,) ERxRY) |ut=>---> /4,2, andif 7 #0oro >0, 2>l > > /4]2,}.

Define also the following subsets of A"

di) . 2 2 2 2 2 2
REV = {0 gt ip) € AT =00 24t 2 - 24 > iy = = g1y = 0},
(i) ._ 2 2 _ 2 2 N S
REY={(o,pi, ... 1) € A |1 =0,0 <0, p > - > fo > o = =p, =0},
(i) ._ 2 2 00 2 2 2 N S
Ry ={(o.pui, ... 1) € A | =0,0 =0,p2 > -+ > oy > o g = =py =0},

Then in the quotient topology of SkewEnd (V) /O™ (1,d — 1) the sequences of RYD with limit
at R also have limit at R(_f”ﬂ).

6. Conformal vector fields

One interesting application of our previous results is based on the relation between skew-
symmetric endomorphisms and the set of CKVFs of the n-sphere, CKill(S"). These vector
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fields are the generators of the conformal transformations of the n-sphere Conf (§"), i.e. the
group of transformations v, that scale the spherical metric v, ¥} (y) = 02+, where Q is a
smooth positive function of S”. A standard technique to describe these transformations con-
sists in viewing S" as the (real) projectivization of the null future cone in M!***1, in such a way
that Conf (S") is induced from the isometries of M!**!. This is discussed in detail for the four
dimensional case in [27] and in arbitrary dimensions in [24] and in [29] (the latter considers
arbitrary signature and the projectivization of the null ‘cone’ in MP+14+! giving S” x S9). This
procedure establishes a group homomorphism : O(1,n + 1) — Conf(S"), A > 15, whichis
one-to-one when restricted to the orthochronous component 0 (1,n+1) C O(1,n+ 1). Also,
see [20] for an alternative way to establish this isomorphism for the n = 3 case by means of
conformal Killing—Yano tensors.

The Euclidean space E" = (R", gg) and S" are well-known to be conformally related
via the stereographic projection Sty :S"\{N} — E", where N denotes the point w.r.t.
which the projection is taken. Observe that the stereographic projection depends not
only on the point N but also on the (signed) distance between N and the plane onto
which the projection is performed. We do not reflect this dependence in the notation for
simplicity.

Hence, the composition of a transformation ¢, € Conf(S") with the stereographic pro-
jection yields Sty o o StIQ1 =: ¢ € Conf (E"), which is a conformal transformation of
[E". Strictly speaking, these transformations are not diffeomorphisms of E", as they require
to remove the two points py, p € E" satisfying 1 o Sty'(p1) = N and 1" o Sty'(p) =
N, which are the ‘preimage’ and the ‘image’ of infinity under ¢, respectively. Neverthe-
less, since ¥ : O(1,n + 1) — Conf(S") is a group homomorphism, so is ¢: O(l,n+ 1) —
Conf(E"), A+ ¢n as well as the map which assigns 1, +— ¢,. In that sense Conf (S§") and
Conf (E") are the same. These group homomorphisms, induce Lie algebra homomorphisms
between SkewEnd (M), CKill(S") and CKill(E") (the vector fields generating Conf (E")).
The precise form of these maps depends, firstly, on the representative used to describe the pro-
jective cone (i.e. S") and secondly on the point N as well as on the signed distance from this
point to the plane. In [24], the morphism

¢:=¢, : SkewEnd (M""*") — CKill(E"),
Fr— §(F)=:&p,

(29)

is constructed* related to each other using the representative with {x* = 1} N {x,x®* = 0}
for the projective cone, where {x*} (o, =0,...,n+ 1) are Minkowskian coordinates of
M1 N is the point with coordinates {x* = —x! = 1,x"*! =0} (A,B=1,...,n) and the
image plane for the stereographic projectionis {x’ = x! = 1}. The resultis a representation of
CKill(E") where the vector vector fields are expressed in Cartesian coordinates {y*} induced
from the Minkowskian coordinates by means of {x° = x! = 1, x4+ = y4}.

Theorem 6.1. [24] Let M'"*! be endowed with Minkowskian coordinates {x®} and
consider any element F € SkewEnd (Ml’"“) written in the basis {0y } in the form

0 v —ad'+b')2
F=| - 0 —d-bp2], (30)
—a+b/2 a+b/2 —w

4The method in [24] is based on the unit spacelike hyperboloid in Minkowski instead of on the null cone. However,
the two methods are easily seen to be equivalent to the one we describe.
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where a,b € R" are columnvectors, t stands for the transpose and w is a skew-symmetricn X n
matrix (w = —w"). Then, in the Cartesian coordinates {y*} of E" defined by the embedding
i B s MWL GEY) = {x0 = x! = 1,xAT! =y}, the CKVFs of E" are

1
& = (bA + "+ (apy)y = SomPa" - wAByB> Oya. (€2))

Moreover, §aa,r) = Pax(EF) for every A € O"(1,n+ 1) and € is a Lie algebra antihomomor-
phism, i.e. [EF’ gG] - _glF,G]’

Remark 6.1.  For later use, we write explicitly the parameters of the vector field v, a*, b*, w’
in terms of the entries F* 4 of the endomorphism F:

1
v=—F, aA:_E(FOA+1+F1A+1)’
{ (32)
by = 2 (FOA+1 _F1A+1) , wip=—F"p .

where capital Latin indices are lowered with the Kronecker d45. Unless otherwise stated, £
without subindex refers to the map & given in (29) while & refers to the CKVF which is image
under £ of the skew-symmetric endomorphism F.

The freedom of choosing a representative for S” (as well as the point N and the projection
stereographic plane) can be also seen in a more ‘passive’ picture. Consider two different sets of
Minkowskian coordinates {x*} and {x'*} related by a O™ (1,n + 1) transformation A, x'* =
A%x‘g. Using theorem 6.1, we obtain two different embeddings i, : E" — M'"**! associ-
ated to {x*} and {x'} respectively, for which i((E") = {x* = x! = 1, xA*! =y} and /(E") =
{x0 = x" =1, X411 = y/*}, as well as two associated maps &, . Let F € SkewEnd (M +1),
defined by (30) with parameters {v, a*, b*,wp} and {1/, a4, b4, W} in the bases {0, } and
{Oyva } respectively. Then, F can be associated to two vector fields

1
& = (bA + vyt + (agy’)yt - E(YB)’B)QA - WAB)’B> O,

1
& = (b’A Y+ (! = S0R " =y /B> Oyt

which are equal in the following sense. If we transform the representative " = {x® =1} N
{x.x'* = 0} with A, we obtain a new representative of the projective cone which in coordinates
x“ is precisely 8" = {x* = 1} N {x,x* = 0}. Abusing the notation, the map x := Sty o A o
Stl;,1 is such that x,,(£r) = &g. Then, considering i(E") and i'(E") as representations of the
same space in two different global charts (y*, R") and (y"4, R"), x, can be seen as a change of
coordinates y* = (xa(y))", with the property that the Euclidean metric in coordinates {y'*}
transforms as

8E = 0an dylA dle = QZ(Y)(sAB d}’A dyB

for a smooth positive function €2. In other words, changing to different Minkowskian coor-
dinates in M!'"*! induces a change of coordinates in " in such a way that the form (31)
of the map ¢ is preserved. Notice that a similar result holds if we change the point w.r.t.
which we take the stereographic projection, because any two N, N’ € S” must be related by
aSO(n) C O (1,n + 1) transformation.
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Therefore, for the rest of this section, we will often adapt our choice of Minkowskian
coordinates {x®} of M!'""*! to simplify the problem at hand. With this choice, it comes a cor-
responding set of Cartesian coordinates {yA} of E" such that & is given by equation (31)
and the Euclidean metric is gz = Q(y)*§45 dy* dy®. Which coordinates are adequate obvi-
ously depends on the problem. For example, from the block form (10) and (11) of skew-
symmetric endomorphisms, consider each of the blocks F|y13 F|y2 as endomorphisms of
M+ extended as the zero map in (M"*)* and (M'?)* respectively, and similarly for each
F |H,-' If we denote by ¢ Flyise 13 Flygia and & Fl, the corresponding images by &, one readily gets
following decomposition:

)4 P
& =Erpy + D Cryy (meven),  &r=En o, D &y (nodd),
i=1 i=1

(33)
where in terms of n, p is given by
1
e [” . ] . (34)

(because the dimension of the Minkowski space where F is defined is d = n + 2, cf theorem
6.1). The explicit form of each of the terms in (33) is direct from (32). Namely, the terms £ Flyi
and &, are given by (31) with vanishing parameters a,b, g forA,B>3and A,B > 2
respectively, and each £ Fln, is proportional to a vector field of the form

773:)/408_&0 _yBoa)AO (35)

with A, By € {1,...,n} such that Ay # By. More specifically, {g|,, = 7;, where 7, is given
by equation (35) with By = Ay + 1 and Ap = 2i if n even while Aol = 2i + 1 if n odd. Vector
fields of the form (35) will play an important role in the following analysis. They have the form
of axial Killing vector fields, although in general they are CKVFs because of the conformal
factor in g, = Q(y)?d4p dy” dy?. From the previous discussion, it follows that there exists a
conformal transformation x, € Conf (E") such that gj := X} () = dap dy* dy®. Then by the
properties of the Lie derivative it is immediate

0= E?}X?\(gE) = EXA*'r]gE

In other words, 7 is an axial Killing vector of g and x,,7 is an axial Killing vector of g.
Thus, we define:

Definition 6.1. A CKVF of an Euclidean metric g, 7, is said to be a conformally axial
Killing vector field (CAKVF) if and only if the exist a x5 € Conf (E") such that y,,(7) is an
axial Killing vector field of g;. Equivalently, 77 is a CAKVF if and only if it is an axial Killing
vector field of x4 (gk)-

Remark 6.2. Using theorem 6.1, it is immediate to verify that a CKVF is a CAKVF if and
only if it is the image under & of a simple unit spacelike endomorphism G.

Notice that the terms in (33) form a commutative subset of CKill (E"). This is an immediate
consequence of the fact that £ is a Lie algebra antthomomorphism (cf theorem 6.1) and the
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blocks Flyz (resp. Flyns) and F |H,- are pairwise commuting. In addition, a straightforward
calculation shows that they form an orthogonal set

gem) =0,  gemnn) =0 (i#Jj)

where 5 = fp‘Mm for n even and 5 = gF\Ml,z for n odd. In fact, as we show next, orthogonality
of two CKVFs implies commutativity provided one of them is a CAKVE. If both are CAKVF,
then orthogonality turns out to be equivalent to commutativity.

Lemma 6.2. Let 7,1 be non-proportional CAKVFs and & a CKVF. Then [n,7'] =0 if
and only if there exist Cartesian coordinates such that n = yn_zayn73 — y”_38ynfz and ' =
YO — y' O 1. Equivalently [n,1'] = O if and only if g;(n,7') = 0. In addition, [£p,n] = 0
if 8(p.m) = 0.

Proof. Let G,G' € SkewEnd (M'"*!) be such that £(G) = 1,£(G) = n'. Since G and G’
are simple, spacelike and unit (cf remark 6.2), we can write G = e ® v, —v ® e, and G =
¢ ® v, —v' ® e for spacelike, unit vectors {e,¢’,v,v'}, such that 0 = (e,v) = (¢/,v’). By
corollary 4.2.1, it follows that [G,G'] = 0 if and only if {e,€’,v,v'} are mutually orthogo-
nal. Let us take Cartesian coordinates of M'"+! such that e = Opn—2, V="0u1, € = O,
v' = 8,41 Then, in the associated coordinates {y* } of E" it follows 1) = y" 20,3 — y" 30,2
andn/ = y" 10m —y" 01 This proves the first part of the lemma. From this result, it is trivial
that [, '] = 0 implies gz(n,7") = 0.

To prove that gz(n,&p) = 0 implies [7), ] = 0 (which in particular establishes the con-
verse gz(1,1') = 0 = [1,7'] = 0 for CAKVFs), let us take coordinates {y"} such that n =
V' O — y"Oyn-1. Then, writing { - as a general CKVF (31), we obtain by direct calculation:

B
ge(. &) = 2 (y”b"‘ '~ y'%(a”y”*1 — "y + W gy Py — w"ByBy"‘> = 0.

Therefore a”, a"!, b", b"~', w", w" ' s must vanish. This implies that the associated endomor-
phisms G and F to n and & adopt a block structure from which it easily follows that [G, F] = 0
and hence [7, 5] = 0. O

Definition 6.2. Let&r € CKill (E"). Then a decomposed form of & is & = §+ S i
for an orthogonal subset {5, ni}, where n; are CAKVFs, p; € R fori=1,...,p. A set of
Cartesian coordinates {y*} such that 1; = y40 5,1 — Y194, for A; = 2i for n odd and
A; = 2i+ 1 for n even, is called a set of decomposed coordinates.

Remark 6.3. Observe that the E is a CKVE. By lemma 6.2 and its proof, the parameters
{v,a,b,w} defining € in a set of decomposed coordinates must all vanish except possibly
{v,a',a*,b',b?,w'y = —w?} whennisevenor {v,a',b'} when nis odd. This means that there
is a skew-symmetric endomorphism F which restricts to M ¢ M'"*! (n even) or M2
1\~AI""+1 (n odd) and vanishes identically on their respective orthogonal complements such that
§ = & We will exploit this fact in an essential way below.

With the definition of decomposed form of CKVFs, we can reformulate theorem 2.6 in
terms of CKVFs.

Proposition 6.1. Ler & € CKill(E"). Then there exist an orthogonal set {n;}\_, of
CAKVFs such that [£g,n;] = 0. For every such a set {771‘}?:1 and i € {1,...,p} there exist

Wi € R such that gg(n;,m)p; = ge(€p,n;). In addition, with the definition 5:: Er — > ini
the expression &g = € + Y, pm; provides a decomposed form of &.
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Proof. The existence of p commuting CAKVFs is a direct consequence of decompositions
(10) and (11) of the associated skew-symmetric endomorphism F, for n even and odd respec-
tively. Indeed, for each such decomposition of F, it follows a set of p CAKVFs commuting
with &. Let us denote {7, } any such set. Each 7, is associated to a simple, spacelike unit endo-
morphism G; that commutes with F. By lemma 4.2, G; defines a spacelike eigenplane II; of
F. The orthogonality of any two such eigenplanes 1I;,1I;, i # j is a consequence of corollary
4.2.1 because [G;, G;] = 0. In other words, given a set of p CAKVFs commuting with &z, we
have a block form of F, thus, defining 5:: &r — > M, it is immediate that §p = §+ > i
is a decomposed form with g (1;, N = g(Ep, M;)- (]

The next step now is to give a definition of canonical form for CKVFs, which we induce
from the canonical form of the associated skew-symmetric endomorphism.

Definition 6.3. A CKVF &, is in canonical form if it is the i image of a skew-symmetric
endomorphism F' in canonical form, i.e. {F = § + > p;m; such that § is glven in a Cartesian
set of coordinates {y4} denoted canonical coordinates, by the parameters a' = 1,b' = 7 /2,
@ =0,b> =7/2if neven and a' = 1,b' = o/2 if n odd (the non-specified parameters all
vanish) and 7, are CAKVFs 7, = yA'BVA +1 =y, for A; = 2i for n odd and A; = 2i + 1
for n even, and where o, 7, p; are given by deﬁmtlon 3.2.

Given a CKVF &, the existence of a canonical form and canonical coordinates are guaran-
teed by theorem 3.3. By theorem 6.1, the conformal class [£r]cont Of @ CKVF & is equivalent
to the equivalence class [F],+ of F under the adjoint action of O™ (1,n+ 1), and this is deter-
mined by the canonical form of F' (cf theorem 5.1). This argument together with the results of
section 5 yield the following statement.

Theorem 6.3. Let &F € CKill (S") be in canonical form. Then its conformal class [Er]cony
is determined by (o,7,u?) if n even and (o, u?) if n odd. Moreover, the structure of
CKill(S™)/Conf (S") corresponds with that of remark 5.2.

Given a canonical form & = 5 + > pim; the set of vectors {5, n;} are pairwise commuting
and linearly independent. As we will next prove, in the case of odd dimension this set is a
maximal (linearly independent) pairwise commuting set of CKVFs commuting with £ (i.e.
it is not contained in a larger set of linearly independent vectors commutmg with &). In the
case of even dimension it is not maximal. By remark 6.3, 5 5(1/ a',a’,b', b?, w), where the
right-hand side denotes a CKVF of the form (35) whose parameters vanish, except possibly
{v,a',a®,b',b*,w:=w',}. As mentioned in the remark, the corresponding skew-symmetric
endomorphism F satisfying & = & can be understood as an element F € SkewEnd (M'?),

with M3 = span{ey, e1, 2, e}, that is identically zero in (M) . Fix the orientation in M
so that the basis {ep, e, €2, e3} is positively oriented. The Hodge star maps two-forms into
two-forms. This defines a natural map

* : SkewEnd (M'?) +— SkewEnd (M),
F—s F*.
From standaLd properties of two-forms, (see also [25]) it follows that F* commutes with F. We
may extend F* to an endomorphism on M+ that vanishes identically on (M"-3)*, just as F.

It is clear that the commutation property is preserved by this extension. The image of F* under
£ is the vector field

g* = (5(1/5611"125 bl, bzaw)) = g(_waaz, _al, _bza bl, l/)a
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which by construction commutes with 5 In the case that 5 is the first element in a decomposed
form {p = E + > i, it is immediately true that E* also commutes with all of the CAKVFs
n;. Hence, {E, 5*, 7;} is a pairwise commuting set, all of them commuting with £. This set can
be proven to be maximal:

Proposition 6.2. Let & = € + > win; be a CKVF in canonical form. If n is odd, {E 7}
is a maximal lmearly independent pairwise commuting set of elements that commute with .
If nis even, {f §* 1} is a maximal linearly independent pairwise commuting set of elements
that commute with & .

Proof.  Suppose that there is an additional CKVF & commuting with each element in {§ M}
if n odd or {5 5* n;i} if n even (in either case £ clearly commutes with &, also) Smce it
commutes with each 7, by proposition 6.1, it admits a decomposed form £’ = £’ + &+ i

where E’ is a CKVF orthogonal to each 7; and which must verify [E’ ,&1 = 0. Equivalently,
their associated endomorphisms satisfy F € C(I~7 ), where C(? ) denotes the centralizer of F,
i.e. the set of all skew-symmetric endomorphisms that commute with F. From the results in
[25], C(F\Ml 2) = span{F|yu2} when nis odd and C(F|yp3) = span{F\Ml 5, F*[y3} when n is
even. Here, F* is the skew- symmetric endomorphism associated with f * and we restrict to M3
because the action of the endomorphisms is identically zero in (M'3). Thus & = a€, a € R,
if n odd and & = b€ + c€*, b,c € R if n even. O

7. Adapted coordinates

In the previous section we obtained a canonical form for each CKVF of the Euclidean space
based on the canonical form of skew-symmetric endomorphisms in section 3. As an applica-
tion, we consider in this section the problem of adapting coordinates in [E" to a given CKVF &;.
The use of the canonical form will allow us to solve the problem for every possible £ essen-
tially in one go. Actually it will suffice to consider the case of even dimension n and assume
that at least one of the parameters o, 7 in the canonical form of £ is non-zero. The case where
both ¢ and 7 vanish will be obtained as a limit (and we will check that this limit does solve the
required equations). The case of odd dimension n will be obtained from the even dimensional
one by exploiting the property that E*"*! can be viewed as a hyperplane of E?"+2 in such a
way that the given CKVF &, in E>"*! extends conveniently to E>"+2, Restricting the adapted
coordinates already obtained in the even dimensional case to the appropriate hyperplane we
will be able to infer the odd dimensional case. As we will justify the process of adapting coor-
dinates is different for n = 2 and n > 4 even. The case n = 2 has been treated in detail in [25],
so it will suffice to consider even n > 4 here.

71. Calculation of the adapted coordinates

We start by integrating the PDEs which yield adapted coordinates to an arbitrary CKVF in
the case of even n. Consider E" endowed with a CKVF . First of all, we adapt the Carte-
sian coordinates of E" so that & takes its canonical form and we fix the metric of E” to
take the explicitly flat form in these coordinates. We further assume (for the moment) that
n is even. For notational reasons it is convenient to rename the canonical coordinates’ as

3 The fact that we tag the coordinates {z;, 25, x;,y;} with lower indices has no particular meaning. It is simply to avoid
a notational clash of upper indices and powers that will appear later.
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721 =y, =y*and x; ;= y* !, y.:=y¥* 2 fori = 1,..., p, whereinthe evencase p = n/2 — 1
(see (34)). By proposition 6.1, &5 can be decomposed as a sum of CKVFs E and 7, and, addi-
tionally one can construct canonically yet another CKVF E *. This collection of CKVFs defines
a maximal commutative set. Moreover, {r,;} are all mutually orthogonal and perpendicular
to f and E* It is therefore most natural to try and find coordinates adapted simultaneously
to the whole family {§ f* n:i}. This will lead a (collection of) coordinate systems where
the components of &, are simply constants. From here one can immediately find coordi-
nates that rectify &g, if necessary. It is important to emphasize that selecting the whole set
{5, E*, n;i} to adapt coordinates provides enough restrictions so that the coordinate change(s)
can be fully determined. Imposing the (much weaker) condition that the system of coordi-
nates rectifies only & is just a too poor condition to solve the problem. This is an interesting
example where the structure of the canonical decomposition of & (or of F) is exploited in
full.
By theorem 6.1, the explicit form of {5, E*, n:} in the canonical coordinates is

tfos )

P
+ (% —|—lez) 0., +ZIZ (x,-@x,. +yi8yi)

i=1

g*:_<%+zm2)8zl+<%—%< -z - Z(x +y,2)>>

P
- Zzz (xi0y, + yi0y,)

i=1

i = xiay,- - yiax (36)

it

We are seeking coordinates {t,, 7>, ¢;, v;} adapted to these vector fields, i.e. such that 9, = E,

=&, 0y, = m;. Itis clear thatif {r,, 1, ¢;, v;} is an adapted coordinate system, so itis {#; —
10,1(v), ty — 102(V), ¢; — ¢y(v),v;} for arbitrary functions #o(v), fo2(v) and ¢ ;(v), where
v = (v1,...,v,). This will be used to simplify the process of integration. This freedom, may
be restored at the end if so desired. Hence

9 _o 1 2_2_i]g+5 9 _ T oxi _ Oy _ 37)
o, =5 > N2 2 Tty o ) 2122, o =X, on = 21)i»
0 o 1 [, on T Ox; Oy
o =2 2 (2 4 - E o7 +7 ) g, = p A g = TN 5= —av (38)

%_0 812_0 axi__. y;
o6 0b - 0% ' 0%

The additional p coordinates v;, will appear through functions of integration. It is clear that
the structure of the equations is different for n = 2, where there are no {x;, y;}, which implies
that the process of integration follows a different route. The case n = 2 has been treated in full
detail in [25], where the complex structure of S? can be exploited to simplify the problem. Here
we address the problem for n > 4 which we assume from now on.

. (39)
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We may start by integrating (39). The first pair gives z; = zi(#1, 12, v), 22 = 22(t1, t2, V), SO
that the second pair becomes a harmonic oscillator in x;, y;, whose solution is

x; = pi(ty, 12, v) cos(P; — ¢o.i(th, 12, V),
yi = pi(t1, 2, v) sin(@; — o i(t1, 22, V), (40)

where p; and ¢,; are arbitrary functions (depending only on the variables indicated) and p; is
not identically zero.

Inserting (40) in any of the two right-most equations of (37) and (38) and equating terms
multiplying sin(¢; + ¢, ;) and cos(¢; + ¢, ;) yields:

1 Op;i 1 Op; O0o,i 0o,
U =——=, D= ———=, =0, =
pi Ot pi Oty on ot

Thus, ¢, ; is a function only of v, which may be absorbed on the coordinate ¢; as discussed
above. The two first equations imply

Lo 10pj  10pi_ 19,
Pi on Pj on ’ Pi on Pj oh

= pi = Gi(v)p(t1, 12, V),

) )
for arbitrary (non-zero) functions &; and p. Defining p* == >_ p? = (Z d?) p* we can write

i=1 i=1

where a; == d;e/ Z?Zlé%, with €2 = 1, form a set of arbitrary (non-zero) functions of v such

P
that Y o7 = 1. The function p satisfies
i=1

o 1o

= ;81‘1 s 22 = ;81‘2' (41)

21

Inserting (41) in the two left-most equations in (37) and (38), with the change of variable
U = p~!, we obtain after some algebra the following covariant system of PDEs (indices a, b =
1,2 refer to {t,,1,})

1 )
V.VU = UAy + ﬁ(l + V. .UVU)ga, with
1 2 2 2 2
A= 5(_0 dry + odt; + 27dt drp), g = dfy +dr3, (42)

and where V is the Levi-Civita covariant derivative of g.

Lemma 7.1. Up to shifts t; — t1 — to.1(v) and t; — t; — 1p.1(v), the general solution of (42)
with either o or T non-zero is given by

U= T i T (B cosh(t,) — acos(t ) withB = /P + 2 + 12 (43)
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where « is a function of integration (depending on v), €2 =1 and ty:= pt+ pt,
t_= ity — gy, with g, 1, given by (9). The solution (43) admits a limit o =7 =0 (i.e.
=, = 0) provided o. > 0, which is

th—eft—l—t —1—— 44
Hshti—0 ( ! 2) “44)
Up to shifts t| — t; — to1(v) and ty — t — ty2(v), this function is the general solution of (42)
foro=1=0.

Proof. The coordinates 7, ,¢_ defined in the lemma diagonalize A and g simultaneously and
yield

1.2 2 1 2 2
A= E(dt+ —dr0), g= T2 (dr. +dr).
From this and equation (42) it follows that *U/dt, 0t = 0 or, equivalently, U(ty,t ) =
U, (t4) + U_(z-). Subtracting the {7, 7} and {7_,7_} components of (42) one obtains
v, U U, U ~

dl‘i _dl‘z_ :U:U++U7:>W—U+: d2 +U_ =

for an arbitrary separation function a(v). The general solution is clearly
U, = —a+ a cosh(ty) + b sinh(z_) U_=a+ccos(t. —9), (45)

where a, b, ¢, § are also functions of v. Since a drops outin U = U + U_ we may seta = 0
w.l.o.g. Inserting (45) in (any of) the diagonal terms of (42) and one simply gets

1
2 _ 2 2
a—b"=—5——+c
ps + pi

Hence |a| > |b| and we may use the freedom of translating 7, by a function of v to write
Ui =a cosh(t+) (i.e. b =0). A similar translation in 7_ sets § = 0. Rescaling the functions
a,casa= (> + p?)'Band c = —(u2 + p?)"'a we get

U=U_+U_=

o 2 2 2 2
5 cosh(ty) — m cos(t_), fB°=p;+u +ao . (46)

s t s t

It is obvious that sign(U) = sign(8). Thus taking 3 as the positive root 3 = /a2 + p2 + u?
and adding a multiplicative sign € in (46), we obtain (43). To evaluate the convergence as both
o, T tend to zero, or equivalently p,, 1, — 0, consider the series expansion

s+ (st + putr)?
o) = (Jo+ 0 g, ) (14 L IIT o )

(putr — psh)?
gtz — Hsh)

acos(t.) =a — > s

where ofj‘) ., denotes a sum of homogeneous polynomials in 4, p starting at order four, whose

coefficients may depend on 1, #, and «. Then, the expansion of U is

|a|u§+au,2t2+ Ialﬂ?+aﬂ?t2+u§+uz Lo
2 2 2 ! 2|al Opss
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Itis clear that lim,, ,, 0 0%, /(u? + p?) = 0 and the rest of the equation converges if and only

Fots s
if & > 0in which case the limit is (44). An easy calculation shows that this limit is (up to shifts
in t1, 1) is the general solution of (42) when o, 7 = 0. |

Having the general solution (43) of (42) we can give the expression of the adapted
coordinates

10U 1| apy sin(t-) — B, sinh (71)
N=—=7—=|+ 5 5 , 47
U on U s+
10U 1| apty sin(z_) + B sinh(z
= LOU_|1 Hy sin( )2 5#2 (+)’ (48)
U on U My + 1
xi= 7 cosé) = sin(), (49)

where no sign of « is in principle assumed®, except for the case y, = p, = 0, where U must
be understood as the limit (with o > 0) (44) and z; = —U'0U/0t,, zo = U~ '0U/Ot,. This
coincides with the limit of the rhs expressions (47), (48), which is

—20(21‘1 20&22‘2

_ .l (50)
1+ 2@ +2) T+ 2E+ B

21

From equations (47)—(49) it is obvious that the sign € is not relevant in the definition of the
adapted coordinates. This is because the two branches ¢ = 1 and ¢ = —1 correspondto U > 0
and U < 0 respectively, which in terms of the adapted coordinates, is equivalent to a rotation
of 7 in the ¢, angles. Hence, w.l.0.g. we consider e = 1,1i.e. U > 0. Also notice that the depen-
dence on the variables v; appears through the functions a; and «, with >_7_ a? = 1. The set
{a;, @} define p independent arbitrary functions of the variables v;, so it is natural to use as
coordinates {cy, o} themselves, provided they are restricted to satisfy > 7_ a? = 1.

72. Region covered by the adapted coordinates

We now calculate the region of E” covered by the adapted coordinates. It is clear that in no
case this region can include neither the zeros of the vector fields E and E* and 7; nor the points
where these p + 2 vectors are linearly dependent. We therefore start by locating those points.
Denoting the loci of the zeros of E and E *andn; by Z (E ), Z (E)* and Z(n;) respectively, a simple
calculation gives

2 = ({jlﬁ)l {xj=yj= 0}} N{z1 = pnz2 = ws}) U

P
{z1=0}nN z%+Z(x§+y?)=uf—u,2 if psp; =01, (51)
=1

26 = ({ﬁl {xj=y;= 0}} N{z1 =+, = ?MJ) U

6 The domain of definition of o will be later restricted under the condition that the adapted coordinates define a one to
one map.
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p
{zz=0}nN zf+Z(x§+y§)=u,2—uf if sy =01,
j=1

Z(m) = {xi=yi =0}. (52)

These expressions are valid for every value of p,, u, and imply that in the case pu, = p, = 0,
Z(g) = 3(5*) = { §’:1 {x;j=y;= O}} N {z1 = z2 = 0}, whichis contained in each Z(1,) =
{X,’ =Vi = 0} _

On the other hand, since {&,7;} is an orthogonal set of CKVFs (cf lemma 6.2), they are
pointwise linearly independent at all points where they do not vanish. Similarly, {E* N} is
also an orthogonal set, so linear independence is guaranteed away from the zero set. Away
from this set, the set of vectors {§ f* n;} is linearly dependent only at pomts where f and
5* are proportional to each other with a non-zero proportionality factor, 5 = a§ *,a # 0. One
easily checks that, away from Z(ﬁ) and Z(&*) the set of point where § — a§* vanishes is
empty except when p, # 0, pu, # 0and a = f— . It turns out to be useful to determine the set
of points where € — € = 0 when at least one of {p,, p,} is non-zero. We call this set
Z (s f u,g*) and a straightforward analysis gives

{21 = =} N {(us + )3 +/AZ(X +3D) = +u,)u\} if 1 # 0
i= 1

Z(pe€ — ) =
{usz = —mz2} N {(u + 1) +/L:Z(x +yD) = +u,)uf} it # 0

i=1

(53)

Obviously, the two expressions are equivalent when both p, and p, are non-zero. The interest
of this set is that it happens to always contain Z(g) and Z(g*). This, together with the fact
that when p, = p1, = O these sets are contained in the axes Z(1);) will allow us to ignore them
altogether.

Lemma 7.2. Assume that at least one of {1,, p,} is non-zero. Then Z(g), Z(g*) C Z(usg—
&)
Proof. Consider first yu,, p, # 0. Then at Z(uf— ,u,g*) N {ﬂﬁ’:l {xj=y;= 0}} we have

that 2y = %, and z, = Fp, which establishes Z(), Z(6%) C Z(u§ — 11, in this case.
When p, = 0, p, # 0, by definition of the respective sets we have Z(&) = Z(u& — p&r).
Moreover, directly from (52) one finds

ZE) = {xj=y =0} N{z = 0.2 = £y}
=1

which (cf the first expression in (53)) is clearly contained in Z(usg — utg*). An analogous
argument applies in the case p, # 0, p, = 0. |

Let us define the following auxiliary coordinates

~ MsZ1 + 22 > MsZ2 — i1 ~ ~
= e Bo=m e X;: =X Vi =Y.
VI G yD VIR 4y o
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Except for the case p; = p, = 0 (which will be analysed later) the coordinates {Z4,Z_, X;, :}
obviously cover R\ { ?:1 {xj=y;= 0}} In terms of the adapted coordinates, they read

Zy=asin(), = Fsinh() ¥= 7 cos@) 5= sin(@). (54)

Let us analyse the points where (54) fails to be a change of coordinates and hence restrict the
domain of definition of {«, 7,7, a;, ¢;}. The first thing to notice is that a change of sign in
the coordinate «; is equivalent to a rotation of angle 7 in the coordinate ¢,. Moreover, at points
where a; = 0, i.e. the axis of 7;, the coordinate ¢, is completely degenerate, which obviously
excludes (J7_, {x; = y; = 0} from the region covered by the adapted coordinates. To avoid
duphcatlons we must restrict a; € (0,1) and ¢ € [—, 7) or alternatively o; € (—1, D\{0}
and ¢; € [0, 7). We choose the former for definiteness.

The hypersurface {a = const,7_ = const, 7, = const} is an n — 3 dimensional sphere
of radius U~!, namely {z_ = const, 2, = const} N {>_"_,(x? +y?) = U~? = const}. This

gives a straightforward splitting of R"\{0,_,}, with 0, ,:= {ﬂ xi =y = 0}}, into

2 x (R” 2\{0,, 2}), where R"“2\{0,_,} is foliated by n — 3 dimensional spheres. The set
Z(uxg 11:£%) respects this foliation, so it descends to R? x RT (the last factor is the radius
of the n — 3 sphere). To avoid extra notation we also use Z (,usg u,&*) to denote this quotient
set. We next show that the adapted coordinates actually cover the largest possible domain,

namely R™\{ Z(,€ — 11,6 U /=i {x; = y; = 0}}. From the previous discussion, this is a
consequence of the following result

Lemma 7.3. Assume that at least one of {1, i, } is not zero. Then the transformation

@4+ 7-, U): R x [-m,m) x RT — (R* x RY) \Z(usé )
(ty, 1, ) — (24,2, U).

(55)

is a diffeomorphism.
Proof. The determinant of the Jacobian of (55) reads

‘a@,z,w o

Oty,t, )

Since U is strictly positive (cf (43) and recall that we chose ¢ = 1 w.l.o.g.), the conflictive
points are &« = 0. To calculate the locus {a = 0} we obtain the inverse transformation of « in
terms of U, Z1,Z_ by solving (43) and the first two in (54). The result is, after a straightforward
computation,

1 1/2
=4+ (2 4+ 4+ U+ 12 ).
a <z+ + 2022 +N;2)2(Z+ +2° (g + 1) + (g + pd)

(56)
It follows that & = 0 is equivalent to z4 = 0 and 22 + 1 + i = U(; + p17)>. When trans-
lated into the original coordinates {z;, 22, x;, y; } this set is precisely Z(u,€ — j1,£). Also, from
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Figure 2. Band B(u,, ,) where the coordinates 7;,t, are defined. The tilt is given by
0 = arctan (7—) and the width w is 27 /p, if g, # 0, 27/, if 1, = 0, p, # 0 and
w—ooif ug, = p, =0.

(56) it is obvious that « is multivalued, which also implies that 7_ is multivalued after substitut-
ing o as a function of 2,2, U in the first equation in (54).” We solve this issue by restricting
« to be strictly positive and let 7_ take values in [—m, 7). (]

We have shown that the adapted coordinates cover all R" except UfZIZ(n Dy Z(usg —

,u,g*). The domain of definition of the coordinates #;, #, depends on p, and (i, because —7 <
t- = ptr— pgty <. This defines a band B(p,, p,):={—-7<1t- = ptr— py <m}h,
whose width and tilt is determined by o, 7 through g, 1, (see figure 2). Nevertheless, the
coordinate change is well defined for all values of #; and #, and involves only periodic func-
tions of 7. Thus, we can extend the domain of definition of 71,7, to all of R2. This defines a
covering of the original space R"\(U_; Z(n)) U Z(us€ — p1,€*)) which unwraps completely

the orbits of E and E *. It is not the universal covering because it does not unwrap the orbits of
the axial vectors. This result is a generalization to higher dimensions of the covering dicussed
in detail in [25].

The limit case 1, = p, = 0 (that is 0 = 7 = 0) corresponds with a band of infinite width,
i.e. B(ys, it;) = R%. In this case, the adapted coordinates also cover the largest possible set
R\ (U= Z(n;)). Recall that in this case the only points where {€,€,n;} is not a linearly

independent set is the union of Z(g), Z(g*), and Z(n;) and we have already seen that in this

case Z(g) = Z(g*) C Z(m;), fori = 1,..., p. This limit case is the same result that we would
have obtained, had we performed a direct analysis using U as given by (44).

7 This was already evident by observing that a change of sing in « is cancelled by a rotation of 7 in £_.
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73. Conformally flat metrics in adapted coordinates

Once we have determined the adapted coordinates and the region they cover, we may proceed
to calculate the expression of the Euclidean metric

14
gr=dz} +dz3 + ) (daf +dy?) . (57)
i=1

P
in adapted coordinates. We start with the term »_ (dx7 + dy?), which is straightforward

i=1

¢ dU2 ¢ 2 24,2
; dx —|—dy, =& +U ;(dai—t—aidqﬁi) i

i=1

1
24U 1
(Z o da,> =i T e (58)

where in the last equality we used >_7_, o; da; = 0, which follows from > "7 a7 = 1 and we
have defined

P

Vg3 = Z (dof + af do7) |

i=1

(59)

2__
a;=1

It

i

The notation is justified because the right-hand side corresponds to the standard unit met-
ric on §"73. This follows because Y7, (da? + o d¢?) is obviously flat and the restriction
Zf’zla? = 1 defines a unit sphere. We emphasize, however that for the rest of the paper the
notation 7yg.-3 refers to the quadratic form above, not to the spherical metric in any other coordi-
nate system. Observe also that dU in (58) should be understood as a short name for the explicit
differential of U in terms of dt;, dt,, da. Using (57) and (58), we have

_(oaY, (92), 1 (U
=\ oy, ot Us\ oy )’
which after an explicit calculation reduces to

o + 7
T2

gtltl =

Notice that g;;, = gr(&,€), &, = ge(£%,€") and g, = ge(&,&*). From the expressions in
Cartesian coordinates it is straightforward to show

V4
ge(&,8) = ge(§, &) — 0 (x] +yD) = g6 §) — —

Uz’
i1
~ ~ < T
o 240y = —
gE(g’é-)_ 2;()61 +yl) 2U2
where we have used U2 = Z(x +y?) (see (49)). Thus
i=1
o _ oty T sty

8nhty = &1 T+ e = 2 =, 8un = 202 = U2
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The remaining terms are rather long to calculate. With the aid of a computer algebra system

one gets
920\ 2 2 2
g = (L) 4 (92) L L(OUN L
oo oo U* \ da B2U?
o 821 821 322 322 1 BU BU o
80 = 50 an T daon T U da dn
0z1 074 02 02 1 oU OU

8= 5000 T B dn | UFdadn

Notice that no terms in do;, d¢; appear but those in ~yg.-3, since neither U nor z;, 2o depend on
«;, ¢;. Putting all these results together we obtain the following expression:

Lemma 74. In adapted coordinates {t,t:, o, v, ¢; }, the Euclidean metric g takes the
form

2

1
8= 73 ((a2 + pHde} 4 (o2 + p2)dB + 2pgp, dty dr, + + ma) . (60)

da
We would like to stress the simplicity of this result. Except in the global conformal factor,
the metric does not depend in #; and #, (so, both 5 and E* are Killing vectors of Ung). The
dependence in the coordinate v and the conformal class constants {, p,} is also extremely
simple. Even more, the fact that all dependence in {«, ¢;} arises only in g, 3 allows us to use
any other coordinate system on the unit S"~3. Any such coordinate system is still adapted to E

and E * but (in general) no longer to {7, }. This enlargement to partially adapted coordinates is
an interesting consequence of the foliation of R” by (n — 3)-spheres described above.

74. Odd dimensional case and adapted coordinates theorem

We now work out the odd n case. As already discussed, we will base the analysis on the even
dimensional case by restricting to a suitable a hyperplane. The underlying reason why this is
possible is given in the following lemma.

Lemma 75. Fixn >3 odd. Let £ be a CKVF of B" in canonical form and let {z;, x;,y;}
be canonical coordinates. Consider the embedding E" — " where E" is identified with
the hyperplane {z, = 0}, for a Cartesian coordinate z, of E"*'. Then & extends to a CKVF
of B! with the same value of o, yi; and T = 0.

Proof. By remark 6.3 and theorem 6.1, the expression of £, in the canonical coordinates
{thiayi} is

1 z p
& = (g + E (Z% - Z (XIZ +}’,2)>> azl + ZIZ (xiax,- +yi8y:')
i=1

i=1
P o

+ Z i (xiay,- - yiax,-) =+ Z i)«
i=1 i=1

~ P
Define £ on E"*! in Cartesian coordinates {z1, 22, x;,y;} by & = & + > pi; (x:0), — yi0y,)
i=

where E’ is given by (36) with 7 = 0. It is clear that this vector is a CKVF of E"*! written in
canonical form, that it is tangent to the hyperplane z; = 0 and that it agrees with £ on this
submanifold. (]
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Consequently, introducing adapted coordinates for the extended CKVF and restricting to
{z2 = 0} will provide adapted coordinates for &,. The restriction will obviously reduce the
domain of definition of the adapted coordinates (¢1, f2, «, «v;, ¢;) to a hypersurface. It is straight-
forward from equation (48) and the second equation in (50) that for the three cases o > 0,
o = 0oro < 0, the hyperplane {z, = 0} corresponds to {#, = 0}. It follows that the remain-
ing coordinates {11, v, a;, ¢, } are adapted to € and all 7;. Their domain of definition is 7; € R,
a € R, a; €(0,1), ¢; € [—7, ) and the coordinate change is given by (47) (or the first in
(50)) together with (49) after setting 7 = 0 and #, = 0. Depending on the sign of ¢ one gets
for z;

—1 « sin(y/ot))

W NG , c>0
o= -1 /a2 + o] smh(\/|?t1) o <0, 61)
U] Vel
e 7t
where
Ut — % (\/m —a cos(\/Etl)) ,

1 1 1
U =— (\/az—a cosh(\/—atl)—a) s U° ::E (at%—i——) ,
e «
and for all three cases

xi= e cos(@) yi= - sind), (62)
where we write U* for the function Ut, U~ or U° according with sign of o.

The range of variation of {#, a, «;, ¢;} was inferred before from the corresponding range
of variation of {t1,%, @, a;, ¢;} in E"*1. It may happen, however, that when we restrict to
the hyperplane {z, = 0}, the range gets enlarged and additional points get covered by the
adapted coordinate system. The underlying reason is that, in effect, we are no longer adapting
coordinates to £, &%, so the points on z; = 0 where this vector is linearly dependent to & ¢ (or zero)
are no longer problematic. When 7 = 0, one has

(s = Vo, 1 =0) ifo >0, (u — 0, = \/\a|) ifo <0.

We may ignore the case 0 = 0 because then Z (5’ y=2 (E’*). It follows from (51) and (53) that

P
{Z1:O}H{Z(x,»2+y,-2)=a} ifo >0

i=1

Z(€)

P
2=0
“ m{xj:yjzo}ﬂ{zlzzt \U|} ifo <0

j=1

)
{Z1=O}H{Z(x,»2+y,-2)=a} ifo >0

i=1

P
{z%+2(x?+y%): |0} ifo < 0.

i=1

Z(usf — ™) o
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When o > 0, the two sets are the same and no extension of the coordinates {7, , Q> §; }is
possible. However, when o < 0, the set Z (1,6’ — 11,6™)|-,—0 is strictly larger than Z(€)]:y0.
From expressions (61) and (62) one checks that Z(u,&’ — u,f’*)|22 O\Z(§ )|z,=0 corresponds
exactly to the value o = 0 and that Z(ﬁ) = Z(f’)|22:0 is at the limit #; — #o0. Thus, a priori
there is the possibility that the adapted coordinates {#,, v, o, ¢;} can be extended regularly to
a = 0 when o < 0. It follows directly from (61) that this is indeed the case (observe that, to
the contrary, the limit o — 0 in (61) is singular when o > 0, in agreement with the previous
discussion). Thus, the range of definition of « is [0, o0) when o < 0. The conclusion is that,
irrespectively of the value of o, the adapted coordinates {71, «, c;, ¢;} cover the largest possible
domain of E", namely all points where £ is non-zero away from the axes of {,}.

To obtain the Euclidean metric in E" for n odd in adapted coordinates we simply restrict
(60) (with n — n + 1) to the hypersurface t, = 0, and get

1 , (A =9lal\ ,, do?
F= ——— |d — w2 |, 63
T wy ((0‘ T )N T e e (63

where ¢ = —1,0, 1 respectively if o < 0,0 = 0,0 > 0.

Remark 7.1. The three odd dimensional cases can be unified into one. The function U° coin-
cides with the limits of U' and U~ when o — 0. However, the analytical continuation of U™
to negative values of o does not directly yield U™. To solve this we introduce the function

Wi(y) = é (\/y2 + 0 —y cos (\/Etl)),

which is analytic in o and takes real values for real 0. We observe that U (o = y) = W (y) for
c>0,U0%a=y)=W () (c=0)and U (o = ++/y> + ) = Wi(y) (¢ < 0). This suggests
introducing the coordinate change o = y for o > 0 and &« = +/y?> + o for ¢ < 0. From the
domain of a, it follows that y takes values in y > 0 when o > 0 and y > v/—0c when o < 0.
In terms of y, the three metrics metric g¢ take the unified form

1 242 dy2
= — dry + + Ygn2 | .
8E Wl (y)2 (y 1 y2 e Vsn-2

The function W is the analytic continuation of U™ to negative values of o. We could have
started with U~ and continued analytically to positive values of o. Instead of repeating the
argument, we simply introduce a new variable z defined by y = v/z2 — o with range of variation
7> /o for 0 >0 and z > 0 for o < 0. The metric takes the (also unified and even more
symmetric) form

T W)

1 dz? 1
g% = ((22 — o) + ZZ%U + 'YSNZ> , Wa()= > (z — /72 — o cos (\/Etl)) .

The function W,(z) is again analytic in o, takes real values on the real line, and now it extends
U~ . More specifically, U~ (o = z) = W1(2) (6 < 0), U = z) = W1(2) (0 = 0)and U (o =
V2 — o) = Wa(z) (o > 0).
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Remark 7.1 allows us to work with all the odd dimensional cases at once, which will be
useful for section 8. However, this unified form does not arise naturally when the odd dimen-
sional case is viewed as a consequence of the n + 1 even dimensional case. So, leaving aside
this remark for section 8, we summarize the results of this section in the following theorem.

Theorem 7.6. Given a CKVF & of E", with n > 4 even, in canonical form & = §+
P wimi, the coordinates ty,th, ¢;, o, o, fori = 1,...p and > 7_ a2 = 1, defined by

1 oU 1 0U «; o .
21 = _ﬁﬁ_tl’ 2= Eﬁ_tz Xi = E cos(;), Yi = U sin(¢;)

with

y = VOt g+ g cosh(uty + psty) — a cos(uuty = pist)

i+ ’
which admits a limit lim,, o U = %(t% +2)+ ﬁ, Jurnish adapted coordinates
to £=0, & =0, ni =04, which cover the maximal possible domain, namely
BN (Ui Z0) U ZGu = &) for 1,2 € By, 1), 6, € [=mm), i € 0,1) and

a € RT. Moreover, the metric g, which is flat in canonical Cartesian coordinates, is given
by

1
=1 ((0 + pP)df; + (2 + p)Hds + 2pep, dty

do? - 2 Y)
+m+; (dOé,- +Oéi d¢l)|

(64)

T

a?=1
1
r

Ifn > 3isodd and &g is in canonical form, Er = £~+ SoF_ wini, the coordinates {1y, ¢;, o, o; }
adapted to § = 0, 1; = Oy, are given by the case of n+ 1 (even) dimensions, for 7 =0
restricted to t, = 0 (which defines the embedding E" = {zo = 0} C E"*') and cover again

the maximal possible domain, given by E"\ (UfZIZ(nj) U Z(g)) fort; € R, ¢, € [—m,m),

o; €(0,1)and o € RT wheno > 0and o € RT U {0} when o < 0. Moreover, the metric g,
which is flat in canonical Cartesian coordinates, is given by the pull-back of (64) at t, = 0
after setting T = 0. Explicitly g is, depending on the sign of o, given by (63) with yg.— as
in (59).

8. TT-tensors

The adapted coordinates derived in section 7 provide a useful tool to solve geometric equations
involving CKVFs. In this section we give an example of this in the context of A-vacuum space-
times admitting a smooth null conformal infinity in the n = 3 case. Our aim is to give a simple
yet interesting application of the formalism developed in the previous sections. We stress that
these methods can also be used in the higher dimensional case (with a considerable amount of
extra work).

Recall that for such spacetimes the data at .# is a conformal class [g] of Riemannian met-
rics and a conformal class of transverse and divergence-free tensors. More specifically, for
a representative metric g in the conformal class, there is associated a symmetric tensor D8
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satisfying g,z D% = 0 (divergence-free) and V,D*? = 0 (transverse). For any other metric
g = O%g in the conformal class, the associated tensor is Q"2 DA% which is again a TT ten-
sor with respect to g. In dimension n = 3, it has been shown in [26] that the spacetime generated
by the Cauchy data at . admits a Killing vector if and only if the metric g admits a CKV ¢
(which is the restriction of the Killing vector to .#) and D satisfies the so-called KID equation.
This equation admits a natural generalization to arbitrary dimension which is

LD+ ”nﬁ (div, D =0, (65)

where div, £ is the divergence of £. Equation (65) reduces to the KID equation of Paetz in
dimension n = 3 and it is conformally covariant, i.e. if {g,p, DAB, §A} is a solution, then so it
is {ng e U TIDAB, §A}. We emphasize however, that in higher dimension (n > 4) it is not
known whether a spacetime admitting a smooth .# such that the corresponding data at null
infinity solves the KID equation for some CKV &, must necessarily admit a Killing vector.

A CKVF satisfying (65) will be called KID vector for short. An important property of KID
vectors is that they form a Lie subalgebra of CKVFs, i.e. if £, &’ are KIDs for a given TT tensor
D, then [£, '] is also a KID for D. The problem of obtaining all TT-tensors with generality
for a given conformal structure is hard, even in the conformally flat case (see e.g. [3, 32]). In
this section we exploit the results above to obtain the general solution of the KID equations
in dimension n = 3 for spacetimes which possess two commuting symmetries, one of which
is axial. This case is specially relevant since n = 3 corresponds to the physical case of four
spacetime dimensions and the class necessarily contains the Kerr—de Sitter family of space-
times, which is a particularly interesting explicit familiy of spacetimes. Our strategy is to take
an arbitrary CKVF ¢, derive its canonical form ¢ = & + i, adapt coordinates to £ and 7 and
impose the KID equations to ¢ and 7.8 _

The problem simplifies notably in the conformal gauge where g := (U°¢)?g% because both &
and 1 become Killing vector fields. From remark 7.1, we may treat all cases o < 0,0 = 0,0 >
0 at the same time by using the form of the metric

dz?

?—0

g= + (@ —o)dP+d¢*, £=8. n=0, (66)

We remark that even though we solve the problem by fixing the coordinates and conformal
gauge, we shall write the final result in fully covariant form (cf theorem 8.2 below). Also notice
that, assuming that we have coordinates adapted to two orthogonal CKVFs 9;, 95, and knowing
that these vectors are orthogonal, the vanishing of the Cotton tensor reduces to an ODE in z (in
the conformal gauge where 0;, 0, are KVFs and g, = 1) which yields a metric of the form
of (66).

In the conformal gauge of g, the condition that a TT-tensor D satisfies KID equations for
both £ and 7 (which is equivalent to imposing that £ and 7 are KID vectors) is trivial in the
adapted coordinates obtained in the previous section:

L0 = o =0,  L£,0" =09, =0.

8 In higher dimensions one could impose the KID equations, for E and each 7); still yielding a tractable problem. One
can also enlarge the class by suppressing some of the KIDs. Obviously, the less KID equations one imposes the more
difficult the problem becomes.
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Thus, D*8 are only functions of z. The transversality condition is also quite simple in adapted
coordinates:

dDZZ DZZ
@ ( St ")D"> -0 o
dD¥ 27 -
—_— DY =0 68
dz Z—0 (68)
dD#®
—0, 69
dz ©9)

while the traceless condition imposes
DZZ )
gasD" = = (@ = o)D" + DY =0, (70)
There are no equations for D' so D = h(z) with h(z) an arbitrary function. The general

solution of equations (68) and (69) is obtained at once and reads

K;

2—0

DY = D¥ =K, Ki,K,€R.
For equations (67) and (70), we let D% =: f(z) be an arbitrary function and obtain the remaining
components

B B A

DY = , = R .
z dy W22 —o)dz (22 —0)?

Summarizing

Lemma 8.1. In the three-dimensional conformally flat class [g], let £ be a CKVF. Decom-
pose £ in canonical form £ = E + un and fix the conformal gauge so that g given by (66).
Then the most general symmetric TT-tensor D satisfying the KID equations for & and 1 simul-
taneously is, in adapted coordinates {z,t, ¢}, a combination (with constants) of the following
tensors

1 df f 1df
D= fd.® 0. g _ 808 - -La, 08,
=10 '+<Z(Z2—U)dz (zz—o)2> A A
1
Dy=h@®0+8,®8),  Dg= 37— (0: 90+ ®0),

D, =0, ®0s+ 0y ® 0.,

where f and h are arbitrary functions of z.

Having obtained the general solution in a particular gauge, our next aim is to give a (dif-
feomorphism and conformal) covariant form of the generators in lemma 8.1. From [24], we
know that, for any CKV ¢ of any n-dimensional metric g (not necessarily conformally flat) the
following tensors are TT w.r.t. to g and satisfy the KID equation with respect to .

2
D© = e (€06~ i)

His

43



Class. Quantum Grav. 38 (2021) 125009 M Mars and C Pedn-Nieto

where | - |, denotes the norm w.r.t. g and g" the contravariant form of g. Thus, we can rewrite
Df as

YY)
Dy = (—2<z2 gy EZY ) DE) - ( S 14 ) D).
z dz —0 zdz

We now restore the conformal gauge freedom by considering the metric g = Qg and
ﬁf =Dy/ 0O, for any (positive) conformal factor €. Since the tensors D(g), D(n) are already
conformal and diffeomorphism covariant, we must impose their multiplicative factors in {D
to be conformal and diffeomorphism invariant. With the gauge freedom restored, the norms of
the CKVFs now are

|§\g=§2\/zz—a, Inlz = Q.

Then, considering f =: VX f(X) as function of the conformal invariant quantity X =
|€|z/|nle = V2> — o, one can directly cast D in the following form:

- d (F0 -
_ oy 4 R 6T
which is a conformal and diffeomorphism covariant expression. Notice that the expression
is symmetric under the interchange £ <+ 7 because the coefficient of D(n) expressed in the
variable Y = X! 1As identical in form to the coeﬁﬁgient of D(§).

For the tensor Dy, := D), /2°, redefining h =: h|¢|~>/%, it is immediate to write

/\

ﬁh:i);’: | ‘5/2|£‘5/2(f®77+77®§) (71)

which is obviously conformal and diffeomorphism covariant if and only if T is conformal
invariant, e.g. considering & = h(X). We remark that the form (71) already appeared (with
different powers due to the different dimension) in the classification [25] of TT tensors in
dimension two satisfying the KID equation.

For the remaining tensors D- := D-/ 0’ and B,,, =D,/ Q°, we define a conformal class of

vector fields y, which in the original gauge coincides with y := d.. This vector is divergence-
free V4x* = 0, and this equation is conformally invariant provided the conformal weight of
x is =3 (i.e. for ¢ = Qg the corresponding vector is ¥ = Q>y). We therefore impose this
conformal behaviour of . The direction of  is fixed by orthogonality to E and 7). The combi-
nation of norms that has this conformal weight and recovers the appropriate expression in the
gauge of lemma 8.1 is ||z = |£] |z 'l ? (note that the orthogonality and norm conditions fix

9 This choice may appear somewhat ad hoc at this point. However, the condition of vanishing divergence appears
naturally when studying (for more general metrics) under which conditions a tensor £ @ W+ W ® € is a TT tensor
satistying the KID equation for £. We leave this general analysis for a future work.
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x uniquely up to an irrelevant sign in any gauge). Thus, we may write

1
DEZE(X@)f"‘g@X) Dnzw(X@U“‘U@X),
g

which are conformally covariant expressions. Therefore, we get to the final result:

Theorem 8.2. Let £ be a CKVF of the class of three dimensional conformally flat metrics
and let £ = § + un a_canonical form. For each conformal gauge, let us define a vector field
X with norm | x| == |§\A ! |77\A orthogonal to f and n. Then, any TT-tensor satisfying the KID

equation (65) for § and n is a combination (with constants) of the following tensors:

- 16 5
by =x' ( x3/2> DO — g5 (X700 Doy,

~

~

h ~ ~
2 1eR

Dz = |g|2(x®£+€®x)

D, = fz(x®n+n®x),
‘77|§

for arbitrary functions f and h of X = |g\§/\77|§.

Remark 8.1. The vector field x defined in this theorem is divergence-free. This property
would have been difficult to guess (and even to prove) in the original Cartesian coordinate
system.

Remark 8.2. A corollary of this theorem is that the general solution of the A-vacuum
Einstein field equation in four dimensions with a smooth conformally flat null infinity and
admitting an axial symmetric and a second commuting Killing vector can be parametrized by
two functions of one variable and two constants. Recall that in the A = 0 case, the general
asymptotically flat stationary and axially symmetric solution of the Einstein field equations
can be parametrized (in a neighbourhood of spacelike infinity, by two numerable sets of mass
and angular multipole moments (satisfying appropriate convergence properties), see [1, 4, 6]
for details. There is an intriguing parallelism between the two situations, at least at the level of
crude counting of degrees of freedom. This suggests that maybe in the A > 0 case it is possible
to define a set of multipole-type moments that characterizes the data at null infinity (and hence
the spacetime), at least in the case of a conformally flat null infinity. For example, the contrac-
tion of an arbitrary TT tensor D with of any CKVF gives a conserved current. In particular
D3¢ and D n”° integrated over the surface S; = {t = const.} give finite conserved charges
(under suitable assumptions on {? and /), which one could attempt relate to energy and/or
angular momenta. This is an interesting problem, but beyond the scope of the present paper.

Remark 8.3. It is natural to ask whether theorem 8.2 is general for TT-tensors admitting
two commuting KIDs, £, 7, without the condition of 7 being conformally axial. In appendix C
of [24] one can explicitly find, for an arbitrary CKVF &, the set C(€) of elements that commute
with £. Then, from a case by case analysis, one concludes that except in one special situation,
for any linearly independent pair &, &, with & € C(€) it is the case that there is a CAKVF
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n € C(¢) such that span{&,n} = span{¢, &'}, Thus, all these cases are covered by theorem
8.2. The exceptional case is when &, & are conformal to translations. It is immediate to solve
the TT and KID equations for such a case directly in Cartesian coordinates.

The solution given in theorem 8.2 provides a large class of initial data, which we know
must contain the so-called Kerr—de Sitter-like class with conformally flat & (see [24] for
precise definition and properties of this class), which in turn contains the Kerr—de Sitter fam-
ily of spacetimes. It is interesting to identify this class within the general solution given in
theorem 8.2. The characterizing property of the Kerr—de Sitter-like class in the conformally
flat case is D = D(§) for some CKVF &, where moreover, only the conformal class of & mat-
ters to determine the family associated to the data. Decomposing canonically £ = & + un, a
straightforward computation yields

X’ - Iu2 qu5/2
X2+ NZ)S/ZD(g) + X2 ¥ M2)5/2D(77) + X2 1 uz)S/zDi::v

D) =

which comparing with theorem 8.2 yields the following corollary:It is also of interest to iden-
tify the the Kerr—de Sitter family. To that aim we combine the results in [24] to those in the
present paper to show that this family corresponds to ¢ < 0. The classification of conformal
classes of £ in [24] is done in terms of the invariants ¢ = —c; and k = —c, together with
the rank parameter r, where ¢; and ¢, are the coefficients of the characteristic polynomial of
the skew-symmetric endomorphism F associated to £. In terms of these objects, it is shown
in [24] that the Kerr—de Sitter family corresponds to either S; = {k > 0, ¢ € R and r = 2},
orS, = {% =0, ¢ > 0andr = 1}, the latter defining the Schwarzschild—de Sitter family. It
is immediate to verify that, since (cf corollary 3.3.1)k = —opu? < 0 and ¢} = —o — p?, then
S ={0<0,u#0}and S, = {0 < 0, x = 0} (the condition zx # 0 implies r = 2 and = 0
implies r = 1). Thus, in terms of the classification developed in this paper, the Kerr—de Sitter
family corresponds to o < 0. It is interesting that in the present scheme we no longer need to
specify the rank parameter to identify the Kerr—de Sitter family (unlike in [24]) and that the
whole family is represented by an open domain. We emphasise that the dependence in o in the
solutions given in theorem 8.2 and corollary 8.2.1 is implicit through the norm of &.

Corollary 8.2.1. The Kerr—de Sitter-like class with conformally flat % is determined by the
TT-tensor Dxys = D- + D~ with
! h

X5/2
/J(Xz + 232

1 X3/2

T

7=
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