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Abstract

We study the free data in the Fefferman-Graham expansion of asymptotically Einstein metrics

with non-zero cosmological constant. We prove that if I is conformally flat, the rescaled Weyl

tensor at I agrees up to a constant with the free data at I , namely the traceless part of the n-th

order coefficient of the expansion. In the non-conformally flat case, the rescaled Weyl tensor is

generically divergent at I but one can still extract the free data in terms of the difference of the

Weyl tensors of suitably constructed metrics, in full generality when the spacetime dimension D is

even and provided the so-called obstruction tensor at I is identically zero when D is odd. These

results provide a geometric definition of the data, particularly relevant for the asymptotic Cauchy

problem of even dimensional Einstein metrics with positive Λ and also for the odd dimensional

analytic case irrespectively of the sign of Λ. We establish a Killing initial data equation at spacelike

I in all dimension for analytic data. These results are used to find a geometric characterization

of the Kerr-de Sitter metrics in all dimensions in terms of its geometric data at null infinity.

1 Introduction

Globally hyperbolic spacetimes are uniquely determined by their initial configurations. Indeed, the
Einstein equations admit a Cauchy problem which is longtime known to be well-posed by the landmarks
result of Y. Choquet-Bruhat [9] and Choquet-Bruhat and Geroch [4]. This allows, in particular, to
extract interesting properties of the solutions without actually having to deal with the full complexity
of the Einstein equations. This Cauchy problem splits the Einstein equations into constraint equations
on an initial spacelike hypersurface1 plus evolution equations, which propagate the fields (and the
constraints). This is the classical initial value formulation and a set of initial data is by definition
any solution of the constraint equations. Although certainly simpler that the full Einstein equations,
they are still pose a difficult problem in geometric analysis (see e.g. [19] and references therein). In
addition, the solutions evolving from a set of initial data are local due to the intrinsic hyperbolicity of
the evolution equations.

The works of R. Penrose in the 1960s [30], [28], [29] pioneered the use conformal techniques for
the analysis of global properties of solutions of the Einstein equations. Eversince, conformal geometry
has been widely used in general relativity. For certain conformal transformations g = Ω2g̃, where Ω is
a smooth positive function nowhere vanishing in M̃ , one can extend g to a manifold with boundary
M = M̃ ∪ ∂M so that the asymptotic properties of g̃ become local properties at the submanifold
I := (∂M, g |∂M ), known as “conformal infinity”.

When written in terms of the conformal metric g, the Einstein equation of g̃ are singular at I .
However, in a remarkable achievement H. Friedrich was able (by means of introducing carefully chosen
variables) to rewrite the equations in spacetime dimension four as a system of geometric PDE that
are regular at I (see the seminal works [10], [11] and the reviews [13], [14]). This system allows to
formulate an asymptotic initial value problem which was also proven by Friedrich [12] to be always
well-posed if the cosmological constant is positive, a case to which we will pay special attention in this
paper.

1It can be also cast as a characteristic initial value problem if the initial hypersurface is null (see [32]).
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The Cauchy problem at I with positive cosmological constant Λ is interesting for several reasons.
First, because one can prescribe by hand the asymptotic behaviour of the spacetime. It is also note-
worthy that associated to a conformal metric g solving the conformal Friedrich equations, there is a
solution to the Einstein equations g̃ which is “semiglobal” (i.e. the “physical” spacetime g̃ = Ω−2g
extends infinitely towards the future or past, depending on whether I is a final or an initial state). In
addition, a remarkable simplification occurs in the constraint equations at I as opposed to the stan-
dard constraint equations of the classical initial value problem. The data at I consist of a conformal
Riemannian three-manfiold (Σ, [γ]) which prescribes the (conformal) geometry of I , together with a
conformal class of symmetric two-tensors [D] with vanishing trace an divergence, i.e. a conformal class
of transverse and traceless (TT) tensors.

The Friedrich conformal field equations are specially taylored to dimension four and does not appear
to extend to higher dimensions. The basic problem is that there do not appear to be enough evolution
equations that remain regular at I [13]. Actually, one of the fundamental objects in the conformal
Friedrich equations is the rescaled Weyl tensor, which plays a centrar role in this paper. Our analysis
shows that in dimension higher than four this object is regular at I only in few particular cases. Thus,
there are reasons to believe that any attempt to find a regular Cauchy problem well-posed at I based
on this object will be unfruitful.

In spite of this, one can actually find in the literature related existence and uniqueness results
in higher dimensions [2] based on quite a different approach. This is the framework introduced by
Fefferman and Graham, first in the paper [7] and later extended into a monograph [8]. An important
part of their work relates to asymptotically Einstein n + 1-dimensional metrics, namely, conformally
extendable metrics which satisfy the Einstein equations (to a certain order) at (n-dimensional) I . This
is carried through the study of their asymptotic formal series expansions, usually called Fefferman-
Graham (FG) expansion. It is remarkable the qualitative difference which appears between the n odd
and even cases. For n even, there is an obstruction to find a smooth metric satisfying the Einstein
equations to infinite order at Σ. The expansion introduces logarithmic terms which depend on a certain
conformally invariant tensor O determined by the boundary metric, known as obstruction tensor. No
such obstruction occurs for n odd. Interestingly it is the obstruction tensor what allows Anderson [2]
to find an asymptotic Cauchy problem for the Einstein equations in the n odd case. For n + 1 even
dimensional metrics g̃, this tensor provides the differential equation O = 0, which for Lorentzian
conformally Einstein metrics, can be cast as a Cauchy problem at I . Anderson proves that solutions
of this Cauchy problem exist and are uniquely determined for every pair of symmetric two-tensors
(γ, g(n)), γ positive definite and g(n) traceless and transverse w.r.t. γ. A posteriori, γ determines the
geometry of I and g(n) is n-th order coefficient of the asymptotic expansion of g̃. This idea is not
extendable to the n even case, for no obstruction tensor can be built out of g̃ when n+ 1 is odd.

Conversely, an existence and uniqueness theorem can be used to characterize spacetimes by means
of their Cauchy data. The situation is particularly interesting in the case of the asymptotic Cauchy
problem for positive Λ, because of the simplicity of the data, which potentially allows one to achieve
classification results for spacetimes whose explicit form need not to be known. For this task, one
can use Anderson’s theorem when n is odd. However, using the coefficients of the Fefferman-Graham
expansion as data has limitations because by construction they are attached to very special coordinate
systems where the FG expansion holds. Consequently, computing the data requires first to find these
special coordinates, which in general is not an easy task. Thus, it would be a remarkable improvement
to determine the asymptotic data in an entirely geometrical way. We note that this is precisely the
case when n = 3 because γ determines the geometry of I and g(3) is the electric part of the rescaled
Weyl tensor [12]. This the first issue we address in this paper. We prove that the n-th order coefficient
of the FG expansion agrees (up to a certain constant) with the electric part of the rescaled Weyl tensor
W at I if γ is conformally flat. We also discuss that this result would actually be an “if and only if”
provided one knew that purely magnetic Λ-vacuum spacetimes (i.e. whose electric part of the Weyl
tensor vanishes) do not exist besides the case of spacetimes with constant curvature. This non-existence
of purely magnetic spacetimes was first conjectured in [26] (see also [3]) and still remains open despite
interesting progress in several particular situations. More details will be given in the main text. In
the non-conformally flat I case, W is in general not regular at I and we show that by removing the
divergent terms, the leading order is precisely g(n). How to geometrically characterize this divergent
part is left open.

Any characterization result of spacetimes via data (Σ, γ,D) at I with positive Λ must encode all
the information of the corresponding spacetime. In particular, the presence of symmetries must also
constraint these data. The case n = 3 has been studied in [27] where it is shown that the spacetime
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admitting a Killing vector is equivalent to the TT tensor D satisfying geometrically neat equation, the
so-called Killing initial data (KID) equation. This equation involves a conformal Killing vector field
(CKVF) of γ which is a posteriori the Killing vector field at I in the conformally extended spacetime.
Apart from this n = 3 case, no previous results relating continuous local isometries to initial data at
I were known in more dimensions. In this paper we prove a higher dimensional result, analogous to
the n = 3 one, restricted to the case of analytic metrics with zero obstruction tensor.

The results described above are used in the second part of the paper to characterize the generalized
Kerr-de Sitter spacetimes [16]. We find that the data corresponding to Kerr-de Sitter is characterized
by the conformal class [γ] being locally conformally flat and the tensor g(n) taking the form g(n) = Dξ

where Dξ is a TT tensor depending on a conformal Killing vector field (CKVF) ξ of γ. More concretely,
the CKVF must belong to a specific conformal class which we also explicitly determine. Since by the
results in the first part of the paper g(n) admits a clear geometric interpretation in terms of the rescalled
Weyl tensor whenever [γ] is locally conformally flat, our characterization result of Kerr-de Sitter at
I is fully geometric. The result here is a natural generalization of the already known case for n = 3,
studied in [21] (see [22] for the non-conformally flat I case, and also [15]).

The contents of the paper are organized as follows. In section 2 we start by setting the basics of
the Fefferman-Graham formalism. Some general results of conformal geometry are also proven and
two useful formulas for the Weyl tensor are derived, which have several applications in this paper, an
example being the calculation of the initial data in the second part of the paper. The main results of
the section are Lemma 2.4 which can be used to relate the Weyl tensors at I of the conformal metric
with arbitrary free data and the one with vanishing free data, and Theorem 2.3 which establishes that
the n-th order coefficient of the FG expansion coincides (up to a certain constant) with the electric
part of the rescaled Weyl tensor in the case when I is conformally flat and n > 3 (for n = 3 this is
true in full generality). This theorem finds immediate application in the Cauchy problem of Einstein
equations at I with positive cosmological constant (cf. Corollary 2.3.1). In section 3 we derive a KID
equation for analytic data at I for n odd and even with vanishing obstruction tensor (we indicate
that the result should also hold when the obstruction tensor is non-zero, but this requires additional
analysis). This equation is necessary and sufficient for the Cauchy development of the data at I to
admit a Killing vector field. Our final section 4 gives an interesting application of the previous results.
Namely, we calculate the initial data of the Kerr-de Sitter metrics in all dimensions [16]. As mentioned
above, these data are uniquely characterized by the conformal class of a CKVF ξ. In order to give a
complete characterization, we identify this conformal class using the results in [23].

Throughout this paper, n refers to the dimension of I and n+ 1 the dimension of the spacetime.
Several results below are valid in arbitrary signature and arbitrary sign of the cosmological costant.
We will work in the general setup unless otherwise stated.

2 Initial data and the Weyl tensor

In this section we relate the initial data at spacelike conformally flat I which appears in Anderson’s
existence and uniqueness theorem [2] to the electric part of the rescaled Weyl tensor. This theorem
relies on the Fefferman-Graham (FG) expansion of Poincaré metrics near I . These are a generalization
of the Poincaré metric of the disk model of the hyperbolic space, whose conformal infinity is given by
the conformal structure associated to the usual n-sphere. The properties concerning Poincaré metrics
that are needed in this paper will be stated next, and we refer to the original publication [7] and to
the extended monograph [8] for further details.

Consider an n+1-dimensional pseudo-Riemannian manifold (M, g) with boundary ∂M and denote

its interior by M̃ = Int(M). Then (M, g) is said to be a conformal extension of (M̃, g̃) if there exists

a smooth function Ω positive on M̃ such that

g = Ω2g̃ and ∂M = {Ω = 0 ∩ dΩ 6= 0}.

The extended metric g is assumed to be smooth in M̃ but only to have finite differentiability up
to ∂M . When g is smooth also at the boundary, we will call this a smooth conformal extension.
The submanifold I := (∂M, g|∂M ), which will be non-degenerate of signature (p, q) in the cases we
shall deal with, is called “conformal infinity”. Notice that multiplying the conformal factor Ω by
any smooth positive function ω̂ yields a different conformal extension such that I = (∂M,ω2g|∂M ),
where ω = ω̂|I . Hence one usually considers I as ∂M equipped with the whole conformal class of
metrics [g|∂M ] = ω2g|∂M , ∀ω ∈ C∞(∂M), ω > 0. A metric admitting a conformal extension is said
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to be conformally extendable. Also, throughout this paper by “conformally flat“ we mean ”locally
conformally flat” unless otherwise stated.

The so-called Poincaré metrics associated to a conformal manifold, i.e. a smooth manifold endowed
with a conformal structure (Σ, [γ]), are metrics g̃ admitting a smooth conformal extension g = Ω2g̃
with prescribed conformal infinity I := (Σ, [γ]). The extension g is defined in an open neighborhood

M of Σ × {0} in Σ× [0,∞) (and g̃ in M̃ = M − {Σ× {0}}) satisfying the following conditions. Σ is
naturally embedded in M by i : Σ →֒ Σ× [0,∞), where i(Σ) = Σ× {0}, so we identify Σ and Σ× {0}
when there is no risk of confusion. In M , Ω is a defining function of Σ = {Ω = 0} as before. Moreover,
the definition imposes, depending on the parity of n, a certain decay rate of the tensor Ric(g̃) − λng̃
near I , where Ric(g̃) is the Ricci tensor of g̃ and λ := 2

n(n−1)Λ with Λ the cosmological constant,

which we assume to be non-zero. Following [7] we say that a symmetric 2-tensor field D is O+(Ωm) if it
is D = O(Ωm) and Trγi

⋆(Ω−mD|I ) = 0. With this notation we can give the formal definitions [7], [8]:

Definition 2.1. A Poincaré metric for a conformal n-manifold (Σ, [γ]) of signature (p, q), is a metric
g̃ of signature (p + 1, q) if λ > 0 or (p + 1, q) if λ < 0 admitting a smooth conformal extension such
that I = (Σ, [γ]) and

1. If n = 2 or n ≥ 3 and odd, Ric(g̃)− λng̃ vanishes to infinite order at Σ.

2. If n ≥ 4 and even, Ric(g̃)− λng̃ is O+(Ωn−2).

Let g̃ be a conformally extendable metric g̃ and g a conformal extension. From the well-known
relation between Ricci tensors two conformal metrics (e.g. [35])

Rαβ − R̃αβ = −n− 1

Ω
∇α∇βΩ− gαβ

∇µ∇µΩ

Ω
+ gαβ

n

Ω2
∇µΩ∇µΩ. (1)

it follows [17] that g̃ satisfies the Einstein equationRic(g̃)−λng̃ = O(Ω−1) if and only if (Ω−2g̃αβ∇αΩ∇βΩ)|I =
(gαβ∇αΩ∇βΩ) |I = −λ. It if this holds, it can be proven [25] that all sectional curvatures of g̃ take
a limit at ∂M equal to λ. In the Riemannian case (which requires λ < 0) these metrics are called
asymptotically hyperbolic. In the case with general signature and arbitrary non-zero λ we call them
asymptotically of constant curvature (ACC). It is obvious from Definition 2.1 that Poincaré metrics are
ACC. We define then:

Definition 2.2. Let g̃ be an ACC and conformally extendable metric with I = (Σ, [γ]). Let also be a
representative γ ∈ [γ]. Then g̃, as well as the conformally extended metric g = Ω2g̃, are said to be in
normal form w.r.t. γ if

g̃ =
1

Ω2
(−dΩ2

λ
+ gΩ), g = Ω2g̃ = −dΩ2

λ
+ gΩ, (2)

where gΩ is a family of induced metrics on the leaves ΣΩ = {Ω = const.} such that gΩ |Σ= γ.

Notice that it is always possible to adapt coordinates {Ω, xi} to the normal form (2), where ∂Ω :=
∂/∂Ω and ∂i := ∂/∂xi are normal and tangent to the ΣΩ leaves respectively. We denote these as
Gaussian coordinates2. For an ACC metric g̃ which satisfies the Einstein equations to infinite order at
I , the Fefferman-Graham expansion (FG) is a formal expansion in Gaussian coordinates

gΩ ∼
(n−1)/2∑

r=0

g(2r)Ω
2r +

∞∑

r=n

g(r)Ω
r, if n is odd, (3)

gΩ ∼
∞∑

r=0

g(2r)Ω
2r +

∞∑

r=n

mr∑

s=1

O(r,s)Ω
r(logΩ)s, if n is even, (4)

wheremr ≤ r−n+1 in an integer for each r, the coefficients g(r) are objects defined at I and extended
to M as independent of Ω and the logarithmic terms arise in the n even case whenever the so-called
obstruction tensor O(n,1) = O for [γ] is non-zero. This tensor is a conformally invariant symmetric
and trace-free 2-covariant in even dimensions and its vanishing is a necesssary and sufficent condition
for the tensor gΩ to be smooth up to and including I . The main properties of this expansion follow
from a theorem by Fefferman and Graham which characterizes metrics at I .

2In the usual definition of Gaussian coordinates, the ∂Ω vector is unit. The introduction of a constant factor λ does
not modify its general properties.
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Theorem 2.1 (Fefferman-Graham [8]). Let (Σ, γ) be a pseudo-Riemannian manifold of signature (p, q)
and let h be a symmetric 2-tensor with Trγh = 0.

• If n = 2 and if divγh = − 1
2gradγScalγ , with Scalγ the Ricci scalar of γ, there exist an even (i.e.

with only non-zero coefficients of even order) Poincaré metric g in normal form w.r.t γ which
admits an expansion of the form (4) (with O(r,s) = 0) and the tracefree part of g(2) is tf(g(2)) = h.
These conditions uniquely determine the coefficients of the expansion.

• If n ≥ 3 is odd and if divγh = 0, there exist a Poincaré metric g in normal form w.r.t γ, which
admits an expansion of the form (3) such that g(n) = tf(g(n)) = h. These conditions uniquely
determine the coefficients of the expansion.

• If n ≥ 4 is even, there exist a one-form b determined by γ is such a way that if divγh = b, then
there exists a metric g = −dΩ2/λ+gΩ, such that Ric(g)−λng vanishes to infinite order and which
admits an expansion of the form (4) with tf(g(n)) = h. These conditions uniquely determine the
coefficients of the expansion and the solution is smooth if and only if the obstruction tensor of γ
vanishes.

Notice that for n ≥ 4, Theorem 2.1 does not mention Poincaré metrics, because g̃ fails to be
smooth at I . Forcing the metric to satisfy the Einstein equations to infinite order at I with n even
forces the appearance of the logarithmic terms whenever the obstruction tensor is non-zero. In order to
distinguish this case from the Poincaré metrics, which are smooth by definition (see above), the metrics
of Theorem 2.1 are called Feffeman-Graham-Poincaré (FGP) in this paper. Obviously, whenever n is
odd or n is even and O = 0, a FGP metric is Poincaré.

The proof of Theorem 2.1 relies on the fact that for both n odd and even cases, the Einstein
equations at I yield recursive relations which allow to calculate all the coefficients in the expansions
in terms of γ and g(n). In turns out that the recursive relations give each coefficient of order r 6= n, as a
function of previous terms and tangential derivatives up to order r− 2. For this reason the expansions
(3) and (4) are both even up to order n and the terms g(r) for r < n are uniquely generated by γ. The
n-th order coefficient is independent of γ, except for its trace and divergence, which depends on γ

Trγg(n) = a, divγg(n) = b,

where a = 0, b = 0 for n odd and a is a scalar and b a one-form determined by γ for n even. Also, O
is obtainable from γ and in particular, it vanishes for conformally flat γ, a case which will be central
in this paper.

Therefore, by prescribing certain data at Σ, we can determine a unique FGP metric g to infinite
order at this hypersurface. Away from Σ there are multiple ways of extending g if no further assump-
tions are made. Anderson’s existence and uniqueness theorem [2] proves that for metrics of Lorentzian
signature and n odd, there is a unique way of extending this metric away from Σ so the Λ > 0 vacuum
Einstein field equations hold, namely

R̃αβ = nλg̃αβ .

In other words, the coefficients (γ, g(n)), with (Σ, γ) Riemannian, determine a unique Einstein metric
for (Σ, γ) in a collar neighborhood of Σ. The proof relies on imposing that the obstruction tensor of g
vanishes. This can be done in the n odd case because g is n + 1 (even) dimensional. This method is
not applicable to the n even case, for no obstruction tensor is associated to g when n+ 1 is odd. The
Cauchy problem has the following equivalence of data is

(Σ, γ, g(n)) ≃ (Σ, ω2γ, ω2−ng(n))

for every smooth positive function ω of Σ. This arises because of the multiple ways in which one
can conformally extend an Einstein metric. Thus, strictly speaking, the data are (Σ, [γ], [g(n)]), where
(Σ, [γ]) is the manifold Σ endowed with a conformal structure and [g(n)] is a conformal class of TT
tensors for [γ].

Theorem 2.2 (Anderson [2]). Let n ≥ 3 odd. For every choice of asymptotic data (Σ, [γ], [g(n)]),
with γ Riemannian, there is a unique Lorentzian metric solving Einstein’s equations for Λ > 0 in a
neighborhood of I . This problem is well-posed in suitable Sobolev spaces.
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In this paper, a conformally extended metric (i.e. defined at I ) will be denoted by g and the metric
from which it is extended by g̃ (i.e. not defined at I ). We use tilde to distiguish geometric objects

associated to g̃ from those associated to g. For instance, ∇̃ is the Levi-Civita connection of g̃ and ∇
the one of g. The signature of the metric g̃ and the sign of λ will remain general, namely (p+ 1, q) if
λ > 0 or (q, p+1) if λ < 0 unless otherwise specified. However, we note that our main interest is in the
positive cosmological constant setting, specially for the applications in the second part of the paper.
Therefore, for the sake of simplicity some of our results are given in detail only for this case (namely
Lemma 2.8, Proposition 2.1 and Theorem 2.3), while the negative λ will be just indicated.

If g is an ACC metric in normal form w.r.t. a representative γ ∈ [γ], it is immediate to verify that
the vector field T := ∇Ω is geodesic (affinely parametrized). Any conformal extension such that T is
geodesic is called a geodesic conformal extension. We start by proving some general results about this
kind of extensions. In the following, Greek indices α, β running form zero to n are used for spacetime
coordinates. For spacelike hypesurfaces (usually {Ω = const.}) we use Latin indices i = 1, · · · , n.
Lemma 2.1. Let g̃ be an ACC metric. Then, a conformal extension g = Ω2g̃ is geodesic if and only if

∇αΩ∇αΩ = −λ.

Proof. The lemma follows from

∇αΩ∇βΩ∇α∇βΩ =
1

2
∇αΩ∇α

(
∇βΩ∇βΩ

)
, (5)

because if ∇αΩ∇αΩ = −λ the RHS of (5) vanishes and T is geodesic and, converesely, if T is geodesic
then (5) is zero along the integral lines of T and, g being ACC, its value on Ω = 0 is −λ.

The following result guarantees the existence of geodesic conformal extensions for each choice of
boundary metric γ. The proof, which we detail next, is similar to the one for Λ < 0, which appears
in [17] (Lemma 5.2). Before stating the lemma, let us briefly review the non-characteristic condition for
a first order PDE Cauchy problem (see [6], Chapter 3). For this it will be convenient to use coordinates
{xα} = {Ω, xi} adapted to the initial hypersurface, that is Σ = {Ω = 0}. Consider a first order PDE
Cauchy problem

F (xα;u,∇αu) = 0, u |Σ= φ, (6)

where u is a scalar function. Two functions {φ, ψ0} of Σ are a set of admissible initial data whenever
they satisfy the following compatibility condition

F (x0 = 0, xi;φ, ψ0,
∂φ

∂x1
, · · · , ∂φ

∂xn
) = 0. (7)

Denote D∇αuF to the derivative of F w.r.t. ∇αu and let V (xα;u,∇αu) be the vector of components
V α = D∇αuF . Also, let T be the normal covector to Σ, i.e. Tα = ∇αΩ. Then, for every set of
admissible initial data, the Cauchy problem is said to be non-characteristic if

T · V (x0 = 0, xi;φ, ψ0,
∂φ

∂x1
, · · · , ∂φ

∂xn
) 6= 0,

where · denotes the usual action of a covector on a vector. A non-characteristic Cauchy problem is
known to be locally well-posed (e.g. [6]), i.e. that there exists a solution u of (6), satisfying u|Σ =
φ, ∂0u|Σ = ψ0. After this remark, we can prove the next Lemma.

Lemma 2.2. Let g̃ be an ACC metric with conformal infinity (Σ, [γ]). Then, for every representative
γ ∈ [γ], there exist a geodesic conformal extension g = Ω2g̃ which induces the metric γ at Σ.

Proof. Consider a conformally extended metric g such that g = Ω2g̃ and g |Ω=0= γ. Let ĝ ∈ [g̃] be
such that ĝ = ω2g with ω > 0 and ω |Ω=0= 1, so that ĝ realizes the same boundary metric γ. Therefore
ĝ = Ω̂2g̃, with Ω̂ = ωΩ, so by Lemma 2.1, we have to show that there exists a function ω such that Ω̂
satisfies (5) for the metric ĝ

ĝαβ∇αΩ̂∇βΩ̂ =
gαβ

ω2
∇α(ωΩ)∇β(ωΩ) = −λ.

Expanding the derivatives and defining u := logω, this amounts to

gαβ (2∇αΩ∇βu+Ω∇αu∇βu) =
−λ− gαβ∇αΩ∇βΩ

Ω
. (8)
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The LHS of (8) is obviously regular at Ω = 0. Also, since g is ACC gαβ∇αΩ∇βΩ |Ω=0= −λ, thus the
RHS tends to −∂Ω

(
gαβ∇αΩ∇βΩ

)
at Ω = 0, which is regular. Hence, we can pose a Cauchy problem

at {Ω = 0}, for which we must complete φ = logω |Σ= 0 to admissible initial data for (8). These data
must satisfy (7), thus ψ0 is fixed to satisfy 2g00ψ0 = −∂Ω(gαβ∇αΩ∇βΩ) |Σ. The vector field V has
components 2gαβ(∇βΩ+ Ω∇βu) and therefore

T · V (x0 = 0, xi;φ, ψ0,
∂φ

∂x1
, · · · , ∂φ

∂xn
) = 2gαβ∇αΩ∇βΩ |Σ= −2λ.

Hence the problem is non-characteristic if λ 6= 0.

Remark 2.1. This lemma combined with the use of Gaussian coordinates {Ω, xi} implies that given
an ACC metric g̃ and any representative γ of its boundary conformal structure, there exists coordinates
near ∂M where g̃ is written in normal form w.r.t that representative (see Definition 2.2).

2.1 Formulas for the Weyl tensor

In this subsection we derive two useful formulas for the Weyl tensor and its electric part (cf. Lemmas
2.3 and 2.4). We start by listing well-known identities relating the geometry of any two metrics g and
g̃ (not necessarily conformal to each other for the moment). Our convention for the Riemann tensor is

Rµ
ανβXµ = −∇ν∇βXα +∇β∇νXα.

The general formula that relates the two Riemann tensors Rµ
ανβ and R̃µ

ανβ of g and g̃ respectively
is (see e.g. [35]):

Rµ
ανβ − R̃µ

ανβ = 2∇[νQ
µ
β]α + 2Qσ

[ν|α|Q
µ
β]σ (9)

where Q = ∇− ∇̃ is the difference of connections tensor

Qµ
αβ :=

1

2
g̃µν(∇ν g̃αβ −∇αg̃βν −∇β g̃αν). (10)

If they are conformally related g = Ω2g̃, then Q reads

Qµ
αβ =

1

Ω
(Tαδ

µ
β + Tβδ

µ
α − T µgαβ) , Tµ := ∇µΩ, T µ := gµνTν . (11)

Now assume that g defines a geodesic conformal extension. Let us define the following contraction
of the Riemann tensor with T

(RT )αβ := RµανβT
µT ν

and denote
Aαβ := ∇αTβ, A2

αβ := ∇αT
µ∇µTβ.

Observe that A is symmetric. Since T is geodesic, we have

(RT )αβ = T ν(−∇ν∇βTα +∇β∇νTα)

= −∇T∇βTα +∇β∇TTα −∇βT
ν∇νTα = −∇TAαβ −A2

αβ (12)

Using expressions (9) and (11) we calculate the difference of tensors RT and R̃T defined analogously
for g̃, specifically

(RT )αβ := R̃µανβT
µT ν .

First

2TµT
ν∇[νQ

µ
β]α = TµT

ν∇ν

( 1
Ω
(Tαδ

µ
β + Tβδ

µ
α − gαβT

µ)
)
− TµT

ν∇β

( 1
Ω
(Tνδ

µ
α + Tαδ

µ
ν − gανT

µ)
)

= − 1

Ω2
TµT

νTν(Tαδ
µ
β + Tβδ

µ
α − gαβT

µ) +
1

Ω2
TµT

νTβ(Tνδ
µ
α + Tαδ

µ
ν − gανT

µ)− TµT
µ

Ω
∇βTα

=
λ

Ω2
(2TαTβ + λgαβ)−

λ

Ω2
TαTβ +

λ

Ω
∇βTα =

λ

Ω
∇αTβ +

λ

Ω2
(TαTβ + λgαβ)
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and second

2TµT
νQσ

[ν|α|Q
µ
β]σ =

TµT
ν

Ω2
(Tνδ

σ
α + Tαδ

σ
ν − gανT

σ)(Tβδ
µ
σ + Tσδ

µ
β − gβσT

µ)

− TµT
ν

Ω2
(Tβδ

σ
α + Tαδ

σ
β − gαβT

σ)(Tνδ
µ
σ + Tσδ

µ
ν − gνσT

µ)

= − λ

Ω2
(2TαTβ + λgαβ) +

λ

Ω2
(2TαTβ + λgαβ) = 0.

Recalling ∇αTβ = Aαβ , we have that (9) yields

(RT )αβ − Ω2(R̃T )αβ =
λ

Ω
Aαβ +

λ

Ω2
(TαTβ + λgαβ) . (13)

Assume now that g̃ is an ACC metric in normal form w.r.t. to the boundary metric. Thus, from (2),
in Gaussian coordinates

Tα∂α = −λ∂Ω.
Also, A, which is, up to a constant factor, the second fundamental form of the leaves ΣΩ = {Ω = const.},
is

Aαβ = ∇αTβ = −Γ0
αβ =

g00

2
∂Ωgαβ = −λ

2
∂Ωgαβ (14)

and its covariant derivative w.r.t. T

∇TAαβ = −λ∂ΩAαβ + λ
(
Γµ
α0Aµβ + Γµ

β0Aαµ

)
,

with

Γµ
α0 =

1

2
gµν (∂αg0ν + ∂Ωgαν − ∂νg0α) =

1

2
gµν∂Ωgαν = − 1

λ
Aµ

α,

so in consequence
∇TA = −λ∂ΩA− 2A2. (15)

Inserting (12) and (15) in equation (13) yields

Ω2(R̃T )αβ = λ∂ΩAαβ +A2
αβ − λ

Ω
Aαβ − λ

Ω2
(TαTβ + λgαβ) . (16)

If furthermore, we assume that g̃ is Einstein with cosmological constant Λ 6= 0

R̃µανβ = C̃µανβ + 2λg̃µ[ν g̃β]α,

we can relate R̃T to the following components of the Weyl tensor, which we call T -electric part,

(CT )αβ := CµανβT
µT ν = Ω2C̃µανβT

µT ν,

by

(R̃T )αβ =
(CT )αβ
Ω2

− λ

(
λgαβ + TαTβ

Ω4

)
. (17)

Notice that since T µTµ = −λ, then CT = |λ|Celec, where (Celec)αβ := Cµ
ανβuµu

ν is the electric part
of the Weyl tensor, for u unit orthogonal to the leaves ΣΩ. Combining (16) and (17) gives

(CT )αβ = λ∂ΩAαβ +A2
αβ − λ

Ω
Aαβ

which putting Aαβ in terms of the metric with (14) yields the following result:

Lemma 2.3. Let g̃ be a conformally extendable Einstein metric with Λ 6= 0 and g = Ω2g̃ a geodesic
conformal extension. Then, in Gaussian coordinates {Ω, xi}, the T -electric part of the Weyl tensor
reads

(CT )ij =
λ2

2

(
1

2
∂Ωgikg

kl∂Ωglj +
1

Ω
∂Ωgij − ∂2Ωgij

)
. (18)

where gΩ is the metric induced by g on the leaves {Ω = const.}.
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Remark 2.2. Note that equation (18) implies that CT is always O(Ω). In particular, in dimension
n = 3 it is always the case that

(Ω−1CT ) |I = −3λ2

2
g(3)

which recovers the well-known result by Friedrich [12] that for positive Λ the electric part of the rescaled
Weyl tensor corresponds to the free data specifiable at I .

Remark 2.3. Assume that ĝ satisfies the hypothesis of Lemma 2.3 and that admits an expansion of
the form

ĝ =

(n−1)/2∑

r=0

g(2r)Ω
2r +Ωn+1h

with n odd and h at least C2 up to an including {Ω = 0}. Equation (18) implies that its T-electric
Weyl tensor ĈT only has even powers of Ω up to and including Ωn−1 (higher order terms may be even
and odd). As a consequence, the tensor Ω2−nĈT splits as a sum of divergent terms at Ω = 0 plus a
regular part which vanishes at Ω = 0.

In the remainder of this section we derive a general expression relating the leading order terms of
the Weyl tensor of a metric g, related to a given one ĝ as in equation (19) below. This will prove to
be useful in the conformally flat I setting. The result (cf. Lemma 2.4) is fully general and thus no
requirement such as being FGP or Einstein is imposed to either g nor ĝ.

Let two n+ 1-dimensional metrics g and ĝ be related by the formula

g = ĝ +Ωmq (19)

for a natural number m ≥ 2, where q is a symmetric tensor and all three tensors g, ĝ and q are at least
C2 in a neighborhood including {Ω = 0}. We assume that ∇Ω is nowhere zero and has constant causal
character at Ω = 0 so that we may define a function F 6= 0 and a vector u 6= 0 by ∇Ω = Fu, with u
unit or null g(u, u) = ǫ, ǫ = ±1, 0. First notice that the inverse metrics g−1 and ĝ−1 must be related
by a similar formula

g−1 = ĝ−1 +Ωml, (20)

for a contravariant two-tensor l (also C2 near {Ω = 0}, as well as g−1, ĝ−1), because the presence of
any term of order Ωm′

, m′ < m, would imply terms of order Ωm′

in g−1g which could not be cancelled.
When using indices, we will omit the −1 in the metrics and write upper indices. Also, indices in objects
with hats are moved with the metric ĝ and its inverse and indices of unhatted tensors are moved with
g.

Recall the definition of the Weyl tensor

Cµ
ναβ = Rµ

ναβ +Aµ
ναβ with Aµ

ναβ := − 2

n− 1
(δµ[αRβ]ν − gν[αR

µ
|β) +

2R

n(n− 1)
δµ[αgβ]ν .

(21)
Using the relation of Riemann tensors (9) for g and ĝ and (21) we find

Cµ
ναβ = Ĉµ

ναβ +Bµ
ναβ +Aµ

ναβ − Âµ
ναβ with Bµ

ναβ := 2∇[αQ
µ
β]ν +Qσ

[α|ν|Q
µ
β]σ

where Q is the difference of connections tensor (10). We also define Bαβ = Bµ
αµβ and B = gαβBαβ

so that

Rαβ − R̂αβ = Bαβ , Rµ
β − R̂µ

β = Bµ
β +ΩmlµαR̂αβ , R− R̂ = B +ΩmlµβR̂µβ .

With these definitions we expand Aµ
ναβ

Aµ
ναβ = − 2

n− 1

(
δµ[αR̂β]ν − ĝν[αR̂

µ
β]

)
+

2

n(n− 1)
R̂δµ[αĝβ]ν

− 2

n− 1

(
δµ[αBβ]ν − ĝν[αB

µ
β] − Ωm

(
ĝν[αR̂β]σl

µσ + qν[αR̂
µ
β] + qν[αB

µ
β]

)
− Ω2mqν[αR̂β]σl

σµ
)

+
2B

n(n− 1)
δµ[αĝβ]ν +

2Ωm

n(n− 1)

(
lλσR̂λσδ

µ
[αĝβ]ν + (R̂ +B)δµ[αqβ]ν

)
+

2Ω2m

n(n− 1)
lλσR̂λσδ

µ
[αqβ]ν ,
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so defining

Dµ
ναβ := − 2

n− 1

(
δµ[αBβ]ν − ĝν[αB

µ
β] − Ωm

(
ĝν[αR̂β]σl

µσ + qν[αR̂
µ
β] + qν[αB

µ
β]

)
− Ω2mqν[αR̂β]σl

σµ
)

+
2B

n(n− 1)
δµ[αĝβ]ν +

2Ωm

n(n− 1)

(
lλσR̂λσδ

µ
[αĝβ]ν + (R̂+B)δµ[αqβ]ν

)
+

2Ω2m

n(n− 1)
lλσR̂λσδ

µ
[αqβ]ν .

gives
Aµ

ναβ = Âµ
ναβ +Dµ

ναβ ,

from which
Cµ

ναβ = Ĉµ
ναβ +Bµ

ναβ +Dµ
ναβ . (22)

We now analyze the behaviour near {Ω = 0} of the tensors B and D. Using formula (10) (with
g̃ → ĝ = g − Ωmq ) we have

Q̂ναβ := ĝµνQ
µ
αβ = −F m

2
Ωm−1 (uνqαβ − uαqβν − uβqαν)−

Ωm

2
(∇νqαβ −∇αqβν −∇βqαν)

= −F m
2
Ωm−1 (uνqαβ − uαqβν − uβqαν) +O(Ωm) = O(Ωm−1).

On the other hand

∇µQ̂ναβ = −F 2m(m− 1)

2
Ωm−2uµ (uνqαβ − uαqβν − uβqαν)−

Ωm

2
∇µ (∇νqαβ −∇αqβν −∇βqαν)

−m
Ωm−1

2

(
∇µ

(
F (uνqαβ − uαqβν − uβqαν)

)
+ Fuµ (∇νqαβ −∇αqβν −∇βqαν)

)

= −F 2m(m− 1)

2
Ωm−2uµ (uνqαβ − uαqβν − uβqαν) +O(Ωm−1)

thus

∇µQ
ν
αβ = ∇µ(ĝ

σνQ̂σαβ) = ∇µ

(
(gσν − Ωmlσν)Q̂σαβ

)
= gσν∇µQ̂σαβ +O(Ωm−1)

= −F 2m(m− 1)

2
Ωm−2uµ

(
uνqαβ − uαq

ν
β − uβq

ν
α

)
+O(Ωm−1).

Therefore, the leading order terms of B are

Bµ
ναβ = 2∇[αQ

µ
β]ν +O(Ω2m−2) = −m(m− 1)F 2Ωm−2

(
uµu[αqβ]ν + qµ[αuβ]uν

)
+O(Ωm−1) = O(Ωm−2).

Next, we calculate the leading order terms of D. Notice that since ĝ is C2 at {Ω = 0}, its Ricci
tensor is well-defined. Moreover B and all its traces are O(Ωm−2). Thus

Dµ
ναβ = − 2

n− 1

(
δµ[αBβ]ν − ĝν[αB

µ
β]

)
+

2B

n(n− 1)
δµ[αĝβ]ν +O(Ωm).

If u is non-null, i.e. ǫ 6= 0, it is useful to decompose q in terms parallel and orthogonal to u, i.e.

qαβ = Uuαuβ + 2u(αVβ) + tαβ, with uµVµ = 0, uµtµν = 0,

which also entails a decomposition of the metrics

gαβ = ǫuαuβ + hαβ (23)

which defines hαβ as the projector orthogonal to u. In terms of these

Bµ
ναβ = −m(m− 1)Ωm−2F 2

(
uµu[αtβ]ν + tµ[αuβ]uν

)
+O(Ωm−1) (24)

and

Bβν = Bµ
βµν = −1

2
m(m− 1)Ωm−2F 2(ǫtβν + tuβuν) +O(Ωm−1)

B = Bµ
µ = −1

2
m(m− 1)Ωm−2F 2(2ǫt) +O(Ωm−1)
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where t = gαβtαβ = hαβtαβ . In consequence,

Dµ
ναβ = −m(m− 1)Ωm−2F 2 ×

( −1

n− 1

(
ǫδµ[αtβ]ν + tδµ[αuβ]uν − ǫĝν[αt

µ
β] − tuµĝν[αuβ]

)

+
2ǫt

n(n− 1)
δµ[αĝβ]ν

)
+O(Ωm−1) (25)

From (23) one has
ĝαβ = ǫuαuβ + hαβ +O(Ωm), δαβ = ǫuαuβ + hαβ ,

so that (25) reads

Dµ
ναβ = −m(m− 1)Ωm−2F 2 ×

( −1

n− 1

(
uµu[αtβ]ν + ǫhµ[αtβ]ν + thµ[αuβ]uν + tµ[αuβ]uν

+ ǫtµ[αhβ]ν + tuµu[αhβ]ν
)
+

2t

n(n− 1)

(
uµu[αhβ]ν + hµ[αuβ]uν + ǫhµ[αhβ]ν

) )
+O(Ωm−1)

= −m(m− 1)Ωm−2F 2 ×
( −1

n− 1

(
uµu[αtβ]ν + tµ[αuβ]uν

)
− t

n− 2

n(n− 1)

(
uµu[αhβ]ν + hµ[αuβ]uν

)

− ǫ

n− 1

(
hµ[αtβ]ν −

t

n
hµ[αhβ]ν + tµ[αhβ]ν −

t

n
hµ[αhβ]ν

))
+O(Ωm−1). (26)

Denote the traceless part of tαβ by

t̊αβ = tαβ − t

n
hαβ.

Also, notice that the lower order terms of all expression are O(Ωm−1) = o(Ωm−2) for m ≥ 2. Hence,
combining (22), (24) and (26) gives the following result

Lemma 2.4. Let n ≥ 3 and g, ĝ be (n+1)-dimensional metrics related by (19), for m ≥ 2, with g, ĝ, q
and Ω at least C2 in a neighborhood of {Ω = 0}. Assume that ∇Ω is nowhere null at Ω = 0. Then
their Weyl tensors satisfy the following equation

Cµ
ναβ = Ĉµ

ναβ−Km(Ω)
n− 2

n− 1
(uµu[αt̊β]ν+t̊

µ
[αuβ]uν)+

ǫKm(Ω)

n− 1
(hµ[αt̊β]ν+t̊

µ
[αhβ]ν)+o(Ω

m−2) (27)

with
Km(Ω) = m(m− 1)Ωm−2F 2,

and where ∇Ω = Fu, for g(u, u) = ǫ = ±1, hαβ is the projector orthogonal to u, all indices are raised
and lowered with g, tαβ = qµνh

µ
αh

ν
β while t and t̊αβ are its trace and traceless part respectively.

Remark 2.4. Lemma 2.4 has an interesting application in the context of data at I . Consider a
FGP metric g̃ and a geodesic conformal extension g = Ω2g̃ and assume that either n is odd or that
the obstruction tensor is identically zero if n is even. The FG expansion of this metric allows one to
decompose g = ĝ +Ωnq where ĝ is a metric containing all the terms of the expansion of order strictly
lower than n (and possibly also higher order terms, but not the term at order n). The rest of terms are
collected in Ωnq. By construction all these objects are C∞ up to and including Ω = 0 (here we use the
assumption that the obstruction tensor vanishes in the even case). Hence all the hypothesis of Lemma
2.4 holds with m = n. From equation (27), the T -electric part of the Weyl tensors of g and of ĝ are
related by

(CT )ij = (ĈT )ij − Ωn−2λ2n(n− 2)̊tij + o(Ωn−2), (28)

It follows immediately from the FG expansion and the definition of t̊ in Lemma 2.4 that t̊ij |Ω=0 =
tf(g(n)) (taking the trace-free part is unnecessary when n is odd because g(n) is always trace-free in that

case). The tensor (ĈT )ij is in general O(1) in Ω, so Ω2−n(ĈT )ij will generically contain [(n − 1)/2]
divergent terms, and the same divergent terms must appear in Ω2−n(CT )ij because of (28). Substracting
the divergence terms we get

(
Ω2−n(CT )ij − Ω2−n(ĈT )ij

)
|I = −λ2n(n− 2)tf(g(n)), (29)

which provides a general formula for the free data in terms of the electric parts of the Weyl tensors of
g and ĝ at I . In the case of n odd more can be said because ĝ satisfies all the conditions of Remark
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2.3. So the regular part of (ĈT )ij vanishes at I and (29) establishes that g(n) arises as the value of
(CT )ij at I once all its divergent terms have been substracted. This last statement is not true in the

n even case with zero obstruction tensor, since Ω2−n(ĈT )ij may contain regular non-zero terms.

In the next section we will prove that in arbitrary dimension and for conformally flat I , (ĈT )ij
vanishes so the T -electric part of the rescaled Weyl tensor of g actually encodes the free-data tf(gn).

2.2 Electric part of the Weyl tensor in the FG expansion

The aim of this subsection is to determine the role that the electric part of the rescaled Weyl tensor
plays in the FG expansion coefficients, with particular interest in the conformally flat I case. We will
use formula (18) to relate the electric part of the rescaled Weyl tensor to the n-th order coefficient g(n)
of the FG expansion. We start with some preliminary results about umbilical submanifolds (also called
totally umbilic). Recall that a nowhere null submanifold Σ ⊂M is umbilical if its second fundamental
form is

Kij = f(xk)γij

for a smooth function f of Σ and γ the induced metric. This property is well-known to be invariant
under conformal scalings of the ambient metric.

The following results are stated imposing the minimal conditions of differentiability required near
I . We remark than for the cases of our interest, namely FGP metrics, these conditions are always
satisfied.

Lemma 2.5. Let n ≥ 2. Every nowhere null umbilical hypersurface (Σ, γ) of a conformally flat n+1-
manifold (M, ĝ), where γ is induced by ĝ, is conformally flat.

Proof. For n = 2 the result is immediate as every 2-surface is locally conformally flat, so let us assume
n ≥ 3. Since umbilical submanifolds remain umbilical w.r.t. to the whole conformal class of the metrics
and ĝ is conformally flat, then (Σ, γ) is umbilical w.r.t. the flat metric gE = ω2ĝ. In this gauge, the
Gauss equation and its trace by γ yield

R(γ)ijkl = −ǫ(KilKjk −KikKjl) = −ǫ(γilγjk − γikγjl)κ
2,

R(γ)jl = −ǫ(K2
jl −KKjl) = −ǫ(1− n)κ2γjl,

where Kij = κγij is the second fundamental form, for κ ∈ R constant as a consequence of the Codazzi
equation and the fact that the ambient metric gE is flat, andK2

ij := γklKikKjl,K := γijKij, ǫ = ĝ(u, u)
with u the unit normal to Σ. The Schouten tensor of γ is

P (γ)ij =
1

n− 2

(
R(γ)ij −

R(γ)

2(n− 1)
γij

)
= ǫ

κ2

2
γij .

Thus for n = 3 we can calculate the Cotton tensor

C(γ)ijk = ∇kP (γ)ij −∇jP (γ)ik = 0,

and for n ≥ 4 the Weyl tensor is

W (γ)ijkl = R(γ)ijkl − γikP (γ)jl + γjkP (γ)il + γilP (γ)jk − γjlP (γ)ik = 0.

By the standard characterization of locally conformally flat metrics by the vanishing of the Cotton
(n = 3) or Weyl (n ≥ 4) tensors, the result follows.

Lemma 2.6. Let g and ĝ be metrics related by g = ĝ + Ωmq, where Ω is a defining function of
Σ = {Ω = 0} and g, ĝ and q are C1 in a neighborhood of Σ. Then if m ≥ 2, Σ is umbilical w.r.t. g if
and only if it is umbilical w.r.t. ĝ.

Proof. The metrics induced by g and ĝ at Σ are the same. Assume that Σ is nowhere null. Thus,
the property of being umbilical is preserved if the covariant derivatives ∇u and ∇̂u w.r.t. the Levi
Civita connections of g and ĝ respectively of the normal unit (which is the same for g and ĝ) covector
u ∈ (TΣ)⊥ coincide at Σ. The inverse metric g−1 is g−1 = ĝ−1 +Ωml for l a contravariant tensor O(1)
in Ω (cf. equation (20) and argument below). Then, the Christoffel symbols are

Γµ
αβ = (ĝ−1 +Ωml)µν(∂α(ĝ +Ωmq)βν + ∂β(ĝ +Ωmq)αν − ∂ν(ĝ +Ωmq)αβ) = Γ̂µ

αβ +O(Ωm−1),

from which it follows ∇u |Σ= ∇̂u |Σ if m ≥ 2.
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Our interest in umbilical submanifolds is because of the (well-known) fact that I is umbilical for
Poincaré or FGP metrics. This results follows immediately from the Einstein equations at I , and will
be the base for an interesting decompostion that we will derive later in this section (cf. Proposition
2.1).

Lemma 2.7. Let g̃ be a Poincaré or FGP metric for I = (Σ, [γ]). Then I is umbilical.

Proof. For a geodesic conformal extension g = Ω2g̃, the relation between the Ricci tensors of g and g̃
is given by (1) with ∇µΩ∇µΩ = −λ (cf. Lemma 2.1). This expression is not defined at Ω = 0, but it
is when multiplied by Ω. Rearranging terms this gives

ΩRαβ + (n− 1)∇α∇βΩ+ gαβ∇µ∇µΩ = Ω(R̃αβ − λng̃αβ), (30)

where we have used g = Ω2g̃ in the RHS. Since g̃ is a Poincaré or FGP metric, the RHS vanishes
at I . This also implies that gαβ is at least C2 at I , so Rαβ is defined at I . In addition writing
∇αΩ = |λ|1/2uα, where u is the unit normal of the hypesurfaces ΣΩ = {Ω = const.}, then ∇i∇jΩ |I =
|λ|1/2Kij , where Kij is the second fundamental form of I . Thus, equation (30) gives at I

(n− 1)|λ|1/2Kij + fγij = 0, with f := ∇µ∇µΩ |I .

For concreteness, in the remainder of this Section, we state and prove our results in the case of
positive cosmological constant and Lorentzian signature. However, they also hold with slight modifica-
tions for arbitrary signature and non-vanishing cosmological constant (see Remark 2.5 for the specific
correspondence).

We start by giving the general form of the FG expansion of the de Sitter spacetime. We refer the
reader to [34] for a similar proof in the case of λ < 0. Also, see a discussion of general case in [5] (in
terms of Fefferman-Graham ambient metrics).

Lemma 2.8. For every Riemmanian conformally flat boundary metric γ of dimension n ≥ 3 and
positive cosmological constant λ, the metric

g = −dΩ2

λ
+ gΩ gij = Pk

iP l
kγlj , for Pk

i := δki +
Ω2

2
Pilγ

lk (31)

with P the Schouten tensor of γ, is locally conformally isometric to de Sitter, i.e. g = Ω2g̃dS, where
g̃dS is de Sitter.

Proof. De Sitter spacetime is ACC and its boundary metric γ is (by Lemmas 2.7 and 2.5) necessarily
conformally flat. Moreover, given the freedom in scaling any conformal extension by an arbitrary
positive function, any conformally flat metric is (locally) a boundary metric for the de Sitter space. In
addition, as a consequence of this fact and Lemma 2.2 we have that for any conformally flat metric γ,
there exists a local coordinate system of de Sitter near null infinity such that the metric is in normal
form with respect to γ (see Remark 2.1). The core of the proof is to verify that this ACC metric in
normal form w.r.t any such conformally flat γ takes the explicit form (31).

Therefore, consider a conformally flat boundary metric γ for a geodesic conformal extension of de
Sitter g. Since de Sitter metric is also conformally flat, it follows that the T -electric part of the Weyl
tensor CT = 0. Using formula (18) we obtain the coefficients of the FG expansion, which give the
normal form of g w.r.t. γ. Let us put (18) in matrix notation

CT =
λ2

2

(
1

2
ġΩg

−1
Ω ġΩ +

1

Ω
ġΩ − g̈Ω

)
= 0 =⇒ g̈Ω =

1

2
ġΩg

−1
Ω ġΩ +

1

Ω
ġΩ (32)

where a dot denotes derivative w.r.t. Ω. First we calculate

∂Ω(ġΩg
−1
Ω ġΩ) = g̈Ωg

−1
Ω ġΩ − ġΩg

−1
Ω ġΩg

−1
Ω ġΩ + ġΩg

−1
Ω g̈Ω =

2

Ω
ġΩg

−1
Ω ġΩ (33)

where we have used ∂Ω(g
−1
Ω ) = −g−1

Ω ġΩg
−1
Ω for the first equality and expression of g̈Ω in (32) for the

second equality. Then, taking two derivatives in Ω of (32) gives

∂
(4)
Ω gΩ =

3

2Ω2
ġΩg

−1
Ω ġΩ. (34)
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Thus, one more derivative in Ω of (34) and combining with (33) gives ∂
(5)
Ω gΩ = 0 and hence all higher

derivates also vanish. Expression (34) evaluated at Ω = 0 gives the expressions for the coefficients

(note ∂
(k)
Ω gΩ |Ω=0= k!g(k))

g(4) =
1

4!

3

2
(2g(2))γ

−1(2g(2)) =
1

4
g(2)γ

−1g(2).

The coefficient g(2) can be directly calculated from the recursive relations for the FG expansion and it
always coincides with the Schouten tensor of the boundary metric [1], namely

g(2) =
1

n− 2

(
Ric(γ)− R(γ)

2(n− 1)
γ

)
= P

Having calculated the only non-zero coefficients g(2) and g(4), it is straightforward to verify that the
FG expansion of de Sitter take the form (31).

We have shown that for any choice of conformally flat γ, there exists a de Sitter metric g̃dS and a
choice of conformal factor Ω with associated Gaussian coordinates such that, defining g as in (31), we
have Ω−2g = g̃dS. Moreover, the metric (31) satisfies all the properties stated in Theorem 2.1 with the
choice h = 0 (recall that we are assuming n ≥ 3 and that the obstruction tensor vanishes identically
when γ is conformally flat). The Lemma follows as a consequence of the uniqueness part of the FG
expansion stated in Theorem 2.1.

Remark 2.5. The result generalizes to arbitrary signature and arbitrary sign of λ by changing g(2) =
sign(λ)P (see [1]), γ to a conformally flat metric signature (p, q) and g to conformal to a metric of
constant curvature (instead of conformal to de Sitter) and signature (p+ 1, q) if λ > 0 or (p, q + 1) if
λ < 0.

Remark 2.6. The proof of Lemma 2.8 shows that the condition CT = 0 suffices to obtain a metric
of the form (31) with γ in an arbitrary conformal class. The spacetimes satisfying this condition
are the so-called “purely magnetic” and they have a long tradition in general relativity (e.g. [3] and
references therein). The purely magnetic condition imply restrictive integrability conditions which lead
to a conjecture [26] that no Einstein spacetimes exist in the n = 3 case, besides the spaces of constant
curvature. Although no general proof has been found so far, the conjecture has been established in
restricted cases such as Petrov type D, and this not only in dimension four, but in arbitrary dimensions
[18]. The explicit form (31) that the metric must take whenever CT = 0 gives an avenue to analyze
the conjecture in the case of metrics admitting a conformal compactification. This is an interesting
problem which, however, falls beyond the scope of the present paper.

Before proving the main result of this section, namely Theorem 2.3, we state and prove an auxiliary
result (Proposition 2.1) which is of independent interest since it provides (when combined with Lemma
2.4) a useful decomposition for calculating leading order terms of the Weyl tensor. This will be useful
for the calculation of initial data of spacetimes which admit a smooth conformally flat I (cf. Corollary
2.3.1).

Proposition 2.1. Assume n ≥ 3. Let g̃ be a FGP metric with λ positive for a Riemannian conformal
manifold I = (Σ, [γ]). Then I is locally conformally flat if and only if any geodesic conformal
extension g = Ω2g̃, admits the following decomposition

g = ĝ +Ωnq (35)

where ĝ is conformally isometric to de Sitter and ĝ, q and Ω are at least C1 in a neighborhood of
{Ω = 0}.
Proof. I is umbilical w.r.t. g and if g admits the decomposition (35), by Lemma 2.6 I is also umbilical
w.r.t. ĝ. Since ĝ is conformally flat, Lemma 2.5 implies that I is also conformally flat. This proves
the proposition in one direction.

The converse follows by considering the FGP metric in normal form constructed from a represen-
tative γ in the conformal structure of I . By assumption, γ is conformally flat. The terms up to order
n are uniquely generated by γ (see Theorem 2.1 and discussion below). Thus, by Lemma 2.8

g = −dΩ2

λ
+ Pk

iP l
kγlj +Ωnq := ĝ +Ωnq,

where ĝ is locally conformally isometric to de Sitter and ĝ, q and Ω are smooth at Ω = 0 by construction.
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Theorem 2.3. Assume n ≥ 3 and let g̃ be a FGP metric with λ positive for a Riemannian conformal
manifold I = (Σ, [γ]). Then, if I is conformally flat, the traceless part of the n-th order coefficient
of the FG expansion coincides, up to a constant, with the T -electric part of the rescaled Weyl tensor
at I defined by

D := Ω2−nCT |I .

Proof. By Proposition 2.1, admitting a smooth conformally flat I amounts to admitting a decompo-
sition of the form (35). Then, by Lemma 2.8, the associated FG expansion has the form

g = −dΩ2

λ
+ gΩ = −dΩ2

λ
+ Pk

iP l
kγlj +Ωng(n) + · · · = ĝ +Ωnq,

where q |I= g(n) and ĝ is conformal to de Sitter. Using the formula (27) of Lemma 2.4 with m = n

and putting T = |λ|1/2u, with u unit normal, one obtains

(CT )αβ = −λ
2

2
n(n− 2)̊tαβΩ

n−2 + o(Ωn−2)

and the Theorem follows.

Remark 2.7. It is also interesting to comment on the necessary and sufficient conditions for g(n) and
Ω2−nCT |I to be the same in the case of Einstein metrics. Just like in the proof of Lemma 2.8, if CT

has a zero of order m > 3, we can apply formula (18) and find

∂
(5)
Ω gΩ = O(Ωm−3) (36)

and all coefficients of the FG expansion vanish up to order g(m+2). If, like in the conformally flat case,
CT has a zero of order n− 2 , its leading order term determines g(n). If n is odd, we can construct (cf.
Theorem 2.2) two solutions of the Λ > 0 Einstein field equations ĝ and g in a neighborhood of {Ω = 0},
the first one corresponding to the data (I , [γ], 0) and the second to the data (I , [γ], [g(n)]) where [γ] is
an arbitrary conformal class. By the FG expansion we also have g = ĝ+Ωnq with q = g(n)+O(Ω). As
a consequence of (36), the metric ĝ is of the form (31) with γ in the given conformal class. Then, from
equation (18) it follows that ĝ is purely magnetic. The converse is also true, namely, if g = ĝ + Ωnq,
with ĝ a purely magnetic Einstein spacetime and both ĝ, q and Ω are C2 near {Ω = 0}, the electric
part of the rescaled Weyl tensor at I and g(n) coincide (up to a constant) provided n > 2. The proof
involves simply taking the T -electric part in (27).

This proves that, for Einstein metrics with positive Λ, of dimension n + 1 ≥ 4 and admitting a
conformal compactification, g(n) and CT |I coincide up to a constant if and only if g = ĝ+Ωnq, where
ĝ is a purely magnetic spacetime Einstein with non-zero cosmological constant. However, as mentioned
in Remark 2.6, it is not clear (and not an easy question) whether purely magnetic Einstein spacetimes
are isometric to de Sitter or anti-de Sitter.

Note that Theorem 2.3 has been proven for metrics of all dimensions n ≥ 3 and arbitrary signature.
An interesting Corollary arises when applying this to the case of Λ > 0 Einstein metrics of Lorentzian
signature and odd n, because the coefficients of the FG expansion γ and g(n) determine initial data at
I which characterize the spacetime metric [2]. Therefore:

Corollary 2.3.1. Let n ≥ 3 be odd. Then for every set of the asymptotic data (Σ, γ, g(n)) of Einstein’s
vacuum equations with Λ > 0 and γ conformally flat, g(n) is up to a constant, the electric part of the
rescaled Weyl tensor at I of the corresponding spacetime.

3 KID for analytic metrics

In this section we prove a result that determines, in the analytic case, the necessary and sufficient
conditions for initial data at I so that the corresponding spacetime metric it generates admits a local
isometry. The proof relies in the FG expansion of FGP metrics. It is important to remark that analytic
metrics correspond to analytic data [8].

This theorem is a generalization to higher dimensions (but restricted to the analytic case) of a known
result [27] in dimension n = 3 establishing that a set (Σ, γ,D) of asymptotic data at spacelike I , where
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D = g(3) (cf. Remark 2.2) is a TT tensor, generates a spacetime admitting one Killing vector field
if and only if g(3) satisfies the following Killing Initial Data (KID) equation for ξ a conformal Killing
vector field (CKVF) of γ

Lξg(3) +
1

3
divγ(ξ)g(3) = 0.

A posteriori ξ it is also the restriction to I of the Killing vector of the spacetime whose existence is
guaranteed by the theorem.

Before stating and proving the theorem it is necessary to comment on the convergence of the FG
expansion of a FGP metric in the case when the data (γ, g(n)) at I are analytic. When n is odd,
so that no obstruction tensor nor logarithmic terms arise, the series was shown to converge (in some
neighbourhood of Ω = 0) already [7] in full generality, i.e. with no restrictions on the signature of γ
nor the sign of λ. In the case of n even, the convergence has been studied under the assumption that γ
is positive definite, still keeping an arbitrary sign for λ (the two possible signs are actually dual to each
other [1]). In such case the convergence of the FG expansion has been established in [20] irrespectively
of whether the obstruction tensor is zero on not (i.e. irrespectively of whether the expansion is a power
expansion or includes also logarithmic terms). Thus, for any parity of n and analytic data (γ, g(n)) with
γ positive definite, the formal solution converges and by Theorem 2.2, is the unique formal solution
asymptotically solving the Einstein equations to infinite order. Actually, the convergence guarantees
that the equations are in fact solved in a sufficiently small neighborhood of Ω = 0, not just to infinite
order at I . Analytic data will be called asymptotic data in the analytic class and such data always
defines a solution of the Einstein vacuum field equations in a neihgbourhood of I (irrespectively of
the parity of n as long as γ is positive definite). For simplicity (and because this is what we shall need
later) we restrict ourselves to γ with vanishing obstruction tensor whenever n is even. At the end of
this section, we make a comment concerning the case with non-zero obstruction tensor.

With the above remark, the statement of the Theorem is as follows:

Theorem 3.1. Let Σ be n dimensional with n ≥ 3 and let (Σ, γ, g(n)) be asymptotic data in the analytic
class, with γ Riemannian and if n even O = 0. Then, the corresponding spacetime admits a Killing
vector field if and only if there exist a CKVF ξ of I satisfying the following Killing initial data (KID)
equation

Lξg(n) +
n− 2

n
divγ(ξ)g(n) = 0. (37)

Proof. The proof that (37) is necessary is obtained by direct calculation as follows. Let X be a Killing
vector field of g̃ so that

0 = LX g̃ = LX(Ω−2g) = −2
X(Ω)

Ω3
g +

1

Ω2
LXg.

It follows that on Int(M), X is a conformal Killing vector of g with a specific right-hand side, namely

LXgαβ = ∇αXβ +∇βXα = 2
divgX

n+ 1
gαβ , X(Ω) =

Ω

n+ 1
divgX. (38)

The following argument [12] shows that X must be extendable to I . The terms LXg0β of (38) imply
a linear, homogeneous symmetric hyperbolic system of propagation equations for X . Thus, putting
initial data corresponding toX sufficiently close to I generates a solution whose domain of dependence
must reach I (and possibly beyond if the manifold is extendable across I ). Hence X must admit a
smooth extension on I , which vanishes near I only if X |I= 0. The rest of equations LXgij are also
satisfied at I by continuity so the extension is a CKVF.

Then, from the second of equations (38), it follows that X(Ω) = 0 when Ω = 0, thus X is tangent to

I , so we denote ξ := X |I . Putting g in normal form g = −dΩ2

λ + gΩ it easily follows that Γα
αj = Γi

ij .
In consequence, expanding divgX and evaluating at I yields

divgX |I = ∂Ω(X(Ω)) |I +∂jξ
j + Γi

ij |I ξj

=
1

n+ 1
divgX |I + divγξ =⇒ divgX |I =

n+ 1

n
divγξ (39)

where we have used the second equation in (38). In addition, the normal form gives the following
tangent components of the first equation in (38):

LXgΩ =
2

n+ 1
divgXgΩ.
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Evaluating this expression at I and taking into account (39) shows that ξ is a CKVF of γ. Also, using
the FG expansion of gΩ we have the following expansion of LXgΩ:

LXgΩ = X(Ω)∂ΩgΩ + LXγ +Ω2LXg(2) + · · ·+ΩnLXg(n) + · · ·

=
Ω

n+ 1
(divgX)∂ΩgΩ + LXγ +Ω2LXg(2) + · · ·+ΩnLXg(n) + · · · . (40)

Therefore

LXγ +Ω2LXg(2) + · · ·+ΩnLXg(n) + · · · = 1

n+ 1
(divgX)(2gΩ − Ω∂ΩgΩ). (41)

Equating n-th order terms and evaluating at I yields (37) after substituting divgX |I as in (39).
To prove sufficiency, let us first choose the conformal gauge where ξ is a Killing vector field of

γ′ = ω2γ. Thus, the corresponding KID equation for g′(n) becomes:

Lξg
′
(n) = 0. (42)

The remainder of the proof in this gauge, so we drop all the primes. By Lemma 2.2 there exist a geodesic
extension which recovers the representative γ at I . In addition, there exists a unique vector field X ,
extended from ξ at I , which satisfies [T,X ] = 0. This is obvious in geodesic gaussian coordinates
{Ω, xi}, because

[T,X ]α = −λ∂ΩXα = 0,

with initial conditions XΩ |Ω=0= 0 and X i |Ω=0= ξi has a unique solution XΩ = 0 and X i = ξi. We
now prove that X is a Killing vector field of the physical metric g̃ provided that (42) holds.

Consider the normal form metric g = −dΩ2

λ + gΩ. Since LXdΩ = d(X(Ω)) = 0, it follows that
LXg = LX(gΩ). Using the FG expansion of gΩ we have

LXgΩ = LXγ +Ω2LXg(2) + · · ·+ΩnLXg(n) + · · · .

If g is analytic, the value of the coefficients LXg(r) determine LXg in a neighborhood of I . These are

∂
(r)
Ω (LXgΩ) |Ω=0= Lξ

(
∂
(r)
Ω gΩ |Ω=0

)
= r!Lξg(r).

We want to show that all these quantities are identically zero, for which we exploit the Feffeman-
Graham recursive construction. The fundamental equation that determines recursively the coefficients
of the FG expansion takes the form [1]

−Ωg̈Ω + (n− 1)ġΩ − 2HgΩ = ΩL, L :=
2

λ
Ric(gΩ)−HġΩ − (ġΩ)

2 − 2

λ
G‖. (43)

where G̃‖ are the tangent components of the tensor G̃ = R̃ic(g̃) − λng̃ and λH = TrgΩA. A direct
calculation shows that taking the r-th order derivative of equation (43) at Ω = 0 and separating the
terms containing highest (r + 1) order coefficients from the rest gives an expression of the form:

(n− r − 1)g(r+1) +
(
Trγg(r+1)

)
γ = F(r−1) (44)

where F(r−1) is a sum of terms containing products of coefficients up to order r − 1 and tangential

derivatives thereof, up to second order. Notice that G̃‖ vanishes to all orders at I , so it does not
contribute to these equations. We now prove by induction that the Lie derivative of all cofficients
vanish provided equation (42) is satisfied.

First, the Lie derivative of (43), given that ξ is a Killing of γ, yields

(n− r − 1)Lξg(r+1) +
(
TrγLξg(r+1)

)
γ = LξF(r−1)

Assume by hypothesis that the Lie derivative Lξ of all the coefficients up to a certain order r is zero
(for the moment we do not assume neither r < n nor r > n). The Lie derivative LξF (r−1) is a sum
where each terms is multiplied by either Lξg(s), Lξ∂ig(s) or Lξ∂i∂jg(s) , with s ≤ r − 1. Since ξ
commutes with T = ∂Ω, we can adapt coordinates to both vector fields, namely ξ = ∂j , so that in these
coordinates Lξ∂ig(s) = ∂iLξg(s) and Lξ∂i∂jg(s) = ∂i∂jLξg(s). Thus each term in LξF (r−1) contains a
Lie derivative Lξg(s) with s < r− 1, or a tangential derivative thereof up to second order. Thus by the

induction hypothesis LξF (r−1) = 0. Therefore, it follows that Lξg(r+1) = 0
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The induction hypothesis can be assumed for r < n − 1 because it is true for the first term
Lξγ = 0 and we have equations for the succesive terms. For r = n − 1 the fundamental equation
does not determine the term g(n) any longer (this is the reason why this terms is free-data in the FG
expansion), so the induction hypothesis cannot go further in principle. But since we are imposing the
condition Lξg(n) = 0, the induction hypothesis can be extended to any value of r. Therefore, all the
derivatives Lξg(r+1) vanish so if g is analytic Lξg = 0.

In short, the argument behind the proof of Theorem 3.1 relies on the well-known fact that the
recursive relations that determine the coefficients of the FG expansion can be cast in a covariant
form, so that ultimately all terms can be expressed in terms of γ, its curvature tensor, g(n) and
covariant derivatives thereof. Then the Lie derivative of any coefficient must be zero provided that
Lξγ = Lξg(n) = 0. The case with non-zero obstruction tensor, and hence involving logarithmic terms
is likely to admit an analogous proof. However, the recursive equations equivalent to (44) are not
so explicit, because taking derivatives of order higher than n yields an expression which mixes up
coefficients of the regular part g(r) and logarithmic terms O(r,s) of the expansion. These expressions
are notably more involved (see e.g. [31]). If one showed that every coefficient O(r,s) admits a covariant
form which only involves geometric objects constructed from γ, g(n) and its covariant derivatives, a
similar argument as in the proof above would establish that equation (37) is also sufficient for the
spacetime to admit a Killing vector field in the case of analytic data with non-vanishing O. It is hard
to imagine that this is not the case, and in fact the result should follow from the expressions in [31],
but the details need to be worked out. On the other hand, the necessity of (37) is true in general
and the argument is totally analogous to the one presented above except that equations (40) and (41)
contain also logarithmic terms. We will not discuss this case any further since for the rest of paper we
shall focus on conformally flat I (hence O = 0). We plan to come back to this open issue in a future
work.

4 Characterization of generalized Kerr-de Sitter metrics

In this section, we will apply the results obtained in the previous sections to find a characterization
of the generalized Kerr-de Sitter metrics [16]. We first prove that these metrics admit a smooth
conformally flat I . Then we combine with Theorem 2.3 to determine their initial data at I , which
is straightforwardly computable from equation (27). The data corresponding to Kerr-de Sitter in all
dimensions are analytic. Therefore, as noted at the beginning of section 3, the identification of their
data provide a characterization of the metric also in the case of n even. Hence, we perform the analysis
simultaneously for n even and odd.

Like in the four dimensional case, the generalized Kerr-de Sitter metrics are n + 1-dimensional
Kerr-Schild type metrics. Namely, they admit the following form

g̃ = g̃dS + H̃ k̃ ⊗ k̃

with g̃dS the de Sitter metric, k is a null (w.r.t. to both g̃ and g̃dS) field of 1-forms and H̃ is a smooth
function. In order to unify the n odd and n even cases in one single expression, we define the following
parameters

p :=

[
n+ 1

2

]
− 1, q :=

[n
2

]
,

where note, p = q if n odd and p + 1 = q if n even. The explicit expression of the Kerr-de Sitter
metrics will be given using the so-called “spheroidal coordinates” {r, αi}p+1

i=1 (see [16] for their detailed
construction), with the redefinition ρ := r−1. Strictly speaking, they do not quite define a coordinate
system because the αi functions are constrainted to satisfy

p+1∑

i=1

α2
i = 1.

However, it is safe to abuse the language and still call {αi} coordinates. To complete {ρ, αi} to full
spacetime coordinates we include {ρ, t, {αi}p+1

i=1 , {φi}
q
i=1}. The αis and φis are related to polar and

azimuthal angles of the sphere respectively and they take values in 0 ≤ αi ≤ 1 and 0 ≤ φi < 2π
for i = 1, · · · , q and (only when n odd) −1 ≤ αp+1 ≤ 1. Associated to each φi there is one rotation
parameter ai ∈ R. For notational reasons, it is useful to define a trivial parameter ap+1 = 0 in the

18



case of n odd. The remaining ρ and t lie in 0 ≤ ρ < λ1/2 and t ∈ R. The domain of definition of ρ can
be extended (across the Killing horizon) to ρ > λ1/2, but this is unnecessary in this work since we are
interested in regions near ρ = 0.

In addition, as we will work with the conformally extended metric g = ρ2g̃, we directly write down
the expresions of the following quantities, which admit a smooth extension to ρ = 0,

ĝ = ρ2g̃dS, H = ρ2H̃, kα = k̃α (45)

and
g = ĝ +H k ⊗ k. (46)

Notice that we specify the definition of kα because the metrically associated vector field kα = gαβkβ
is no longer the same as k̃α = g̃αβ k̃β . In order for the reader to compare with the original publication

[16], we remark that the expressions given there are for the “physical” objects g̃dS, H̃, k̃, using the
coordinates r := ρ−1 and denoting µi := αi instead.

Let us now introduce the functions

W :=

p+1∑

i=1

α2
i

1 + λa2i
Ξ :=

p+1∑

i=1

α2
i

1 + ρ2a2i
, (47)

Note that it is thanks to having introduced the spurious quantity ap+1 ≡ 0 that these expressions take
a unified form in the n odd and n even cases. The explicit form of the objects in (45) in the case of
generalized Kerr-de Sitter are

ĝ = −W (ρ2 − λ)dt2 +
Ξ

ρ2 − λ
dρ2 + δp,qdα

2
p+1 +

q∑

i=1

1 + ρ2a2i
1 + λa2i

(
dα2

i + α2
i dφ

2
i

)

+
λ

W (ρ2 − λ)

(
p+1∑

i=1

(
1 + ρ2a2i

)
αidαi

1 + λa2i

)2

,

k = Wdt− Ξ

ρ2 − λ
dρ−

q∑

i=1

aiα
2
i

1 + λa2i
dφi,

Π =

q∏

j=1

(1 + ρ2a2j), H =
2Mρn

ΠΞ
, M ∈ R.

The term δp,q only appears when q = p, i.e. when n is odd. In the case of even n, all terms multiplying
δp,q simply go away.

The function H = O(ρn) and k ⊗ k = O(1). Therefore g decomposes as

g = ĝ + ρnq, with q =
H
ρn
k ⊗ k = O(1).

Let γ be the metric induced at Σ = {ρ = 0} by g. By Lemma 2.2, we can define geodesic conformal
factor Ω such that {Ω = 0} = Σ and which induces the same metric γ at Σ. Hence Ω = O(ρ) and
therefore H = O(Ωn) and q = O(1) (in Ω). So by Proposition 2.1 it follows that the generalized Kerr-
de Sitter metrics in all dimensions admit a conformally flat I . This can be also verified by explicit
calculation. From (49), the induced metric at {ρ = 0} has the following expression

γ = λWdt2 + δp,qdα
2
p+1 +

q∑

i=1

dα2
i + α2

i dφ
2
i

1 + λa2i
− 1

W

(
p+1∑

i=1

αidαi

1 + λa2i

)2

. (52)

It is useful to define new coordinates

α̂2
i :=

1

W

α2
i

1 + λa2i
,

which from (47) are restricted to satisfy
∑p+1

i=1 α̂
2
i = 1. Since also

∑p+1
i=1 α

2
i = 1, this allows us to

express W (given in (47)) in terms of the hatted coordinates

W =
1

∑p+1
i=1 1 + λα̂2

i a
2
i

. (53)
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A direct calculation shows that the metric (52) expressed with α̂is takes the form

γ =W
(
λdt2 + δp,qdα̂

2
p+1 +

q∑

i=1

(
dα̂2

i + α̂2
i dφ̂

2
i

))
|∑p+1

i=1
α̂2

i
=1 . (54)

A explicilty flat representative of the conformal class of γ can be obtained using the coordinates

xi := e
√
λtα̂i cosφi yi := e

√
λtα̂i sinφi, i = 1, · · · , q (55)

together with z := e
√
λtα̂p+1 if n odd, which are Cartesian for the following flat metric

γE :=
e2

√
λt

W
γ = δp,qdz

2 +

q∑

i=1

(
dx2i + dy2i

)
. (56)

This form will be used below to determine the conformal class of a conformal Killing vector ξ which
we introduce next. Let us denote the projection of k onto I by

ξα =
(
kα + (kβu

β)uα
)
|I

with uα = ∇αρ/|∇ρ|g the unit timelike normal to I . Explicitly

ξ =Wdt−
q∑

i=1

aiα
2
i

1 + λa2i
dφi =W

(
dt−

q∑

i=1

α̂2
i aidφi

)
. (57)

We view ξ as a covector in I . Its metrically associated vector is, using (54),

ξ♯ =
1

λ
∂t −

q∑

i=1

ai∂φi
, (58)

which in Cartesian coordinates (55) of γ is

ξ♯ =
1√
λ
ξ̃♯ −

q∑

i=1

aiηi (59)

where we have introduced

ξ̃♯ := δp,q∂z +

q∑

i=1

xi∂xi
+ yi∂yi

, ηi := xi∂yi
− yi∂xi

. (60)

The vector ξ̃♯ is a homothety of γE and each ηi is a rotation of this metric. Consequently, ξ♯ is a
CKVF of γ.

The electric part of the rescaled Weyl tensor can be obtained at once from Lemma 2.4 using Ω = ρ
and m = n, because by definition (t |I )αβ = (H/ρn) |I ξαξβ and t̊ |I is its trace-free part. Note also
that H/ρn |I = 2M . Thus

D = ρ2−nCµ
ανβ∇µρ∇νρ |I= −1

2
λ2n(n− 2)̊tαβ |I = −Mλ2n(n− 2)

(
ξαξβ −

|ξ|2γ
n
γαβ

)
.

Since, by equation (53) above,

|ξ|2γ =W

(
1

λ
+

q∑

i=1

a2i α̂
2
i

)
=

1

λ
,

D can be cast as

D = κDξ, with κ := −Mn(n− 2)

λ
n
2
−1

and

Dξ :=
1

|ξ|n+2
γ

(
ξαξβ −

|ξ|2γ
n
γαβ

)
. (61)

Summarizing, we have proven the following result
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Proposition 4.1. The asymptotic data corresponding to the n + 1 dimensional generalized Kerr-de
Sitter metrics is given by the class of conformally flat metrics and the class of TT tensors determined
by (61), where ξ is the field of 1-forms given by (57) when the metric γ is written in the coordinates
where (54) holds.

Now suppose that we let ξ to be any CKVF of γ. By direct calculation one shows that the
corresponding Dξ is still TT w.r.t. γ. The spacetimes corresponding to the class of data obtained
in this way constitute a natural extension to arbitrary dimensions of the so-called Kerr-de Sitter-like
class with conformally flat I , first defined for n = 3 in [21] and [22]. The details of this extended
definition and its properties and structure will be given in a future work. What we want to prove now
is that for data (Σ, γ,Dξ) with γ conformally flat and ξ a CKVF of γ, only the conformal class of ξ
(equivalently ξ♯) matters. Then, by identifying the conformal class of (58) we will obtain a complete
geometrical characterization of Kerr-de Sitter in all dimensions.

Lemma 4.1. For any trasformation of the conformal group of I = (Σ, γ), i.e. φ ∈ Conf(I )(⊂
Diff(I )) such that φ⋆(γ) = ω2γ, the following equivalence of data holds

(Σ, γ,Dφ⋆ξ) ≃ (Σ, φ⋆γ, φ⋆(Dφ⋆ξ)) = (Σ, ω2γ, ω2−nDξ) ≃ (Σ, γ,Dξ), (62)

where the tensor Dφ⋆ξ is given by (61) where φ⋆ξ is the one-form defined by γ(φ⋆ξ
♯, ·).

Proof. The first equivalence in (62) is a consequence of the diffeomorphism equivalence of data and the
last one a consequence of the conformal equivalence of data (cf. [21])3, so we must verify the equality
in the expression. On the one hand we have for every vector field X ∈ TΣ

(φ⋆φ⋆(ξ))(X) = (φ⋆ξ)(φ⋆X) = γ(φ⋆ξ
♯, φ⋆X) = ω2γ(ξ♯, X) = ω2ξ(X)

that is φ⋆(φ⋆(ξ)) = ω2ξ. Moreover |φ⋆(ξ)|γ =
√
γ(φ⋆ξ♯, φ⋆ξ♯) = ω|ξ|γ . Thus

φ⋆
(
Dφ⋆(ξ)

)
=

1

|φ⋆(ξ)|n+2
γ

(
φ⋆(φ⋆(ξ)♭ ⊗ φ⋆(ξ)♭)−

|φ⋆(ξ)|2γ
n

φ⋆γ

)
= ω−n+2 1

|ξ|n+2
γ

(
ξ♭ ⊗ ξ♭ −

|ξ|2γ
n
γ

)
.

We now come back to Kerr-de Sitter and identify the conformal class of (58). Following the
results in [23], a direct way to do that is to write ξ♯ in any Cartesian coordinate system for any
flat representative γE in the conformal class of metrics. One then associates to the explicit form of
ξ♯ in these coordinates a skew-symmetric endomorphism (equivalently a two-form) of the Minkowski
spacetime M1,n+1. Let us denote this set SkewEnd(M1,n+1) and we write F (ξ♯) for the skew-symmetric
endomorphism associated to the CKVF ξ♯. The classification of SkewEnd(M1,n+1) up to O(1, n + 1)
(i.e. the Lorentz group) transformations is equivalent to the classification of CKVFs up to conformal
transformations, but the former is simpler because SkewEnd(M1,n+1) are linear operators, while the
CKVFs are vector fields (see [23] for additional details).

Consider Cartesian coordinates {Xα}nA=1 for an n-dimensional Riemannian flat metric. Then an
arbitrary CKVF is well-known (e.g. [33]) to be given by

ξ♯ =
(
bA + νXA + (aBX

B)XA − 1

2
(XBX

B)aA − ωA
BX

B
)
∂XA , (63)

to which one associates [21], [23] the following skew-symmetric endomorphism, given in an orthonormal
basis {eα}n+1

α=0 of M1,n+1 with e0 timelike,

F (ξ♯) =




0 −ν −at + bt/2
−ν 0 −at − bt/2

−a + b/2 a + b/2 −ωωω


 . (64)

where a, b ∈ R
n are column vectors with components aA, bA respectively, t stands for their trans-

pose (row vector), ν ∈ R and ω is n × n real skew-symmetric matrix of components (δACω
C
A =:

3In [21] these equivalences are established in the case n = 3 but the result extends easily to arbitrary dimension
n ≥ 2. We remark that our notation is slighly different for the TT tensor Dξ, since the primery object ξ defining it is
a covector in our case and a vector in [21]. This explains the differences on how objects are transformed. The choice
in [21] is more natural to analyze conformal properties of the TT tensor, while the one here is more consistent with the
covariant nature of Dξ.
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)ωAB = −ωBA. Understood as a map F : ξ♯ 7→ F (ξ♯), F is a Lie algebra anti-homomorphism, i.e.
[F (ξ♯), F (ξ′♯)] = −F ([ξ♯, ξ′♯]). The O(1, n+1) transformations on F (ξ♯) are translated into conformal
tranformations of ξ♯. That is, for every Λ ∈ O(1, n + 1), then Λ · F (ξ♯) = F (φΛ⋆(ξ

♯)) for a conformal
transformation φΛ of γE , where “dot” denotes adjoint action, which in matrix notation corresponds
simply to the multiplication of matrices Λ · F (ξ♯) = ΛF (ξ♯)Λ−1. As a consequence, the classification
of SkewEnd(M1,n+1) up to O(1, n+1) transformations is equivalent to the classification of CKVFs up
to conformal transformations.

In [23], it is proven that the orbits of SkewEnd(M1,n+1)/O(1, n + 1) are characterized4 by the
eigenvalues of −F (ξ♯)2 together with the causal character of kerF (ξ♯). The algorithm is as follows.
Denote by PF 2(−x) the characteristic polynomial of −F (ξ♯)2 and define

QF 2(x) := (PF 2(−x))1/2 (n even), QF 2(x) :=

(PF 2(−x)
x

)1/2

(n odd).

From the properties of F 2(ξ♯), it follows [23] that QF 2(x) is a polynomial of degree q + 1 with q + 1
real roots counting multiplicity, with at most one of which negative. Then

Proposition 4.2. Let Roots (QF 2) denote the set of roots of QF 2(x) repeated as many times as their
multiplicity and sorted as follows

a) If n odd,
{
σ;µ2

1, · · · , µ2
p

}
:= Roots (QF 2) sorted by σ ≥ µ2

1 ≥ · · · ≥ µ2
p if kerF (ξ♯) is timelike and

µ2
1 ≥ · · · ≥ µ2

p ≥ 0 ≥ σ otherwise.

b) If n even,
{
−µ2

t , µ
2
s;µ

2
1, · · · , µ2

p

}
:= Roots (QF 2) sorted by µ2

1 ≥ · · · ≥ µ2
p ≥ µ2

s = −µ2
t = 0 if

kerF (ξ♯) is degenerate and µ2
s ≥ µ2

1 ≥ · · · ≥ µ2
p ≥ 0 ≥ −µ2

t otherwise.

Then the parameters
{
σ;µ2

1, · · · , µ2
p

}
for n odd and

{
−µ2

t , µ
2
s;µ

2
1, · · · , µ2

p

}
for n even determine uniquely

the class of F (ξ♯) up to O(1, n + 1) transformations and hence also the class of ξ♯ up to conformal
transformations.

We now apply these results to the Kerr-de Sitter case. We have already obtained a flat repre-
sentative γE and have introduced corresponding Cartesian coordinates (56) . We have also obtained
the explicit form of ξ♯ in these coordinates, namely (59) and (60). Then, from Proposition 4.2 it is
straightforward to identify the conformal class of ξ♯. Denote the Cartesian coordinates in (55) by
{X}nA=1 = {z, {xi, yi}qi=1} if n odd and {X}nA=1 = {xi, yi}qi=1 if n even. From equations (59), (60) the
parameters of ξ♯ written as in (63) are ν = λ−1/2, aA = bA = 0 and ωAB = 2aiδ

2i
[Aδ

2i+1
B] for n odd

and ωAB = 2aiδ
2i−1

[Aδ
2i

B] for n even. Thus, from equation (64) it is immediate

F (ξ♯) =

(
0 −λ−1/2

−λ−1/2 0

)
⊕ (0)

p⊕

i=1

(
0 −ai
ai 0

)
, if n is odd

F (ξ♯) =

(
0 −λ−1/2

−λ−1/2 0

) p+1⊕

i=1

(
0 −ai
ai 0

)
, if n is even,

where this block form is adapted to the following orthogonal decomposition of M1,n+1 as a sum of
F -invariant subspaces

M
1,n+1 = Πt ⊕ span{e2}

p⊕

i=1

Πi, (n odd), M
1,n+1 = Πt

p+1⊕

i=1

Πi, (n even),

where Πt = span{e0, e1} for both cases and Πi = span{e2i+1, e2i+2} for n odd and Πi = span{e2i, e2i+1}
for n even. Any timelike or null vector v ∈ M

1,n+1 must have non-zero projection onto Πt, so it may
be written v = vt + vs, with 0 6= vt ∈ Πt, vs ∈ (Πt)

⊥. Hence F (ξ♯)(v) = F (ξ♯)(vt) + F (ξ♯)(vs),
where from the block form it follows that 0 6= F (ξ♯)(vt) ∈ Πt and F (ξ

♯)(vs) ∈ (Πt)
⊥, thus F (ξ♯)(v) =

F (ξ♯)(vt) + F (ξ♯)(vs) 6= 0. Therefore, kerF (ξ♯) is always spacelike or cero. It is straightforward to
compute the polynomial QF 2(x)

QF 2(x) = (x+ λ)

q∏

i=1

(x − a2i )

4Equivalent characterizations may be found in the literature (e.g. [21]) in terms of traces of even powers of F (ξ♯) and
matrix rank.
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where we may order the indices i, so that the rotation parameters ai appear in decreasing order
a21 ≥ · · · ≥ a2q. Hence, applying Proposition 4.2 we identify the parameters σ := −λ−1 and µ2

i := a2i
for n odd and −µ2

t := −λ−1, µ2
s := a21 and µ2

i := a2i+1 for n even. Therefore:

Theorem 4.1. Let g̃KdS be a metric of the generalized Kerr-de Sitter family of metrics in all di-
mensions, namely given by (46) and (49), (50), (51), with cosmological constant λ and q rotation
parameters ai sorted by a21 ≥ · · · ≥ a2q. Then g̃KdS is uniquely characterized by the class of initial data

(Σ, γ,Dξ), where γ is conformally flat and Dξ is a TT tensor of γ of the form (61), where ξ♯ (such that
γ(ξ♯, ·) = ξ) is a CKVF of γ whose conformal class is uniquely determined according to Proposition
4.2 by the parameters {σ = −λ−1, a21, · · · , a2p} if n odd and {−a2t = −λ−1, a2s = a21; a

2
2, · · · , a2p+1} if n

is even.
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