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Abstract

We study the free data in the Fefferman-Graham expansion of asymptotically Einstein metrics
with non-zero cosmological constant. We prove that if .# is conformally flat, the rescaled Weyl
tensor at ¥ agrees up to a constant with the free data at .#, namely the traceless part of the n-th
order coefficient of the expansion. In the non-conformally flat case, the rescaled Weyl tensor is
generically divergent at .# but one can still extract the free data in terms of the difference of the
Weyl tensors of suitably constructed metrics, in full generality when the spacetime dimension D is
even and provided the so-called obstruction tensor at .# is identically zero when D is odd. These
results provide a geometric definition of the data, particularly relevant for the asymptotic Cauchy
problem of even dimensional Einstein metrics with positive A and also for the odd dimensional
analytic case irrespectively of the sign of A. We establish a Killing initial data equation at spacelike
# in all dimension for analytic data. These results are used to find a geometric characterization
of the Kerr-de Sitter metrics in all dimensions in terms of its geometric data at null infinity.

1 Introduction

Globally hyperbolic spacetimes are uniquely determined by their initial configurations. Indeed, the
Einstein equations admit a Cauchy problem which is longtime known to be well-posed by the landmarks
result of Y. Choquet-Bruhat [9] and Choquet-Bruhat and Geroch [4]. This allows, in particular, to
extract interesting properties of the solutions without actually having to deal with the full complexity
of the Einstein equations. This Cauchy problem splits the Einstein equations into constraint equations
on an initial spacelike hypersurface’ plus evolution equations, which propagate the fields (and the
constraints). This is the classical initial value formulation and a set of initial data is by definition
any solution of the constraint equations. Although certainly simpler that the full Einstein equations,
they are still pose a difficult problem in geometric analysis (see e.g. [19] and references therein). In
addition, the solutions evolving from a set of initial data are local due to the intrinsic hyperbolicity of
the evolution equations.

The works of R. Penrose in the 1960s [30], [28], [29] pioneered the use conformal techniques for
the analysis of global properties of solutions of the Einstein equations. Eversince, conformal geometry
has been widely used in general relativity. For certain conformal transformations g = 027, where ) is
a smooth positive function nowhere vanishing in M, one can extend g to a manifold with boundary
M = M U OM so that the asymptotic properties of g become local properties at the submanifold
= (0M, g |an), known as “conformal infinity”.

When written in terms of the conformal metric g, the Einstein equation of § are singular at .#.
However, in a remarkable achievement H. Friedrich was able (by means of introducing carefully chosen
variables) to rewrite the equations in spacetime dimension four as a system of geometric PDE that
are regular at .# (see the seminal works [10], [11] and the reviews [13], [14]). This system allows to
formulate an asymptotic initial value problem which was also proven by Friedrich [12] to be always
well-posed if the cosmological constant is positive, a case to which we will pay special attention in this

paper.

Tt can be also cast as a characteristic initial value problem if the initial hypersurface is null (see [32]).
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The Cauchy problem at .# with positive cosmological constant A is interesting for several reasons.
First, because one can prescribe by hand the asymptotic behaviour of the spacetime. It is also note-
worthy that associated to a conformal metric g solving the conformal Friedrich equations, there is a
solution to the Einstein equations g which is “semiglobal” (i.e. the “physical” spacetime g = Q7 2g
extends infinitely towards the future or past, depending on whether .# is a final or an initial state). In
addition, a remarkable simplification occurs in the constraint equations at .# as opposed to the stan-
dard constraint equations of the classical initial value problem. The data at .# consist of a conformal
Riemannian three-manfiold (X, [y]) which prescribes the (conformal) geometry of .#, together with a
conformal class of symmetric two-tensors [D] with vanishing trace an divergence, i.e. a conformal class
of transverse and traceless (TT) tensors.

The Friedrich conformal field equations are specially taylored to dimension four and does not appear
to extend to higher dimensions. The basic problem is that there do not appear to be enough evolution
equations that remain regular at .# [13]. Actually, one of the fundamental objects in the conformal
Friedrich equations is the rescaled Weyl tensor, which plays a centrar role in this paper. Our analysis
shows that in dimension higher than four this object is regular at . only in few particular cases. Thus,
there are reasons to believe that any attempt to find a regular Cauchy problem well-posed at .# based
on this object will be unfruitful.

In spite of this, one can actually find in the literature related existence and uniqueness results
in higher dimensions [2] based on quite a different approach. This is the framework introduced by
Fefferman and Graham, first in the paper [7] and later extended into a monograph [8]. An important
part of their work relates to asymptotically Einstein n + 1-dimensional metrics, namely, conformally
extendable metrics which satisfy the Einstein equations (to a certain order) at (n-dimensional) .#. This
is carried through the study of their asymptotic formal series expansions, usually called Fefferman-
Graham (FG) expansion. It is remarkable the qualitative difference which appears between the n odd
and even cases. For n even, there is an obstruction to find a smooth metric satisfying the Einstein
equations to infinite order at . The expansion introduces logarithmic terms which depend on a certain
conformally invariant tensor O determined by the boundary metric, known as obstruction tensor. No
such obstruction occurs for n odd. Interestingly it is the obstruction tensor what allows Anderson [2]
to find an asymptotic Cauchy problem for the Einstein equations in the n odd case. For n + 1 even
dimensional metrics g, this tensor provides the differential equation @ = 0, which for Lorentzian
conformally Einstein metrics, can be cast as a Cauchy problem at .#. Anderson proves that solutions
of this Cauchy problem exist and are uniquely determined for every pair of symmetric two-tensors
(7, 9(n)), v positive definite and g, traceless and transverse w.r.t. 7. A posteriori, v determines the
geometry of .# and g, is n-th order coefficient of the asymptotic expansion of g. This idea is not
extendable to the n even case, for no obstruction tensor can be built out of ¢ when n + 1 is odd.

Conversely, an existence and uniqueness theorem can be used to characterize spacetimes by means
of their Cauchy data. The situation is particularly interesting in the case of the asymptotic Cauchy
problem for positive A, because of the simplicity of the data, which potentially allows one to achieve
classification results for spacetimes whose explicit form need not to be known. For this task, one
can use Anderson’s theorem when n is odd. However, using the coefficients of the Fefferman-Graham
expansion as data has limitations because by construction they are attached to very special coordinate
systems where the FG expansion holds. Consequently, computing the data requires first to find these
special coordinates, which in general is not an easy task. Thus, it would be a remarkable improvement
to determine the asymptotic data in an entirely geometrical way. We note that this is precisely the
case when n = 3 because 7 determines the geometry of .# and g(3) is the electric part of the rescaled
Weyl tensor [12]. This the first issue we address in this paper. We prove that the n-th order coefficient
of the FG expansion agrees (up to a certain constant) with the electric part of the rescaled Weyl tensor
W at & if v is conformally flat. We also discuss that this result would actually be an “if and only if”
provided one knew that purely magnetic A-vacuum spacetimes (i.e. whose electric part of the Weyl
tensor vanishes) do not exist besides the case of spacetimes with constant curvature. This non-existence
of purely magnetic spacetimes was first conjectured in [26] (see also [3]) and still remains open despite
interesting progress in several particular situations. More details will be given in the main text. In
the non-conformally flat .# case, W is in general not regular at .# and we show that by removing the
divergent terms, the leading order is precisely g(,). How to geometrically characterize this divergent
part is left open.

Any characterization result of spacetimes via data (X,~, D) at .# with positive A must encode all
the information of the corresponding spacetime. In particular, the presence of symmetries must also
constraint these data. The case n = 3 has been studied in [27] where it is shown that the spacetime



admitting a Killing vector is equivalent to the TT tensor D satisfying geometrically neat equation, the
so-called Killing initial data (KID) equation. This equation involves a conformal Killing vector field
(CKVF) of v which is a posteriori the Killing vector field at .# in the conformally extended spacetime.
Apart from this n = 3 case, no previous results relating continuous local isometries to initial data at
# were known in more dimensions. In this paper we prove a higher dimensional result, analogous to
the n = 3 one, restricted to the case of analytic metrics with zero obstruction tensor.

The results described above are used in the second part of the paper to characterize the generalized
Kerr-de Sitter spacetimes [16]. We find that the data corresponding to Kerr-de Sitter is characterized
by the conformal class [y] being locally conformally flat and the tensor g(,) taking the form g,y = D¢
where Dg is a TT tensor depending on a conformal Killing vector field (CKVF) £ of v. More concretely,
the CKVF must belong to a specific conformal class which we also explicitly determine. Since by the
results in the first part of the paper g(,,) admits a clear geometric interpretation in terms of the rescalled
Weyl tensor whenever [y] is locally conformally flat, our characterization result of Kerr-de Sitter at
# is fully geometric. The result here is a natural generalization of the already known case for n = 3,
studied in [21] (see [22] for the non-conformally flat .# case, and also [15]).

The contents of the paper are organized as follows. In section 2 we start by setting the basics of
the Fefferman-Graham formalism. Some general results of conformal geometry are also proven and
two useful formulas for the Weyl tensor are derived, which have several applications in this paper, an
example being the calculation of the initial data in the second part of the paper. The main results of
the section are Lemma 2.4 which can be used to relate the Weyl tensors at .# of the conformal metric
with arbitrary free data and the one with vanishing free data, and Theorem 2.3 which establishes that
the n-th order coefficient of the FG expansion coincides (up to a certain constant) with the electric
part of the rescaled Weyl tensor in the case when .# is conformally flat and n > 3 (for n = 3 this is
true in full generality). This theorem finds immediate application in the Cauchy problem of Einstein
equations at .# with positive cosmological constant (cf. Corollary 2.3.1). In section 3 we derive a KID
equation for analytic data at # for n odd and even with vanishing obstruction tensor (we indicate
that the result should also hold when the obstruction tensor is non-zero, but this requires additional
analysis). This equation is necessary and sufficient for the Cauchy development of the data at & to
admit a Killing vector field. Our final section 4 gives an interesting application of the previous results.
Namely, we calculate the initial data of the Kerr-de Sitter metrics in all dimensions [16]. As mentioned
above, these data are uniquely characterized by the conformal class of a CKVF £. In order to give a
complete characterization, we identify this conformal class using the results in [23].

Throughout this paper, n refers to the dimension of .# and n + 1 the dimension of the spacetime.
Several results below are valid in arbitrary signature and arbitrary sign of the cosmological costant.
We will work in the general setup unless otherwise stated.

2 Initial data and the Weyl tensor

In this section we relate the initial data at spacelike conformally flat .# which appears in Anderson’s
existence and uniqueness theorem [2] to the electric part of the rescaled Weyl tensor. This theorem
relies on the Fefferman-Graham (FG) expansion of Poincaré metrics near .#. These are a generalization
of the Poincaré metric of the disk model of the hyperbolic space, whose conformal infinity is given by
the conformal structure associated to the usual n-sphere. The properties concerning Poincaré metrics
that are needed in this paper will be stated next, and we refer to the original publication [7] and to
the extended monograph [8] for further details.

Consider an n + 1-dimensional pseudo-Riemannian manifold (M, g) with boundary M and denote

its interior by M = Int(M). Then (M, g) is said to be a conformal extension of (M,§) if there exists

a smooth function €2 positive on M such that
g=0% and OM ={Q=0ndQ # 0}.

The extended metric g is assumed to be smooth in M but only to have finite differentiability up
to OM. When g is smooth also at the boundary, we will call this a smooth conformal extension.
The submanifold % := (OM, g|loan), which will be non-degenerate of signature (p,q) in the cases we
shall deal with, is called “conformal infinity”. Notice that multiplying the conformal factor 2 by
any smooth positive function @ yields a different conformal extension such that % = (M, w?glan),
where w = @] ». Hence one usually considers .# as OM equipped with the whole conformal class of
metrics [glom] = w?glan, Yw € C°(OM), w > 0. A metric admitting a conformal extension is said



to be conformally extendable. Also, throughout this paper by “conformally flat“ we mean ”locally
conformally flat” unless otherwise stated.

The so-called Poincaré metrics associated to a conformal manifold, i.e. a smooth manifold endowed
with a conformal structure (X, [y]), are metrics § admitting a smooth conformal extension g = Q%g
with prescribed conformal infinity .# := (X, [y]). The extension g is defined in an open neighborhood

M of ¥ x {0} in ¥ x [0,00) (and g in M = M — {X x {0}}) satisfying the following conditions. X is
naturally embedded in M by i : ¥ — X x [0, 00), where i(X) = 3 x {0}, so we identify 3 and ¥ x {0}
when there is no risk of confusion. In M, € is a defining function of ¥ = {2 = 0} as before. Moreover,
the definition imposes, depending on the parity of n, a certain decay rate of the tensor Ric(g) — Ang
near .#, where Ric(g) is the Ricci tensor of g and X := ﬁA with A the cosmological constant,
which we assume to be non-zero. Following [7] we say that a symmetric 2-tensor field D is OT(Q™) if it

is D = 0(Q™) and Tr,i*(Q2~™D|~) = 0. With this notation we can give the formal definitions [7], [8]:

Definition 2.1. A Poincaré metric for a conformal n-manifold (X, [y]) of signature (p,q), is a metric
g of signature (p+ 1,q) if A > 0 or (p+1,q) if A < 0 admitting a smooth conformal extension such
that & = (%, [v]) and

1. If n =2 orn >3 and odd, Ric(g) — Ang vanishes to infinite order at 3.
2. If n > 4 and even, Ric(g) — Ang is OT(Q"2).

Let ¢ be a conformally extendable metric ¢ and ¢ a conformal extension. From the well-known
relation between Ricci tensors two conformal metrics (e.g. [35])

-1 VvV, VHQ
VaVaQ = gag—t——

QO B Jap Q

it follows [17] that g satisfies the Einstein equation Ric(g)—Ang = O(Q7!) if and only if (272G V,QV Q)| » =

(9°PV oV 5Q) |s= —A. Tt if this holds, it can be proven [25] that all sectional curvatures of g take

a limit at M equal to A. In the Riemannian case (which requires A < 0) these metrics are called

asymptotically hyperbolic. In the case with general signature and arbitrary non-zero A we call them

asymptotically of constant curvature (ACC). It is obvious from Definition 2.1 that Poincaré metrics are
ACC. We define then:

~ n

Rog — Rop = —

+gaﬂ%vuﬂvm. (1)

Definition 2.2. Let g be an ACC and conformally extendable metric with & = (X, [v]). Let also be a
representative v € [y]. Then g, as well as the conformally extended metric g = Q2g, are said to be in
normal form w.r.t. v if

_ 1 do? d0?

e Sl 02y — _ "
9= tm), ¢=0 e (2)

where gq is a family of induced metrics on the leaves S = {Q = const.} such that go |s=".

Notice that it is always possible to adapt coordinates {2, z'} to the normal form (2), where 0 :=
9/0Q and 9; := 9/, are normal and tangent to the Yo leaves respectively. We denote these as
Gaussian coordinates®. For an ACC metric g which satisfies the Einstein equations to infinite order at
#, the Fefferman-Graham expansion (FG) is a formal expansion in Gaussian coordinates

(n—1)/2 o
ga ~ Z g(27‘)Q2T + Z 9§, if n is odd, (3)
=0 r=n
ga ~ Zg(w)ﬂw + Z Z O(r, 5" (log )7, if n is even, (4)
r=0 r=n s=1

where m, < r—n+1 in an integer for each r, the coefficients g(,. are objects defined at .# and extended
to M as independent of Q2 and the logarithmic terms arise in the n even case whenever the so-called
obstruction tensor O, 1y = O for [y] is non-zero. This tensor is a conformally invariant symmetric
and trace-free 2-covariant in even dimensions and its vanishing is a necesssary and sufficent condition
for the tensor gq to be smooth up to and including .#. The main properties of this expansion follow
from a theorem by Fefferman and Graham which characterizes metrics at ..

2In the usual definition of Gaussian coordinates, the dq vector is unit. The introduction of a constant factor A does
not modify its general properties.



Theorem 2.1 (Fefferman-Graham [8]). Let (X,~) be a pseudo-Riemannian manifold of signature (p, q)
and let h be a symmetric 2-tensor with Tryh = 0.

o [fn=2 and if div,h = —%grad,YScalv, with Scaly the Ricci scalar of 7y, there exist an even (i.e.
with only non-zero coefficients of even order) Poincaré metric g in normal form w.r.t ~v which
admits an expansion of the form (4) (with O, 5y = 0) and the tracefree part of ey is tf(g(2)) = h.
These conditions uniquely determine the coefficients of the expansion.

o Ifn >3 is odd and if div,h = 0, there exist a Poincaré metric g in normal form w.r.t -y, which
admits an expansion of the form (3) such that g,y = tf(9m)) = h. These conditions uniquely
determine the coefficients of the expansion.

o Ifn >4 is even, there exist a one-form b determined by vy is such a way that if div,h = b, then
there exists a metric g = —dQ?/\+gq, such that Ric(g)— ng vanishes to infinite order and which
admits an expansion of the form (4) with tf(gem)) = h. These conditions uniquely determine the
coefficients of the expansion and the solution is smooth if and only if the obstruction tensor of
vanishes.

Notice that for n > 4, Theorem 2.1 does not mention Poincaré metrics, because g fails to be
smooth at .#. Forcing the metric to satisfy the Einstein equations to infinite order at . with n even
forces the appearance of the logarithmic terms whenever the obstruction tensor is non-zero. In order to
distinguish this case from the Poincaré metrics, which are smooth by definition (see above), the metrics
of Theorem 2.1 are called Feffeman-Graham-Poincaré (FGP) in this paper. Obviously, whenever n is
odd or n is even and O = 0, a FGP metric is Poincaré.

The proof of Theorem 2.1 relies on the fact that for both n odd and even cases, the Einstein
equations at .# yield recursive relations which allow to calculate all the coefficients in the expansions
in terms of v and g(,). In turns out that the recursive relations give each coefficient of order r # n, as a
function of previous terms and tangential derivatives up to order r — 2. For this reason the expansions
(3) and (4) are both even up to order n and the terms g,y for < n are uniquely generated by . The
n-th order coefficient is independent of v, except for its trace and divergence, which depends on ~

Trvg(n) =a, diV,yg(n) =0b,

where a =0, b =0 for n odd and a is a scalar and b a one-form determined by v for n even. Also, O
is obtainable from - and in particular, it vanishes for conformally flat -y, a case which will be central
in this paper.

Therefore, by prescribing certain data at 3, we can determine a unique FGP metric ¢ to infinite
order at this hypersurface. Away from ¥ there are multiple ways of extending ¢ if no further assump-
tions are made. Anderson’s existence and uniqueness theorem [2] proves that for metrics of Lorentzian
signature and n odd, there is a unique way of extending this metric away from ¥ so the A > 0 vacuum
Einstein field equations hold, namely _

Rop = nAGas-
In other words, the coefficients (v, g(,)), with (X,7) Riemannian, determine a unique Einstein metric
for (3,) in a collar neighborhood of ¥. The proof relies on imposing that the obstruction tensor of g
vanishes. This can be done in the n odd case because g is n + 1 (even) dimensional. This method is
not applicable to the n even case, for no obstruction tensor is associated to g when n + 1 is odd. The
Cauchy problem has the following equivalence of data is

(5,7, 9ny) = (Z, w0y, W "g(n))

for every smooth positive function w of Y. This arises because of the multiple ways in which one
can conformally extend an Einstein metric. Thus, strictly speaking, the data are (3, [v], [g(n)]), where
(%, [v]) is the manifold ¥ endowed with a conformal structure and [g(,] is a conformal class of TT
tensors for [7].

Theorem 2.2 (Anderson [2]). Let n > 3 odd. For every choice of asymptotic data (X, ][], [9(m)]),
with v Riemannian, there is a unique Lorentzian metric solving Finstein’s equations for A > 0 in a
neighborhood of .#. This problem is well-posed in suitable Sobolev spaces.



In this paper, a conformally extended metric (i.e. defined at .#) will be denoted by g and the metric
from which it is extended by g (i.e. not defined at .#). We use tilde to distiguish geometric objects
associated to g from those associated to g. For instance, V is the Levi-Civita connection of g and V
the one of g. The signature of the metric ¢ and the sign of A will remain general, namely (p + 1, q) if
A>0or (¢, p+1)if A < 0 unless otherwise specified. However, we note that our main interest is in the
positive cosmological constant setting, specially for the applications in the second part of the paper.
Therefore, for the sake of simplicity some of our results are given in detail only for this case (namely
Lemma 2.8, Proposition 2.1 and Theorem 2.3), while the negative A will be just indicated.

If g is an ACC metric in normal form w.r.t. a representative v € [], it is immediate to verify that
the vector field T' := VQ is geodesic (affinely parametrized). Any conformal extension such that T is
geodesic is called a geodesic conformal extension. We start by proving some general results about this
kind of extensions. In the following, Greek indices «, S running form zero to n are used for spacetime
coordinates. For spacelike hypesurfaces (usually {Q2 = const.}) we use Latin indices i = 1,--- ,n.

Lemma 2.1. Let g be an ACC metric. Then, a conformal extension g = Qg is geodesic if and only if
VoV = =\

Proof. The lemma follows from
1
VvV, V0 = 5V OVa (VsQvrQ), (5)

because if V,QV*Q = —\ the RHS of (5) vanishes and T is geodesic and, converesely, if T' is geodesic
then (5) is zero along the integral lines of T and, g being ACC, its value on Q =0 is —\. O

The following result guarantees the existence of geodesic conformal extensions for each choice of
boundary metric 4. The proof, which we detail next, is similar to the one for A < 0, which appears
in [17] (Lemma 5.2). Before stating the lemma, let us briefly review the non-characteristic condition for
a first order PDE Cauchy problem (see [6], Chapter 3). For this it will be convenient to use coordinates
{z%} = {Q, 2"} adapted to the initial hypersurface, that is ¥ = {Q = 0}. Consider a first order PDE
Cauchy problem

F(z%u, Vou) =0, u|z= ¢, (6)

where u is a scalar function. Two functions {¢, ¥} of 3 are a set of admissible initial data whenever
they satisfy the following compatibility condition

o6 0p.
@7"',%)*0- (7)

Denote Dy, F to the derivative of F' w.r.t. V,u and let V(2% u, V,u) be the vector of components
V* = Dy_uF. Also, let T be the normal covector to X, i.e. T, = VoQ. Then, for every set of
admissible initial data, the Cauchy problem is said to be non-characteristic if

¢ ¢
ﬁa"'aa?)#oa

where - denotes the usual action of a covector on a vector. A non-characteristic Cauchy problem is
known to be locally well-posed (e.g. [6]), i.e. that there exists a solution u of (6), satisfying u|x =
@, dou|s = 1o. After this remark, we can prove the next Lemma.

F(Z.O = 07$i5¢a1/107

T-V(2° =0,z ¢, o,

Lemma 2.2. Let g be an ACC metric with conformal infinity (X, [v]). Then, for every representative
v € [y], there exist a geodesic conformal extension g = Q2g which induces the metric vy at 3.

Proof. Consider a conformally extended metric g such that g = Q2 and g |a—o= 7. Let § € [g] be
such that § = w?g with w > 0 and w |g—o= 1, so that § realizes the same boundary metric . Therefore
g= Q2§, with Q = wq?, so by Lemma 2.1, we have to show that there exists a function w such that Q
satisfies (5) for the metric §

af
~a A A g
PV OV 0 = 5 Va(W)Vs(wh) = -

Expanding the derivatives and defining u := logw, this amounts to

A= gAYV, OV 40
9% (2VaV g + OV uV gu) = 29 QV Vst (8)




The LHS of (8) is obviously regular at Q = 0. Also, since g is ACC g**V,QV3Q [g—o= —\, thus the
RHS tends to —0q (gQBVQQVBQ) at = 0, which is regular. Hence, we can pose a Cauchy problem
at {2 = 0}, for which we must complete ¢ = logw |x= 0 to admissible initial data for (8). These data
must satisfy (7), thus ¢ is fixed to satisfy 2%y = —0a(9*’V.QVsQ) |=. The vector field V has
components 2g%°(V3Q + QV zu) and therefore

99 9¢

TV(‘T 70$7¢"/}076 1;" an

=) =29V, QV3Q 5= —2)\.

Hence the problem is non-characteristic if A # 0. O

Remark 2.1. This lemma combined with the use of Gaussian coordinates {§,x'} implies that given
an ACC metric g and any representative v of its boundary conformal structure, there exists coordinates
near OM where § is written in normal form w.r.t that representative (see Definition 2.2).

2.1 Formulas for the Weyl tensor

In this subsection we derive two useful formulas for the Weyl tensor and its electric part (cf. Lemmas
2.3 and 2.4). We start by listing well-known identities relating the geometry of any two metrics g and
g (not necessarily conformal to each other for the moment). Our convention for the Riemann tensor is

R”aVﬂXM = -V, VgX, + VsV, X,.
The general formula that relates the two Riemann tensors R*,,3 and R* avf of g and g respectively

is (see e.g. [35]): N
Rlovg — R 5 =2V,Q" g0 + 20710 Q" 510 (9)

where @ =V — V is the difference of connections tensor

1, - ~ N
59" (Vvgas — Vagsy — Vgav)- (10)

H —
Qaﬂ‘ 2

If they are conformally related g = 927, then @Q reads
1
Q' = ) (Tad" s +Tpdé" o — T gap), T,:=V,.Q, TH:.=g"T,. (11)

Now assume that g defines a geodesic conformal extension. Let us define the following contraction
of the Riemann tensor with T’
(RT)aﬁ i= RyangTHT"

and denote
Aap =V TIp, aﬁ =V "V, T3.

Observe that A is symmetric. Since T' is geodesic, we have

(R1)ap =T"(—VuVsTa + VsV, Ts)
= —VrVTa + VeVl —VT"V, T, = *VTAaﬁ _ AZ,@ (12)

Using expressions (9) and (11) we calculate the difference of tensors Ry and Ry defined analogously
for g, specifically B
(Rr)as i= FarsT'T".

First

i
0

1

2T, TV, Q" 510 = TuT" Vo (5 (Tad" 5 + Tp" o — gapT")) — T, T" vﬁ(ﬁ( T,0" o + Tob", — garTH))

1 1
= — g T T (Tad" 5+ Ts6" 0 = gopT") + g LT To(T,0" o + Tad", — gar T") -

A A

02 (TaTB + )‘gaﬂ)

A
QQT Tlg-i- VﬂT V TB+

T,T"

(e



and second

T, T
2L,T"Q 110 Q" 510 = —— (187 a + Tad”y = gau T7) (T30 5 + T58"5 — 9o T*)
T, T"
- MQQ (Tﬂéaa + Ta(SUB - gaﬂTa)(Tu(sua + Taéuu - gVUTH)
A A
= _@(QTaTﬂ + Agag) + m(?TaTB + )\gaﬂ) =0.
Recalling VT3 = Aag, we have that (9) yields
- A A
(Br)ap — X (Br)ap = GAas + 55 (TaTs + Adas) - (13)

Assume now that ¢ is an ACC metric in normal form w.r.t. to the boundary metric. Thus, from (2),
in Gaussian coordinates

T%0, = —A0q.

Also, A, which is, up to a constant factor, the second fundamental form of the leaves X = {2 = const.},

18
00

A
Aop =VaTp=-Toy = %%Qaﬁ = —5009ap (14)

and its covariant derivative w.r.t. T
VrAas = —AoAas + A (FZOAHB + rgko) ,

with

1 1 1
FZO = EgMV (aaQOU + aﬂgav - 81/9004) = §guua(lgau = 7XAHG¢7

S0 in consequence

VrA=—-X0qA —2A% (15)
Inserting (12) and (15) in equation (13) yields
9,7 9 A A
Q (RT)aﬂ = )\GQAag + Aaﬁ - ﬁAaﬂ - @ (TaTB + )\ga,@)- (16)

If furthermore, we assume that g is Einstein with cosmological constant A # 0

Ruavs = Cuavp + 2Aguw98)as
we can relate ET to the following components of the Weyl tensor, which we call T-electric part,
(CT)ap = CravpTHT" = Q*Cans THT",
by
(Rr)ap =

(Cr)ap _ </\9aﬁ + TaTﬁ) , (17)

02 Q4

Notice that since T#T,, = —, then Cp = |A|Ceiee, Where (Cejec)ap := C*avpuyu” is the electric part
of the Weyl tensor, for « unit orthogonal to the leaves Y. Combining (16) and (17) gives

A
(CT)aﬂ = )\GQAQB + Aiﬁ — ﬁAaﬂ

which putting A.p in terms of the metric with (14) yields the following result:

Lemma 2.3. Let § be a conformally extendable Einstein metric with A # 0 and g = Q2§ a geodesic
conformal extension. Then, in Gaussian coordinates {§), z'}, the T-electric part of the Weyl tensor

reads
2

A 1 1
(Cr);; = 5 <§anikgklanlj + g0 — 5g229ij) : (18)

where gq is the metric induced by g on the leaves {Q) = const.}.



Remark 2.2. Note that equation (18) implies that Cr is always O(). In particular, in dimension

n = 3 it is always the case that
2

_ 3A
Q@ 1CT) |r= *79(3)

which recovers the well-known result by Friedrich [12] that for positive A the electric part of the rescaled
Weyl tensor corresponds to the free data specifiable at & .

Remark 2.3. Assume that § satisfies the hypothesis of Lemma 2.3 and that admits an expansion of
the form

(n—1)/2
i= Y genQ +Q"h
r=0

with n odd and h at least C* up to an including {Q = 0}. Equation (18) implies that its T-electric
Weyl tensor Cr only has even powers of Q up to and including Q"1 (higher order terms may be even
and odd). As a consequence, the tensor Q2 Crp splits as a sum of divergent terms at 2 = 0 plus a
reqular part which vanishes at 2 = 0.

In the remainder of this section we derive a general expression relating the leading order terms of
the Weyl tensor of a metric g, related to a given one ¢ as in equation (19) below. This will prove to
be useful in the conformally flat .# setting. The result (cf. Lemma 2.4) is fully general and thus no
requirement such as being FGP or Einstein is imposed to either g nor g.

Let two n 4 1-dimensional metrics g and § be related by the formula

g=9+Q"q (19)

for a natural number m > 2, where ¢ is a symmetric tensor and all three tensors g, § and q are at least
C? in a neighborhood including {Q = 0}. We assume that V(2 is nowhere zero and has constant causal
character at €2 = 0 so that we may define a function F' # 0 and a vector u %% 0 by VQ = Fu, with u
unit or null g(u,u) = ¢, € = +1,0. First notice that the inverse metrics g~ and ¢! must be related
by a similar formula

g t=g"t+Qm, (20)

for a contravariant two-tensor [ (also C2 near {Q = 0}, as well as g1, §71), because the presence of
any term of order Q™ , m’ < m, would imply terms of order Q™ in g~!'¢ which could not be cancelled.
When using indices, we will omit the ! in the metrics and write upper indices. Also, indices in objects
with hats are moved with the metric § and its inverse and indices of unhatted tensors are moved with
g.

Recall the definition of the Weyl tensor

2 2R
(0" o Rapy — guja B 15) + mw[agmy-

(21)

Crrag = R'yap + A pap with AP g = —

n—1
Using the relation of Riemann tensors (9) for g and § and (21) we find
Ctoap = é”mﬁ + B ap + AM g — A* vaf with B*yap =2V aQ" g, + Q%o Q" 510

where @ is the difference of connections tensor (10). We also define B,g = B",,3 and B = go‘ﬁBalg
so that

Rap — Rap = Bap,  R'g—R'y=B's+Q"I"Rap,  R—-R=B+Q"" R,

With these definitions we expand A*, .z

. . 2 .
((Vb[aRﬁ]V - gv[aRMﬂ]) + mRéu[agﬁ]u

(5H[QBB]V - gl/[aBHB] - (gu[aRB]GZMU + QV[aR#g] + QV[aBH,@]) - Qquu[aRﬂ]alau)

Auua = -
A 1

n —
2
n—1

2B 20™ A N 2()2m N
(TR Ao B B)§H Ao H
)5 @98y T nn = 1) (l Rxc0"[09p), + (R+ B)o [aqﬁ]u) + y— 1)1 Rxs0" 04810

+n(n—1



so defining

2 ~ m [ ~ - o P 2m » g
DHVO(B = _TL 1 ((Vb[aBﬁ]u - gv[aBMﬁ] - (gv[aRﬁ]alu + QV[aR#ﬁ] + QV[aBHﬁ]) - QV[aRﬁ]al H)
2B 2Qm N N 2m R
—— 0 + —/——= (l/\”R e 1aGs1, + (R + B)d*, l,) — 1" Ryo 0 10ap10-
+n(n—1) (298] Jrn(n_l) 200" [0 Gg) + (B + B)6"agp) +n(n—1) A0 [adp]
gives .
A#V(XB = A" vaB + D#ua,@a
from which R
CHrap = C#uaﬁ + B" a5 + D" ap. (22)

We now analyze the behaviour near {2 = 0} of the tensors B and D. Using formula (10) (with
g—§=9—Q"q) we have

Quap = 0w Q" ap = —F%Q’"‘1 (Upap — Uaqpy — Uaqav) — QTm (Vogas — Vaqsr — Vaqar)
= —F 20" (u,qap — sy — Usdar) + O(Q™) = O(Q" ).
On the other hand
Vi Quap = fFQWQ’””uu (uvgap — Valpy — uadar) — TWW (Vvgap = Vagsy — Vigar)
— QOT_l (Vu (F (Unqap — Uaqsy — uﬁqau)) + Fuy (Vugap — Vags — Vﬁqau))
- 7szﬂm72u# (UnGap — Ualpy — Uadar) + O(Q™ 1)

thus
Vi@ as = Vul§” Qoap) = Vul((97 = Q™17 Q0as) = 97"V uQoas + O™ )
2

Therefore, the leading order terms of B are

Qm_Quu (u”qalg —Uaq” g — ulgq”a) + O(Qm_l).

B'ap = 2V[aQ" 5, + O(Q"7%) = —m(m — DF2Q" " (P ujagpy, + ¢ qugus) + O(Q™ 1) = 0(Q™72).

Next, we calculate the leading order terms of D. Notice that since g is C? at {Q2 = 0}, its Ricci
tensor is well-defined. Moreover B and all its traces are O(Q2™~2). Thus

2 2B
D'uva =——(" aB v Al/ ozB'u YR
8 n—l( [a DBl = Gy ﬂ1)+n(n_1)

Mg +O(Q™).
If w is non-null, i.e. € # 0, it is useful to decompose ¢ in terms parallel and orthogonal to u, i.e.
dap = Uuqup + 2uVg) + tap, with  w"V, =0, ut,, =0,
which also entails a decomposition of the metrics
Jap = €UUB + hap (23)
which defines hog as the projector orthogonal to u. In terms of these
B ap = —m(m — )Q™ 2 F? (uMupat g, + tHauguy) + O(Q™1) (24)
and

1
Bg, = Blgu, = —§m(m — D)™ 2F2(et g, + tugu, ) + O(Q™ 1)

1
B=B', = —im(m — Q™ 2F?(2¢t) + O(Q™ )

10



where t = go‘ﬁtag = ho‘ﬁtag. In consequence,

n—1

Doy = —mlm = D2 x (= (" (atgyy + 10" (g = €t 5] — tu"Gofatis))

2¢et
— 0,0 oQm1 25
From (23) one has
gag = EUqUB + hag + O(Qm), 5ag = euO‘Ug + hag,

so that (25) reads

~1
D¥yag = —m(m — D" 2F2 x 7 (W ugatp + ehFatg + th ugiu, + taugu,

2t
n(n—1)
-1 n—2

(W tatay + Paugun) —toms (W uahey, + W g )

+et* ahgp + tuuhey) + (W utahgpy + W g + b ahg) ) +O@" )

=—m(m—1)Q"2F? x (

n—
€ t t _
— — = (W iata =~ iahgy + Plahg — —Hiahg) ) + O ). (26)
Denote the traceless part of 45 by
tap =tas — %haﬂ.

Also, notice that the lower order terms of all expression are O(Q™ 1) = o(Q™~2) for m > 2. Hence,
combining (22), (24) and (26) gives the following result

Lemma 2.4. Letn > 3 and g, g be (n+ 1)-dimensional metrics related by (19), for m > 2, with g, §,q
and Q at least C* in a neighborhood of {Q = 0}. Assume that V) is nowhere null at Q = 0. Then
their Weyl tensors satisfy the following equation

n— K. (Q)

2 o o
1(u“u[at5]y+t” g tv)+ —

Ctyap =C" s —Km(Q) (" (ol +1"  hpp) +o(2772) (27)

n—
with
Kn() =m(m —1)Qm2F?

and where VQ = Fu, for g(u,u) = € = £1, hag is the projector orthogonal to u, all indices are raised
and lowered with g, tag = quh*oh” g while t and tog are its trace and traceless part respectively.

Remark 2.4. Lemma 2.4 has an interesting application in the context of data at #. Consider a
FGP metric § and a geodesic conformal extension g = Q2g and assume that either n is odd or that
the obstruction tensor is identically zero if n is even. The FG expansion of this metric allows one to
decompose g = § + Q2"q where § is a metric containing all the terms of the expansion of order strictly
lower than n (and possibly also higher order terms, but not the term at order n). The rest of terms are
collected in Q"q. By construction all these objects are C* up to and including Q@ =0 (here we use the
assumption that the obstruction tensor vanishes in the even case). Hence all the hypothesis of Lemma
2.4 holds with m = n. From equation (27), the T-electric part of the Weyl tensors of g and of § are
related by

(Cr)ij = (Cr)ij — Q"> Nn(n — 2)ii; + o(Q"?), (28)

It follows immediately from the FG expansion and the definition of t in Lemma 2.4 that tcij|Q:0 =
tf(9g(n)) (taking the trace-free part is unnecessary when n is odd because g, is always trace-free in that
case). The tensor (Cp)ij is in general O(1) in 2, so Q2~™(Cr)i; will generically contain [(n — 1)/2]
divergent terms, and the same divergent terms must appear in QQ_”(CT)M because of (28). Substracting
the divergence terms we get

(szn(CT)ij - QQ*”(C‘T)M) | = =Xn(n — 2)tf(g(m), (29)

which provides a general formula for the free data in terms of the electric parts of the Weyl tensors of
g and § at . In the case of n odd more can be said because § satisfies all the conditions of Remark
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2.3. So the regular part of (C‘T)ij vanishes at ¥ and (29) establishes that g(,) arises as the value of
(CT)ij at I once all its divergent terms have been substracted. This last statement is not true in the
n even case with zero obstruction tensor, since QQ’”(C‘T)M may contain reqular non-zero terms.

In the next section we will prove that in arbitrary dimension and for conformally flat .7, (C‘T)ij
vanishes so the T-electric part of the rescaled Weyl tensor of g actually encodes the free-data tf(gy).

2.2 Electric part of the Weyl tensor in the FG expansion

The aim of this subsection is to determine the role that the electric part of the rescaled Weyl tensor
plays in the FG expansion coefficients, with particular interest in the conformally flat .# case. We will
use formula (18) to relate the electric part of the rescaled Weyl tensor to the n-th order coefficient g,
of the FG expansion. We start with some preliminary results about umbilical submanifolds (also called
totally umbilic). Recall that a nowhere null submanifold ¥ C M is umbilical if its second fundamental
form is
Kij = f(a")v

for a smooth function f of ¥ and v the induced metric. This property is well-known to be invariant
under conformal scalings of the ambient metric.

The following results are stated imposing the minimal conditions of differentiability required near
#. We remark than for the cases of our interest, namely FGP metrics, these conditions are always
satisfied.

Lemma 2.5. Let n > 2. Every nowhere null umbilical hypersurface (X,v) of a conformally flat n+1-
manifold (M, §), where ~y is induced by g, is conformally flat.

Proof. For n = 2 the result is immediate as every 2-surface is locally conformally flat, so let us assume
n > 3. Since umbilical submanifolds remain umbilical w.r.t. to the whole conformal class of the metrics
and § is conformally flat, then (¥,) is umbilical w.r.t. the flat metric gz = w?¢. In this gauge, the
Gauss equation and its trace by v yield
R(Y)iju = —e(KuK i — KiKj1) = —e(yuvjr — Yievit) 5>,
R(v)ﬂ = —G(szl —KKj)=—¢l- n)fs’ijl,
where K;; = Kk7;; is the second fundamental form, for k € R constant as a consequence of the Codazzi
equation and the fact that the ambient metric g is flat, and K7 := yM K. Kj1, K := 47 K;j, € = §(u,u)
with u the unit normal to . The Schouten tensor of v is
2

Py =~ i 5 <R(7)z‘j - %%‘j) = 6%%]--

Thus for n = 3 we can calculate the Cotton tensor
C()ijk = VP (v)ij — Vi P(7)ik =0,
and for n > 4 the Weyl tensor is
W Vijer = R(Y)ijke — i P ()0 + 1P ()it + vaP(¥)jk — v P ()ir = 0.

By the standard characterization of locally conformally flat metrics by the vanishing of the Cotton
(n = 3) or Weyl (n > 4) tensors, the result follows. O

Lemma 2.6. Let g and § be metrics related by g = ¢ + Q™q, where Q) is a defining function of
¥ ={Q =0} and g,§ and q are C* in a neighborhood of . Then if m > 2, ¥ is umbilical w.r.t. g if
and only if it is umbilical w.r.t. §.

Proof. The metrics induced by g and § at X are the same. Assume that ¥ is nowhere null. Thus,
the property of being umbilical is preserved if the covariant derivatives Vu and Vu w.r.t. the Levi
Civita connections of g and ¢ respectively of the normal unit (which is the same for g and §) covector
u € (TE)* coincide at 3. The inverse metric g~ is g~ = g~ + Q™I for [ a contravariant tensor O(1)
in © (cf. equation (20) and argument below). Then, the Christoffel symbols are

Lhs = (37" + QD" (0a(g + Q7 0)s0 + 05§ + Q" Vaw — 0(§ + Q" )ap) = Ty + O™,

from which it follows Vu |s= Vu |5 if m > 2. O
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Our interest in umbilical submanifolds is because of the (well-known) fact that .# is umbilical for
Poincaré or FGP metrics. This results follows immediately from the Einstein equations at .#, and will
be the base for an interesting decompostion that we will derive later in this section (cf. Proposition
2.1).

Lemma 2.7. Let g be a Poincaré or FGP metric for & = (X, [v]). Then & is umbilical.

Proof. For a geodesic conformal extension g = 27, the relation between the Ricci tensors of g and g
is given by (1) with V,QV#Q = —X (cf. Lemma 2.1). This expression is not defined at Q = 0, but it
is when multiplied by 2. Rearranging terms this gives

QR.g + (n — 1)VaVﬂQ + gaBVHV“Q = Q(Ralg — )\nﬁaﬂ), (30)

where we have used ¢ = Q27 in the RHS. Since ¢ is a Poincaré or FGP metric, the RHS vanishes
at #. This also implies that g is at least C? at .#, so Rap is defined at .#. In addition writing
Vo = |A|Y?u,, where u is the unit normal of the hypesurfaces g = {Q = const.}, then V;V,;Q | »=
IA*/2K;;, where K;; is the second fundamental form of .#. Thus, equation (30) gives at .#

(n—DAY2Ky + fri; =0,  with  f:=V,V"Q |, .
O

For concreteness, in the remainder of this Section, we state and prove our results in the case of
positive cosmological constant and Lorentzian signature. However, they also hold with slight modifica-
tions for arbitrary signature and non-vanishing cosmological constant (see Remark 2.5 for the specific
correspondence).

We start by giving the general form of the FG expansion of the de Sitter spacetime. We refer the
reader to [34] for a similar proof in the case of A < 0. Also, see a discussion of general case in [5] (in
terms of Fefferman-Graham ambient metrics).

Lemma 2.8. For every Riemmanian conformally flat boundary metric v of dimension n > 3 and
positive cosmological constant X\, the metric

d0? 02
g=-——-"t92 9= P* Py, for PRii=6%+ ?Pmlk (31)
with P the Schouten tensor of vy, is locally conformally isometric to de Sitter, i.e. g = Q%gqs, where
Jas 1s de Sitter.

Proof. De Sitter spacetime is ACC and its boundary metric v is (by Lemmas 2.7 and 2.5) necessarily
conformally flat. Moreover, given the freedom in scaling any conformal extension by an arbitrary
positive function, any conformally flat metric is (locally) a boundary metric for the de Sitter space. In
addition, as a consequence of this fact and Lemma 2.2 we have that for any conformally flat metric -,
there exists a local coordinate system of de Sitter near null infinity such that the metric is in normal
form with respect to v (see Remark 2.1). The core of the proof is to verify that this ACC metric in
normal form w.r.t any such conformally flat v takes the explicit form (31).

Therefore, consider a conformally flat boundary metric « for a geodesic conformal extension of de
Sitter g. Since de Sitter metric is also conformally flat, it follows that the T-electric part of the Weyl
tensor Cr = 0. Using formula (18) we obtain the coefficients of the FG expansion, which give the
normal form of g w.r.t. 7. Let us put (18) in matrix notation

C—)\2 1, ,1.+1. S N I ,1._’_1. (32)
=513 09q 90 QgQ go | = 9o = 29999 ga QQQ
where a dot denotes derivative w.r.t. Q. First we calculate
. —1. . 1. . _1. —1. . —1. 2. —1.
da(90gq 90) = dodq 9o — 9odq 90dq 9o + gadq do = qJ9q 90 (33)
where we have used Jq(gq, b= —9q 1ggg§ ! for the first equality and expression of jo in (32) for the

second equality. Then, taking two derivatives in Q of (32) gives
0P g0 = =2 g0g3 "o (34)
Q 202 Q .
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Thus, one more derivative in Q of (34) and combining with (33) gives 0&5) go = 0 and hence all higher
derivates also vanish. Expression (34) evaluated at 2 = 0 gives the expressions for the coefficients

(note 37 g la—o= klga)

13 _ 1 _
9(a) = 15(29(2))7 Y(29(2)) = 197 'g(2)-

The coefficient g(o) can be directly calculated from the recursive relations for the FG expansion and it
always coincides with the Schouten tensor of the boundary metric [1], namely

1
92) = n_29 <Ric(7) - %7) =P
Having calculated the only non-zero coefficients g() and g4, it is straightforward to verify that the
FG expansion of de Sitter take the form (31).

We have shown that for any choice of conformally flat v, there exists a de Sitter metric gqs and a
choice of conformal factor  with associated Gaussian coordinates such that, defining g as in (31), we
have Q~2g = ggs. Moreover, the metric (31) satisfies all the properties stated in Theorem 2.1 with the
choice h = 0 (recall that we are assuming n > 3 and that the obstruction tensor vanishes identically
when ~ is conformally flat). The Lemma follows as a consequence of the uniqueness part of the FG
expansion stated in Theorem 2.1. [l

Remark 2.5. The result generalizes to arbitrary signature and arbitrary sign of A by changing g2y =
sign(A)P (see [1]), v to a conformally flat metric signature (p,q) and g to conformal to a metric of
constant curvature (instead of conformal to de Sitter) and signature (p+ 1,q) if A >0 or (p,q+ 1) if
A <O0.

Remark 2.6. The proof of Lemma 2.8 shows that the condition Cr = 0 suffices to obtain a metric
of the form (31) with v in an arbitrary conformal class. The spacetimes satisfying this condition
are the so-called “purely magnetic” and they have a long tradition in general relativity (e.g. [3] and
references therein). The purely magnetic condition imply restrictive integrability conditions which lead
to a conjecture [26] that no Einstein spacetimes exist in the n = 3 case, besides the spaces of constant
curvature. Although no general proof has been found so far, the conjecture has been established in
restricted cases such as Petrov type D, and this not only in dimension four, but in arbitrary dimensions
[18]. The explicit form (31) that the metric must take whenever Cp = 0 gives an avenue to analyze
the conjecture in the case of metrics admitting a conformal compactification. This is an interesting
problem which, however, falls beyond the scope of the present paper.

Before proving the main result of this section, namely Theorem 2.3, we state and prove an auxiliary
result (Proposition 2.1) which is of independent interest since it provides (when combined with Lemma
2.4) a useful decomposition for calculating leading order terms of the Weyl tensor. This will be useful
for the calculation of initial data of spacetimes which admit a smooth conformally flat .# (cf. Corollary
2.3.1).

Proposition 2.1. Assume n > 3. Let g be a FGP metric with X positive for a Riemannian conformal
manifold & = (X,[y]). Then & is locally conformally flat if and only if any geodesic conformal
extension g = Q2g, admits the following decomposition

g=3g+Q% (35)

where § is conformally isometric to de Sitter and §, q and Q are at least C' in a neighborhood of
{2 =0}.

Proof. .# is umbilical w.r.t. g and if g admits the decomposition (35), by Lemma 2.6 .# is also umbilical
w.r.t. §. Since § is conformally flat, Lemma 2.5 implies that .# is also conformally flat. This proves
the proposition in one direction.

The converse follows by considering the FGP metric in normal form constructed from a represen-
tative « in the conformal structure of .#. By assumption, v is conformally flat. The terms up to order
n are uniquely generated by 7 (see Theorem 2.1 and discussion below). Thus, by Lemma 2.8

_ dQ2 k l Qn A Qn
9= tPPum + =g+ 2,
where ¢ is locally conformally isometric to de Sitter and g, ¢ and © are smooth at 2 = 0 by construction.

O
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Theorem 2.3. Assumen > 3 and let g be a FGP metric with A positive for a Riemannian conformal
manifold & = (X,[v]). Then, if 7 is conformally flat, the traceless part of the n-th order coefficient
of the FG expansion coincides, up to a constant, with the T-electric part of the rescaled Weyl tensor
at I defined by

D .= QQinCT |j .

Proof. By Proposition 2.1, admitting a smooth conformally flat .# amounts to admitting a decompo-
sition of the form (35). Then, by Lemma 2.8, the associated FG expansion has the form

do? ae?
g=-———+go=——"

3 -t PriPhvy + QMgmy + - = §+ Q"

where ¢ | #= g(») and § is conformal to de Sitter. Using the formula (27) of Lemma 2.4 with m =n
and putting 7' = |A\|'/?u, with « unit normal, one obtains

A2 .
(CT)aﬁ = 7?71(71 — 2)15&59"_2 + O(Qn_Q)

and the Theorem follows.
O

Remark 2.7. It is also interesting to comment on the necessary and sufficient conditions for g,y and
Q2="Cr |4 to be the same in the case of Einstein metrics. Just like in the proof of Lemma 2.8, if Cr
has a zero of order m > 3, we can apply formula (18) and find

05 go = O(Q™ ) (36)

and all coefficients of the FG expansion vanish up to order g(y42)- If, like in the conformally flat case,
Cr has a zero of order n—2 , its leading order term determines g¢,y. If n is odd, we can construct (cf.
Theorem 2.2) two solutions of the A > 0 Einstein field equations § and g in a neighborhood of {Q = 0},
the first one corresponding to the data (7, [y],0) and the second to the data (Z, [7],[9(n)]) where [v] is
an arbitrary conformal class. By the FG erpansion we also have g = g+ Q"q with ¢ = g(,) +O(Q). As
a consequence of (36), the metric g is of the form (31) with v in the given conformal class. Then, from
equation (18) it follows that § is purely magnetic. The converse is also true, namely, if g = § + Q"q,
with § a purely magnetic Einstein spacetime and both g, q and Q are C*> near {Q = 0}, the electric
part of the rescaled Weyl tensor at & and g, coincide (up to a constant) provided n > 2. The proof
involves simply taking the T-electric part in (27).

This proves that, for Einstein metrics with positive A, of dimension n + 1 > 4 and admitting a
conformal compactification, g,y and Cr |.» coincide up to a constant if and only if g = §+Q"q, where
g 1s a purely magnetic spacetime Einstein with non-zero cosmological constant. However, as mentioned
in Remark 2.6, it is not clear (and not an easy question) whether purely magnetic Einstein spacetimes
are isometric to de Sitter or anti-de Sitter.

Note that Theorem 2.3 has been proven for metrics of all dimensions n > 3 and arbitrary signature.
An interesting Corollary arises when applying this to the case of A > 0 Einstein metrics of Lorentzian
signature and odd n, because the coefficients of the FG expansion 7 and g(,,) determine initial data at
# which characterize the spacetime metric [2]. Therefore:

Corollary 2.3.1. Letn > 3 be odd. Then for every set of the asymptotic data (3,7, g(n)) of Einstein’s
vacuum equations with A > 0 and «y conformally flat, g, is up to a constant, the electric part of the
rescaled Weyl tensor at & of the corresponding spacetime.

3 KID for analytic metrics

In this section we prove a result that determines, in the analytic case, the necessary and sufficient
conditions for initial data at .# so that the corresponding spacetime metric it generates admits a local
isometry. The proof relies in the FG expansion of FGP metrics. It is important to remark that analytic
metrics correspond to analytic data [8].

This theorem is a generalization to higher dimensions (but restricted to the analytic case) of a known
result [27] in dimension n = 3 establishing that a set (2, v, D) of asymptotic data at spacelike .#, where
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D = g3 (cf. Remark 2.2) is a TT tensor, generates a spacetime admitting one Killing vector field
if and only if g(3) satisfies the following Killing Initial Data (KID) equation for £ a conformal Killing
vector field (CKVF) of

1.,
Lege) + 5divy (§)ge) = 0.

A posteriori £ it is also the restriction to .# of the Killing vector of the spacetime whose existence is
guaranteed by the theorem.

Before stating and proving the theorem it is necessary to comment on the convergence of the FG
expansion of a FGP metric in the case when the data (v, g(,)) at .# are analytic. When n is odd,
so that no obstruction tensor nor logarithmic terms arise, the series was shown to converge (in some
neighbourhood of Q = 0) already [7] in full generality, i.e. with no restrictions on the signature of ~
nor the sign of A. In the case of n even, the convergence has been studied under the assumption that v
is positive definite, still keeping an arbitrary sign for A (the two possible signs are actually dual to each
other [1]). In such case the convergence of the FG expansion has been established in [20] irrespectively
of whether the obstruction tensor is zero on not (i.e. irrespectively of whether the expansion is a power
expansion or includes also logarithmic terms). Thus, for any parity of n and analytic data (v, g(,)) with
v positive definite, the formal solution converges and by Theorem 2.2, is the unique formal solution
asymptotically solving the Einstein equations to infinite order. Actually, the convergence guarantees
that the equations are in fact solved in a sufficiently small neighborhood of €2 = 0, not just to infinite
order at .. Analytic data will be called asymptotic data in the analytic class and such data always
defines a solution of the Einstein vacuum field equations in a neihgbourhood of .# (irrespectively of
the parity of n as long as v is positive definite). For simplicity (and because this is what we shall need
later) we restrict ourselves to v with vanishing obstruction tensor whenever n is even. At the end of
this section, we make a comment concerning the case with non-zero obstruction tensor.

With the above remark, the statement of the Theorem is as follows:

Theorem 3.1. Let ¥ be n dimensional with n > 3 and let (X,, g(n)) be asymptotic data in the analytic
class, with v Riemannian and if n even O = 0. Then, the corresponding spacetime admits a Killing
vector field if and only if there exist a CKVF £ of & satisfying the following Killing initial data (KID)

equation
n—2

divy(§)gn) = 0. (37)

Proof. The proof that (37) is necessary is obtained by direct calculation as follows. Let X be a Killing
vector field of g so that

~ _ X () 1
0=Lxg=Lx(Q %) =-2 é3 9+ gzLxg-
It follows that on Int(M), X is a conformal Killing vector of g with a specific right-hand side, namely
div, X Q
Lxgap =VaXg+ VX, 1 Jes Q) n+1d1vg (38)

The following argument [12] shows that X must be extendable to .#. The terms Lxgog of (38) imply
a linear, homogeneous symmetric hyperbolic system of propagation equations for X. Thus, putting
initial data corresponding to X sufficiently close to .# generates a solution whose domain of dependence
must reach # (and possibly beyond if the manifold is extendable across .#). Hence X must admit a
smooth extension on .#, which vanishes near .# only if X | y= 0. The rest of equations Lxg;; are also
satisfied at .# by continuity so the extension is a CKVF.

Then, from the second of equations (38), it follows that X (€2) = 0 when Q = 0, thus X is tangent to
4, so we denote £ := X | . Putting ¢ in normal form g = 7% + g it easily follows that I'y; = Féj.
In consequence, expanding divy, X and evaluating at .# yields

divgX |y = 0a(X () |# +0;8" + T |# &
n+1
n

1
= n—Hding |y +diveé = divgX |s= div.,¢ (39)

where we have used the second equation in (38). In addition, the normal form gives the following
tangent components of the first equation in (38):

2 .
Lxgo = n—_HlengQ-
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Evaluating this expression at .# and taking into account (39) shows that £ is a CKVF of 7. Also, using
the FG expansion of go we have the following expansion of Lx gq:

Lxga =X(Q)0aga + Lxy+ QL Lxge) + -+ Q" Lxgm + -

Q . n
] (divgX)Oaga + Lxv+ PLx gy + -+ Q" Lxgm) + - (40)

Therefore
Lxvy+ Q2£Xg(2) + o+ Q"Lx gy + =

— (divgX) (290 — Q0aga). (41)

Equating n-th order terms and evaluating at .# yields (37) after substituting div,X |~ as in (39).

To prove sufficiency, let us first choose the conformal gauge where ¢ is a Killing vector field of
7' = w?y. Thus, the corresponding KID equation for gzn) becomes:

The remainder of the proof in this gauge, so we drop all the primes. By Lemma 2.2 there exist a geodesic
extension which recovers the representative v at .. In addition, there exists a unique vector field X,
extended from & at ., which satisfies [T, X] = 0. This is obvious in geodesic gaussian coordinates
{Q, 2%}, because

[T, X]* = =A0a X =0,
with initial conditions X |o—o= 0 and X |o—o= £’ has a unique solution X = 0 and X’ = ¢°. We
now prove that X is a Killing vector field of the physical metric g provided that (42) holds.

Consider the normal form metric g = 7% + ga. Since Lxd) = d(X(Q)) = 0, it follows that
Lxg = Lx(ga). Using the FG expansion of go we have

Lxgo=Lxy+PLxgo + +Q"Lxgm) + .

If g is analytic, the value of the coefficients Lx g(,y determine Lx g in a neighborhood of .#. These are

85 (Lx90) la=o= Le (55(;)99 |Q:0) =11Leg(r).

We want to show that all these quantities are identically zero, for which we exploit the Feffeman-
Graham recursive construction. The fundamental equation that determines recursively the coeflicients
of the FG expansion takes the form [1]

. ) 2 . . . 2
—Qja + (n—1)ga — 2Hgo = QL, L:= XRZC(QQ) — Hja — (§a)* — XG”' (43)

where él\ are the tangent components of the tensor G = ézc(ﬁ) —Ang and AH = Trg,A. A direct
calculation shows that taking the r-th order derivative of equation (43) at € = 0 and separating the
terms containing highest (r + 1) order coefficients from the rest gives an expression of the form:

(n—r— 1)g(r+1) + (Tr’yg(r-i-l)) v =F-1) (44)

where F(,_1) is a sum of terms containing products of coefficients up to order r — 1 and tangential

derivatives thereof, up to second order. Notice that CNY'H vanishes to all orders at .#, so it does not
contribute to these equations. We now prove by induction that the Lie derivative of all cofficients
vanish provided equation (42) is satisfied.

First, the Lie derivative of (43), given that £ is a Killing of ~, yields

(n =7 =1)Legiren) + (TryLegrrn) v = LeF )

Assume by hypothesis that the Lie derivative £¢ of all the coefficients up to a certain order r is zero
(for the moment we do not assume neither r» < n nor 7 > n). The Lie derivative L F("™1 is a sum
where each terms is multiplied by either Leg(,), Le0ig(s) or Le0;0g(s) , with s < r — 1. Since &
commutes with T' = Jq, we can adapt coordinates to both vector fields, namely £ = 9;, so that in these
coordinates Le0;g(s) = 0;Leg(s) and Le0;0;9(s) = 0;0;Leg(s).- Thus each term in L F"1 contains a
Lie derivative L¢g(s) with s < r—1, or a tangential derivative thereof up to second order. Thus by the
induction hypothesis L¢F (r=1) = (. Therefore, it follows that Legri1y =0
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The induction hypothesis can be assumed for r < n — 1 because it is true for the first term
L¢y = 0 and we have equations for the succesive terms. For » = n — 1 the fundamental equation
does not determine the term g, any longer (this is the reason why this terms is free-data in the FG
expansion), so the induction hypothesis cannot go further in principle. But since we are imposing the
condition L¢g(,) = 0, the induction hypothesis can be extended to any value of r. Therefore, all the
derivatives L¢g(,41) vanish so if g is analytic L¢g = 0. |

In short, the argument behind the proof of Theorem 3.1 relies on the well-known fact that the
recursive relations that determine the coefficients of the FG expansion can be cast in a covariant
form, so that ultimately all terms can be expressed in terms of v, its curvature tensor, g(,) and
covariant derivatives thereof. Then the Lie derivative of any coefficient must be zero provided that
Ley = Legm) = 0. The case with non-zero obstruction tensor, and hence involving logarithmic terms
is likely to admit an analogous proof. However, the recursive equations equivalent to (44) are not
so explicit, because taking derivatives of order higher than n yields an expression which mixes up
coefficients of the regular part g(.) and logarithmic terms O, ) of the expansion. These expressions
are notably more involved (see e.g. [31]). If one showed that every coefficient O, ;) admits a covariant
form which only involves geometric objects constructed from v, g(,) and its covariant derivatives, a
similar argument as in the proof above would establish that equation (37) is also sufficient for the
spacetime to admit a Killing vector field in the case of analytic data with non-vanishing O. It is hard
to imagine that this is not the case, and in fact the result should follow from the expressions in [31],
but the details need to be worked out. On the other hand, the necessity of (37) is true in general
and the argument is totally analogous to the one presented above except that equations (40) and (41)
contain also logarithmic terms. We will not discuss this case any further since for the rest of paper we
shall focus on conformally flat .# (hence O = 0). We plan to come back to this open issue in a future
work.

4 Characterization of generalized Kerr-de Sitter metrics

In this section, we will apply the results obtained in the previous sections to find a characterization
of the generalized Kerr-de Sitter metrics [16]. We first prove that these metrics admit a smooth
conformally flat .#. Then we combine with Theorem 2.3 to determine their initial data at .#, which
is straightforwardly computable from equation (27). The data corresponding to Kerr-de Sitter in all
dimensions are analytic. Therefore, as noted at the beginning of section 3, the identification of their
data provide a characterization of the metric also in the case of n even. Hence, we perform the analysis
simultaneously for n even and odd.

Like in the four dimensional case, the generalized Kerr-de Sitter metrics are n + 1-dimensional
Kerr-Schild type metrics. Namely, they admit the following form

G=gis+HEkek

with ggqs the de Sitter metric, k is a null (w.r.t. to both § and gus) field of 1-forms and H is a smooth
function. In order to unify the n odd and n even cases in one single expression, we define the following

parameters
_|n+1 1 o [n}
b= 5 ) q:= 9]

where note, p = ¢ if n odd and p + 1 = ¢ if n even. The explicit expression of the Kerr-de Sitter
metrics will be given using the so-called “spheroidal coordinates” {r, a;}™ (see [16] for their detailed
construction), with the redefinition p := r~1. Strictly speaking, they do not quite define a coordinate
system because the a; functions are constrainted to satisfy

However, it is safe to abuse the language and still call {a;} coordinates. To complete {p, a;} to full
spacetime coordinates we include {p,t, {«; f;rll APt} The a;s and ¢;s are related to polar and
azimuthal angles of the sphere respectively and they take values in 0 < o; < 1 and 0 < ¢; < 27w
fori =1,---,q and (only when n odd) —1 < apr1 < 1. Associated to each ¢; there is one rotation
parameter a; € R. For notational reasons, it is useful to define a trivial parameter a,+1 = 0 in the
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case of n odd. The remaining p and ¢ lie in 0 < p < A'/? and ¢t € R. The domain of definition of p can
be extended (across the Killing horizon) to p > A2, but this is unnecessary in this work since we are
interested in regions near p = 0.

In addition, as we will work with the conformally extended metric g = p%g, we directly write down
the expresions of the following quantities, which admit a smooth extension to p = 0,

9=0%Gas, H=pH, ko=ka (45)

and

g=0+HERE. (46)
Notice that we specify the definition of k, because the metrically associated vector field k% = g*7kg
is no longer the same as ko = gaﬁ kg. In order for the reader to compare with the orlglnal publication
[16], we remark that the expressions given there are for the “physical” objects gas, H k: using the

coordinates 7 := p~! and denoting u; := «; instead.
Let us now introduce the functions

p+1 o2 p+1 o2
W= d = 47
;1+>\a3 Zl+p22’ (47)

Note that it is thanks to having introduced the spurious quantity a,+1 = 0 that these expressions take
a unified form in the n odd and n even cases. The explicit form of the objects in (45) in the case of
generalized Kerr-de Sitter are

1+
)\dp +5pqdap+1+2$(d +a2d¢?)

2

n A Zil (1 + p2a§) a;doy;

W(p?—A) pt 1+ )\af ’
= q

g = —W(p*-Ndt* +

1+)\a2 &
q
oM
n o= J[a+p%d), H= H:p, M €R.
i —

The term 6, 4 only appears when ¢ = p, i.e. when n is odd. In the case of even n, all terms multiplying
0p,q simply go away.
The function H = O(p™) and k ® k = O(1). Therefore g decomposes as

. . H
g=3q+p"q, with q:p—nk@)k;zo(l)_

Let v be the metric induced at ¥ = {p = 0} by ¢g. By Lemma 2.2, we can define geodesic conformal
factor 2 such that {Q = 0} = ¥ and which induces the same metric v at X. Hence Q = O(p) and
therefore H = O(Q™) and ¢ = O(1) (in ). So by Proposition 2.1 it follows that the generalized Kerr-
de Sitter metrics in all dimensions admit a conformally flat .#. This can be also verified by explicit
calculation. From (49), the induced metric at {p = 0} has the following expression

2

do? +02dg? 1 (R~ oidey
= \Wdt? + 6, ,d w2 W ’ ?
v =AWt + by 4 0‘p+1+z 1+ Aa2 W<;1+)\a? o

It is useful to define new coordinates )

i2 1 a;

% '_WlJr)\a?’

which from (47) are restricted to satisfy S+ a2 = 1. Since also Y7 a? = 1, this allows us to
express W (given in (47)) in terms of the hatted coordmates

1

—_——— 53
Zp+11+)\a (53)
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A direct calculation shows that the metric (52) expressed with d&;s takes the form
q ~
7= W (e +0,,0da2,, + Y (A62 +a2d62) ) et oy - (54)
i=1

A explicilty flat representative of the conformal class of v can be obtained using the coordinates

i = eV Mé, cos o Yi = VM4, sin ¢iy, 1=1,---,q (55)

together with z := eftapﬂ if n odd, which are Cartesian for the following flat metric
2Vt

q
1B = Y = Sp.gdz? + ; (dz? + dy7). (56)

This form will be used below to determine the conformal class of a conformal Killing vector £ which
we introduce next. Let us denote the projection of k£ onto .# by

ga = (ka + (kﬂuﬁ>ua) |.f
with ua = Vap/|Vp|,s the unit timelike normal to .. Explicitly

4q 2 q

S S NPT ) g

i=1 i i=1

We view £ as a covector in .#. Its metrically associated vector is, using (54),

1 q
&ﬂ = Xat - Z aiad)-;a (58)
1=1

which in Cartesian coordinates (55) of « is

q

& — Z @it (59)
i=1
where we have introduced
q
& i=0pg0: + Y 00, + iy, i = 20y, — YiOy,. (60)

i=1

The vector {ﬁ is a homothety of 75 and each 7; is a rotation of this metric. Consequently, £ is a
CKVF of ~.

The electric part of the rescaled Weyl tensor can be obtained at once from Lemma 2.4 using (2 = p
and m = n, because by definition (¢ |.7)as = (H/p") |7 €als and i | s is its trace-free part. Note also
that H/p™ | y= 2M. Thus

n ) 1 . €13
D =p? C*aupVupVip | o= 75/\2n(n —2)tag |r= fM)\Qn( 2) (&lég - —'yag

Since, by equation (53) above,
1< 1
2 _ § 2,2 _
|£|7_W<X+ aiai> _Xa

D can be cast as

M -2
D = kD, with & := —%
and
1 €13
Df = |§|n+2 (6‘155 7045 . (61)

Summarizing, we have proven the following result
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Proposition 4.1. The asymptotic data corresponding to the n + 1 dimensional generalized Kerr-de
Sitter metrics is given by the class of conformally flat metrics and the class of TT tensors determined
by (61), where £ is the field of 1-forms given by (57) when the metric v is written in the coordinates
where (54) holds.

Now suppose that we let £ to be any CKVF of 7. By direct calculation one shows that the
corresponding Dy is still TT w.r.t. . The spacetimes corresponding to the class of data obtained
in this way constitute a natural extension to arbitrary dimensions of the so-called Kerr-de Sitter-like
class with conformally flat .#, first defined for n = 3 in [21] and [22]. The details of this extended
definition and its properties and structure will be given in a future work. What we want to prove now
is that for data (X,~, D¢) with v conformally flat and £ a CKVF of v, only the conformal class of £
(equivalently &%) matters. Then, by identifying the conformal class of (58) we will obtain a complete
geometrical characterization of Kerr-de Sitter in all dimensions.

Lemma 4.1. For any trasformation of the conformal group of % = (X,7), i.e. ¢ € Conf(S)(C
Diff(.#)) such that ¢*(v) = w2y, the following equivalence of data holds

(2,7, Do.¢) = (2,07, ¢"(Dg.¢)) = (B, wy,w? " De) =~ (,7, De), (62)
where the tensor Dy, ¢ is given by (61) where ¢.& is the one-form defined by v(p+&%,-).

Proof. The first equivalence in (62) is a consequence of the diffeomorphism equivalence of data and the
last one a consequence of the conformal equivalence of data (cf. [21])3, so we must verify the equality
in the expression. On the one hand we have for every vector field X € TY

(6° 02 (E)(X) = (6:6)(9:X) = (8%, 6,X) = wPy(€%, X) = w¢(X)
that is ¢*(6,(€)) = w?€. Moreover |, (€)], = \/ws*gﬂ,?s*m — wl¢],. Thus

o~ (D¢*(E)) |¢*( 1) T2 <¢*(¢*(€)b & ¢*(§) ) — |¢*( ¢ ) = 2 |€|n+2 <€b Q& — @ )

O

We now come back to Kerr-de Sitter and identify the conformal class of (58). Following the
results in [23], a direct way to do that is to write & in any Cartesian coordinate system for any
flat representative yg in the conformal class of metrics. One then associates to the explicit form of
¢ in these coordinates a skew-symmetric endomorphism (equivalently a two-form) of the Minkowski
spacetime M +1. Let us denote this set SkewEnd(M!"*1) and we write F(¢%) for the skew-symmetric
endomorphism associated to the CKVF &*. The classification of SkewEnd(M'"*+1) up to O(1,n + 1)
(i.e. the Lorentz group) transformations is equivalent to the classification of CKVFs up to conformal
transformations, but the former is simpler because SkewEnd(M!"*1) are linear operators, while the
CKVFs are vector fields (see [23] for additional details).

Consider Cartesian coordinates {X*}%_, for an n-dimensional Riemannian flat metric. Then an
arbitrary CKVF is well-known (e.g. [33]) to be given by

1

¢ =0+ vX*+ (apXP)XA - §(XBXB)aA —whpXP)0xa, (63)

to which one associates [21], [23] the following skew-symmetric endomorphism, given in an orthonormal
basis {eq}"T5 of M+ with eg timelike,

0 —v  —a'+b'/2
F(eh = —v 0 —at —bt/2 ] . (64)
—a+b/2 a+b/2 —w

where a,b € R™ are column vectors with components a”,b? respectively, ¢ stands for their trans-

pose (row vector), v € R and w is n x n real skew-symmetric matrix of components (Jacw®a =:

3In [21] these equivalences are established in the case n = 3 but the result extends easily to arbitrary dimension
n > 2. We remark that our notation is slighly different for the TT tensor D¢, since the primery object { defining it is
a covector in our case and a vector in [21]. This explains the differences on how objects are transformed. The choice
in [21] is more natural to analyze conformal properties of the TT tensor, while the one here is more consistent with the
covariant nature of De.
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Jwap = —wpa. Understood as a map F : & — F(¢F), F is a Lie algebra anti-homomorphism, i.e.
[F(&8), F(€%)] = —F([¢¥,€%]). The O(1,n + 1) transformations on F(¢*) are translated into conformal
tranformations of &¥. That is, for every A € O(1,n + 1), then A - F(£%) = F(da.(£%)) for a conformal
transformation ¢ of vg, where “dot” denotes adjoint action, which in matrix notation corresponds
simply to the multiplication of matrices A - F(¢#) = AF(¢¥)A~'. As a consequence, the classification
of SkewEnd(M>"*1) up to O(1,n + 1) transformations is equivalent to the classification of CKVFs up
to conformal transformations.

In [23], it is proven that the orbits of SkewEnd(M!"*1)/O(1,n + 1) are characterized* by the
eigenvalues of —F(£%)? together with the causal character of ker F(¢*). The algorithm is as follows.
Denote by Pp2(—x) the characteristic polynomial of —F(¢%)? and define

13 Pra(=2)\"?
Qp2(z) := (Pp2(—2x)) (n even), Qpz2(x) = — (n odd).
From the properties of F2(¢%), it follows [23] that Q2 (z) is a polynomial of degree ¢ + 1 with ¢ + 1
real roots counting multiplicity, with at most one of which negative. Then

Proposition 4.2. Let Roots (Qpz) denote the set of roots of Qpz(x) repeated as many times as their
multiplicity and sorted as follows

a) If n odd, {U;u%, e ,,ug} := Roots (Qp=2) sorted by o > 2 > -+ > MZ if ker F(€%) is timelike and
pr > > ,uf, >0 > o otherwise.

b) If n even, {—uf,u?;/ﬁ,--- ,ug} := Roots (Qp2) sorted by pu2 > - > ug >p2=—pu?=0if
ker F(¢%) is degenerate and p? > p? > .- > /%29 >0 > —u? otherwise.

Then the parameters {a; p3, - ,,uf,} forn odd and {—uf, uud, - ,MZ} forn even determine uniquely
the class of F(&%) up to O(1,n + 1) transformations and hence also the class of & up to conformal
transformations.

We now apply these results to the Kerr-de Sitter case. We have already obtained a flat repre-
sentative vg and have introduced corresponding Cartesian coordinates (56) . We have also obtained
the explicit form of & in these coordinates, namely (59) and (60). Then, from Proposition 4.2 it is
straightforward to identify the conformal class of ¢¥. Denote the Cartesian coordinates in (55) by
{X}a_, ={z{zi, vt} ifnodd and {X}%_, = {2,y }]_, if n even. From equations (59), (60) the
parameters of £f written as in (63) are v = A2 a4 =pA =0 and wap = 2ai62i[,462”13] for n odd
and wap = 2a;6* 1 [40% p) for n even. Thus, from equation (64) it is immediate

F(¢) = ( _A(_)l/g _A(_)m >@(0)@< C?i _5” > if n is odd

i=1
0 —A2N\IN( 0 —a .
F(eh = ( 12 0 ) @ ( a; 0 ) ; if n is even,
i=1

where this block form is adapted to the following orthogonal decomposition of M+ as a sum of
F-invariant subspaces

P p+1
Ml’n+1 = Ht (&) Span{eg} @ Hi, (n Odd), Ml’n—’_l = Ht @ Hia (n even),
i=1 i=1

where IT; = span{eq, e1 } for both cases and II; = span{es; 11, €242} for n odd and II; = span{ea;, €241}
for n even. Any timelike or null vector v € M"™*! must have non-zero projection onto II;, so it may
be written v = v; + vs, with 0 # v, € Iy, vs € (II;)*. Hence F(£¥)(v) = F(&%)(ve) + F(£%)(vs),
where from the block form it follows that 0 # F(£%)(v;) € II; and F(£%)(vs) € (I1;)*+, thus F(¢F)(v) =
F(&9)(ve) + F(€%)(vs) # 0. Therefore, ker F(£¥) is always spacelike or cero. It is straightforward to
compute the polynomial Qp2(x)

Qpa(a) = (x+ N [[(@ - a?)

=1

4Equivalent characterizations may be found in the literature (e.g. [21]) in terms of traces of even powers of F'(¢) and
matrix rank.

22



where we may order the indices ¢, so that the rotation parameters a; appear in decreasing order
ag > - > ai. Hence, applying Proposition 4.2 we identify the parameters o := —A~! and p? := a?

for n odd and —pf := —A~', p? :=af and pf = a?,, for n even. Therefore:

Theorem 4.1. Let gixqs be a metric of the generalized Kerr-de Sitter family of metrics in all di-
mensions, namely given by (46) and (49), (50), (51), with cosmological constant A and q rotation
parameters a; sorted by a? > -+ > ag. Then gxqs s uniquely characterized by the class of initial data
(3,7, D¢), where «y is conformally flat and D¢ is a TT tensor of v of the form (61), where &* (such that
v(fﬁ, ) = &) is a CKVF of v whose conformal class is uniquely determined according to Proposition

4.2 by the parameters {o = —\"1, a2, - ,ag} if n odd and {—a? = —\71,a? = a};d3,- - ,a?)_,_l} ifn
s even.
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