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Supplementary Text

S1. Derivation of the Theoretical Equation for the Self-Torque of Light

The physical nature of the self-torque imprinted into extreme-ultraviolet (EUV)
beams can be understood through the conservation of orbital angular momentum (OAM)
during the high-order harmonic generation (HHG) process. To begin, we consider HHG
driven by two time-delayed linearly polarized infrared (IR) vortices with different OAM,
¢, and ¢, such that |#; — #,|=1. In order to extract the OAM contributions, we follow a
similar derivation as performed in the Supplementary Information of (20). In contrast to
the analysis performed in (20), in this work the weight of the two drivers is not the same,
but instead varies in time.

Let us consider the total driving field as the superposition of two OAM pulses
with complex amplitudes U, (p, ¢, t) and U, (p, ¢, t), expressed in cylindrical coordinates
(p, ¢,z). For non-zero angular momenta, these fields have a ring-shaped amplitude
profile. We consider the beams such that the rings of maximal intensity overlap (i.e.,
those of the same radius) in the gas target, located at the focus position (z=0). Since the
harmonic conversion efficiency is optimal along the intensity ring, we describe the total
amplitude in the radius of maximal intensity as

U(p,t) = Uy(t)e*r? + U, (t)ett2® [S1].

Defining U,(t) = U,(t) + U,(t), the relative amplitude for the second driving
pulse is given by n(t) = U,(t)/U,(t), therefore we can write the resulting field at the
target as

U(p,t) = Ug(D[(1 = n)etfr® 4 neitzd] =
Uo(£)e! ¢ #4972 [cos 2% 4 i(1 — 2n(8) sin 22 (521,

For simplicity in notation, we will drop the time variable in the following
derivations. We can factorize U(¢) = |U(¢p)|e!?®), where the intensity and phase are

given by,
U@ = [Ugl? {[1 — 2012 + 4n[1 = n] cos? [A=22]}  [53]
¢(¢) = arctan {[1 — 2n] tan ({Jl_b)d)} + tatta) ¢ [S4].

2 2

The phase term can be approximated by

(£1+42)
2

o) ~ [1- 2] =2+ C g = ([1 -l + 0} [S5]

In order to calculate the ¢"-order harmonic field we follow the Strong Field
Approximation (SFA) model (57, 72), where the ¢"™-order harmonic amplitude scales
with the amplitude of the driver with an exponent p<q (we take p=4 for the plateau
harmonics, driven in argon by 800 nm laser pulses, as shown in the Supplemental
Information of (20)). On the other hand, the phase of the ¢™-order harmonic corresponds
to g times the phase of the driving field, plus the intrinsic phase (57, 72). Neglecting the
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latter—as it gives rise to secondary OAM contributions of nearly an order of magnitude
weaker (/8)—the ¢"-order harmonic amplitude, A q(®), can be written as

Aq(¢) e |U(¢)|peiq<p(p,¢) = [|U(¢)|ei<o(¢)]pei(q—p)<p(¢) = Up(¢)ei(q—p)w(¢) [S6].
Inserting the form of the driving field given by Eq. S2, we arrive at the following,

Ay () < UT[(1 —n)eter® + neif’z¢]pei(q—p)<p(¢)
= Ug [ 7r’=0 (};) (1- n)reirhcb n(p—r)ei(p—r)t’qu] ei@-pe(9) [S71,

where r is an integer. Finally, using Eq. S5 and writing explicitly the temporal
dependence, the ¢™-order harmonic is given by

1%
Ag(p,t) < U (1) z (7:) (1-7() ertrd F@-1)(t)ei@-r2d
=0
Xei(q—p)[(1—r7r(t))f’1+n(t)t’z]¢ [S8],

where 7(t) is the average of 7n(t) over the half cycle that contributes to a particular
harmonic. On the right side of Eq. S8 we can identify two terms that contain azimuthally
dependent phase terms, and thus contribute to the OAM content: the sum over 7, and the
last exponential term. This latter term has an explicit OAM contribution while the OAM
of the sum over r is more involved.

Each term in the sum over » in Eq. S8 has a definite angular momentum
rf, + (p —r)¥,. Therefore, the sum corresponds to the combination of these angular
momentum contributions according to a binomial statistical distribution with probabilities
P, =1-1(t) and P,, = 7(t). The mean angular momentum of the sum over r, thus,
corresponds to

(q(0) = 7r’=0 (p) lepf(zz)_r) [rt; + (p —1),] = (61 — £3) Zf=0 (5) Pt’r1pt’(zp_r)7‘ +

T
e, 30 (V) PR (891

Taking into account that Y7 _, (2;) P[lP{,(f_r) =1, and that },P_, (I;) PZlP{,(f_r)r =pP,,,

we can extract the mean OAM of this sum as

() =X, (2:.) P{’rlpg(zp_r) [r61 + (p — r)t2] = pl[1 —7(©)]¢1 + ()2} [S10]

As a consequence, from Eq. S8, the mean OAM of the qth harmonic is given by

24(6) = (£,(O)) + (@ — {1 = 7(O11 +7() 2}
=q[(1 -7 + ()€1 [S11].



The width of the OAM distribution at each instant of time can be calculated as

oty = 5O~ (€] = 1 — &, JpROT 7@ [S12

Note that, as o, depends weakly on the harmonic order—the parameter p remains
2q 4P y P p

almost constant along the non-perturbative spectral plateau—, which infers that ?q (t)
presents well-defined intermediate OAM states. Put another way, as the self-torqued
harmonic beam is synthesized, the radiative recombinations leading to bright HHG
emission progress through a ladder of photonic OAM states (?q (t)), which themselves
are physical and quantized with a low relative error. We stress that this feature results
from the non-perturbative behavior of HHG (p<q). On the other hand, in the case of
perturbative nonlinear optics, the OAM width would be much larger than for HHG (Eq.
S12, with p=q). This, together with the substantially lower values of ¢ and £, associated
with perturbative processes, would yield not only a lower—but also an ill-defined—self-
torque.

The inset of Fig. 1 in the main text already shows the excellent agreement
between Eqgs. S11 and S12 and the full quantum simulations. In order to show how the
self-torque is imprinted for different time delays, we present in Fig. S1 the results of our
full quantum simulations for the time-dependent OAM evolution of the 17" harmonic
when the time delay between the driving vortex fields (#/; =1 and ¢, = 2) is (A)
ty =27 =6.66 5, (B) ty =7 =8.33 fs, (C) ty = T =10 f5, and (D) tg = -7 =11.66 s,
where T = 10 fs is the pulse duration at full width at half maximum (FHWM) and the rest
of parameters are the same as in Fig. 1 of the main text. As indicated by the green lines,
the mean OAM, £, (solid lines) and the OAM width, o, ., (dashed lines) faithfully
follow the prediction given by Eqgs. S11 and S12 at each temporal delay.

Two main observations can be obtained when looking at self-torqued beams
generated using different time delays. First, the self-torque, &, increases with the time
delay. This is confirmed by our experiments (see Fig. 3 of the main text). Second, we
note that although in all cases self-torqued beams are generated, when the time delay is
closer to the pulse duration (t; = 7, Fig. S1C), the OAM trace is more smooth and
extends through a wider range of topological charges exhibiting similar weight, i.e., a
time delay similar to the pulse duration is the optimal to generate self-torqued beams.

S2. Distinction Between Self-Torqued Beams and Time-Delayed Vortex Beams

In this section, we further stresses the difference between a self-torqued pulse, with
OAM ranging from q¥; and q¥,, and a pulse resulting from the mere superposition of
two delayed vortex pulses, the first carrying g€, units of OAM and the second g¥,.
While in both cases the mean OAM varies in time from q#; to g¥,, only the self-torqued
beams include all the intermediate OAM contributions, thus containing physical photons
of all the intermediate OAM states.

This distinction—which is evident in the OAM spectrum—also has unequivocal
signatures in the temporal evolution of the phase and intensity profiles of the beams. In
order to explore this aspect, we have performed high-spatial-resolution simulations of the
HHG process. For this, the computational load is drastically reduced if a diffraction
model is employed, instead of the exact full quantum simulation. The so-called Thin Slab
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Model (TSM) considers the HHG medium as a thin (2D) slab perpendicular to the driving
laser propagation. The harmonics are calculated using the analytic SFA representation
introduced in Section S1 and propagated using Fraunhofer diffraction. The model has
been proved to successfully reproduce detailed features of HHG driven by vortex beams
(16, 18, 20, 206).

In Movie 1 of the main text, we presented the temporal evolution of the spatial
phase, intensity, and OAM profiles for the two cases under study: the self-torqued 11™
harmonic calculated through the TSM, and the mere superposition of two vortex beams
carrying ¥; = q¥; = 11 and ¢y = qf, = 22, delayed by t; = 7 = 10 fs. Three instants
of time for each case are captured in Figs. S3 and S4, respectively.

On one hand, the spatial phase distribution of the self-torqued harmonic beam—
from which one can extract the OAM content by counting the number of phase
branches—shows the continuous appearance of new vortex singularities along a single
row, breaking the g-fold symmetry (which resembles to the phase structure reported
when considering the appearance of new vortices as a Hilbert’s Hotel paradox (73)). This
reflects the continuous variation of OAM from g#;=11 to qf, = 22. In addition, phase
singularities are born one at a time (see Fig. S3D), conforming a topological structure
where new vortices subsequently emerge. The intensity distribution follows the structure
of the combination of vortex beams with subsequent OAM charges, ¥; + ;. 1, canceling
out in the spatial region where the phase singularities are placed (see Fig. S3E), and, thus,
presenting a crescent shape, which evidences the presence of self-torqued beams.

On the other hand, the temporal evolution of the spatial phase and intensity
distributions of the two time-delayed vortex beams remains g-fold symmetric, as the
OAM content is the superposition of two components g€, and g¥,, with time-dependent
weights. This symmetry is reflected in the spatial phase distribution, where all the new
singularities appear simultaneously (see Fig. S4D). Moreover, the spatial intensity profile
exhibits two clear radial rings, instead of the crescent shape (see Fig. S4E). The intensity
profile evolves gradually from the ring shape of the vortex beam with g, to that with
q?-, evidencing the absence of intermediate OAM contributions.

Our results show that there is a fundamental distinction between a field carrying
£ OAM units—as one of the intermediate states in a self-torqued beam—, and the
superposition of two modes of different topological charges, but same averaged-OAM,
£ = £. These two kinds of beams have different essential physical properties, not only the
OAM content but also the temporal evolution of the spatial phase and intensity. In
particular, the crescent-shaped intensity distribution measured in our experiments (Fig. 3
and Figs. S7-8) is a clear signature of the generation of beams with self-torque.

S3. Additional Experimental Details for the Generation and Characterization of Self-
Torqued EUV Beams

Self-torqued light beams are generated by driving HHG with an IR vortex driving
beam comprised of a time-delayed superposition of two pure OAM modes (i.e., £ is an
integer). Essential to both the generation and subsequent detection of the self-torque of
light is the use of highly pure ultrafast vortex pulses, as well as a robust and stable
beamline capable of maintaining subfemtosecond timing resolution and repeatability.
Moreover, we require few-micron pointing stability over a relatively large range in delay
times (~100 fs, for the 52 fs pulses used in this work). These demanding criteria are




realized by using a setup that employs a high-accuracy and high-precision delay stage
(Newport XPS-160S), a modified, iterative phase-retrieval algorithm to optimize and
quantify the modal purity of the dual-vortex driving beam (74, 75), and a home-built
beam pointing stabilization system (76), which are described in more detail below.

In order to ensure precise overlap of the single-mode OAM driving beams, and thus
the synthesis of a high-quality dual-OAM driver—also known in the literature as a
“fractional” OAM beam—, independent circular apertures and lenses are placed in each
arm of the Mach-Zehnder interferometer, which yield highly pure, single-mode OAM
drivers with a similar intensity and waist size at focus. The quality of the driving beams,
as well as their modal purity, are quantified by directing a small portion of the IR vortex
beams onto a visible charge-coupled device (CCD) camera (Mightex BTE-B050-U) and
recording intensity profiles as a function of propagation distance. These intensity profiles
are then fed into a modified Gerchberg-Saxton (GS) phase-retrieval algorithm (74, 75),
which reconstructs the complex, spatial amplitude of the beams with a high resolution
(see Section S4 below).

A separate pair of visible CCD cameras is used to monitor fluctuations in beam
pointing over the delay range of the experiment, and these fluctuations are minimized
using a home-built beam pointing stabilization system (76). Briefly, the beam pointing
stabilization system is comprised of two piezo-actuated mirror mounts (one in the
amplifier itself, one at the entrance of the interferometer, ~4 m away), two additional
CCD cameras, and a desktop computer that closes the digital feedback loop. The leak-
through of the full, amplified beam upon hitting the last mirror before the interferometer
is passed through a lens, and one camera monitors the beam centroid at focus while the
other measures the far-field intensity centroid of the beam. The use of two independent
feedback loops allows for control of not only the transverse position of the common focus
of the OAM beams, but also the propagation angle, which ensures good overlap and
collinearity between the two beams. Drifts in beam pointing on the two cameras are then
compensated via an active, digital feedback loop that adjusts the tip and tilt of the piezo-
actuated mirrors at a rate of ~100 Hz, ensuring that the OAM driving beams remain
spatially overlapped throughout the duration of the experiment. Such a scheme yields
few-micron repeatability and stability of the driving beams, with only small fluctuations
occurring due to mechanical noise (e.g., thermal expansion of optomechanics, high-
frequency vibrations, etc.) in the beamline.

S4. Characterization of IR Vortex Driving Modes via a Modified Gerchberg-Saxton
Phase-Retrieval Algorithm

Essential to both the generation and subsequent detection (see below) of the self-
torque of light is the use of highly pure, ultrafast driving vortex pulses. To assess the
quality of these beams, as well as their combination, a wedge is translated into and out of
the collinear focusing beams just after the exit of the interferometer, and the beam(s) are
imaged onto a CCD camera (Mightex, BTE-B050-U). Beam profile images are recorded
as a function of propagation distance, z, and then fed into a modified GS phase retrieval
algorithm that is based on previous work in the literature (74, 75).

In our implementation of the GS algorithm, we first record a series of intensity
images as a function of propagation distance, sampling from the focal point to at least
two Rayleigh lengths on both sides of the focus. Since only the intensity is captured by a




camera, we use a phase-retrieval algorithm to extract the phase of the beam. The phase
retrieval itself is over-constrained, meaning there is an optimal solution as well as
additional degrees of freedom that can be used to evaluate and confirm the retrieval. In
the first iteration, a uniform (i.e., flat) phase is applied to the square root of the recorded
intensity in the first image, which serves as the initial guess for the complex electric field.
This initial guess is numerically propagated to the plane of the next recorded image. At
this plane, the amplitude of the retrieved beam is replaced by the observed amplitude,
while preserving the retrieved phase. The algorithm continues to propagate to each plane
where an image was taken, replacing the retrieved amplitude with the observed amplitude
at each plane. Once the algorithm has incorporated all the images once, the final retrieved
electric field is used as the initial guess for the next iteration. This entire process is
repeated for up to 1,000 iterations, until the error between the retrieved and measured
amplitudes reaches a global minimum. In order to ensure that the algorithm finds the
correct OAM content without stalling in a local minimum, we apply an azimuthal phase

perturbation of £ = + 1/ o every 10 iterations (alternating the sign for each perturbation),

for the first 100 iterations. These perturbations do not affect the retrieval of a Gaussian
beam (£ = 0), but greatly reduce the number of iterations needed to converge the
retrieval for OAM beams. This algorithm correctly retrieved the phase of simulated data
of a variety of superpositions of £ = {0, 1,2} and the radial index p = {0, 1} with and
without random noise applied. Using this approach, we can reconstruct the complete
complex amplitude of the vortex beams as a function of propagation distance (see
Supplemental Movie S1) in under 5 minutes on a personal laptop computer (MacBook
Pro, 16 GB RAM), with a resolution limited only by the CCD pixel size (in this case, 2.2
um).

The intensity recorded by the CCD camera as a function of propagation distance,
z, near the focus of each driving beam corresponds to the squared amplitude of a

Laguerre-Gaussian (LG) laser beam with wavelength Ay, (k, = 2m/4,),
12l

vz S
xexp [~ | exp[i09 + 15205 + 106 (2) [S13].

w2(z) 2R(2)

Here, w(z) = wy/1 + (z/2,)? is the beam waist, with w, being the beam waist at
focus and z, = mwZ/A, the Rayleigh range with wavelength A,, (ko = 21/1,),
R(z) = z[1 + (z0/2)?] is the phase-front radius, ®;(z) = —(2p + |£| + 1)arctan (z/
Zy) 1s the Gouy phase, and Lllfl(x) are the associated Laguerre polynomials (3). The
indices £ = 0,+1,%2,... and p = 0, 1, 2, ... correspond to the topological charge and the
number of nonaxial radial nodes of the mode, respectively. In experiments, Eq. S13 does
not strictly apply and real LG beams are described by a summation of LG modes with a
common waist size, but varying mode indices. As such, the purity of an OAM beam is
quantified by the power of the desired topological charge divided the power of the entire
OAM spectrum of the beam (note that the same is true of any beam possessing
azimuthally varying phase, e.g., hypergeometric gaussian beams (77)). In order to obtain
the OAM spectrum, we perform a Fourier transform over the azimuthal coordinate of the
reconstructed complex amplitude of the driving beams (Fig. SSA-C), which is more
general and efficient than modal decomposition algorithms (20, 78). The resulting OAM
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spectra show that highly pure vortex driving modes with little radial mode character are
obtained for the £, and £, drivers, leading to a high quality, dual-OAM vortex beam for
driving the HHG process (Fig. S5D-F). Overall, we find that 95% (93%) of the total
power in the #; (£,) driver is contained within the £ = 1 (2) mode (Fig. S5G-I). We note
that the GS algorithm is ambiguous with respect to the absolute sign of £; however, the
relative sign between the two beams non-ambiguous. For this work, £; and £, have the
same sign, which is confirmed to be positive via an independent measurement of the
OAM sign by using a cylindrical lens as 1D Fourier transform element (79). Finally, the
reconstructed beams can be propagated arbitrarily in space, which allows us to inspect the
beam quality both before and after the focus (see Supplemental Movie S1).

Driving Beams

The quantitative measurement of the self-torque of the experimentally generated
EUV beams requires a high precision measurement of either the induced azimuthal
frequency chirp, or the ultrafast variation of OAM on the subfemtosecond time scale.
Since the latter is currently unfeasible with existing technologies, the azimuthal
frequency chirp is instead measured by exploiting both the physics of time-dependent
OAM and the optics of the EUV spectrometer system (see Fig. 3 in the main text).
However, such a scheme demands few-micron spatial control of the HHG beam pointing,
which we achieve by exploiting the optics of multicomponent OAM beams.

Vortex beams comprised of the superposition of two (or more) LG beams with
differing topological charges, but same size of the intensity ring, exhibit exotic amplitude
and phase distributions that can be controlled by either the phase delay between the
constituent waveforms, or the topological charge in each beam (3). In the experiment, the
HHG driving vortex beam is synthesized from two ultrafast pulses with topological
charges of £; = 1 and £, = 2—as well as equal in amplitude and spatial extent—, which
results in a non-pure vortex beam with a characteristic “crescent” shape to the intensity
distribution (see Fig. S5A-C, Fig. S6, and Fig. 2 and 3 of the main text). The angular
direction of the center-of-mass (COM) of the intensity crescent can be controlled via a
relative phase delay between the two single-mode OAM drivers, such that a full-cycle
phase delay (e.g., 2.635 fs for the 790 nm pulses used here) returns the intensity crescent
to its initial position. By carefully adjusting the time delay between the two single-mode
IR vortex beams, we can control the alignment of the driving intensity crescent with few-
micron precision (Fig. S6B, limited by the 2.2 um pixel size of the visible CCD camera).
Since, to first order, the HHG beam profile mimics the intensity distribution of the
driving beams, we can simultaneously and precisely align the HHG intensity crescent
(Fig. S6C) to the dispersion axis of the spectrometer, which naturally maps the azimuthal
frequency variation to the spectral dimension of the dispersed HHG spectra (see Fig. 3 of
the main text). This naturally yields a high-resolution measurement of both the azimuthal
extent of the beam, as well as the self-torque-induced azimuthal frequency variation,
without the need for measuring the subfemtosecond variation of the azimuthal phase in
the EUV.




S6. Extraction of the Azimuthal Angle Subtended by the EUV HHG Beams

In order to compute the self-torque of the experimentally generated EUV beams,
both the spectral shift and azimuthal angle subtended by the harmonics needs to be
measured with high precision. To extract the azimuthal angle of the HHG beam, we
measure the raw HHG beam profile at the flat-field-image plane of the spectrometer with
a high-pixel-density EUV CCD camera (Andor, Newton 940, 512x2, 048 pixels, 13.5 um
pitch). The HHG intensity crescent subtends a small arc of a uniform circle—the center
of which occurs at the common singularity of the OAM harmonics generated by the
individual ¢;and ¢, drivers (represented by a white dot in Fig. S7)—and we use the
properties of a uniform circle to extract the azimuthal angle.

For a uniform circle of radius, r, the chord length, a, between the two extrema of a
circular section (i.e., arc) is given by a = 2r sin(¢/2), where ¢ is the central angle of the
arc and, in this case, the azimuthal angle subtended by the HHG beam (Fig. S7A). By
measuring the radius of the inscribed circle and the length of the chord between the ¢™
intensity points of the beam, we can extract both the chord length and radius of the high-
order harmonic beam. Then, using the known relation for the chord length as a function
of radius and central (azimuthal) angle, we can extract the full azimuthal angular range of
the high-order harmonics, with a high precision (Fig. S7B).

S7. Verification of Experimental Scheme to Measure the Azimuthal Frequency Chirp of
Self-Torqued EUV Beams

Measurement of the self-torque of EUV beams relies on extracting both the
azimuthal angle subtended by the HHG beam and the spectral shift of each harmonic in
the HHG spectrum, at each time delay. In order to validate that the spectral shift arises
from the self-torque and not an artifact of the imaging conditions of EUV spectrometer or
dynamics of the HHG up-conversion process, we present in Fig. S8A and S8B the HHG
spectra obtained at a delay where the self-torque is maximized, and at near-zero delay,
respectively. Clearly, the azimuthal frequency shift is only observed when the pulses are
delayed by a sufficient amount. As a further verification of the self-torque-induced
azimuthal frequency chirp, we also drove HHG with the single-mode OAM beams
comprising the dual-OAM driving vortex beam. Taken together, the dispersed harmonic
spectra (Fig. S§A-D) show that the azimuthal spectral shift of the high-order harmonics is
only found when driving the up-conversion process with a time-delayed, dual-vortex
mode. Moreover, the single mode spectra (Figs. S8C-D and Figs. S8G-H) show that the
observed spectral shifts are not the result of over-driving the HHG process, as similar
cutoffs and azimuthal ranges are obtained for the self-torqued HHG beams (Figs. S8A-
B).
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Fig. S1. Temporal Evolution of the OAM for Different Time Delays.

Computed OAM of the 17™ harmonic beam generated by two 800 nm driving pulses (£,=
1 and ¢,= 2) with duration, T = 10 fs, for different time delays: (A) t;= 2‘[ =6.66 fs, (B)
tqg= gr =833 1s, (C) tg=7=101s, (D) tz= ET = 11.66 fs. The color background shows

the results from the full quantum simulations, whereas the mean OAM, £, (solid green),
and the width of the OAM distribution, g;, (dashed-green line), are obtained from Egs.
S11 and S12. The self-torque, &, is obtained from the slope of the time-dependent
OAM.
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Fig. S2. Azimuthal Chirp of Self-Torqued Beams for Different Time Delays.

Spatial HHG spectrum along the azimuthal coordinate (¢) obtained from our full
quantum simulations. The driving pulses, centered at 800 nm, with £;= 1 and £,= 2 and

pulse duration, T = 10 fs, for different time delays: (A) t;= ET = 6.66 fs, (B) t;= ZT =
833 fs, (C) ty=1 =10 fs, (D) t;= %T = 11.66 fs. The light self-torque imprints an

azimuthal frequency chirp, which is different for each harmonic order, and each time
delay, as indicated by the grey dashed lines (obtained from Eq. 6 in the main text).
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Self-torqued beam (11™ harmonic, from HHG driven by time-delayed £, = 1 and ¢, = 2)
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Fig. S3. Temporal Evolution of Phase, Intensity and OAM Content of Self-Torqued
Beams.

Phase (A, D, G) intensity (B, E, H) and OAM distribution along the divergence (C, F, I)
at three different instants of time: the initial state (A-C, t=0.3 fs), an intermediate state
(D-F, t=8.3 fs) and the final state (G-I, t=16.7 fs) for a self-torqued beam generated
through HHG (¢, = 1,¢, = 2,7 =10 fs, t; = 10 fs, 4; = A, = 800 nm). These results
have been calculated using the TSM and the panels are snapshots from the Movie 1.
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Combination of two delayed time-beams: £, = 11 and ¢, = 22)
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Fig. S4. Temporal Evolution of Phase, Intensity and OAM Content of Two Delayed
Vortex Beams.

Phase (A, D, G) intensity (B, E, H) and OAM distribution along the divergence (C, F, I)
at different instants of time: the initial state (A-C, t=0.3 fs), an intermediate state (D-F,
t=8.3 fs) and the final state (G-I, t=16.7 fs) for the combination of two delayed vortex
beams (¥, =11, £, =22, t =10 fs, t; = 10fs, A; = A, = 800 nm). The panels are
snapshots from the Movie 1.
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Fig. S5. Experimental Characterization of Pure and Non-Pure IR Vortex Beams.

The GS algorithm reconstructs the complex amplitudes of the #; and £, driving beams,
and the combined HHG driver, with a high resolution and accuracy. (A-C), The
reconstructed wavefronts of the IR vortex beams show that each constituent waveform is
comprised of an integer number of phase wraps across a uniform intensity ring, while the
OAM-combined HHG driver manifests as an intensity “crescent” with a non-integer
number of phase wraps. In (A-C), amplitude is represented as saturation and value (i.e.,
brightness), and phase is represented by color (i.e., hue), with the corresponding phase
values indicated by the color wheel in (C). (D-F), The radial OAM spectrum obtained via
an azimuthal Fourier transform of the complex amplitudes in (A-C) show that all beams
possess little radial mode character, with nearly all of the OAM content being contained
within the primary intensity ring. (G-I), The radially integrated OAM spectra confirm the
high purity of the experimental OAM beams, showing a modal purity of 95% and 93%
for the #; and ¥, drivers, respectively.
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Fig. S6. Control of IR and HHG Beam Alignment via the Relative Phase Delay of
the Single-Mode OAM Driving Beams.

(A), When single-mode OAM beams with topological charges of 1 = 1 and £, = 2 are
superposed with the same amplitude and waist size, a crescent-shaped intensity
distribution is obtained with a directionality determined by the relative phase delay
between the two beams. (B), In the experiment, the relative time delay between the two
beams is used to control the phase delay (and thus, the COM position of the visible beam)
with attosecond and few-micron precision. (C), The control over the visible beams
translates directly to the HHG beams, allowing for precise alignment of the HHG
crescent to the dispersion axis of the spectrometer. In the lower left of panel c, the HHG
beam is partially clipped by the filter housing before the EUV CCD camera.
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Fig. S7. Extraction of the Azimuthal Angular Range of Self-Torque EUV High-
Order Harmonics.

The intensity crescent formed by the self-torqued EUV high-harmonics can be inscribed
by a uniform circle of radius, r. (A), The HHG beam profile subtends a circular section
(i.e., arc) of this uniform circle defined by a central (i.e., azimuthal) angle, ¢, and the ¢™
intensity points of this arc define a chord length, a. (B), Using the equations relating r, a,
and ¢ for a uniform circle, we can extract the azimuthal angle of the HHG beam with a
high precision. Note that the center of this circle occurs at the common singularity of the

OAM harmonics generated from the individual drivers (represented by a white dot in
both panels).
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Fig. S8. Experimental Confirmation of the Spectral Shift Induced by the Self-
Torque of Light.

An EUV CCD camera records the dispersed OAM HHG spectrum at the flat-field
imaging plane of the EUV spectrometer, yielding a spatiospectral image of the emitted
harmonics. (A-D), The HHG spectra for the combined beam at (A) -50.4 fs and, (B) -2.6
fs, delay and the individual OAM drivers (C-D) clearly show that the azimuthal
frequency chirp is only present when HHG is driven with a non-pure vortex mode
composed of two pulses separated by a time delay comparable to their pulse widths. (E-
H), Azimuthally integrated HHG spectra at different azimuthal angles across the EUV
spatial-spectrograms (shown in (A-D)) confirms the spectral shift observed in A, while
the similar linewidths and cutoffs indicate that the spectral shift does not originate from
overdriving the HHG process (e.g., ionization saturation, spatiotemporal reshaping of the
driving beam, etc.).
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Movie S1. Amplitude, Phase, and Intensity Evolution of the Reconstructed, Complex
Beam Amplitudes for the Individual OAM Beams and Their Superposition

Reconstructed amplitude (top row), phase (middle row), and intensity (bottom row) of the
individual (#;; left-column, #,; middle-column) and combined (#; + #,; right-column)
IR, LG driving beams, numerically propagated over the full Rayleigh range of each
beam. The reconstructed beams exhibit a high degree of LG modal purity, which
confirms the high-quality of the beams for driving the HHG process.
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