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Abstract: High harmonic generation in atomic or molecular targets stands as a robust mechanism
to produce coherent ultrashort pulses with controllable polarization in the extreme-ultraviolet.
However, the production of elliptically or circularly-polarized harmonics is not straightforward,
demanding complex combinations of elliptically or circularly-polarized drivers, or the use of
molecular alignment techniques. Nevertheless, recent studies show the feasibility of high-
harmonic generation in solids. In contrast with atoms and molecules, solids are high-density
targets and therefore more efficient radiation sources. Among solid targets, 2D materials are
of special interest due to their particular electronic structure, which conveys special optical
properties. In this paper, we present theoretical calculations that demonstrate an extraordinary
complex light-spin conversion in single-layer graphene irradiated at non perturbative intensities.
Linearly-polarized drivings result in the emission of elliptically-polarized harmonics, and
elliptically-polarized drivings may result in linearly-polarized or ellipticity-reversed harmonics.
In addition, we demonstrate the ultrafast temporal modulation of the harmonic ellipticity.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

High-order harmonic generation (HHG) results from the interaction of physical systems with
intense electromagnetic radiation and has led to a large number of relevant applications in
attosecond science [1]. HHG is based on the dynamics of the unbound electrons rather than in
bound-state transitions, as in conventional perturbative photon up-conversion schemes. As a
non-perturbative process, HHG has a noticeable feature: the harmonic spectra show a plateau-like
structure, followed by a steep drop in efficiency beyond certain cut-off frequency [2]. The plateau
may extend up to thousands of harmonic orders, allowing the generation of coherent extreme
ultraviolet (XUV) or even soft x-ray radiation [3].
High-order harmonics have been observed from a wide diversity of materials. For gas-

phase systems, HHG arises from ionized electrons pulled away from their parent atoms or
molecules and recolliding back as the field reverses its sign. During recollision electrons may
recombine, emitting coherent high-energy photons [4, 5]. For a long time, HHG was thought
to be restricted to produce linearly polarized harmonics due to the weak rescattering efficiency
when driven by circularly polarized IR pulses [6]. However, several techniques have recently
succeeded in generating elliptically and circularly polarized harmonics in atomic gases, using
rather sophisticated configurations: HHG driven by a two-color counter-rotating circularly
polarized field [7–10]; HHG driven by single-color noncollinear counter-rotating beams [11, 12];
HHG in a double gas jet configuration irradiated by orthogonally polarized beams [13]; or by
using molecular targets irradiated by ellipticaly and linearly polarized driving pulses [14–17].

                                                                                              Vol. 27, No. 5 | 4 Mar 2019 | OPTICS EXPRESS 7776 

#356082  
Journal © 2019

https://doi.org/10.1364/OE.27.007776 
Received 26 Dec 2018; revised 6 Feb 2019; accepted 19 Feb 2019; published 1 Mar 2019 

https://doi.org/10.1364/OA_License_v1
https://crossmark.crossref.org/dialog/?doi=10.1364/OE.27.007776&amp;domain=pdf&amp;date_stamp=2019-03-01


Anisotropic molecules have been also demonstrated to produce elliptical-polarized harmonics
out of linear-polarized drivings, after being strongly aligned [18].
High density targets, as crystalline solids, have become increasingly interesting due to their

higher efficiency in harmonic conversion and the flexible design of target geometries. HHG in
solids, however, is limited by photoinduced damage, which restricts the maximum intensity of
the driving field. Until recently, only bulk solids were considered for HHG, with energy gaps
larger than the driver photons [19]. HHG from finite-gap solids follows a similar process to
atoms or molecules, where ionization is replaced by tunnel excitation from the valence to the
conduction band at the driving field maxima, and harmonics are radiated upon electron-hole
recombination [20].
Modern materials, such as topological insulators and 2D materials, present a wide variety

of electronic structure configurations, controlled by manufacturing, that make them interesting
candidates for HHG [21, 22]. Specifically, single-layer graphene (SLG) shows a potential due to
the presence of degenerate points in the reciprocal space, that convey extraordinary electronic and
optical properties. The singular band-structure provides graphene with a strong non-linear optical
response [23, 24]. For instance, second and third harmonics have been observed in multilayer
graphene [22, 25–27], and harmonics up to the 9th-order in SLG driven by mid-infrared laser
pulses have also been reported [28,29]. In contrast with the finite-gap case, HHG in graphene
relies on the excitation of electron-hole pairs at the Dirac points, which is not associated to tunnel
excitation [30]. Dirac points at topological-phase boundaries have been also associated to the
enhancement of harmonic conversion [31, 32].
It has been reported that HHG in solids is sensitive to the orientation of the electric field

relative to the crystal axis [21, 33, 34]. Recent reports revealed also that HHG in graphene is
enhanced by elliptically polarized excitations [28, 35, 36], and that circular-polarized harmonics
can be obtained from circular-polarized drivers [36, 37]. In this paper we present a detailed
theoretical study of the polarization characteristics of the harmonics induced by a few-cycle
infrared laser pulse, as a function of the driver polarization parameters. We analyze the ellipticity,
tilt angle and intensity of the harmonics when driven by a laser pulse with different polarizations
and orientations. Our results demonstrate an extraordinarily complex photon-spin conversion,
leading to a rich scenario for harmonic polarization control: optical rotation, tunable polarization
and ultrafast transient polarization. Although time-dependent ellipticity has been observed in the
response to circularly and elliptically-polarized drivers in atomic systems [12, 38], here we show
that this phenomenon is even stronger for SLG.

2. Methods

Single layer graphene is composed of carbon atoms arranged in an 2D-hexagonal honeycomb
lattice, with the first Brillouin Zone as shown in Fig. 1(a). According to the standard tight-binding
description of SLG within the nearest-neighbor aproximation [39], the out-of-plane atomic pz
orbitals overlap resulting in π-type bands. Taking the energy of the carbon 2p orbitals as reference
(ε2p = 0), the hamiltonian which describes the electron dynamics in the periodic potential of the
crystal is a 2 × 2 matrix of the form

H0 =
©«

0 γ f (k)

γ f ∗(k) 0
ª®¬ (1)

where γ = 2.97 eV is the hopping integral and f (k) the complex function:

f (k) = e−iakx/
√

3
(
1 + 2ei

√
3akx/2 cos

aky
2

)
, (2)
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being a = 2.46 Å the lattice constant. The band structure of SLG is obtained upon diagonalization
of H0, which yields to eigenvalues E±(k) = ±γ | f (k)|. The wave functions of the corresponding
eigenstates of the conduction (+) and valence (-) bands can be written as

Φ±(k; r) =
√

1
2

eik·r ©«
±1

e−iφ(k)
ª®¬ , (3)

being φ(k) the argument of the complex function f (k). E±(k) describe the conduction and
valence bands of graphene shown in Fig. 1(b). In the reciprocal space, the high-symmetry points
K and K’ are degenerated at the energy origin (Dirac points). At their vicinity the band dispersion
is linear: electrons and holes behave as massless fermions with constant velocity vF ' 106 m/s.
The maximum energy gap, ' 17.8 eV, occurs at the center of the Brillouin Zone, labeled Γ in Fig.
1(a). We note that, in practical situations, the chemical potential of graphene can be shifted by
electrostatic fields or introducing chemicals. If constant fields are applied near the breakdown
threshold, energy shifts of few hundred meV (charge density of few 1013 electrons per cm2) are
induced. These values of the chemical potential have a small effect in the optical properties of
graphene [40]. Note also that the conduction band occupation with chemical potentials of 100
meV is still very low in comparison with the valence band occupation (> 1015 electrons per cm2)
and thus, Pauli blocking is not likely to be relevant. As a result of these considerations, we do not
expect that chemical potential shifts affect substantially our results.

!′
!

!!
!′

!′

#$

#%

& !"

!#

$

A

B

a 1

! = 2.46 Å !
3

#

$′

$′ $′

$

$

$

&

'(

')
4π
3!

2π
3!

x

y

(b)(a)

a2

(a) (b)

Fig. 1. (a) Scheme of graphene’s first Brillouin Zone in the reciprocal space. (b) Graphene’s
band structure within the nearest-neighbor tight-binding approximation. The Fermi level is
set to zero. The conduction and valence bands correspond to positive and negative values of
energy, respectively. Dirac points K and K’ are degenerated in energy at the Fermi level.

The interaction of the laser pulse F(t) with the system is described by the time-dependent
Hamiltonian H(t) = H0 + Vi(t), where H0 is the SLG hamiltonian (1), and Vi(t) = −qeF(t) · r
is the electric field coupling in the dipole approximation, being qe the elementary charge. The
time-dependent wave function can be expressed as a superposition of the eigenstates (3):

Ψ(r, t) =
∫
Ψ(k; r, t)dk =

∫
[C+(k, t)Φ+(k; r) + C−(k, t)Φ−(k; r)] dk. (4)

Following [30], the dynamics can be computed from the integration of the following two-level



equations at each point of the Brillouin Zone:

i~
d
dt

CM (κt, t) =
E+(κt ) + E−(κt )

2
CM (κt, t) +

E+(κt ) − E−(κt )
2

eiφ(κt )C̃P(κt, t) (5)

i~
d
dt

C̃P(κt, t) =
E+(κt ) + E−(κt )

2
C̃P(κt, t) +

E+(κt ) − E−(κt )
2

e−iφ(κt )CM (κt, t) (6)

where ~κt = ~k − qeA(t)/c, A(t) being the vector potential, and

CM (κt, t) = C+(κt, t) − C−(κt, t) (7)
CP(κt, t) = e−iφ(κt ) [C+(κt, t) + C−(κt, t)] . (8)

We take as initial condition the SLG in its ground state, i.e. C−(k, 0) = 1 and C+(k, 0) = 0. The
harmonic emission is given by the dipole acceleration, i.e. the second time derivative of

d(t) = 〈Ψ(r, t)|qer|Ψ(r, t)〉 = i
qe
2

∫ [
CM∗∇κt C

M + CP∗∇κt C
P
]

dk. (9)

We have integrated numerically Eqs. (5), (6), and (9), considering an 8-cycle (full extend)
driving pulse with sin2 temporal envelope, modeled as:

F(t) = sin2(πt/8T)
[
Fx sin(ω0t)ex + Fy sin(ω0t + ∆φ)ey

]
(10)

where Fx and Fy are the cartesian components of the field amplitude, T is the period, ω0 = 2π/T
the field frequency, and ∆φ the relative phase between the field components. We neglect local
field corrections to the driving field amplitude, as the field is aimed perpendicularly to the
graphene layer and, therefore, propagates through an atomic-size thickness. For the calculations
presented in this work, we have considered a wavelength of 3 µm, resulting in a pulse duration
of 28 fs (2.9 cycles) at full-width-half-maximum in intensity, ensuring that the pulse length is
smaller than the decoherence time due to carrier collisions [41]. We have considered a peak
intensity of 5 × 1010 W/cm2, well below the threshold damage, assuming damage for fluences
above 150 mJ/cm2 [42].

3. Results and discussion

3.1. Linearly polarized laser driver

We first have studied the dependence of the non-linear response of SLG to a linearly-polarized
field, i.e. ∆φ = 0 in Eq. (10), as a function of the tilt angle, θ = arctan(Fx/Fy). Figure 2(a) shows
the calculated spectra for different values of θ, obtained by the addition of the spectral components
Sx(θ, ω) and Sy(θ, ω). The response shows the typical non-perturbative behaviour (plateau) up
to the seventh harmonic order, followed by a cut-off. These results are in good agreement with the
experimental observations reported in [28], where HHG was observed up to the ninth harmonic.
As a consequence of the symmetry, the optical response with respect to the driver’s polarization
follows a periodic pattern with period ∆θ = 60◦. Thus, the harmonic spectrum for θ = 30◦ is
indistinguible from the one corresponding to θ = 90◦ (horizontally polarized driver). Note that
the spectra shown in Fig. 2(a) are particularly rich. This is a consequence of the interference
of the two different contributions, intraband and interband, as well as of the contributions of
different electron-hole pair’s trajectories leading to the same harmonic [30].
The fact that the spectra in Fig. 2(a) are not identical demonstrates the anisotropic nature

of the optical response of SLG under intense laser fields. As noted previously, anisotropy in
HHG is also expected for aligned molecular targets due to the non-spherical symmetry of the
molecular orbitals [43]. However, crystalline solids include an additional source of anisotropy, as
the dynamics of the electrons in the conduction band are still subjected to the details of the crystal
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Fig. 2. (a) Total harmonic yield from SLG for different angles of linear polarization of the
driving laser, measured from the vertical axis, as shown in the inset. The total yield for each
angle is obtained by the addition of the spectral components Sx(θ, ω) and Sy(θ, ω) and it
is given in units of the driver’s intensity I0. (b) Intensities of the harmonic yield of SLG
as a function of θ. For each harmonic, intensities are normalized to the value at θ = 0. (c)
Ellipticity of the harmonic yield as a function of θ. Positive values of the ellipticity indicate
left handed polarization. (d) Harmonic tilt angle shift with respect to the driver’s tilt, as a
function of θ.

potential. In contrast, ionized electrons in molecules behave approximately as free particles and
therefore, respond to the field isotropically.
Figure 2(b) shows the variation of the intensity of the harmonic yield with the driver’s

polarization angle θ. The intensity of each harmonic is normalized to the corresponding value at
θ = 0. All the harmonics present a maximum intensity value for θ = 15◦ and 45◦, which increases
with the harmonic order. On the other hand, the harmonic yield finds a minimum efficiency at
θ = 30◦ for the higher-order harmonics. Note, therefore, that the crystal symmetry axes do not
correspond to the optimal driver polarization directions to generate harmonics efficiently.

Figures 2(c) and 2(d) show the dependence of the harmonic ellipticity εq and relative tilt angle
θq − θ with respect to the driver’s polarization direction. The ellipticity and tilt angle of the q-th
harmonic are derived from the Stokes parameters {Sq

0 , S
q
1 , S

q
2 , S

q
3 }, computed from the intensity

of the different polarization components, integrated over a spectral window of width ω0 around
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Fig. 3. Time dependent ellipticity for a tilt angle θ = 15◦ of the input beam. Panels (a) and
(c) show the time dependence of the ellipticity parameter εq and relative tilt angle θq − θ
for the fifth and eleventh harmonics, respectively. The blue line in the background of each
panel represents the intensity profile of the harmonic emission. Panels (b) and (d) show
the 3D plots of the electric field for the fifth and eleventh harmonic pulses along with their
ortogonal X and Y components.

each harmonic frequency. Then, the ellipticity and tilt angle are defined as:

εq = tan


1
2

arctan
©«

Sq
3√

Sq
1

2
+ Sq

2
2

ª®®¬
 , (11)

θq =
π

2
−

1
2

arctan
Sq

2

Sq
1
. (12)

Inspection of Fig. 2(c) reveals that all harmonic orders are linearly polarized when the driving
field is aligned with a symmetry axis of the SLG lattice (θ = 0, 30◦, etc.), and elliptically
polarized elsewhere. The harmonic ellipticity for angles θ < 30◦ and > 30◦ are related by mirror
symmetry. We find a remarkable difference between the lower and higher-order harmonics: for
angles θ < 30◦ the third, fifth and seventh harmonics present left-handed elliptical polarization,
whilst the ninth and eleventh are right handed. In contrast, in the case of aligned molecules, the
harmonic ellipticity against the driver’s tilt behaves similarly for all harmonic orders. According
to [20, 30] the frequency of the emitted harmonic corresponds to the instantaneous energy of the
electron-hole pair when recombining. This suggests that the third harmonic is generated near the
Dirac points, where the band structure is isotropic and therefore, the third-harmonic emission
becomes insensitive to the orientation of the driver’s polarization.
The combination of the results shown in Figs. 2(b) and 2(c) leaves the conclusion that

SLG behaves most efficiently as a source of elliptically polarized harmonics when the driver’s



polarization axis is rotated 15◦ from the crystal symmetry axes. It also demonstrates that the
ellipticity of the harmonics generated in SLG can be easily tuned by changing the tilt angle of the
linearly polarized driver, without the need of complex driving configurations.

The orientation of the polarization ellipse (i.e. the tilt angle θq of its main axis), is analyzed in
Fig. 2(d). The major axis is almost parallel to the signal’s polarization for the lower harmonics,
while it rotates gradually as the harmonic order increases, reaching a maximal angular difference
around θ = 15◦ and 45◦. For these tilt angles, the main axis of the polarization ellipse of the
eleventh harmonic is almost perpendicular to the direction of the driver polarization.
We plot in Fig. 3 the time evolution of the polarization of the harmonics generated at a

driver’s tilt of 15◦, which corresponds to the maximum conversion efficiency, see Fig. 2(b). Our
computations show a clear evidence of ultrafast polarization changes both in ellipticity, at the
scale of 0.2 per cycle, and tilt angle. The time-dependent harmonic ellipticities are also found in
collinear [38] and non-collinear [12] schemes in atomic targets. However, we show that the range
and rate of ellipticity variation in SLG are considerable higher. As a general trend, the rate of
variation is shown to increase with the harmonic order. This suggests possible applications in
ultrafast pump-probe transient absorption experiments.

3.2. Elliptically polarized laser driver

We have also investigated the variation of the HHG response to changes in the ellipticity of the
driving pulse. We consider a right-handed elliptically polarized driving pulse, as described by
Eq. (10) with ∆φ = π/2. The ellipticity of the driver is, therefore, εIR = Fx/Fy . The rest of the
driving field’s parameters are defined as in the linear case, so that εIR = 0 corresponds to the
(vertical) linearly polarized driver of the preceding section.

Figure 4(a) shows the calculated harmonic yield for different values of εIR. The spectra also
show the non-perturbative characteristics (plateau and cut-off) observed for linear polarization
in the previous section. A main observation from Fig. 4(a) is the drop in the efficiency of the
HHG for circularly polarized drivings (green line, εIR = 1). This trend is also observed in
atoms, where the number of rescattering trajectories drops drastically with the ellipticity of the
driver [44]. However, in comparison with the atomic case, the drop in efficiency in SLG is much
weaker. Most interestingly, for εIR = 1, the three-fold rotational symmetry of graphene forbids
the generation of one every three harmonic orders, as it has been recently reported in [36], much
in the same way as in atomic HHG driven by two-color counter-rotating fields [7–10].
As a further observation, Fig. 4(a) also shows that the harmonic intensity does not decrease

monotonically with the driver’s ellipticity, as can be noticed by comparing the red (εIR = 0) and
blue (εIR = 0.3) curves. We further explore this phenomena in Fig. 4(b), where we plot the
normalized harmonic intensity as a function of the driver’s ellipticity for different harmonics.
The harmonic response is split into two components, parallel to the major axis Sy(ε, ω), dotted
lines, and minor axis Sx(ε, ω), solid lines, of the driver’s polarization ellipse. All the intesities
are normalized by Sy at εIR = 0. Note that, while Sy decreases with the ellipticity for all the
harmonic orders, Sx shows a pronounced increase with a maximum for the driver’s ellipticity in
the interval 0.3 < εIR < 0.4. This result is in agreement with the experimental data presented
in [28]. Complementary, Fig. 4(d) shows the dependence of the ellipticity of each harmonic field
as a function of the driver’s ellipticity. Note that the region of optimal harmonic conversion in Fig.
4(b) corresponds to harmonics with polarization close to linear. This behavior is the opposite
of what we found for the linear-polarized driving in the preceding section, where the optimal
conversion efficiency is associated with the generation of elliptically polarized harmonics. Note
also that for smaller values of εIR the polarization is right-handed (as it is the input beam), whilst
it turns to left-handed for higher ellipticities. Remarkably enough, for circularly polarized input
signal (εIR = 1.0) the fifth and seventh harmonics are nearly circularly polarized [36], and with
opposite handeness, also as found in atomic HHG driven by counter-rotating fields [7–10].
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Fig. 4. (a) Harmonic yield from SLG for three different values of the ellipticity of the input
beam. The total yield is obtained by the addition of the spectral components Sx and Sy
parallel to the axes of the laser polarization ellipse and it is given in units of the driver’s
intensity I0. (b) Normalized intensities for the harmonic yield as a function of the laser
ellipticity. (c) Tilt angle of the harmonic response as a function of εIR . The tilt angle of the
input laser is always zero. (d) Ellipticity of the harmonic yield from SLG as a function of
εIR . Positive values of the ellipticity indicate left handed polarization. The lines connecting
graphics (b) and (d) are eye guides. In (b), (c) and (d) the highest harmonics are not plotted
for the largest ellipticities because they are not resolved in the spectra.

As additional information, we plot in Fig. 4(c) the tilt angle of the major axis polarization
ellipse of each harmonic as a function of the driving field’s ellipticity. Our results show that the
main axis of the response is almost perpendicular to the main axis of the driving for ellipticity
values of maximal efficiency. As shown in Fig. 4(b), this is a consequence of the steep increase of
Sx in these cases. Together with the data shown in Fig. 4(d), we can conclude that the harmonic
emission efficiency shows a maximum for driving ellipticities in the range 0.3 < εIR < 0.4, where
the harmonics are emitted with polarization close to linear and tilt angles perpendicular to the
main axis of the driver’s polarization ellipse.

Finally, Fig. 5 shows the time dependent polarization for εIR = 0.3, i.e. a value corresponding
to maximal conversion efficiency according to Fig. 4(b), and for εIR = 1.0. In the case of the
elliptically-polarized drivers, the polarization of the harmonic field varies at the femtosecond
scale, in the same way than for linearly-polarized drivings. Note however that the ellipse tilt
remains approximately constant at each pulse component of the harmonic field. On the other hand,
the ellipticity remains close to pure circular in time when the driving field is circularly-polarized.
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Fig. 5. Panels (a) and (c) show the time dependence of the ellipticity for εIR = 0.3 and 1.0,
respectively. The blue line in the background of each panel represents the intensity profile of
the harmonic emission within the laser pulse. Panels (b) and (d) show the 3D plots of the
electric field for the harmonic pulses along with its ortogonal X and Y components.

4. Conclusions

We have studied the polarization properties of the high-harmonic emission from single-layer
graphene irradiated by intense few-cycle infrared laser pulses with different polarizations. Our
numerical results demonstrate that the anisotropic response of SLG induces a complex photon-
spin conversion, and thus the production of ellipticaly polarized harmonics from linear-polarized
infrared pulses, and linearly polarized harmonics from elliptical-polarized infrared pulses. For the
case of elliptically polarized drivers, we have confirmed the increasing role of the polarizability in
the x direction, revealing a strong sensitivity of the polarization characteristics of the harmonics
field to variations on the driver’s ellipticity. Our results also reveal the ultrafast change of the
harmonic polarization state, producing pulses with femtosecond time-varying ellipticity. This
dynamics may be resolved experimentally using spatial-spectral interferometry [45]. These
pulses convey an extraordinary tool for ultrafast pump-probe experiments, ultrafast chiral
dichroism [46,47] and spin/charge dynamics in magnetic materials [48, 49].
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