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a b s t r a c t

In this paper, we deal with the asymptotic and oscillatory behavior of the
solutions of higher-order differential equations with middle term of the form L′

w +
p (ν) f

(
w(m−1) (ν)

)
+q (ν) g (w (σ (ν))) = 0, where Lw := r (ν)

(
w(m−1) (ν)

)α
. By

using generalized Riccati transformations we study the asymptotic behavior and
derive a new oscillation criterion. The results obtained here extend and improve
some well-known results which have been published recently in the literature. An
example is given to illustrate the applicability of the obtained results.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Lately, the use of higher order delay differential equations has been considered to describe many real life
applications, as models concerning physical, biological, or chemical phenomena applications in dynamical
systems (see [1–4]). As a result of the interest in this kind of equations, the qualitative behavior of their
solutions has been the subject of study for many scholars in the past years [5–15]. Particular emphasis has
been given to the study of oscillations and the oscillatory behavior of these equations, which have been
investigated using different methods and various techniques; we refer the interested reader to the papers
[16–25]. In this paper, we will establish an oscillation criterion for the higher order differential equation with
middle term of the form(

r (ν)
(
w(m−1) (ν)

)α)′
+ p (ν) f

(
w(m−1) (ν)

)
+ q (ν) g (w (σ (ν))) = 0, (1)

where α is a quotient of odd positive integers and m ≥ 2 is an even integer. Throughout this work, we
suppose that:

∗ Corresponding author.
E-mail addresses: o.bazighifan@gmail.com (O. Bazighifan), higra@usal.es (H. Ramos).

https://doi.org/10.1016/j.aml.2020.106431
0893-9659/© 2020 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.aml.2020.106431
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2020.106431&domain=pdf
mailto:o.bazighifan@gmail.com
mailto:higra@usal.es
https://doi.org/10.1016/j.aml.2020.106431


2 O. Bazighifan and H. Ramos / Applied Mathematics Letters 107 (2020) 106431

(P1) r, p, q ∈ C ([ν0,∞), [0,∞)), r (ν) > 0, q (ν) > 0, r′ (ν) + p (ν) ≥ 0,
(P2) f, g ∈ C (R,R) , f (u) ≥ kfu

α > 0, g (u) ≥ kgu
α > 0 for u ̸= 0, kf ≥ 1 and kg > 0,

(P3) σ ∈ C ([ν0,∞) , (0,∞)) , σ (ν) ≤ ν and limν→∞ σ (ν) = ∞ and under the condition∫ ∞

ν0

[
1

r (s) exp
(

−
∫ s

ν0

p (u)
r (u)du

)]1/α

ds < ∞. (2)

Definition 1.1. A function w ∈ Cm−1[νw,∞), νw ≥ ν0, is called a solution of (1), if r (ν)
(
w(m−1) (ν)

)α ∈
C1[νw,∞), and w (ν) satisfies (1) on [νw,∞).

Definition 1.2. If a solution of (1) has arbitrarily large zeros on [νw,∞), then it is called oscillatory, and
otherwise is called to be nonoscillatory.

Definition 1.3. Eq. (1) is called to be oscillatory if all its solutions are oscillatory.

In what follows, we present a brief review of some results that have provided the background and the
motivation for the present work.

Elabbasy et al. [20] studied the oscillation of solutions of the fourth-order equation

[r (ν)w′′′ (ν)]′ + p (ν)w′′′ (ν) + q (ν)w (τ (ν)) = 0,

under the condition ∫ ∞

ν0

[
1

r (s) exp
(

−
∫ s

ν0

p (u)
r (u)du

)]1/α

ds = ∞.

In [7], Liu et al. discussed the equation(
r (ν)φ

(
w(m−1) (ν)

))′
+ p (ν)φ

(
w(m−1) (ν)

)
+ q (ν)φ (w (g (ν))) = 0,

with φ (ν) = |ν|p−2
ν and ∫ ∞

ν0

[
1

r (s) exp
(

−
∫ s

ν0

p (u)
r (u)du

)]1/(p−1)
ds = ∞,

where p is a real number satisfying p > 1.
Elabbasy et al. [21] consider the oscillatory behavior of the equation[

r (ν)
⏐⏐⏐(w(m−1) (ν)

)⏐⏐⏐p−2
w(m−1) (ν)

]′

+ q (ν) f (w (τ (ν))) = 0,

under the condition ∫ ∞

ν0

1
r

1/(p−1) (ν)
dν = ∞,

where p is a real number satisfying p > 1.
Zhang et al. in [24] considered a higher-order differential equation

L′
w + p (ν)

⏐⏐⏐(w(m−1) (ν)
)⏐⏐⏐p−2

w(m−1) (ν) + q (ν) |(w (τ (ν)))|p−2
w (τ (ν)) = 0,

where
Lw = r (ν)

⏐⏐⏐(w(m−1) (ν)
)⏐⏐⏐p−2

w(m−1) (ν)
and p is a real number satisfying p > 1.

The aim of this paper is to establish new oscillation results of solutions to a class of higher-order
differential equations with delayed arguments by using a Riccati technique, the results obtained here
essentially complement some well-known results which have been published recently in the literature. In
order to discuss our results, we need the following lemmas.
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Lemma 1.1 ([26], Lemma 2.2.3). Let u ∈ Cm ([ν0,∞) , (0,∞)). Assume that u(m) (ν) is of a fixed sign on
[ν0,∞), m a positive integer, u(m) (ν) not identically zero and that there exists ν1 ≥ ν0 such that, for all
ν ≥ ν1 it is

u(m−1) (ν)u(m) (ν) ≤ 0.

If we have limν→∞ u (ν) ̸= 0, then there exists νλ ≥ ν0 such that

u (ν) ≥ λ

(m− 1)!ν
m−1

⏐⏐⏐u(m−1) (ν)
⏐⏐⏐ ,

for every λ ∈ (0, 1) and ν ≥ νλ.

Lemma 1.2 ([27], Lemma 2.1). Let α ≥ 1 be a ratio of two odd numbers, C > 0 and D are constants. Then

Dw − Cw(α+1)/α ≤ αα

(α+ 1)α+1
Dα+1

Cα
.

Lemma 1.3 ([26], Lemma 2.2.2). Let u ∈ Cm ([ν0,∞) , (0,∞)) with m a positive integer such that it and
its derivatives up to order (m− 1) are absolutely continuous and of constant sign in an interval (ν0,∞). If
u(m−1) (ν)u(m) (ν) ≤ 0 for all ν ≥ νu, then for every θ ∈ (0, 1) there exists a constant M > 0 such that

u (θν) ≥ Mνm−1u(m−1) (ν) ,

for all sufficient large ν.

Lemma 1.4 ([28], Theorem 2.1). Assume that (2) is satisfied and let w(ν) be an eventually positive solution
of (1) such that limν→∞ w (ν) ̸= 0. Then there exists a sufficiently large ν1 ≥ ν0 such that for all ν ≥ ν1 is
verified one of the two possible cases

(I1) w (ν) > 0, w′ (ν) > 0, w(m−1) (ν) > 0, w(m) (ν) < 0.
(I2) w (ν) > 0, w(m−2) (ν) > 0, w(m−1) (ν) < 0.

2. Main results

We use the Riccati transformation to prove some necessary lemmas before establishing an oscillation
criterion for (1). For convenience, we use the following notations:

ζ (ν0, ν) : = exp
(∫ ν

ν0

p (u)
r (u)du

)
,

ϑ (ν) : =
∫ ∞

ν

ds

(r (s) ζ (ν0, s))
1
α
,

ϕ (ν) : = δ′ (ν)
δ (ν) − kfp (ν)

r (ν) , ϕ+ (ν) := max (0, ϕ (ν))

φ (ν) : = 1
ζ

1
α (ν0, ν)

− ϑ (ν) p (ν) r(1−α)/α (ν)
α

, φ+ (ν) := max (0, φ (ν))

φ̃ (ν) : = p (ν)
r (ν) + α(α+1)δ (ν)φα+1 (ν) ζ (ν0, ν)

ϑ (ν) r
1
α (ν)

.
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Lemma 2.1. Let w (ν) be an eventually positive solution of Eq. (1) and assume that (I1) holds. If ψ (ν) is
a Riccati transformation defined by

ψ (ν) := δ (ν)
r (ν)

(
w(m−1))α (ν)
wα (ν/2) , (3)

where δ ∈ C1 ([ν0,∞)) , then there exists a constant M > 0 such that

ψ′ (ν) ≤ −kgδ (ν) q (ν) + ϕ+ (ν)ψ (ν) − αMνm−2

2 (r (ν) δ (ν))1/α
ψ

α+1
α (ν) . (4)

Proof. Assume that w (ν) is an eventually positive solution of (1) and from Lemma 1.4, we see (I1) holds.
By Lemma 1.3, we get

w′ (ν/2) ≥ Mνm−2w(m−1) (ν) . (5)

From the definition of ψ (ν), we see that ψ (ν) > 0 for ν ≥ ν1, and

ψ′ (ν) = δ′ (ν)
r (ν)

(
w(m−1))α (ν)
wα (ν/2) + δ (ν)

(
r
(
w(m−1))α

)′
(ν)

wα (ν/2) − αδ (ν)
w′ (ν/2) r (ν)

(
w(m−1))α (ν)

2wα+1 (ν/2) .

Using (3) and (5), we obtain

ψ′ (ν) ≤
δ′

+ (ν)
δ (ν) ψ (ν) + δ (ν)

(
r
(
w(m−1))α

)′
(ν)

wα (ν/2) − αMνm−2δ (ν)
r (ν)

(
w(m−1))α+1 (ν)

2wα+1 (ν/2) .

From (1), we get

ψ′ (ν) ≤
δ′

+ (ν)
δ (ν) ψ (ν) − kfp (ν) ψ (ν)

r (ν) − kgδ (ν) q (ν) w
α (σ (ν))
wα (ν/2) − αMνm−2 ψ

α+1
α (ν)

2 (δ (ν) r (ν))1/α

≤ −kgδ (ν) q (ν) +
(
δ′

+ (ν)
δ (ν) − kf

p (ν)
r (ν)

)
ψ (ν) − αMνm−2 ψ

α+1
α (ν)

2 (δ (ν) r (ν))1/α
.

Hence, we find

ψ′ (ν) ≤ −kgδ (ν) q (ν) + ϕ+ (ν)ψ (ν) − αMνm−2 ψ
α+1

α (ν)
2 (δ (ν) r (ν))1/α

.

The proof is complete. □

Lemma 2.2. Let w (ν) be an eventually positive solution of Eq. (1) and assume that (I2) holds. If ϖ (ν) is
a Riccati transformation defined by

ϖ (ν) := −
r (ν)

(
−w(m−1))α (ν)(

w(m−2)
)α (ν)

, (6)

then there exists a constant µ ∈ (0, 1) such that

ϖ′ (ν) ≤ kfp (ν)
r (ν)ϑα (ν) ζ (ν0, ν) − kgq (ν)

(
µ

(m− 2)!σ
m−2 (ν)

)α

− α
ϖ

α+1
α (ν)

r
1
α (ν)

. (7)

Proof. Assume that w (ν) be an eventually positive solution of (1) and (I2) holds. Since(
−r (ν)

(
−w(m−1) (ν)

)α

ζ (ν0, ν)
)′

≤ −kgq (ν)wα (σ (ν)) ζ (ν0, ν) < 0,
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we deduce that −r (ν)
(
−w(m−1) (ν)

)α
ζ (ν0, ν) is decreasing. Thus, for s ≥ ν ≥ ν1 it is

(r (s) ζ (ν0, s))1/α
w(m−1) (s) ≤ (r (ν) ζ (ν0, ν))1/α

w(m−1) (ν) . (8)

Dividing both sides of (8) by (r (s) ζ (ν0, s))1/α and integrating the resulting inequality from ν to u, we get

w(m−2) (u) ≤ w(m−2) (ν) + (r (ν) ζ (ν0, ν))1/α
w(m−1) (ν)

∫ u

ν

ds

(r (s) ζ (ν0, s))1/α
.

Letting u → ∞, we arrive that

0 ≤ w(m−2) (ν) + (r (ν) ζ (ν0, ν))1/α
w(m−1) (ν)ϑ (ν) ,

which yields

−w(m−1) (ν)
w(m−2) (ν)

ϑ (ν) (r (ν) ζ (ν0, ν))1/α ≤ 1.

Hence,
r (ν)

(
w(m−1) (ν)

)α(
w(m−2) (ν)

)α ≥ −1
ϑα (ν) ζ (ν0, ν) .

From (6), we have
ϖ (ν) ≥ −1

ϑα (ν) ζ (ν0, ν) . (9)

From the definition of ω (ν), we see that ω (ν) < 0 for ν ≥ ν1, and

ϖ′ (ν) =

(
−r (ν)

(
−w(m−1) (ν)

)α
)′

(
w(m−2) (ν)

)α − α
−r (ν)

(
−w(m−1) (ν)

)α+1(
w(m−2) (ν)

)α+1 .

From (1) and (6), we obtain

ϖ′ (ν) ≤ −kf
p (ν)
r (ν)ϖ (ν) − kgq (ν) wα (σ (ν))(

w(m−2) (ν)
)α − α

ϖ
α+1

α (ν)
r

1
α (ν)

(10)

= −kf
p (ν)
r (ν)ϖ (ν) − kgq (ν) wα (σ (ν))(

w(m−2) (σ (ν))
)α

(
w(m−2) (σ (ν))

)α(
w(m−2) (ν)

)α − α
ϖ

α+1
α (ν)

r
1
α (ν)

.

By Lemma 1.1, we get, for some constant µ ∈ (0, 1)

w (ν) ≥ µ

(m− 2)!ν
m−2w(m−2) (ν) . (11)

Thus, from (9) and (11), we get

ϖ′ (ν) ≤ kfp (ν)
r (ν)ϑα (ν) ζ (ν0, ν) − kgq (ν)

(
µ

(m− 2)!σ
m−2 (ν)

)α

− α
ϖ

α+1
α (ν)

r
1
α (ν)

.

The proof is complete. □

Theorem 2.1. Assume that (2) holds. If there exist constants M > 0, µ ∈ (0, 1), and positive functions
δ, ϑ ∈ C1 ([ν0,∞) , (0,∞)) such that

lim
ν→∞

sup
∫ ν

ν0

(
kgδ (s) q (s) −

(
2

Msm−2

)α
r (s) δ (s) (ϕ+ (s))α+1

(α+ 1)α+1

)
ds = ∞ (12)

and
lim

ν→∞
sup

∫ ν

ν0

(
kgq (s)

(
µσm−2 (s)
(m− 2)! ϑ (s)

)α

ζ (ν0, s) − φ̃ (s)
)
ds = ∞, (13)

then every solution of (1) is oscillatory.
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Proof. Let w be a nonoscillatory solution of Eq. (1). The proof will be completed by showing that this
leads to a contradiction. Without loss of generality, we can assume that w (ν) > 0. From Lemma 2.1, we get
that (4) holds. Using Lemma 1.2, we set

D = ϕ+ (ν) , C = αMνm−2/
(

2 (r (ν) δ (ν))1/α
)

and w = ψ.

We have
ψ′ (ν) ≤ −kgδ (ν) q (ν) +

(
2

Mνm−2

)α
r (ν) δ (ν) (ϕ+ (ν))α+1

(α+ 1)α+1 . (14)

Integrating from ν1 to ν, we find∫ ν

ν1

(
kgδ (s) q (s) −

(
2

Msm−2

)α
r (s) δ (s) (ϕ+ (s))α+1

(α+ 1)α+1

)
ds ≤ ψ (ν1) ,

which contradicts (12).
From Lemma 2.2, we get that (7) holds. Multiplying (7) by ϑα (ν) ζ (ν0, ν) and integrating the resulting

inequality from ν1 to ν, we get

ϑα (ν) ζ (ν0, ν)ϖ (ν) − ϑα (ν1) ζ (ν0, ν1)ϖ (ν1) −
∫ ν

ν1

p (s)
r (s)ds

+α

∫ ν

ν1

r
−1
α (s)ϑα−1 (s) ζ (ν0, s)φ+ (s)ϖ (s) ds

+
∫ ν

ν1

kgq (s)
(

µ

(m− 2)!σ
m−2 (s)

)α

ϑα (s) ζ (ν0, s) ds

+α

∫ ν

ν1

ϖ
α+1

α (s)
r

1
α (s)

ϑα (s) ζ (ν0, s) ds ≤ 0.

Using Lemma 1.2 we set

C = ϑα (s) ζ (ν0, s) /r
1
α (s) , D =

∫ ν

ν1

r
−1
α (s)ϑα−1 (s) ζ (ν0, s)φ+ (s) , w = ϖ (ν) .

Thus, we get

ϑα (ν) ζ (ν0, ν)ϖ (ν) − ϑα (ν1) ζ (ν0, ν1)ϖ (ν1) −
∫ ν

ν1

p (s)
r (s)ds

+
∫ ν

ν1

kgq (s)
(

µ

(m− 2)!σ
m−2 (s)

)α

ϑα (s) ζ (ν0, s) ds

+
∫ ν

ν1

α(α+1)δ (s)φα+1 (s) ζ (ν0, s)
ϑ (s) r

1
α (ν)

ds ≤ 0.

Hence, by (9), we obtain∫ ν

ν1

(
kgq (s)

(
µσm−2 (s)
(m− 2)! ϑ (s)

)α

ζ (ν0, s) − φ̃ (s)
)
ds ≤ ϑα (ν) ζ (ν0, ν)ϖ (ν1) + 1,

which contradicts (13).
Theorem 2.1 is proved. □

Example 2.1. For ν ≥ 1, consider the differential equation(
ν2 (w′ (ν))

)′ + ν

2w
′ (ν) + υw

(ν
2

)
= 0, ν ≥ 1, (15)
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Fig. 1. Some solutions of the equation in (15) taking υ = 10.

where υ > 0 is a constant. Note that α = 1, m = 2, ν0 = 1, r (ν) = ν2, p (ν) = ν/2, q (ν) = υ, σ (ν) = ν/2.
We now set δ (ν) = kf = kg = 1, then

ζ (ν0, ν) : = exp
(∫ ν

ν0

p (u)
r (u)du

)
= ν1/2, ϑ (ν) :=

∫ ∞

ν

ds

(r (s) ζ (ν0, s))
1
α

= 2
3ν3/2 ,

ϕ (ν) : = δ′ (ν)
δ (ν) − kfp (ν)

r (ν) = −1
2ν , φ (ν) := 1

ζ
1
α (ν0, ν)

− ϑ (ν) p (ν) r(1−α)/α (ν)
α

= 2
3ν1/2

φ̃ (ν) : = p (ν)
r (ν) + α(α+1)δ (ν)φα+1 (ν) ζ (ν0, ν)

ϑ (ν) r
1
α (ν)

= 7
6ν ,

thus, we get

lim
ν→∞

sup
∫ ν

ν0

(
kgδ (s) q (s) −

(
2

Msm−2

)α
r (s) δ (s) (ϕ+ (s))α+1

(α+ 1)α+1

)
ds = ∞

and, for some µ ∈ (0, 1),

lim
ν→∞

sup
∫ ν

ν0

(
kgq (s)

(
µσm−2 (s)
(m− 2)! ϑ (s)

)α

ζ (ν0, s) − φ̃ (s)
)
ds

= lim
ν→∞

sup
∫ ν

ν0

(
υµ

s
− 7

6s

)
ds.

Therefore, by Theorem 2.1, all the solutions of (15) are oscillatory if υ > 7
6µ .

Fig. 1 presents different solutions of the equation in (15) taking υ = 10 for w(1) = 1, w′(1) = −2,−1, . . . , 2,
showing their oscillatory behavior. In Fig. 2 we show different solutions of the equation in (15) taking υ = 0.5
for w(1) = 1, w′(1) = −2,−1, . . . , 2, where a non-oscillatory behavior can be observed.

3. Conclusion

The aim of this article was to provide a study of the asymptotic nature for a class of higher-order
delay differential equations with middle term. We use Riccati substitutions to prove that under certain
assumptions, every solution of the studied equation is oscillatory. The results presented here complement
some of the known results reported in the literature, as the ones in [7] and references contained therein.

A further extension of this article is to use our results to study a class of systems of higher order neutral
differential equations as well as equations of fractional order. For all these classes of equations, there are
already some researches in progress.
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Fig. 2. Some solutions of the equation in (15) taking υ = 0.5.
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