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In this work, we consider a graded mesh refinement algorithm for solving
time-delayed parabolic partial differential equations with a small diffusion
parameter. The presence of this parameter leads to boundary layer phenom-
ena. These problems are also known as singularly perturbed problems. For these
problems, it is well-known that one cannot achieve a convergent solution to
maintain the boundary layer dynamics, on a fixed number of uniform meshes
irrespective of the arbitrary magnitude of perturbation parameter. Here, we
consider an adaptive graded mesh generation algorithm, which is based on an
entropy function in conjunction with the classical difference schemes, to resolve
the layer behavior. The advantage of the present algorithm is that it does not
require to have any information about the location of the layer. Several examples
are presented to show the high performance of the proposed algorithm.
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1 INTRODUCTION

Boundary layer originated singularly perturbed parabolic PDEs (SPPPDEs) frequently appear in diverse areas, such as
Mathematical Economics, Control theory, Biosciences, and Material Science.1–4 As an example, one can look into the
following time-delayed mathematical model of automatically controlled furnace to process metal sheets5:

𝜕u𝜀

𝜕t
= 𝜀

𝜕2u𝜀

𝜕x2 + w(g(u𝜀(x, t −℘)))𝜕u𝜀

𝜕x
+ d[𝑓 (u𝜀(x, t − 𝜏)) − u𝜀(x, t)].

Here, u𝜀(x, t) denotes the distribution of temperature in a metal sheet, which is moving with velocity w and heated by
the temperature function f. Here, f and w are dynamically adapted by a controlling device which monitors the current
temperature distribution. However, the finite speed of the controlling device introduces a fixed time lag/delay of length
℘. This type of problems is noted as differential-difference form due to the presence of time delay ℘. In this model, 𝜀 is
an arbitrary small parameter which satisfies 0<𝜀≪ 1. The presence of this small diffusion parameter 𝜀 leads to the large
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variation of the solution in a small region. This is called boundary/interior layer region. These problems are also known
as singularly perturbed problems.

In early days, the approximation methods based on asymptotic analysis were a leading goal for several researchers
for singularly perturbed problems. In the context of differential-difference equations, one of the motivational work on
asymptotic analysis is by Lange and Miura.6 Later, numerical methods using difference operators became popular as one
can achieve an user chosen desired accuracy on an adaptive mesh.

It is well-known that the boundary/interior layer cannot be approximated by an uniform mesh on a fixed number of
points unless a fitting is used7 on the standard difference operator. This technique cannot be extended for several problems
with parabolic boundary layers. This leads to the direction of layer adaptive mesh generation which is dense inside the
boundary/interior layer regions. In recent years, a significant research on adaptive mesh generation has been observed
for numerical study of these models.

Few of the researches in the context of adaptive mesh include previous studies.8–10 Note that the presence of a delay
term can change the nature of the solution. For example, a time-delayed system11 can have multiple layer phenomena
in singular perturbation context. Hence, the numerical analysis of large time-delayed SPPPDEs became the center of
interest by several researchers; see, for example, Ansari and Shishkin12 on piecewise uniform meshes and Gowrisankar
and Natesan13 on adaptive meshes. There are other ways to find an approximation of the solution based on perturbation
theory, which can be seen in previous studies.14–17 It turns out that the smoothness of the initial data and the structure of
the a priori meshes play important roles on the error estimates and convergence of the numerical solutions for SPPs; see,
for example, Das and Natesan,18 Chandru et al.19,20 and Govindarao et al.21 Uniformly convergent numerical methods
for the SPPs with delay and advance terms can be also observed in Bansal et al.22,23 on a priori fixed meshes. This mesh
structure has been also adaptively improved by Chakravarthy and Kumar24 by a new strategy.

In general, the low order upwind schemes are mainly popular for singularly perturbed problems. Based on the upwind
schemes, several uniformly convergent numerical methods are developed on equidistributed meshes where the number
of mesh points is not dependent on perturbation parameter. On equidistributed meshes, one can achieve the optimal con-
vergent solution by using upwind schemes for convection–diffusion problems, which is not possible on Shishkin meshes.
Very recently, the researches developed in other works25–30 have used the equidistributed meshes to obtain optimal conver-
gent solutions on a fixed number mesh points. Note that one can achieve lower order accurate solution in case first-order
upwind schemes are used for convection term.

The rate of accuracy of the lower order upwind schemes can be also greatly improved by postprocessing methods, like
Richardson extrapolation technique.18 However, it is tempting to approximate the continuous SPPPDEs by using the
well-known central difference approximation, as this approximation leads to less consistency error compared to first-order
upwind schemes. But this discretization leads to an oscillatory solution, which does not reflect the physical structure
of the analytical solution. To handle such situation, we need a larger number of mesh points at the regions where the
solution becomes oscillatory. Depending on the model problems, several priori meshes like, Bakhvalov,31 Gartland,32 and
Beckett33,34 are developed to overcome this drawback. Nevertheless, all of the above meshes require a priori information
about the location and the width of the layer.

In the present research, our aim is to generate a new graded mesh which will automatically introduce new mesh points
to the region of large variation. The new algorithm has two purposes. We wanted to have higher-order accurate solutions,
say by using central difference schemes. Then, we want to remove the nonphysical oscillations, appearing in higher-order
numerical schemes, by introducing more points in the region of oscillations. To do this, we have used the entropy of the
numerical solutions. In addition to this graded mesh generating algorithm,35 this research shows the effectiveness of this
algorithm to solve the time-delayed SPPPDEs. This algorithm is adaptive and does not require any a priori knowledge
about the layer location.

Organization of the paper: In Section 2, we consider the time-delayed SPPPDE which will be used for present analysis.
In addition, we also provide few compatibility conditions on the data which can be extended for required smoothness
of the solution. In Section 3, we discretize the problem and consider an algorithm for generating layer adaptive mesh.
To show the effectiveness of the present approach, we have considered three problems for numerical experiments in
Section 5. Concluding remarks are given in the final section.
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2 PROBLEM STATMENT

In this work, we consider the following class of time-delayed SPPPDEs:

L𝜀u(x, t) ≡ 𝜕u
𝜕t

− 𝜀
𝜕2u
𝜕x2 + p(x, t)𝜕u

𝜕x
+ q(x, t)u(x, t) = −r(x, t)u(x, t −℘) + g(x, t), (x, t) ∈ Ω, (1)

with the initial condition
u(x, t) = Ψm(x, t), (x, t) ∈ Υm,

and boundary conditions

u(0, t) = Ψl(t), on Υl, and u(1, t) = Ψr(t), on Υr. (2)

Here, (0<𝜀≪ 1) is the perturbation parameter, ℘ is the time delay, Ω = S×(0,T] where S = (0, 1). Let Υ = Υl∪Υm∪Υr,
where Υm = S × [−℘, 0] for 0 < ℘ < T and Υl = {(0, t) ∶ 0 ≤ t ≤ T}, Υr = {(1, t) ∶ 0 ≤ t ≤ T} be, respectively, the left
and the right boundaries of the domain Ω̄. Here, Ω̄ defines the closure of the set Ω.

The functions p(x, t), q(x, t), r(x, t), g(x, t), Ψm(x, t), Ψl(t), and Ψr(t) are considered to be sufficiently smooth functions,
which satisfy

p(x, t) ≥ 𝛼 > 0, q(x, t) ≥ 0, r(x, t) ≥ 𝛽 > 0 on Ω̄,

for some real positive values 𝛼 and 𝛽. Under the above conditions, the solution of the problems (1) and (2) exhibits regular
boundary layer near x = 1 of width (𝜀).19,22

Now, we assume that all the given data satisfy certain compatibility conditions, and the given functions are Hölder
continuous.36 The zeroth and first-order compatibility conditions are

Ψm(0, 0) = Ψl(0),

Ψm(1, 0) = Ψr(0), (3)

dΨl(0)
dt

− 𝜀
𝜕2Ψm(0, 0)

𝜕x2 + p(0, 0)𝜕Ψm(0, 0)
𝜕x

+ q(0, 0)Ψm(0, 0) = −r(0, 0)Ψm(0,−℘) + g(0, 0)

and
dΨr(0)

dt
− 𝜀

𝜕2Ψm(1, 0)
𝜕x2 + p(1, 0)𝜕Ψm(1, 0)

𝜕x
+ q(1, 0)Ψm(1, 0) = −r(1, 0)Ψm(1,−℘) + g(1, 0). (4)

The existence and uniqueness of the solution of (1) can be observed from Solonnikov et al.36 based on the above
conditions. The time-delayed singularly perturbed problem (1) satisfies the following minimum principle.

Lemma 1 (Minimum principle13,18,19). Let the function 𝜑(x, t) ∈ C2(Ω) ∩ C0(Ω̄), such that 𝜑(x, t) ≥ 0 on Υ and
L𝜀𝜑(x, t)≥ 0 on Ω where L𝜀 is defined in (1). Then 𝜑(x, t)≥ 0 on Ω̄.

In addition, the solution and its first derivative satisfy the following bounds.

Theorem 1. For n = 0, 1, the solution u(x, t) of (1) and (2) and its first derivative satisfy

||||𝜕nu(x, t)
𝜕xn

|||| ≤ C
(
1 + 𝜀−n exp(−𝛼(1 − x)∕𝜀)

)
, on Ω,

where C is a generic positive constant which is independent of 𝜀.

Proof. The above result can be obtained from Bansal et al.22

The above a priori bound shows that the solution of (1) and (2) is uniformly bounded. We note that the bound for its
first derivative depends on the inverse power of 𝜀 at Ω.
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3 DISCRETE PROBLEM AND ADAPTIVE STRATEGY

To develop a space-time numerical approximation for solving the time-delayed SPPPDE (1) with the initial and boundary
conditions (2), we will consider a combination of two different schemes: a uniform discretization in time and an adapted
discretization in space. The time domain [0,T] is divided into Mt parts with fixed mesh size Δt. The mesh size Δt is cho-
sen in the way such that the delay term satisfies ℘= sΔt, for some positive integer s. In addition, we choose T = MtΔt
for some positive integer Mt. Therefore, {0 = t0 < t1 < … < tMt = T} will be the mesh points in time, where
t𝑗 = 𝑗

T

Mt
= 𝑗Δt, 𝑗 = 0, 1, … ,Mt.

For the time discretization, we use the stable backward Euler's scheme and convert the problem (1) into semi
discretization form, as follows:

U𝑗(x) − U𝑗−1(x)
Δt

− 𝜀
d2U𝑗(x)

dx2 + p𝑗(x)dU𝑗(x)
dx

+ q𝑗(x)U𝑗(x) = −r𝑗(x)U𝑗−s(x) + g𝑗(x), (5)

where U𝑗(x) = U(x, t𝑗) is an approximation of u(x, tj), qj(x)= q(x, tj), rj(x)= r(x, tj), and gj(x)= g(x, tj), for 𝑗 = 1, 2, … ,Mt.
At each time step, Equation (5) takes the following form:

−𝜀d2U𝑗(x)
dx2 + p𝑗(x)dU𝑗(x)

dx
+ P𝑗(x)U𝑗(x) = Q𝑗(x), for 𝑗 = 1, 2, … ,Mt, (6)

where P𝑗(x) = P(x, t𝑗) = q𝑗(x) + 1∕Δt and Q𝑗(x) = Q(x, t𝑗) = g𝑗(x) + U𝑗−1(x)∕Δt − r𝑗(x)U𝑗−s(x).
The corresponding given conditions are

U𝑗(x) = Ψm(x, t𝑗), x ∈ [0, 1], 𝑗 = −s,−s + 1, … , 0,

U𝑗(0) = Ψl(t𝑗), 𝑗 = 1, 2, … ,Mt,

U𝑗(1) = Ψr(t𝑗), 𝑗 = 1, 2, … ,Mt. (7)

By using the initial data, we can rewrite Qj(x) as

Q𝑗(x) =

{
g𝑗(x) + U𝑗−1(x)

Δt
− r𝑗(x)Ψ𝑗−s

m (x) for 𝑗 = 0, 1, 2, … , s,
g𝑗(x) + U𝑗−1(x)

Δt
− r𝑗(x)U𝑗−s(x) for 𝑗 = s + 1, s + 2, … ,Mt,

where Ψ𝑗−s
m (x) = Ψm(x, t𝑗−s).

Lemma 2. The error estimates associated with (6), that is, ej =u(x, tj)−Uj(x), satisfy the following estimates:

||e𝑗|| ≤ CΔt.

Proof. The proof can be easily done by calculating the TE in (6) and after that taking the summation of all local error
for each time level. The result can be noted from Das and Mehrmann.37

3.1 Difference operators
We use the following difference operators in space for discretizing Uj(x) on a general nonuniform mesh {0 = x0 < x1 <

… < xMx = 1} in space with Mx + 1 points:

D+
x U𝑗

i =
U𝑗

i+1 − U𝑗

i

xi+1 − xi
, D−

x U𝑗

i =
U𝑗

i − U𝑗

i−1

xi − xi−1
, D0

xU𝑗

i =
U𝑗

i+1 − U𝑗

i−1

xi+1 − xi−1
,

where D+
x , D−

x , and D0
x are the forward, backward, and central difference operators, respectively.
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For the discretization of second-order derivative, the standard central difference operator in space is defined as

D2
xU𝑗

i =
2(D+

x U𝑗

i − D−
x U𝑗

i )
xi+1 − xi−1

.

Let hi = xi+ 1 − xi denote the step sizes of the spatial nonuniform mesh.
Now, we discretize (6) on the nonuniform mesh with the help of the above operators. We define the discrete problem

as follows:

−𝜀
2(D+

x U𝑗

i − D−
x U𝑗

i )
hi + hi−1

+ p𝑗(xi)
U𝑗

i+1 − U𝑗

i−1

hi + hi−1
+ P𝑗(xi)U𝑗

i = Q(xi, t𝑗), (8)

where

Q𝑗

i =
⎧⎪⎨⎪⎩

g𝑗(xi) +
U𝑗−1

i
Δt

− r𝑗(xi)Ψ𝑗−s
m (xi) for 𝑗 = 0, 1, 2, … , s,

g𝑗(xi) +
U𝑗−1

i
Δt

− r𝑗(xi)U𝑗−s
i for 𝑗 = s + 1, s + 2, … ,Mt.

Equation (8) can be written in the form:

S−
i,𝑗U

𝑗

i−1 + Sc
i,𝑗U

𝑗

i + S+
i,𝑗U

𝑗

i+1 = Q𝑗

i , (9)

for i = 1, … ,Mx and 𝑗 = 1, … ,Mt, where

S−
i,𝑗 =

−2𝜀
hi−1(hi + hi−1)

−
p𝑗(xi)

hi + hi−1
,

Sc
i,𝑗 =

2𝜀
hi(hi + hi−1)

+ 2𝜀
hi−1(hi + hi−1)

+ q𝑗(xi) +
1
Δt

,

S+
i,𝑗 =

−2𝜀
hi(hi + hi−1)

+
p𝑗(xi)

hi + hi−1
.

(10)

Initially, we solve the system (9) with the boundary conditions (7) with a fixed number of uniformly distributed mesh
points in spatial direction. Nevertheless, due to the presence of 𝜀, there will be oscillations in the surface. To remove these
oscillations, more number of mesh points would be required in the layer zone, if one restricts to uniform meshes for an
arbitrary small 𝜀. We generate an adaptive spatial mesh using the entropy functions property, which will introduce more
number of mesh points in the oscillatory region, in order to avoid the oscillations of the numerical solution on a uniform
mesh. The algorithm for generating this mesh is presented in Section 3.2.

Now, let us assume that M∗
x is the number of mesh points which are required to get an adaptive mesh on which a

nonoscillatory solution can be obtained. Let us define the step sizes as hi = xi+ 1 − xi, for i = 1, … ,M∗
x . From (10), we get

Sc
i,𝑗 + S−

i,𝑗 + S+
i,𝑗 = q𝑗(xi) +

1
Δt

> 0,

since qj(xi)≥ 0 on Ω and Δt is the temporal step size. This shows that the system (9) is diagonally dominant. Note also
that S+

i,𝑗 < 0, for hipj(xi)< 2𝜀, that is, for some O(hi, hi− 1)<𝜀. Again S−
i,𝑗 < 0.

Note that the mesh adaptation strategy requires dense points inside the boundary layer region. Outside the bound-
ary layer, the step sizes are supposed to be coarser than in the layer region. It can be seen in Andreev and Kopteva38

that the central difference scheme in (8) leads to a nonoscillatory solution, if hi/2≤ 𝜀 for p(x) = 1. For a self-adjoint
problem −u′′(x)− (b(x)u(x))′ = g(x), the required condition for nonoscillatory solution based on central difference scheme
is hibi− 1/2≤ 𝜀. They have also provided an almost second-order convergence on a nonuniform mesh.

3.2 Mesh selection strategy
Let us consider (6)

−𝜀d2U𝑗(x)
dx2 + p𝑗(x)dU𝑗(x)

dx
+ P𝑗(x)U𝑗(x) = Q𝑗(x).
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From the theory of scalar conservation law and the viscosity solution, it is well-known that U j(x)2 can be chosen as a
perfect entropy variable; see, for example, Kumar and Srinivasan and Leveque.35,39 To define the entropy production
equation, we multiply the above equation by 2Uj(x) and obtain(

−𝜀d2U𝑗(x)
dx2 + p𝑗(x)dU𝑗(x)

dx
+ P𝑗(x)U𝑗(x)

)
∗ 2U𝑗(x) = Q𝑗(x) ∗ 2U𝑗(x). (11)

After some simplifications, (11) can be written as

−𝜀d2Z𝑗(x)
dx2 + p𝑗(x)dZ𝑗(x)

dx
+ 2P𝑗(x)Z𝑗(x) + 2𝜀

(
dU𝑗(x)

dx

)2

= 2U𝑗(x)Q𝑗(x),

where Z𝑗(x) = (U𝑗(x))2.
Now, we rearrange the above differential equation as follows:

−𝜀d2Z𝑗(x)
dx2 + p𝑗(x)dZ𝑗(x)

dx
− 2U𝑗(x)Q𝑗(x) = −2P𝑗(x)Z𝑗(x) − 2𝜀

(
dU𝑗(x)

dx

)2

. (12)

Let us define the entropy function Ej as

E𝑗(x) = −2P𝑗(x)Z𝑗(x) − 2𝜀
(

dU𝑗(x)
dx

)2

.

Note that Pj(x)> 0, Z𝑗 = (U𝑗)2 ≥ 0 and (dUj/dx)2 ≥ 0 for all x ∈ S = (0, 1). Therefore, Ej(x) is always negative for
x ∈ S = (0, 1) at every time level. Now, we discretize Ej(x) at the mesh point (xi, tj), using the forward and backward
difference operators in Section 3.1, as

E𝑗

i =
[
−2P𝑗

i (U
𝑗

i+1U𝑗

i−1)
]
+

[
−2𝜀

(
U𝑗

i − U𝑗

i−1

xi − xi−1

)(
U𝑗

i+1 − U𝑗

i

xi+1 − xi

)]
. (13)

We know that the central difference approximations for Equation (6) lead to nonphysical oscillations in the solution.
Hence, if one calculates E𝑗

i using this oscillatory solution, it can be observed that E𝑗

i will become negative where the
solution is smooth (i.e., outside the boundary layers) as the second term in the right-hand side of (13) will be of order
O(𝜀), and hence, it will be comparatively smaller than the first term for 0<𝜀≪ 1 (see Theorem 1). This is matched with
the analytical behavior of Ej(x). But, the discrete approximation E𝑗

i will become positive inside the boundary layer region,
as here, the second term will be dominant than the first term since the solution derivative is of O(𝜀−1) for 0<𝜀≪ 1, and
(U𝑗

i − U𝑗

i−1)(U
𝑗

i+1 − U𝑗

i ) < 0. This does not match with the analytical behavior of Ej(x). Hence, our job is to devise an
algorithm which will introduce more mesh points at these regions. We search for the mesh points where the highest
oscillation occurs with the help of the entropy function and introduce new mesh points on the left and on the right sides
of it. The oscillatory behavior of the numerical solution in a neighborhood of the point xi is shown in Figures 1 and 2 for
the two possible cases. These figures are important to understand the location of introducing new mesh points.

Since the boundary layer location and its width do not vary with respect to time, it would be beneficial to adapt the
space mesh only at time stage t = Δt with entropy function E1 and fix this adaptive mesh over all time level. The following
algorithm introduces new mesh points in the spatial direction whenever the oscillation is maximum, in order to get an
oscillation-free numerical solution.

3.3 Graded mesh refinement algorithm

Step 1. Choose an initial uniform mesh in space with Mx + 1 points in the spatial direction. Let us divide the time
domain with Mt uniform partitions with step size Δt. At t1 = Δt, let us call this space-time mesh at (XMx , t1). Go
to Step 2.

Step 2. Compute the numerical solution on (XMx , t1) using (9) and go to Step 3.
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FIGURE 1 Oscillation in numerical
solution at the point xi, when
Ui −Ui− 1 < 0 and Ui+ 1 −Ui > 0

FIGURE 2 Oscillation in numerical
solution at point xi, when Ui −Ui− 1 > 0
and Ui+ 1 −Ui < 0

Step 3. Calculate the entropy E1
i on each point (xi, t1)i=2∶Mx at time t1 using (13) and fix E𝑗

1 = E𝑗

Mx+1 = 0 at the boundary
points over all time level t= tj.
if maxi(E1

i ) > 0 and maxi(E1
i ) = E1|x=xk then

Add one mesh point on the left and another one on the right side of the mesh point xk to generate a set of new
nonuniform mesh points. Let M∗

x = Mx + 2. Now, go to Step 2 to repeat the process with M∗
x + 1 space mesh

points, and Mx = M∗
x .

else if maxi(E1
i ) ≤ 0 then

No new mesh point is required. Stop the iterative process. (XM∗
x
, t1) is the final adaptive mesh at t= t1, which

will be fixed at all time level. end if

4 ERROR ANALYSIS

In this section, we have presented the error analysis of the scheme. The scheme in (9) can be written as

Au𝑗 = B,
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where matrix A is a tridiagonal matrix, u𝑗 = (u𝑗

1,u𝑗

2, … ,u𝑗

Mx+1)
t, and B = Q𝑗

i . From (9), we have,

|Sc
i,𝑗| > |S−

i,𝑗 + S+
i,𝑗|,

which shows that the matrix A is diagonally dominant. The scheme is stable, and u𝑗

i can be obtained at each time level.
Next, we calculate the T.E. of the scheme. Considering u𝑗

i = u(xi, t𝑗), from Taylor's series expansion, we have

u𝑗

i+1 = u𝑗

i + hi(ux)𝑗i +
h2

i

2!
(uxx)𝑗i +

h3
i

3!
(uxxx)𝑗i + … , (14)

u𝑗

i−1 = u𝑗

i − hi−1(ux)𝑗i +
h2

i−1

2!
(uxx)𝑗i −

h3
i−1

3!
(uxxx)𝑗i + … , (15)

and
u𝑗−1

i = u𝑗

i + Δt(ut)𝑗i +
Δt2

2!
(utt)𝑗i +

Δt3

3!
(uttt)𝑗i + … . (16)

Here, we find the TE in the different time intervals. First, we calculate the error on the interval [0,℘]. On the first
partition [0,℘], note that the right-hand side of (1) at jth time level is depending on the solution at (j− 1)th time level.
Here, ℘ is independent of 𝜀.

Using the Taylor's series in (9), and neglecting higher-order terms, we have truncation error (T.E.)

T.E. = S−
i,𝑗

(
u𝑗

i − hi−1(ux)𝑗i +
h2

i−1

2!
(uxx)𝑗i −

h3
i−1

3!
(uxxx)𝑗i

)
+ Sc

i,𝑗u
𝑗

i + S+
i,𝑗

(
u𝑗

i + hi(ux)𝑗i +
h2

i

2!
(uxx)𝑗i +

h3
i

3!
(uxxx)𝑗i

)
− g𝑗(xi) − Δt

(
u𝑗

i − Δt(ut)𝑗i +
Δt2

2!
(utt)𝑗i +

Δt3

3!
(uttt)𝑗i

)
+ r𝑗(xi)Ψ𝑗−s

m (xi),

= (S−
i,𝑗 + Sc

i,𝑗 + S+
i,𝑗)u

𝑗

i + (−hi−1S−
i,𝑗 + hiS+

i,𝑗)(ux)𝑗i +

(
h2

i−1

2!
S−

i,𝑗 +
h2

i

2!
S+

i,𝑗

)
(uxx)𝑗i +

(
−

h3
i−1

3!
S−

i,𝑗 +
h3

i

3!
S+

i,𝑗

)
(uxxx)𝑗i

− g𝑗(xi) − Δt
(

u𝑗

i − Δt(ut)𝑗i +
Δt2

2!
(utt)𝑗i +

Δt3

3!
(uttt)𝑗i

)
+ r𝑗(xi)Ψ𝑗−s

m (xi),

T.E. =
p𝑗(xi)(hi − hi−1)

2
(uxx)𝑗i −

Δt
2
(utt)𝑗i +

(
−𝜀(hi − hi−1)

3
+

p𝑗(xi)(h3
i−1 + h3

i )
hi−1 + hi

)
(uxxx)𝑗i +

Δt2

6
(uttt)𝑗i .

As hi, hi− 1 → 0 and Δt→ 0, the TE is going to zero, which shows that the scheme is consistent and TE of
the scheme is of order O(hi − hi− 1,Δt) on the interval [0,℘]. Similarly, one can find the TE on the intervals
[℘, 2℘], [2℘, 3℘], [3℘, 4℘], … , [(n− 1)℘, n℘] for all n ≤ T∕℘.

Hence, from the Lax Equivalence theorem, the finite difference approximation, which is consistent and stable, is
necessary and sufficient for convergence to the exact solution of a well-posed PDE.

5 NUMERICAL EXPERIMENTS

Now, we show the effectivity of the present algorithm for parabolic problems with time delay by taking few test problems.
We start with a user-chosen uniform mesh and use the entropy function to locate the position where the new mesh points
need to be introduced by Algorithm 3.3. The adaptive mesh has been generated at the time level t = Δt, and it is kept
fixed over all time levels as the boundary layer will not vary in time. For a given number of partitions Mx, let us assume
that a total M∗

x + 1 number of space mesh points are required for an oscillatory-free solution. We find out the numerical
errors on these mesh points for a given Mx, 𝜀 and ℘.

The maximum absolute pointwise errors are presented for different values of the perturbation parameters, whenever
the exact solution is available. These errors are defined as follows19:

EM∗
x ,Mt

𝜀 = max
0≤i≤M∗

x ,0≤𝑗≤Mt
|UM∗

x ,Mt (xi, t𝑗) − u(xi, t𝑗)|.
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If the exact solution is unknown, we use the following double mesh technique40 to calculate the maximum absolute errors:

EM∗
x ,Mt

𝜀 = max
0≤i≤M∗

x ,0≤𝑗≤Mt
|UM∗

x ,Mt (xi, t𝑗) − U2M∗
x ,2Mt (x2i, t2𝑗)|.

Based on this principle, we bisect the final adaptive mesh in space direction as well as in time direction to get U2M∗
x ,2Mt .

Example 1. First, we consider the following time-delayed SPPPDE13 for adaptive mesh generation

ut − 𝜀uxx + (1 + x − x2)ux − u(x, t − 1) = g(x, t), (x, t) ∈ (0, 1) × (0, 2],

with the initial data
u(x, t) = Ψ(x, t), (x, t) ∈ [0, 1] × [−1, 0],

and the boundary conditions
u(0, t) = 0, and u(1, t) = 0, t ∈ (0, 2].

To produce the errors, we assume the exact solution of this problem as

u(x, t) = exp(−t)(a1 + xa2 − exp((x − 1)∕𝜀)),

which contains the boundary layer function. Here, a1 = exp(−1∕𝜀) and a2 = 1 − exp(−1∕𝜀). Here, g(x, t) and Ψ(x, t)
are chosen so that the above function becomes the exact solution of this example. The numerical solutions based on the
uniform mesh and the numerical solutions based on the proposed adaptive mesh obtained by present Algorithm 3.3 are
plotted in Figures 3 and 4, respectively, for Example 1 respectively at different time levels. Solution surface plots for
Example 1 with 𝜀 = 2−10 and ℘ = 1, on these two meshes, are also provided in Figures 5 and 6. One can observe the
oscillatory behavior of the numerical solution based on central difference scheme on uniform mesh at Figures 3 and 5.
From these figures, it can be pointed out that the unstable oscillatory behavior of the numerical solution can be removed
by using the proposed approach.

FIGURE 3 Oscillatory non physical numerical solutions of
Example 1 with 𝜀 = 2−10, Mx = 20, and Mt = 20 on uniform mesh at
different time levels [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 4 Nonoscillatory numerical solutions of Example 1 with
𝜀 = 2−10, Mx = 20, M∗

x = 30, and Mt = 20 on adaptive mesh at
different time levels [Colour figure can be viewed at
wileyonlinelibrary.com]
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The adaptive mesh structure, obtained by the Algorithm 3.3 for 𝜀 = 2−10 with 11 and 21 numbers of initial uniform
mesh points, is presented at Figures 7 and 8, respectively. To show the efficiency of the present algorithm, we also present
the maximum pointwise errors in Table 1 for different values of the perturbation parameter 𝜀.

FIGURE 5 Oscillatory solution surface plot of
Example 1, using uniform mesh, for 𝜀 = 2−10,
Mx = 20, and Mt = 20 [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 6 Nonoscillatory solution surface
plot of Example 1 on the adaptive mesh, for
𝜀 = 2−10, Mx = 20, M∗

x = 30, and Mt = 20 [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 7 Generation of adaptive meshes
from uniform meshes (starting with Mx = 10),
for 𝜀 = 2−10 at t = 1∕10 for Example 1 [Colour
figure can be viewed at wileyonlinelibrary.com]
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FIGURE 8 Generation of adaptive meshes
from uniform meshes (starting with Mx = 20),
for 𝜀 = 2−10 at t = 1∕10 for Example 1 [Colour
figure can be viewed at wileyonlinelibrary.com]

𝜺 M∗
x EM∗

x ,Mt
𝜺

2−10 30 8.8166e-02
2−11 32 8.7022e-02
2−12 34 8.6442e-02
2−13 36 8.6149e-02
2−14 38 8.6002e-02
2−15 40 8.5928e-02
2−16 42 8.5891e-02
2−17 44 8.5873e-02
2−18 46 8.5864e-02
2−19 48 8.5859e-02
2−20 50 8.5857e-02
2−21 52 8.5856e-02
2−22 54 8.5855e-02
2−23 56 8.5855e-02
2−24 58 8.5855e-02
2−25 60 8.5855e-02
2−26 62 8.5855e-02
2−27 64 8.5855e-02
2−28 66 8.5855e-02
2−29 68 8.5855e-02
2−30 70 8.5855e-02
2−40 92 8.5852e-02

TABLE 1 Maximum pointwise errors for different values of 𝜀 for Example 1 with Mx = 20
(initially) and Mt = 20

FIGURE 9 Oscillatory numerical solutions of Example 2 with
𝜀 = 2−20, Mx = 20, and Mt = 20 on uniform mesh at different time
levels [Colour figure can be viewed at wileyonlinelibrary.com]
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There are several ways to use the one-dimensional approach to higher-dimensional problems. One of the popu-
lar techniques is alternating direction implicit method which uses the one-dimensional a priori meshes for solving
two-dimensional time-dependent problems by decomposing it to two one-dimensional problems.

Example 2. Now, let us consider the following time-delayed SPPPDE18:

ut − 𝜀uxx + (2 − x2)ux + (x + 1)(t + 1)u − u(x, t − 1) = 10t2 exp(−t)x(1 − x), (x, t) ∈ (0, 1) × (0, 2],

FIGURE 10 Nonoscillatory numerical solutions of Example 2
with 𝜀 = 2−20, Mx = 20, M∗

x = 50, and Mt = 20 on adaptive mesh at
different time levels [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 11 Oscillatory surface plot of
Example 2 on uniform mesh for 𝜀 = 2−20,
Mx = 20, and Mt = 20 [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 12 Nonoscillatory surface plot of
Example 2 on the adaptive mesh for 𝜀 = 2−20,
Mx = 20, M∗

x = 50, and Mt = 20 [Colour figure
can be viewed at wileyonlinelibrary.com]
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with the initial data
u(x, t) = 0, (x, t) ∈ [0, 1] × [−1, 0],

and the boundary conditions
u(0, t) = 0, and u(1, t) = 0, t ∈ (0, 2].

The numerical solution on uniform and spatial adaptive meshes are plotted in Figures 9 and 10, respectively, for
Example 2 at different time levels. In addition, we also plot the surface solutions on these meshes at Figures 11 and 12
with 𝜀 = 2−20 and ℘ = 1. One can observe that the oscillatory behavior of the solution on a uniform mesh is removed by
the generation of adaptive mesh. Adaptive spatial mesh generation for 𝜀 = 2−20 with initial uniform mesh points 11 and
21 is presented at Figures 13 and 14. The maximum absolute errors are also presented in Table 2 for different values of 𝜀.

Example 3. The following example is taken from Gowrisankar and Natesan13 with a time delay:

ut − 𝜀uxx + (2 − x2)ux + xu = u(x, t − 1) + 10t2 exp(−t)x(1 − x), (x, t) ∈ (0, 1) × (0, 2],

with the initial data
u(x, t) = 0, (x, t) ∈ [0, 1] × [−1, 0],

and the boundary conditions
u(0, t) = 0, and u(1, t) = 0, t ∈ (0, 2].

FIGURE 13 Generation of adaptive meshes
from uniform meshes (starting with Mx = 10) for
𝜀 = 2−20 at t = 1∕10 for Example 2 [Colour figure
can be viewed at wileyonlinelibrary.com]

FIGURE 14 Generation of adaptive meshes
from uniform meshes (starting with Mx = 20) for
𝜀 = 2−20 at t = 1∕10 for Example 2 [Colour figure
can be viewed at wileyonlinelibrary.com]
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To show the oscillatory and nonoscillatory behavior of the numerical solutions for Example 3, we have provided two
Figures 15 and 16 on uniform and adaptive mesh, respectively, at different time levels for 𝜀 = 2−30. Surface solution plots
over all time levels are also provided on these meshes, at Figures 17 and 18. Adaptive mesh generation for 𝜀 = 2−30 with ini-
tial uniform mesh points 11 and 21 is presented at Figures 19 and 20, which show that the adaptive mesh is dense towards
the boundary layer region. In addition, the maximum absolute errors are also presented in Table 5 for few values of 𝜀.

TABLE 2 Maximum pointwise errors for different values of 𝜀 for Example 2 with Mx = 20
(initially) and Mt = 20

𝜺 M∗
x EM∗

x ,Mt
𝜺

2−10 30 2.2039e-02
2−11 32 2.2063e-02
2−12 34 2.2076e-02
2−13 36 2.2084e-02
2−14 38 2.2087e-02
2−15 40 2.2089e-02
2−16 42 2.2090e-02
2−17 44 2.2090e-02
2−18 46 2.2090e-02
2−19 48 2.2090e-02
2−20 50 2.2090e-02
2−21 52 2.2090e-02
2−22 54 2.2090e-02
2−23 56 2.2090e-02
2−24 58 2.2090e-02
2−25 60 2.2090e-02
2−26 62 2.2090e-02
2−27 64 2.2090e-02
2−28 66 2.2090e-02
2−29 68 2.2090e-02
2−30 70 2.2090e-02
2−40 92 2.2090e-02

FIGURE 15 Oscillatory numerical solutions of Example 3 on
uniform mesh with 𝜀 = 2−30, Mx = 20 and Mt = 20 at different time
levels [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 16 Numerical solutions of Example 3 on adaptive mesh
with 𝜀 = 2−30, Mx = 20, M∗

x = 70, and Mt = 20 at different time levels
[Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 17 Oscillatory solution surface plot
of Example 3 on uniform mesh for 𝜀 = 2−30,
Mx = 20, M∗

x = 70, and Mt = 20 [Colour figure
can be viewed at wileyonlinelibrary.com]

FIGURE 18 Nonoscillatory solution surface
plot of Example 3 on adaptive mesh for 𝜀 = 2−30,
Mx = 20, M∗

x = 70, and Mt = 20 [Colour figure
can be viewed at wileyonlinelibrary.com]

FIGURE 19 Generation of adaptive meshes
from uniform meshes (starting with Mx = 10) for
𝜀 = 2−30 at t = 1∕10 for Example 3 [Colour figure
can be viewed at wileyonlinelibrary.com]
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FIGURE 20 Generation of adaptive meshes
from uniform meshes (starting with Mx = 20) for
𝜀 = 2−30 at t = 1∕10 for Example 3 [Colour figure
can be viewed at wileyonlinelibrary.com]

TABLE 3 Maximum pointwise errors for different values of 𝜀 for Example 3 with Mx = 20
(initially) and Mt = 20

𝜺 M∗
x EM∗

x ,Mt
𝜺

2−10 30 5.3985e-02
2−11 32 5.4354e-02
2−12 34 5.4611e-02
2−13 36 5.4746e-02
2−14 38 5.4817e-02
2−15 40 5.4855e-02
2−16 42 5.4879e-02
2−17 44 5.4891e-02
2−18 46 5.4897e-02
2−19 48 5.4900e-02
2−20 50 5.4902e-02
2−21 52 5.4903e-02
2−22 54 5.4903e-02
2−23 56 5.4903e-02
2−24 58 5.4903e-02
2−25 60 5.4903e-02
2−26 62 5.4903e-02
2−27 64 5.4903e-02
2−28 66 5.4903e-02
2−29 68 5.4903e-02
2−30 70 5.4903e-02
2−40 92 5.4902e-02

Table 3 provides the maximum point-wise error for the Example 3 based on the presently proposed graded mesh. Table 4
uses the equidistributed mesh37 to solve the time-delayed model in Example 3. This shows that the equidistributed mesh
explained in previous works11,27,28,37,41 is more effective compared to present graded mesh for boundary layer adaptive
solutions as one observes less errors on equidistributed mesh.

Example 4. We consider the following singularly perturbed time delay problem:

ut − 𝜀uxx + xtux + (x + 1)(t + 1)u = u(x, t − 1) + 10t2 exp(−t)x(1 − x), (x, t) ∈ (0, 1) × (0, 2],

with the initial data
u(x, t) = 0, (x, t) ∈ [0, 1] × [−1, 0],

and the boundary conditions
u(0, t) = 0, and u(1, t) = 0, t ∈ (0, 2].
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𝜺 Mx EMx ,Mt
𝜺

2−11 20 0.0484
2−12 20 0.0489
2−13 20 0.0492
2−14 20 0.0493
2−15 20 0.0452
2−16 20 0.0453
2−17 20 0.0464
2−18 20 0.0470
2−19 20 0.0471
2−20 20 0.0471
2−21 20 0.0479
2−22 20 0.0480
2−23 20 0.0487
2−24 20 0.0496
2−25 20 0.0488
2−26 20 0.0517
2−27 20 0.0496
2−28 20 0.0509
2−29 20 0.0536
2−30 20 0.0537

TABLE 4 Maximum pointwise errors by equidistributed mesh for different values of 𝜀 for Example 3
with Mx = 20 and Mt = 20

𝜺 M∗
x EM∗

x ,Mt
𝜺

2−10 32 5.0014e-02
2−11 34 5.0100e-02
2−12 36 5.0141e-02
2−13 38 5.0159e-02
2−14 40 5.0168e-02
2−15 42 5.0172e-02
2−16 44 5.0174e-02
2−17 46 5.0175e-02
2−18 48 5.0175e-02
2−19 50 5.0175e-02
2−20 52 5.0176e-02
2−21 54 5.0176e-02
2−22 56 5.0176e-02
2−23 58 5.0176e-02
2−24 60 5.0176e-02
2−25 62 5.0176e-02
2−26 64 5.0176e-02
2−27 66 5.0176e-02
2−28 68 5.0176e-02
2−29 70 5.0176e-02
2−30 72 5.0176e-02
2−40 94 5.0176e-02

TABLE 5 Maximum pointwise errors for different values of 𝜀 for Example 4 with Mx = 20
(initially) and Mt = 20

The maximum absolute errors are presented in Table 5 for Example 4 for different values of 𝜀.

6 CONCLUSIONS

In this article, we have proposed an adaptive mesh refinement algorithm to solve a class of time-delayed SPPPDE. Due to
the use of highly accurate central difference scheme for discretization, numerical solution produces nonphysical oscilla-
tions. Our present algorithm adaptively introduces new mesh points based on an entropy function inside the oscillatory
regions. The present approach produces oscillation-free boundary layer adaptive solution by starting with a small num-
ber of uniform mesh points. Numerical experiments show that the present algorithm is very effective for boundary layer
approximation.
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