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Abstract.  The main unified energetic properties of low dissipation heat 
engines and refrigerator engines allow for both endoreversible or irreversible 
configurations. This is accomplished by means of the constraints imposed 
on the characteristic global operation time or the contact times between the 
working system with the external heat baths and modulated by the dissipation 
symmetries. A suited unified figure  of merit (which becomes power output 
for heat engines) is analyzed and the influence of the symmetries on the 
optimum performance discussed. The obtained results, independent on any 
heat transfer law, are faced with those obtained from Carnot-like heat models 
where specific heat transfer laws are needed. Thus, it is shown that only the 
inverse phenomenological law, often used in linear irreversible thermodynamics, 
correctly reproduces all optimized values for both the eciency and coecient 
of performance values.
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1.  Introduction

A key requirement in the thermodynamic optimization of processes in finite time is to 
understand the limits of what can be achieved in such processes, as its implications on 
the use of energy resources in any operation of energy conversion. As noted by Salamon 
et al [1] there is much to be learned from the evaluation of unified models considering 
a host of possible loss mechanisms with a host of possible constraints and optimizing a 
host of possible objectives.

A paradigmatic unified model of heat devices is the so-called low dissipation (LD), 
first introduced by Esposito et al [2] for heat engines (HE), extended for refrigerator 
engines (RE) [3–7] and whose validity has been proven for a wide class of heat devices 
[8–13]. The core of the model is the assumption that entropy generation is assumed as 
inversely proportional to the time duration of the isothermal processes and modulated 
by generic dissipation factors (adiabatic processes are not considered at all) so that the 
reversible regime is recovered in the limit of infinite times. A significant consequence is 
the linking of the bounds for the eciency and coecient of performance to symmetry 
considerations but without reference to any specific heat transfer law. For this model, 
some of us [14] recently reported a study which has special emphasis on the irrevers-
ibilities associated not only to the total cycle time but also to the contact times of the 
working system with the external heat reservoirs and their influence on dierent optim
ization criteria for both HE and RE.

On the other side, entropy generation is, in last instance, the fundamental thermo-
dynamic magnitude accounting for the unavoidable irreversibilities of real heat devices. 
The evaluation of this magnitude in a particular design requires a model linking the 
thermodynamic non-ideality of the design to the physical characteristics of the system. 

Contents

1.  Introduction	 2

2.  Theoretical background	 3

3.  Results: heat engines	 5

3.1.  Interpretation in an endoreversible Carnot-like framework. . . . . . . . . . . 9

3.2.  Interpretation in an exoreversible Carnot-like framework.. . . . . . . . . . . 12

4.  Results: refrigerator engines	 12

4.1.  Interpretation in an endoreversible Carnot-like framework. . . . . . . . . . . 14

5.  Summary	 16

Acknowledgment	 17

References	 17

http://dx.doi.org/10.1088/1742-5468/2016/07/073202


Irreversible and endoreversible behaviors of the LD-model for heat devices

3doi:10.1088/1742-5468/2016/07/073202

J. S
tat. M

ech. (2016) 073202

In this context, LD models oer the possibility of explicit calculations of the entropy 
generation and then it is amenable for a deep analysis of how the main energetic prop-
erties of the device are aected by the dierent nature of irreversibilities. Our main 
goal in this paper is to analyze how irreversibilities accounted by the total cycle time, 
the external contact times, and the symmetries in the dissipations may yield irrevers-
ible or endoreversible configurations, which are further analyzed in light of the most 
standard Carnot-like irreversible models where specific heat transfer laws are required. 
In particular we stress the behavior of the performance at maximum figure of merit 
χ, an optimization criterion focused on the common characteristics of the energy con-
verter instead of any particular coupling to the external heat bath and mathematically 
defined as /χ = zQ tin , where z is the first-law thermal eciency of the converter [3], 
and whose suitability for dierent heat devices has been reported in a number of recent 
papers [15–27]. New physical insights about the bounds of the eciency and COP are 
obtained and discussed in terms of Carnot-like heat-transfer dependent models. After 
a brief theoretical summary, we present our results for heat engines and refrigerators 
separately.

2. Theoretical background

Here we stress the main conceptual aspects of the model concerning entropy genera-
tion, symmetries and time. Specific details can be found in [14]. This model considers 
that the entropy generation in the processes where heat exchanges between working 
systems and the hot and cold reservoirs (at temperatures Th and Tc, respectively) is 
inversely proportional to the time of the process th and tc,

∆ = ∆ +
Σ

∓S S
t

,T
h

h
h� (1)

S S
t

,T
c

c
c

∆ = ±∆ +
Σ

� (2)

where ∆S is the working system entropy change generated while in contact with the 
external reservoir and the parameters Σh and Σc contain information about how dis-
sipation increases as one moves from the reversible limit, which is reached in the lim-
its →∞th  and →∞tc  (a Carnot engine operating between Th and Tc, the reversible 
engine baseline). The signs ( )±∓  in equation (1) (equation (2)) account for the oppo-
site sense of the heat fluxes exchanged with the hot (cold) reservoir for HE and RE, 
respectively. The energies absorbed by the working fluid are assumed positive while 
the energies released by the working fluid are assumed to be negative. For a cycle, 
the total entropy ∆Stot will be determined by the sum of ∆S Th

 and ∆S Tc
, given from 

equations (1) and (2):

∆ =
Σ
+
Σ

S
t t

.tot
h

h

c

c
� (3)
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With the assumption of instantaneous adiabatic processes, the total time of the 
cycle is given by = +t t th c, so that /α≡ t tc  and /α− ≡ t t1 h  define the fractional con-
tact times with the cold and hot reservoirs, respectively. In a similar way, from a total 
dissipation parameter Σ ≡Σ +ΣT h c, the relative dissipation to the external reservoirs 

are given by /Σ ≡Σ Σ�
c c T and by /Σ ≡Σ Σ = −Σ� �1h h T c. With the above definitions equa-

tion (3) can be expressed in terms of t, α, ΣT and Σ�c in the form:

( )

⎡
⎣
⎢

⎤
⎦
⎥

α α
∆ = Σ

−Σ
−

+
Σ� �

S
t t

1

1
.tot T

c c
� (4)

Two notable characteristics of the model are the size and an appropriate dimen-
sionless cycle time. Since ∆S is associated to the heat exchanges with the reservoirs 
in the baseline reversible machine, it can be considered as a measure of the size of 
the heat device and then we can define a relative size by the ratio /∆ ∆S Stot . Besides, 
since /Σ ∆ST  has time units it defines a characteristic time scale as the ratio between 
dissipation parameter, ΣT, and the entropy exchange, ∆S. This allows us to define a 
characteristic dimensionless time ( )/≡ ∆ Σ�t t S T, so that total cycle times ⩽�t 1 should 
correspond to working regimes with high dissipations, while working regimes with ��t 1 
are expected to describe ecient energy converters. In this way, the dimensionless total 
entropy generated per unit time is given by:

( )

⎡
⎣
⎢

⎤
⎦
⎥

α α
∆ ≡

∆ Σ
∆

=
−Σ
−

+
Σ∼

� � �
� �

S
S

t S t t t

˙ 1 1

1
.tot

tot T

2

c c
� (5)

A second unified magnitude is the figure of merit /χ = zQ tin . It becomes power out-
put P for HE and the COP (ε) times cooling rate (R) for refrigerators:

( )χ
η

= =− =
Q

t

W

t
P,HE h

cycle cycle
� (6)

( )χ = =
ε

ε
Q

t
R.RE c

cycle
� (7)

In terms of dimensionless units the involved magnitudes in the above equa-
tions read as:

( )τ τ α α
≡−

Σ
∆

= − −
−Σ
−

−
Σ∼
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( )  

( )
⎡
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⎤
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χ
τ
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−

− + +

α

α
τ
α

Σ
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−
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�
�

� � t

1

1
.

t
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2
2

1

1

c

c c
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For simplicity, from now on χ� refers to ( )χ� RE .

3. Results: heat engines

To begin with, we plot in figure 1 a 3D-plot of the eciency, the dimensionless power 
output, and the dimensionless total entropy generation by the parametric elimination 

of α and �t  for a symmetric dissipation Σ = = Σ� �0.5c h. Following the α-values for a fixed 
time cycle we can clearly observe the characteristic loops of real heat engines usually 
obtained by finite-time Carnot-like irreversible models with heat leak [28–33]. On the 
other hand, by following the �t -values for fixed α it is possible to observe open, parabolic 
behaviors for the dimensionless power output versus eciency which usually comes 
from endoreversible-like models where all irreversibilities are restricted to the coupling 
of the working system with the external heat baths [28–33]. These behaviors suggest 
that for a given total dimensionless cycle time, the variation of the contact time has 
implicit the role of an internal irreversibility, while by fixing the external contact times 
the variation of the total time of the cycle carries the role of an external irreversibility 
on it.

The explicit influence of the dissipation constant Σ�c is shown in the 2D-plots of 
figure  2; for a fixed cycle time, figures  2(a) and (b), and for fixed contact time α, 
figures 2(c) and (d). The characteristic loop of real heat engines in figure 2(a) (with near 
but non-coincident maximum power and maximum eciency states) is clearly visible 

and confined by the monotonic behavior imposed by the limit values →Σ� 1c  ( →Σ� 0h ) 
and →Σ� 0c  ( →Σ� 1h ). Note how the entropy generation shows well defined minimum 

values close but non-coincident with the maximum values of the dimensionless power 
(nor with maximum eciency) values (figure 2(b) and also in figure 1(b)). From equa-
tion (12) and equations (39)–(40) of [14] it is possible to see that the values of α that 
optimize each quantity are dierent. In figures 2(c) and (d) we observe a quite dierent 
behavior with well defined maxima values of power but monotonic increasing of both 
eciency and entropy generation, respectively. A very clear consequence of the all the 
above results is that the equivalence or not of the maximum power, maximum eciency 
and minimum entropy performance regimes depend on the constraints imposed on the 
model [1].

In particular, of special relevance in the optimization of energy conversion processes 
in heat engines is the regime of maximum power and the corresponding eciency, 
which has been widely analyzed in many dierent contexts for both isolated [34–52] 
and coupled heat engines [53–55]. A key result of the LD-model for HE is that power 
output can be optimized for both the characteristic total cycle time �t  and for the frac-
tional contact times with the external heat baths α [14]. The values of �t  and α giving 
maximum power are:

http://dx.doi.org/10.1088/1742-5468/2016/07/073202
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Figure 1.  (a) Evolution of η-
∼
P  with respect to �t . (b) Evolution of η-

∼
P  (with 

maxima at B and A, respectively for the curve with =�t 2) with respect to ∆
∼

S
˙

tot 

(with minimum at C ). In both cases green lines correspond to =�t const. and 

( )α∈ 0, 1  and white lines to α = const. and ( )∈�t 0, 20 . Note the loop-like behavior 
of the green curves and the open parabolic of the white ones. In all cases τ = 0.2, 
η = 0.8C .

Figure 2.  Parametric curves of η versus 
∼
P  and 

∼
P  versus ∆

∼
S
˙

tot: (a), (b) for =�t 5, 

( )α∈ 0, 1  and (c), (d) for α = 0.5, ( )∈ ∞�t 0, . In all cases τ = 0.2, η = 0.8C . Note in 

(b) that the maxima of 
∼
P  (A) and the minima of ∆

∼
S
˙

tot (C ) are not coincident.

http://dx.doi.org/10.1088/1742-5468/2016/07/073202
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( )α τ Σ =
+

τ

−Σ

Σ

∼

∼

∼ �,
1

1

,P c
1

max
c

c

�
(12)

( )( )τ
τ
τΣ =

−
Σ + −Σ∼� � � �t ,

2

1
1 .P c c c

2

max� (13)

From these values, the maximum power ( )τ Σ
∼ �P ,max c  and the eciency at maximum 

power ( )η τ Σ∼ �,P c
max

 are, respectively,

( ) ( )

( ) ( )⎡
⎣

⎤
⎦

τ
τ

τ τ τ
Σ =

−

+Σ − + Σ −Σ

∼ �
� � �

P ,
1

4 1 1 2 1
,max c

2

c c c
� (14)

( )
( )

( )
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

η τ
τ

τ
Σ =

− +

+ + −

τ

τ

Σ

− Σ

Σ

− Σ

Σ

− Σ

∼

∼

∼

∼

∼

∼

∼ �,
1 1

1 1

,P c

1

1

2

1

max

c

c

c

c

c

c

� (15)

with the last equation being exactly the result reported by Esposito et al (see equa-
tion (8) in [2]).

In order to show a complete graphical view of the maximum power regime, the 

functions ( )α τ Σ∼ �,P c
max

, ( )τ Σ∼� �t ,P cmax
, ( )η τ Σ∼ �,P c

max
, ( )τ∆ Σ
∼∼ �S
˙

,P cmax  together with maximum 

power ( )τ Σ
∼ �P ,max c  are plotted in figure 3 for a typical τ = 0.2 value. As expected, the 

eciency at maximum power monotonically ranges (see figure 3(d)) between a lower 
bound /η η=−∼ 2P Cmax

 when all dissipations occur while the working system is in con-
tact with the cold external bath ( / → → / → )αΣ = Σ Σ Σ ≡� � t t1, 0; 1c c T h c  and an upper 
bound /( )η η η= −+∼ 2

P C C
max

 when all dissipations are located in the hot external bath 

( / → → / → )αΣ = Σ Σ Σ − ≡� t t1, 0; 1 1h h T c h . The dissipation to the hot thermal bath has 
been interpreted in [39] as energy that can be re-utilized as input energy, thus allow-
ing upper bounds for the eciency. In between these lower and upper bounds, the 
Curzon–Ahlborn [56] value is recovered when dissipations are symmetrically distrib-

uted between the two external baths ( /η η≡ − − Σ = Σ =∼ � �1 1 , 1 2
P C
sym

c h
max

) but with a 

distribution of fractional contact times given by τ= =α
α−

t

t1

c

h
.

In spite of that the fractional contact times with external heat baths (figure 3(a)) 
and the maximum power eciency (figure 3(d)) behave monotonically with Σ�c we note 
that this is not the case for the corresponding total time cycle (figure 3(b)) nor the 

maximum power (figure 3(c)). It can be seen how ( )τ Σ∼� �t ,P cmax
 shows a clear maximum 

value at Σ ≡ τ
τ

∗

+
�

c 1
 and, as a consequence, the maximum dimensionless power ( )τ Σ

∼ �P ,max c  

shows a non-monotonic behavior with a corresponding well defined minimum value 
(figure 3(c)) but accompanied by a monotonically increasing behavior of the entropy 
generation rate (figure 3(e)).

http://dx.doi.org/10.1088/1742-5468/2016/07/073202
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The value Σ
∗�
c has a notable feature since between 0 to Σ

∗�
c the contact time at the 

cold reservoir is greater than the dimensionless dissipation, while the opposite is true 

for the interval Σ
∗�
c to 1. This fact implies two distinct behaviors for the maximum 

power versus eciency parametric curve. In figure 4 we have specified some relevant 

states of the 
∼
Pmax regime by their particular values of Σ�c, �t  and α. It is observed how 

the set of increasing eciencies at maximum power allowed by the dissipation condi-
tions (between /η 2C  and /( )η η−2C C ) correspond to a maximum power behavior show-

ing a well defined minimum value at ( )/η η= − =�t 2 2 3c c  at η = 0.8c  (see also figure 3). 
A valuable consequence is the feature of two possible states with the same maximum 
power but with very dierent associated eciencies: one of them with the upper bound 

/( )η η−2c c  but the other with an optimized eciency lower than the ηCA and greater 
than the lower bound /η 2c .

The existence of a simple relation between the three variables and the power is 
given by:

Figure 3.  Maximum power regime: behavior of ( )α τ Σ∼ �,P c
max

, ( )τ Σ∼� �t ,P cmax
, ( )τ Σ
∼ �P ,max c , 

( )η τ Σ∼ �,P c
max

 and ( )τ∆ Σ
∼∼ �S
˙

,P cmax  with respect to Σ�c for a value of τ = 0.2.

http://dx.doi.org/10.1088/1742-5468/2016/07/073202
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P
t

.

P P

max
c

2 2

max
max

α
=

Σ∼

∼ ∼�

�
� (16)

All cases depicted in figure 4 fulfill the above relation, and of special consideration 

is the limit →Σ� 0c

( ) ( )→ →α

η

η

η

η
Σ

= Σ +
−Σ
− Σ

=
−Σ Σ

∼ ∼
∼ ∼�

� �
�

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

t
lim

4
lim 1

1

1 4 1
,

P P

C

C

C

C0

c

2 2

2

0
c

c

c

2 2

c

max
max

c

� (17)

which yields the labeled finite value of the maximum power at this point, as shown in 
figure 4.

3.1.  Interpretation in an endoreversible Carnot-like framework

Despite the fact that there is no heat transfer dependence in the LD-model results, we 
saw above that LD-models allow for either loop-like parametric power versus eciency 
curves or either open parabolic behaviors, depending on the constraints imposed on the 
total cycle time or the fractional contact times. This duality is clearly demonstrated by 
the maximum power regime as can be seen in figure 5 where each optimal state can be 
obtained from a closed or open curve.

Since the open form of the presented HE curves resembles the behavior found in a 
heat engine described by a Carnot-like endoreversible treatment, a closer inspection of 
the maximum power regime is appealing from this perspective in order to get additional 
physical insight from the comparison between two models with and without the specific 

Figure 4.  Parametric η-
∼
P  plot at maximum power conditions. Some relevant 

points are labeled with the corresponding Σ�c, α, and �t  values and the associated 

values of the power and eciency. Notice that all of them fulfill =
∼

α
Σ
�

�
P

t

c

2 2.
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consideration of heat transfer laws. We consider a generic endoreversible model (see 
figure 6) with generalized heat transfer fluxes given by [28–31]

Q T T˙ ,k k
h h h h( )′σ= −� (18)

( )′σ= −Q T T˙ ,k k
c c c c� (19)

where k is a real number specifying a concrete law (for instance, k  =  1 is the linear 
Newton law; k  =  4, the Stefan–Boltzmann radiation law; k  =  −1, the inverse law) and 
σh (σc) are the thermal conductances of the hot (cold) heat transferences, being posi-
tive for k  >  0 and negative otherwise. By applying the assumption of endoreversibility 

  /   /=′ ′Q t T Q t T˙ ˙
h h h c c c or equivalently /η = − ′ ′T T1 c h to the inner cycle and optimizing 

with respect to the inner temperatures ′T h and ′T c. One can write the power in terms of 
the eciency

( )
    ( )

( )
σ

η
η

η τ

σ η
≡

+
+

=
−

− −

+ − −
P

Q Q

t t
T

1

1

1 1
.k

k k

k

c h

c h
c h

ch
1

2� (20)

From the above equation we obtain the results for the maximum power regime in 
terms of the exponent k and the ratio /σ σ σ=ch c h which are depicted in figure 7. The 
extreme bounds of the LD-model and the CA-value are also shown. Two main features 
should be stressed from this figure:

	(a)	 The CA-value can be obtained with dierent combinations of k and the asymmetry 
ratio σch (for instance σ ≈ 10ch  and the Stefan–Boltzmann heat transfer law k  =  4 
or σ τ=ch  and the inverse heat transfer law k  =  −1). However, only the linear heat 
transfer law (k  =  1) is compatible with the CA-value independently of any value 
of the ratio σch and as such, it was deduced originally by Curzon and Ahlborn 
[56], although now is known that several equivalent results were published earlier  
[57, 58]. In other words, the CA value is not associated to any symmetry of the 

Figure 5.  η versus 
∼
P  curves for the labeled Σ�c values. The open curves which 

resemble those obtained in endoreversible engines take values of characteristic 
times from 0 to 500. As �t  increases the eciency approaches ηC. Loops (in (b)) are 

bound by the open curves corresponding to →Σ� 0c  and →Σ� 1c  (see (a)). The 
∼
Pmax 

state is depicted by the concave red curve.
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thermal conductances in the endoreversible models with a linear heat transfer 
law but it is linked to symmetric dissipations in the external heat baths in the 
LD-models where specific heat transfer laws do not play any role.

	(b)	 Only the phenomenological heat transfer law (k  =  −1) with appropriate σch allow 
the derivation of the all maximum power eciency values obtained with the LD 
model. This fact should be remarked since the inverse law appears in a natural way 
in the linear irreversible thermodynamics frameworks as the appropriated thermo-
dynamic law in the decomposition of entropy generation rate (see for instance [34]). 
At the sight of these coincidences may be suggestive to associate the same concep-
tual meaning to the ratios /σ σ σ=ch c h and /Σ Σc h. By comparing the eciencies at 
maximum power in equation (15) with the one obtained for k  =  −1 one can find 

that both are the same under the assumption that / / /σ σ τ τ= Σ Σ = Σ Σ� �
c h c h c h

( ) [ ]
( )

( )

⎡
⎣⎢

⎤
⎦⎥

η
τ σ
τ σ

τ

τ
η τ=

− +
+ +

=
− +

+ +
= Σ

τ

τ
=−

Σ

−Σ

Σ

− Σ

∼

∼

∼

∼

∼ �1 1

1 2

1 1

1 2

, .P k P, 1
ch

ch

1

1

cmax

c

c

c

c

max
� (21)

Indeed, under limit asymmetric conditions / →σ σ σ= 0ch c h  ( →σ ∞h ) and / →Σ Σ 0c h  
( → )Σ ∞h  both the inverse law and the LD-model give the upper bound /( )η η−2C C  and 

Figure 6.  Sketch of an endoreversible Carnot-like heat engine (a) and a refrigerator (b).

Figure 7.  Maximum power eciencies versus the exponent of the heat transfer 
law k in the endoreversible framework for the labeled values of the asymmetry σch 
and comparison with the asymmetric and symmetric bounds in the LD-model. 
Only the inverse law k  =  −1 can reproduce all LD-results with appropriate σch 
while the linear Newton law k  =  1 only reproduces the symmetric ηCA value for 
any value of σch.
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under asymmetric conditions / →σ σ σ= ∞ch c h  ( →σ 0h ) and / →Σ Σ ∞c h  ( → )Σ 0h  both 
models give the lower bound /η 2C . Also, the CA value comes in the LD model under the 
condition / →Σ Σ 1c h  which corresponds in the endoreversible model with the inverse law 
giving the CA-value under the condition /σ σ σ τ= =ch c h . Notice that there exist a range 
of values of k in which the eciency is located between the upper and lower bounds 
found in the LD model. Perhaps a detailed comparison between irreversible Carnot-like 
models with and without heat leak and LD-models with appropriate constraints could 
shed some light on this issue. This suggest that the rest of the cases containing values 
for the eciency may not be reproduced by a LD description. Then, in the context of 
heat laws the results of LD are restricted to certain heat transfer mechanisms.

3.2.  Interpretation in an exoreversible Carnot-like framework

For a stochastic brownian particle confined by an optic trap to perform a Carnot-like 
cycle, Schmield and Seifert [47] found that the maximum power eciency can be writ-
ten as /( )η η γ η= −2C Css ss , where γss is a model-dependent parameter ranging between 
0 and 1 which account for the irreversible actions on the isothermal processes. Apertet 
et al [39, 40] argued that ηss apply to converter where all irreversibilities are restricted 
to internal processes while external coupling remain reversible keeping no dierences 
between the internal temperatures of the working and external temperatures of the 
heat baths (the so-called exoreversible model). For a thermoelectric generator these 
authors found and physically explained a continuous transition between ηss and ηCA by 
tuning the dierent irreversibilities on the system from internal to external losses.

Indeed ηss reproduce all the values given by η∼Pmax
 in the LD model just fitting the 

model-dependent irreversibility distribution through the mesoscopic γss and the macro-
scopic Σ′s.

For γ = 0ss  and 1 the lower and upper bounds /η 2C  and /( )η η−2C C  are obtained 

which correspond respectively with Σ =� 1c , α = 1 and Σ =� 1h , α− =1 1. In between 
these two theoretical limits all values can be obtained by the appropriate election of 
the characteristic cycle time and its distribution in the contact time with the external 
baths together with the associated distributions of irreversibilities. In particular, the 
CA-eciency result from symmetry in the dissipation constant Σ = Σc h but not in the 
corresponding contact times.

4. Results: refrigerator engines

As it has been the object of study in the proposal of a unified criteria of maximum 
power for HE and RE [14], an entirely similar study to that presented above for HE 
is possible for RE by replacing the power output 

∼
P  by the figure of merit χ�, and the 

eciency η by the COP ε. Thus, here we outline only the main results.

Representative 3D-graphs obtained for χ�, ε and ∆
∼

S
˙

tot for symmetric dissipation 

Σ = = Σ� �0.5c h are plotted in figures 8(a) and (b). Open and closed behaviors of the 
curves with dierent constrains are also displayed in the HE case. Similar curves to 
those depicted in figure 2 can be obtained. Again, near but non-coincident maximum χ� 
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and maximum COP states are clearly visible and confined by the monotonic behavior 

imposed by the limit values →Σ� 1c  ( →Σ� 0h ) and →Σ� 0c  ( →Σ� 1h ) or open curves when 
the fractional contact times are fixed.

The main characteristics of the criterion ( )( )χ τ αΣ �� � t, , ,RE
c  were analyzed in [14]. Here 

we stress that it shows an absolute maxima on both α and �t  (see figure 5(b) in [14]) in 
the same way to the power output in HE. Regrettably, the calculation of the absolute 

maximum is only achieved by numerical methods since no closed and general analytical 

expressions can be obtained for both α and �t . The upper χ
+
�ε max

, lower χ
−
�ε max

, and symmetric 

χ�ε
sym

max
 bounds obtained for the COP under maximum χ� conditions read as [3, 4, 7]:

=
+ −

χ
+
�ε

ε9 8 3

2
,

C

max
� (22)

=χ
−
�ε 0,
max� (23)

and

= + − ≡χ�ε ε ε1 1 .sym
C CA

max� (24)

The full characterization of the maximum χ-criteria is displayed in figure 9, where 

we have plotted ( )α τ Σχ �� , cmax
, ( )τ Σχ� ��t , cmax

, ( )τ Σχ ��ε , cmax
 and ( )χ τ Σ� �,max c  for a typical τ = 0.8 

value in RE. We stress the notable similitude with the behavior obtained for maximum 
power in HE but now care should be taken because of the role played by Σ�c: the COP 

increases from its minimum, null value =χ
−
�ε 0
max

 at Σ =� 0c  to the maximum χ
+
�ε max

 when 

Figure 8.  (a) Evolution of ε versus χ� with respect to �t . For =�t const. and ( )α∈ 0, 1  
(green lines). For α = const. and ( )∈�t 0, 20  (white lines). (b) Evolution of ε versus 

χ� with respect to ∆
∼

S
˙

tot. ( )∈�t 0, 20  and ( )α∈ 0, 1 . In both cases �t  fixed (green lines) 
corresponds to the characteristic loops of the real heat engines, meanwhile, for α 
fixed (white line) the endoreversible-like model behavior is found (see also figure 4).
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all dissipation are restricted in the cold thermal bath (Σ =� 1c ), opposite to what we 
observed in RE. Larger contact times with the hot reservoir produce more entropy (in 
characteristic units) and smaller values of ε. A straightforward consequence is that the 

parametric curve χ�max versus ε is qualitatively equal to 
∼
Pmax versus η for HE, including 

the presence of a minimum value for χ�max near χ�ε
sym

max
, at ∗ε . As this is a numerical value, 

no analytical expression was found, this can be seen in figure 10.
The observed duality endoreversible-irreversible in HE is kept for RE in the 

LD-framework, as shown in figure 11 where each state ( )χ τ Σ� ,max c  can be recovered 
either on an endoreversible or on an irreversible curve depending on the constraints 
imposed on the total cycle time or the fractional contact times.

4.1.  Interpretation in an endoreversible Carnot-like framework

The endoreversible interpretation of the LD-refrigerators follow the same steps to the ones 
for HE in section 3.1. From figure 6(b), using generalized heat transfer fluxes given by

Figure 9.  Maximum χ� regime: behavior of ( )α τ Σχ �� , cmax
, ( )τ Σχ� ��t , cmax

, ( )χ τ Σ� �,max c , 

( )η τ Σχ
�

� , c
max

 and ( )τ∆ Σ
∼

χ ��S , cmax
 with respect to Σc for a value of τ = 0.8.
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( )′σ= −Q T T˙ ,k k
h h h h� (25)

Q T T˙ ,k k
c c c c( )′σ= −� (26)

and by applying the assumption of endoreversibility   /   /=′ ′Q t T Q t T˙ ˙
h h h c c c or equiva-

lently /( / )= −′ ′ε T T1 1h c  one can write χ in terms of ε as

( )
( )

   
⎛
⎝
⎜

⎞
⎠
⎟

χ σ
τ

σ

=
−

+

+

+

−
ε

ε
ε

ε
ε

T

1

.k

k
k

k
c h

1

ch 1

1
2� (27)

Figure 10.  χ�ε max
 versus χ�max plot at maximum χ� conditions. Some relevant points 

are labeled with the corresponding Σ�c, α, and �t  values and the associated values 
of χ� and COP.

Figure 11.  ε versus χ� curves for the labeled values of Σ�c. The open curves take 
values of characteristic times from 0 to 500. As �t  increases the eciency approaches 

εC. Loops (in (b)) are bound by the open curves corresponding to →Σ� 0c  and →Σ� 1c  
(see (a)). The χ�max state is depicted by the concave curve (red curve in (a) and (b)).
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From the above equation it is easy to obtain the results for the maximum χ regime 
in terms of the exponent k and the ratio /σ σ σ=ch c h. Notice the similarity of equa-
tions (20) and (27). The results for the COP at maximum χ are shown in figure 12 
where the extreme bounds of the LD-model and the CA-value have been labeled. From 
figure 12 we note that:

	(a)	 The εCA-value can be obtained with dierent combinations of k and of the asym-
metry ratio but only the linear heat transfer law (k  =  1) is compatible with the 
εCA-value independently of any value of the ratio σch. The εCA-value (as occurs 
with ηCA) is not associated to any symmetry of the thermal conductances in the 
endoreversible models with a linear heat transfer law but it is linked to symmetric 
dissipations in the external heat baths in the LD-models where specific heat transfer 
laws do not play any role.

	(b)	 Only the phenomenological heat transfer law (k  =  −1) with appropriate σch allows 
the derivation of all the optimized maximum COP values obtained with the LD 
model. This could be a physical explanation why the inverse law appears in linear 
irreversible frameworks as a natural election of the thermodynamic force also in 
refrigerators.

5. Summary

In summary, we have presented a detailed analysis of a low dissipation heat engine 
stressing the role of the characteristics total cycle time (a point barely considered in 

Figure 12.  COP at χ�max conditions with respect to the exponent of the heat transfer 
law k in the endoreversible framework for the labeled values of the asymmetry σch 
and comparison with the asymmetric and symmetric bounds in the LD-model. 
Note again that only the inverse law k  =  −1 can reproduce all LD-results with 
appropriate σch while the linear Newton law k  =  1 only reproduces the symmetric 
εCA value for any value of σch.
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most reported papers), the contact times of the working system with the external heat 
baths and the symmetries/asymmetries associated to these contacts. The results reveal 
how dierent sources of irreversibility aect the main performance regimes. The results 
for the maximum power eciency have been confronted with those obtained from 
endoreversible models (where specific heat transfer laws are needed) and with those 
obtained from exoreversible models (where no dierence temperatures between the 
inner system and the external bath are assumed).

Under general arguments the observed universality of the maximum power eciency 
of heat engines can be extended to the COP at maximum χ-conditions in RE. The 
validity of the inverse heat transfer law to generate all range of the maximum power 
eciencies and of the COP under maximum χ conditions clarify its fundamental role 
in linear and non-linear irreversible frameworks. Since macroscopic constraints and 
symmetries reflect an underlying dynamic, the unified character of the results with the 
dierent models could be of some utility in the thermodynamic optimization of heat 
engines including stochastic, linear and non linear, and quantum frameworks [59–64].
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