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a b s t r a c t

This paper presents a novel approach for solving initial and boundary-values problems
on ordinary fractional differential equations. The strategy considered is based on the use
of a suitable truncated series expressed in terms of fractional powers of the independent
variable, and a collocation approach.With this strategy accurate numerical approximations
can be obtained. The error criterion is based on the concepts of residue and relative error.
Two algorithms fitted to the nature (linear or nonlinear) of the considered fractional
differential equation are proposed. Finally, some problems illustrating the efficiency of the
proposed method are presented.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Fractional calculus and in particular the concept of fractional derivatives are by no means new. Applying this theory new
fractional-order models have been proposed. The latter are more adequate than the previously used integer-order models,
because fractional-order derivatives enable the description of the memory and hereditary properties of different substances
(see [1,2]). Fractional derivatives have been successfully applied to problems in systembiology [3], physics [4], chemistry and
biochemistry [5], hydrology [6], and so on. Different approximations and numerical methods have been proposed to solve
fractional differential equations: spectral method [7], backward differentiation formulas [8], Pseudo-Spectral Method [9],
Adomian DecompositionMethod [10], spline collocationmethods [11,12], fractional splines [13], and Chebyshev collocation
methods [14]. Some strategies for the numerical calculation of fractional derivatives and integrals have been recently studied
in [15] and [16].

This paper is structured as follows. In Section 2 we review the main definitions and analyze an adequate series that will
provide the basis for themethod to be developed in the next section. In Section 3 the ordinary fractional differential equation
(FDE) is presented. Using the truncated series, either a linear system (SL) or a non-linear system (SnL) is obtained to provide
the approximate solution according to the characteristics of the FDE. In Section 4 we address how to obtain the solution of

* Corresponding author at: Scientific Computing Group, Universidad de Salamanca, Spain.
E-mail addresses:mfernandapatricio@gmail.com (M.F. Simões Patrício), higra@usal.es (H. Ramos), miguelpatricio@gmail.com (M. Patrício).

https://doi.org/10.1016/j.cam.2018.07.034
0377-0427/© 2018 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.cam.2018.07.034
http://www.elsevier.com/locate/cam
http://www.elsevier.com/locate/cam
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cam.2018.07.034&domain=pdf
mailto:mfernandapatricio@gmail.com
mailto:higra@usal.es
mailto:miguelpatricio@gmail.com
https://doi.org/10.1016/j.cam.2018.07.034


M.F. Simões Patrício, H. Ramos and M. Patrício / Journal of Computational and Applied Mathematics 354 (2019) 348–359 349

the system SL or SnL using appropriate numerical methods. An error criterion for the approximation based on the concepts
of residue and relative error is established. Furthermore, two algorithms have been presented, adapted to the type of the
system, SL or SnL. In Section 5 some numerical results are given to illustrate the validity and applicability of the presented
algorithms. Finally, some concluding remarks are given.

2. Some preliminaries

In the study of fractional differential equations the definition of fractional derivative is fundamental. In the literature
different concepts have been proposed (see. e.g. [1]). The two most commonly used definitions are the Riemann–Liouville
operator and the Caputo operator. In this paper we will use the last one.

Definition 2.1 (see [17]). The Caputo fractional derivative operator of order α > 0,Dα , is defined in the following form:

Dα f (x) =
1

Γ (m − α)

∫ x

0

f (m)(t)
(x − t)α−m+1 dt (1)

wherem − 1 < α < m,m ∈ N, x > 0, and Γ represents the Gamma function given by

Γ (k) =

∫
∞

0
tk−1e−t dt , k ∈ R \ Z−

0 . (2)

We note that, from Caputo’s derivative we have that

Dαxτ
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, for τ ∈ N ∪ {0} and τ < ⌈α⌉

Γ (τ + 1)
Γ (τ + 1 − α)

xτ−α, for τ ∈ N ∪ {0}

and τ > ⌈α⌉ or τ ̸∈ N and τ > ⌊α⌋

(3)

where the ceiling function ⌈α⌉ denotes the smallest integer greater than or equal to α, and the floor function ⌊α⌋ denotes
the largest integer greater than or equal to α. In case α ∈ N the Caputo derivative coincides with the usual derivative.

Now, in order to motivate the procedure that will be developed later on, let us consider that a function y(x) can be
represented in the form

y(x) =

∞∑
k=0

xνk

Γ (νk + 1)
(4)

where ν > 0 is a rational number (this could be considered as a variation of the Taylor series).
A similar formulation will allow us to build the numerical solution of the FDE. In practice, we will take ν = 1/2, and only

the firstm + 1 terms of the series will be considered, that is, we will consider the approximation given by

ym(x) =

m∑
k=0

xk/2

Γ (k/2 + 1)
. (5)

The nature of the function in (4) is established in the following proposition.

Proposition 2.1. Let be ν = 1/2. The series given by y(x) =
∑

∞

k=0
xνk

Γ (νk+1) is convergent for x ≥ 0, and has sum S(x) =

ex
(
1 + Erf (

√
x)
)
, where Erf is the Gauss error function.

Proof. Let us decompose the series into two other series, in the form

y(x) =

∞∑
k=0

xνk

Γ (νk + 1)
=

∞∑
k=0

aixi +
∞∑
k=0

bix(2i−1)/2 (6)

where

ai =
1
i!

, bi =
2i

√
π
∏i

j=1(2j − 1)
. (7)

We can conclude easily that the two series in the right of (6) converge for x ≥ 0. Consequently the series y(x) converges.
Even more, representing by T1 and T2 the sum of each of the above series we have

T1 = lim
k→∞

k∑
i=0

aixi = ex , (8)
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Table 1
Bounds for A(m) for different values of m and ν.

m ν = 1/4 ν = 1/2 ν = 3/4 ν = 5/4

5 3.4E−0 3.3E−1 2.7E−2 7.7E−6
10 7.9E−1 5.8E−3 1.8E−5 2.4E−11
20 1.5E−2 1.2E−7 1.1E−13 1.2E−27
30 1.1E−4 2.6E−13 2.0E−23 1.3E−46

T2 = lim
k→∞

k∑
i=0

bix(2i−1)/2
= exErf(

√
x) , (9)

and the conclusion follows. □

The following proposition allows us to obtain an estimate for the error when we replace y(x) by ym(x) given in (4) and
(5), respectively.

Proposition 2.2. Let be ν = 1/2 and y(x), ym(x) given by

y(x) =

∞∑
k=0

xνk

Γ (νk + 1)
, ym(x) =

m∑
k=0

xνk

Γ (νk + 1)

with m ∈ N. Then, for each x ∈ [0, 1] we have the following bounds

|y(x) − ym(x)| = A(m)

where A(m) is a decreasing function of m that verifies

A(m) ≤

⎧⎪⎨⎪⎩
3.3E−1 for m ≥ 5
5.8E−3 for m ≥ 10
1.2E−7 for m ≥ 20
2.6E−13 for m ≥ 30 .

(10)

Proof. From above, for each x ∈ [0, 1] we can put

A(m) = |y(x) − ym(x)| =

∞∑
k=m+1

xνk

Γ (νk + 1)
(11)

≤

∞∑
k=m+1

1
Γ (νk + 1)

(12)

and being Γ a positive function, Γ (k) > 0 for k > 0, the conclusion follows. □

To obtain the bounds in the above proposition we have used the systemMathematica. For other values of ν different than
1/2 it is easy to obtain similar bounds. In Table 1 different bounds are presented for different values of ν and m. We note
that as ν increases the bounds decrease, in other words this means that to obtain a similar accuracy on the approximation
of y(x) by ym(x), the higher is ν the fewer terms in the series are needed.

An approximation for the derivative of y(x) is obtained in the next proposition.

Proposition 2.3. Let be ν = 1/2 and ym(x) given by (5). The Caputo fractional derivative of order α > 0 may be written in the
form

Dαym(x) =

m1∑
i=1

ai
Γ (i + 1)

Γ (i + 1 − α)
xi−α

+

m2∑
i=1

bi
Γ (i + 1/2)

Γ (i + 1/2 − α)
xi−1/2−α

with the ai and bi the same as in (7), and m = m1 +m2 where m1 + 1 is the number of integer powers of x, and m2 is the number
of rational powers of x.

Proof. As ym(x) may be written in the form

ym(x) =

m1∑
i=0

aixi +
m2∑
i=1

bix(2i−1)/2 (13)
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wherem1 + 1 is the number of integer powers of x andm2 is the number of rational powers of x, with the ai and bi as in (7),
using (3) the Caputo fractional derivative of order α > 0 may be written as

Dαym(x) =

m1∑
i=1

ai
Γ (i + 1)

Γ (i + 1 − α)
xi−α

+

m2∑
i=1

bi
Γ (i + 1/2)

Γ (i + 1/2 − α)
xi−1/2−α .

In particular, for α = 1/2 the above formula results in

D1/2ym(x) =

m1∑
i=1

ai
Γ (i + 1)

Γ (i + 1/2)
xi−1/2

+

m2∑
i=1

bi
Γ (i + 1/2)

Γ (i)
xi−1 . □

3. The discretization of the fractional differential equation

In this paper we are looking for an approximate solution of the fractional ordinary differential equation (FDE) in the form

Dαu(x) = F (x, u(x)) (14)

with initial conditions and/or boundary conditions for x ∈ [0, 1], where α > 0 refers to the fractional order of the spatial
derivative and F is a given function.

In Section 2 we had considered a series generated by
{
xνk
}
k=0,1,2,... with ν > 0 a rational number. Similarly, let us now

consider a formal series with unknown coefficients. Assuming that ν is an irreducible fraction, that is, ν = p/q with p and
q with no common divisors except 1, we have that m1 = c , and m2 = m1(q − 1) + r , where c and r are respectively the
quotient and the remainder of the euclidean division, m = cq + r . Taking in mind (13) we can approximate the solution of
the problem in (14) by

um(x) =

m1∑
i=0

aixi +
m2∑
i=1

bixνσi , (15)

where ai and bi are unknown coefficients and {σi}i=1,...,m2 is the subset of the first m natural numbers Nm = {1, . . . ,m},
which are not divisible bym.

The fractional derivative of order α > 0 is

Dαum(x) =

m1∑
i=1

ai
Γ (i + 1)

Γ (i + 1 − α)
xi−α

+

m2∑
i=1

bi
Γ (νσi + 1)

Γ (νσi + 1 − α)
xνσi−α . (16)

Consequently, by using (15) and (16) in the FDE in (14) it results in the equation
m1∑
i=1

ai
Γ (i + 1)

Γ (i + 1 − α)
xi−α

+

m2∑
i=1

bi
Γ (νσi + 1)

Γ (νσi + 1 − α)
xνσi−α

= F

(
x,

m1∑
i=0

aixi +
m2∑
i=1

bixνσi

)
. (17)

In particular, for the simple value ν = 1/2 we have that the differential equation in (14) may be discretized by the
following equation

m1∑
i=1

ai
Γ (i + 1)

Γ (i + 1 − α)
xi−α

+

m2∑
i=1

bi
Γ (i + 1/2)

Γ (i + 1/2 − α)
xi−1/2−α

= F

(
x,

m1∑
i=0

aixi +
m2∑
i=1

bix(2i−1)/2

)
. (18)
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We have to take into account the initial and boundary conditions of the problem. So, if the number of these conditions
is mc let be ms = m + 1 − mc . Using collocation techniques at ms points

{
xp
}
p=1,...,ms

in [0, 1] together with the initial and
boundary conditions we obtain a linear system (SL) or a non linear system (SnL) depending on whether F is a linear or a
nonlinear function. This system allows us to calculate them + 1 unknowns ai and bi. In the first case, (SL), we apply a direct
method to obtain the solution and in the second some iterative method. In both cases, we will establish in the next section
their algorithms with some details in order to facilitate the calculations.

4. Implementation: algorithms

According to the previous section the approximate solution of the fractional ordinary differential equation in (14) will
be obtained using the equation in (17). Taking in (17) ms intermediate values x = xp, p = 1, . . . ,ms and considering the
initial and boundary conditions we are led to a system with the m + 1 unknowns ai and bi, with m + 1 = ms + mc , where
ms corresponds to the number of collocation equations and mc to the number of initial and boundary conditions. To obtain
the solution we apply a direct method or any iterative method (as the fixed point method or Newton-type ones) depending
on whether F is a linear or a nonlinear function respectively. From Proposition 2.2 we note that the higher m is in (5) the
smaller is the upper bound of the truncation error. Of course, in the latter case the computational effort will be greater. In
this paper we control the error of approximation measuring the residueR(um) and the relative error r(um) of the numerical
approximation um(x). These are defined, respectively, by

R(um) = max
x∈[0,1]

|Dαum(x) − F (x, um(x))|

and

r(um) = max
x∈[0,1]

⏐⏐⏐⏐um(x) − um−1(x)
um(x)

⏐⏐⏐⏐ .

The solution um(x) will be rejected ifR(um) or r(um) are greater than a predefined tolerance. In this case the calculations will
be done again after incrementingm.

Remark. Note that m can be incremented in different ways. In this paper if m1 < m2 we begin by incrementing m1, and
in other case we incrementm2. If necessary we continue alternately by increasingm1 andm2 until we reach the predefined
tolerance.

But the values of m1 and m2 can be taken independently, as we have done in Example 3, where we have taken m1 = 3
and m2 = 0.

From the above we can establish the following algorithms, to solve the problem in (14). The following algorithms are
linked to the linear and nonlinear cases respectively.

Algorithm 1: FOR LINEAR PROBLEMS
Data: α, tol
Result: approximation um to the FDE

1 Letm = 3;
2 Solve (17) to obtain ai, bi
3 From (13) obtain um(x)
4 if r(um) < tol and R(um) < tol then
5 go to 9;
6 else
7 m = m + 1 go to 2;
8 end
9 Accept u(x) ≈ um(x)

10 End

Before establishing the structure of the second algorithm to obtain an approximation of the FDE let us rewrite in the case
ν = 1/2 the equation in (18) in the form

m1∑
i=1

a(s)i
Γ (i + 1)

Γ (i + 1 − α)
xi−α

+

m2∑
i=1

b(s)i
Γ (i + 1/2)

Γ (i + 1/2 − α)
xi−1/2−α

= F

(
x,

m1∑
i=0

a(s−1)
i xi +

m2∑
i=1

b(s−1)
i x(2i−1)/2

)
, (19)
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in order to use an iterative fixed point algorithm for solving the resulting system of equations in the nonlinear case, where
s = 1, 2, . . . denotes the current iteration. According to the above, the approximation um has also to be rewritten as

u(s)
m (x) =

m1∑
i=0

a(s)i xi +
m2∑
i=1

b(s)i x(2i−1)/2 . (20)

Algorithm 2: FOR NON-LINEAR PROBLEMS

Data: α, tol, tol1, iter, a
(0)
i , b(0)i

Result: approximation um to the FDE
1 Letm = 3, s = 1 ;
2 Solve (19) to obtain a(s)i , b(s)i .
3 if s > iter then
4 Write: Failed after iter iterations. Go to 18;
5 else
6 From (20) obtain u(s)

m (x) ;
7 if ∥u(s)

m (x) − u(s−1)
m (x)∥ > tol1 then

8 s = s + 1. Go to 2;
9 else

10 if r(um) < tol and R(um) < tol then
11 Go to 17;
12 else
13 m = m + 1, s = 1. Go to 2;
14 end
15 end
16 end
17 Accept u(x) ≈ um(x)
18 End

Remark. Note the following details regarding the algorithms above:

• The algorithms begin considering m = 3 but any other values can be used. Usually m1 = 2 and m2 = 1 is a good
starting choice.

• In the error criterion the same tolerances are considered for the relative error and for the residue. However, two
different tolerances can be used.

• If convergence in the fixed point algorithm in (19) fails then the initial approximation can be changed. The number of
iterations may be also changed, or even the collocation points may be modified.

• If the approximation is taken as in (15) where m1 + 1 values are used for the ai and m2 values are used for the bi the
method will be referred to as method (m1,m2).

5. Numerical results

In this section we present some numerical examples in order to illustrate the performance of the proposed method,
considering ν = 1/2, that is, the equation in (18). Let us now apply the preceding algorithms for solving some fractional
ordinary differential equations.

5.1. Linear problems

5.1.1. Example 1
Let us consider the fractional differential problem appeared in [18]

Dαu(x) = u(x) + 1 , u(0) = 0 , x ∈ [0, 1] (21)

with α = 1/2, whose exact solution is given by

y(x) = xαEα,α+1(xα)

where Eα,β (z) is a generalized Mittag-Leffler function defined by

Eα,β (z) =

∞∑
k=0

zk

Γ (αk + β)
.
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Table 2
Results for numerical approximations of problem (21).

Method R(um) r(um) AbsErr

(2,3) 1.0E−2 2.0E−2 1.2E−2
(3,3) 1.7E−3 7.3E−3 2.3E−3
(3,4) 2.0E−4 8.0E−4 7.3E−4
(12,12) 4.5E−14 2.7E−13 2.3E−15

Fig. 1. Absolute error module of approximations for problem (21) using methods (2, 3), (3, 3) and (3, 4) (from top to bottom).

Note that the solution may be rewritten in the form

y(x) = xαEα,α+1(xα)xα
= xα

∞∑
k=0

xαk

Γ (αk + α + 1)

=

∞∑
k=0

xαk+α

Γ (αk + α + 1)
=

∞∑
k=1

xαk

Γ (αk + 1)

which, in view of the result in Proposition 2.1, may be written as

y(x) = ex
(
1 + Erf(

√
x)
)
− 1.

Using the proposed method, we have considered different values of m until reaching the tolerance tol = 1.0E−3. The
intermediate points used for collocation were the equally spaced points xp = {j/m}j=0,...,m−1.

Taking initiallym = 5 (m1 = 2,m2 = 3), that is, the method (2, 3), the error criterion failed, and the same occurs for the
method (3, 3). The method (3, 4) allows us an approximation satisfying the pre-established requirements. The numerical
results concerning to residue, relative error, and the maximum absolute error of the approximations

AbsErr = max
x∈[0,1]

|u(x) − um(x)|

are shown in Table 2. Note that the first two methods provide acceptable approximations although they failed the error
criterion.

In Fig. 1we plot the absolute errormodule of the approximations obtainedwith the threemethods considered.We can get
high accuracy just taking bigger values ofm. For example, takingm = 24 (m1 = 12,m2 = 12) we obtain the values included
in the last row of Table 2, highlighting the great performance of the method. Fig. 2 shows the absolute error module of this
approximation.

5.1.2. Example 2
Consider the linear fractional initial-value problem appeared in [7]

Dαu(x) + u(x) = x2 +
2

Γ (3 − α)
x2−α ,

u(0) = 0 , x ∈ [0, 1] (22)

whose exact solution is u(x) = x2. Using the proposed method we have obtained approximate solutions for this problem,
considering tol = 1.0E−4 and collocation points equally spaced for the parameters α = 1/10 and α = 1/2.
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Fig. 2. Absolute error module of approximation for problem (21) using method (12, 12).

Table 3
Results for numerical approximations of problem (22).

α Method R(um) AbsErr

1/10 (1,2) 9.5E−2 4.1E−2
(2,2) 0.0E+0 0.0E+0

1/2 (1,2) 1.5E−1 4.5E−2
(2,2) 0.0E+0 0.0E+0

We considered initially themethodwithm = 3 (m1 = 1,m2 = 2), but this method did not achieve the desired numerical
solution. However, the exact solution arises in the two cases with the method (2, 2) or any other with m > 3, either for
α = 1/10 or α = 1/2. In Table 3 the numerical results obtained with the proposed method are shown for the different
cases considered. We note that the relative error has not been included as the denominator becomes zero for some values
of x ∈ [0, 1]. The solutions provided in [7] for the two values of α involve a larger number of calculations than the present
method, and still only approximate solutions were obtained.

5.2. Nonlinear problems

5.2.1. Example 3
The proposedmethodmay also be applied for solving amulti-order FDE, forwhich one has to consider for each differential

operator the corresponding approximation in (16). Let us illustrate the procedure considering the nonlinear fractional
ordinary differential equation that appeared in [7]

Dαu(x) + Dβu(x) + Dγ u(x) + u(x)3 = f (x) , x ∈ [0, 1] (23)

where α = 11/5, β = 3/4, γ = 5/4, and

f (x) =
2x3−α

Γ (4 − α)
+

2x3−β

Γ (4 − β)
+

2x3−γ

Γ (4 − γ )
+

x9

27
.

The following three types of boundary conditions will be considered

1. First type

u(0) = 0 , u′(3/5) = 9/25 , u(1) = 1/3

2. Second type

u′′(0) = 0 , u′(3/5) = 9/25 , u(1) = 1/3

3. Third type

u(0) = 0 , u′(7/10) = 49/100 , u′′(1) = 2

In all cases, the exact solution is y(x) =
x3
3 .
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Table 4
Numerical results for the approximations of problem (23), first case.

s AbsErrV R(um) r(um) AbsErr

1 1.2E−1 1.0E−2 3.7E−1 4.4E−4
2 4.3E−5 3.0E−5 1.2E−3 8.6E−7
3 8.6E−7 5.1E−8 2.5E−6 1.6E−9

First type:
Let us consider the first type conditions. We begin with m = 3 taking (m1 = 3,m2 = 0). From the first initial condition

we easily may conclude that a0 = 0 whereas a1, a2, a3 are unknowns. These are calculated considering the system in (19)
after including the boundary conditions. Aswe have still two conditionswe need only one equation to form a system of three
equations. This last equation is obtained through (19) after evaluating in an intermediate point. The resulting system is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a(s)1 + a(s)2 + a(s)3 =
1
3

a(s)1 + 2x0a
(s)
2 + 3x20a

(s)
3 =

9
25

a(s)1
Γ (2)

Γ (2 − β)
x1−β

1 + a(s)2

(
Γ (3)

Γ (3 − β)
x2−β

1 +
Γ (3)

Γ (3 − γ )
x2−γ

1

)
+a(s)3

(
Γ (4)

Γ (4 − β)
x3−β

1 +
Γ (4)

Γ (4 − γ )
x3−γ

1 +
Γ (4)

Γ (4 − α)
x3−α
1

)
= f (x1) −

(
3∑

i=1

a(s−1)
i xi1

)3

where x0 = 3/5, and the intermediate point x1 can be selected arbitrarily. We choose x1 = x0.
In order to apply the fixed point iteration for solving the above system we rewrite it in the form

A V (s)
= B + C (s−1) , s = 1, 2, . . .

with

A =

⎛⎜⎜⎜⎝
1 1 1
1 2x0 3x20

Γ (2) x1−β

1

Γ (2 − β)

∑
j=β,γ

Γ (3) x2−j
1

Γ (3 − j)

∑
j=β,γ ,α

Γ (4) x3−j
1

Γ (4 − j)

⎞⎟⎟⎟⎠
V (s)

=

(
a(s)1 , a(s)2 , a(s)3

)T
, B =

(
1
3
,
9
25

, f (x1)
)T

C (s−1)
=

⎛⎝0, 0, −

(
3∑

i=1

a(s−1)
i xi1

)3
⎞⎠T

As for the starting value, for s = 0, we take u(0)(x) =
1
3 x, that is, a(0)1 = 1/3, a(0)2 = a(0)3 = 0. We also consider iter = 3

and tol = tol1 = 5.0E−6.
For the first two iterations, s = 1 and s = 2 we do not obtain that ∥u(s)

m (x) − u(s−1)
m (x)∥ > tol1, as can be seen in the

numerical results presented in Table 4.
However, with s = 3 we have |u(3)

m (x) − u(2)
m (x)| = 8.6E−7 < tol1. The relative errors and the residues are also shown

in Table 4. It can be seen that they satisfy the error criterion concerning the predefined tolerances, so u3(x) is the desired
approximation. In Table 4 we have also included the maximum absolute value of the error in the obtained approximation
on each iteration s = 1, 2, 3

AbsErrV = max
s=0,1,2 ...

∥V (s)
− V (s−1)

∥.

In order to make an acceptable representation of the errors we show in Fig. 3 the logarithm of the absolute error for the
successive approximations u(s)

m (x), s = 0, 1, 2, 3. As expected, the errors are smaller the greater s is.

Second type:
Now, consider again the problem in (23) with the second type conditions. The Algorithm 2 is applied as before with

m = 3 and (m1 = 3,m2 = 0), iter = 4, tol = tol1 = 5.0E−6. Using the boundary condition at x = 0 we have that a(0)2 = 0.
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Fig. 3. Logarithmic absolute error module of successive approximations for problem (23), in the first case, for u(s)
3 , s = 0, 1, 2, 3 (from top to bottom).

Table 5
Numerical results for the approximations of problem (23), second case.

s AbsErrV R(um) r(um) AbsErr

1 1.3E−1 1.1E−2 3.7E−1 4.8E−4
2 4.8E−4 9.8E−6 1.2E−3 4.8E−7
3 4.9E−7 9.7E−9 2.5E−6 4.8E−10

For the initial approximation in solving the system we put a(0)1 = 1/3, a(0)2 = a(0)3 = 0. Taking as in the previous case the
intermediate point x1 = 3/5 and x0 = x1 we obtain the system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a(s)0 + a(s)1 + a(s)3 =
1
3

a(s)1 + 3x20a
(s)
3 =

9
25

a(s)1
Γ (2)

Γ (2 − β)
x1−β

1

+a(s)3

(
Γ (4)

Γ (4 − β)
x3−β

1 +
Γ (4)

Γ (4 − γ )
x3−γ

1 +
Γ (4)

Γ (4 − α)
x3−α
1

)
= f (x1) −

(
3∑

i=0

a(s−1)
i xi1

)3

and proceeding as before we obtain the results in Table 5.

Third type:
Finally, consider the problem in (23)with the third type conditions.We use the values tol1 = 1.5E−4, tol = 5.0E−5, x0 =

x1 = 7/10 maintaining the other necessary values equal to the previous cases. Now from the first initial condition we get
that a(s)0 = 0, and the system is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2a(s)2 + 6a(s)3 = 2

a(s)1 + 2x0a
(s)
2 + 3x20a

(s)
3 =

49
100

a(s)1
Γ (2)

Γ (2 − β)
x1−β

1 + a(s)2

(
Γ (3)

Γ (3 − β)
x2−β

1 +
Γ (3)

Γ (3 − γ )
x2−γ

1

)
+a(s)3

(
Γ (4)

Γ (4 − β)
x3−β

1 +
Γ (4)

Γ (4 − γ )
x3−γ

1 +
Γ (4)

Γ (4 − α)
x3−α
1

)
= f (x1) −

(
3∑

i=0

a(s−1)
i xi1

)3
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Table 6
Numerical results for the approximations of problem (23), in the third case,
taking x1 = 7/10.

s AbsErrV R(um) r(um) AbsErr

1 1.0E−1 1.6E−2 3.9E−1 3.8E−3
2 3.7E−3 5.9E−4 1.1E−2 1.4E−4
3 1.3E−4 2.0E−5 4.1E−4 4.8E−6

Table 7
Numerical results for the approximations of problem (23) in the third case,
taking x1 = 1/2.

s AbsErrV R(um) r(um) AbsErr

1 1.2E−1 8.6E−3 3.9E−1 2.0E−3
2 2.0E−3 4.3E−5 6.1E−3 1.0E−5
3 1.0E−5 1.9E−7 3.0E−5 4.7E−8

Table 8
Absolute errors for problem (23) with the method (3, 0) and that by Bhrawy
[7].

Type Method (3, 0) Method in [7]

First 1.6E−9 8.0E−8
Second 4.8E−10 1.2E−7
Third 4.7E−8 6.3E−5

Proceeding similarly as before we obtain the results that are shown in Table 6. Changing only the collocation point, taking
x1 = 1/2, the results obtained are shown in Table 7. We note that with x1 = 7/10 and 3 iterations the algorithm failed
to obtain the required accuracy (see Table 6). To obtain the required solution we can increase m or iter . Here we choose to
change the collocation point, taking x1 = 1/2 resulting that the integration is possible under the same requirementswithout
changing the number of iterations (see Table 7).

This nonlinear problem has been solved by Bhrawy in [4]. In the present paper with a lower computational effort we
got smaller absolute errors than those found in [4] as can be seen in Table 8. Here, the second column displays the absolute
errors foundwithmethod (3, 0) and iter = 3while the third column reports the results obtained by Bhrawy: 20 points were
used to solve the problemwith first or second type boundary conditions and 24 points when the third type was considered.

6. Conclusion

In this paper we present a method to provide an approximate solution for initial/boundary value problems of linear and
nonlinear fractional ordinary differential equations.

The method is obtained using a truncated series being the fractional derivatives described in the Caputo sense. An
important feature of this method is that an analytical solution can be obtained, as has been shown in the first example. We
can get numerical solutions with high precision increasing the value of the parameterm. A suitable choice of the collocation
points can reduce the computational effort, as has been shown in the last example. A proper selection of the intermediate
points is a problem to be studied.
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