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Rosenthal’s Decoding Algorithm
for Certain 1-Dimensional

Convolutional Codes
Ángel Luis Muñoz Castañeda , José M. Muñoz-Porras, and Francisco J. Plaza-Martín

Abstract— The performance of Rosenthal’s decoding algorithm
is measured when it is applied to certain family of 1-dimensional
MDS convolutional codes. It is shown that the performance of this
algorithm depends on the algebraic structure of the convolutional
code we are working with.

Index Terms— Algebro-geometric codes, convolutional codes,
maximum distance separable (MDS) codes, input/state/output
realizations, algebraic decoding.

I. INTRODUCTION

CONVOLUTIONAL codes were introduced by P. Elias [1]
and were aimed at constructing codes whose correcting

capability were better than that of block codes.
In the last decades, much work have been done in order to

establish the mathematical formalism of convolutional coding
theory, having special relevance the commutative algebra point
of view, presenting a convolutional code as a submodule of a
free F[z]-module of finite rank, C ⊂ F[z]n (see the classical
references [2], [3]), as well as the linear dynamical system
point of view, presenting a convolutional code as a sequential
machine whose states dynamics is governed by finitely many
linear equations ([4]–[6] among many others). Likewise, the
theory of convolutional codes can be established by using
purely algebro-geometric techniques (see [7]), having especial
relevance the theory of convolutional Goppa codes ([8]–[11])

Among the parameters that determine the properties of a
convolutional code, say length, dimension etc, one of the most
important is its free distance, since it is closely related to the
error-correcting capability of the code [12]. Larger the free
distance is, larger the error-correcting capability of the code
is. A very important fact in this direction is the existence of
an upper bound (generalized Singleton bound) for the free
distance for fixed dimension and length [13]. Therefore, those
convolutional codes that achieves the Singleton bound (MDS
convolutional codes) are of much interest.

An important issue in coding theory is the construction of
decoding schemes. If the transmission channel is assumed to
be noise-free, a decoding scheme can be easily constructed.
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However, when the transmission channel is noisy the problem
becomes harder. In this case, there are two essentially different
kind of decoding schemes: probabilistic decoders [14], [15]
and algebraic decoders [16]–[18]. Despite the former are
efficient, they are computationally expensive, while the last
ones make use of less physical resources.

In this paper, we look at the performance of Rosenthal’s
decoding algorithm (see [18]) on certain families of MDS
convolutional codes (see [11]) compared with their free dis-
tances. Our strategy consists on computing explicitly the
input/state/output (I/S/O) representation ( [6]) of each member
of the family of codes and, second, to determine conditions
on the parameters that define the family in order for them
to fulfill the assumptions given in Rosenthal’s Theorem [18,
Theorem 3.4].

II. A FAMILY OF 1-DIMENSIONAL MDS
CONVOLUTIONAL CODES

A. The Family

Let p be a prime number and q = pr some power of p.
Consider the family of convolutional codes parametrized by Fq

generated by the family of convolutional encoders G{λi }(z) :
Fq [z] → Fq [z]n given by

G{λi }(z) :=
⎛
⎜⎝

λ0 + λ1(a1z + b1) + . . . + λδ(a1z + b1)
δ

...

λ0 + λ1(anz + bn) + . . . + λδ(anz + bn)
δ

⎞
⎟⎠

(1)

with λi ∈ Fq and δ ∈ N being the complexity of the code. This
is the convolutional Goppa encoder defined over the projective
line by the divisors G = δp∞ and D = �

pi , with pi = ai z+
bi , and the restriction of the evaluation map to the subspace
< s := λ0 +λ1t + . . .+λδtδ >⊂ L(G) (see [11, §IV] for more
details). We assume that λδ, an �= 0. Thus, G{λi }(z) (from now
on, just G(z)) is a minimal encoder. If we span the entries of
G(z) we get the following expressions for its rows,

(G(z))l =
δ	

t=0

λ
(l)
t zt , λ

(l)
t =

δ	
i=t

λi



i
t

�
bi−t

l at
l , (2)

for l = 1, . . . , n. Let s(t)
λ (u) = �δ

i=t λi



i
t

�
ui−t and

suppose that b1, . . . , bn are equal and non-zero, and that
a1, . . . , an are pair-wise different and non-zero. Note that
in this case λ

(l)
t = at

l s(t)
λ (b). Following [11, Lemma IV.1],

the convolutional code generated by G(z) is MDS if and only
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if s(t)
λ (b) �= 0 for all t . From now on, we will be assuming the

following conditions on the parameters defining the family of
convolutional codes,

Assumptions 1. 1) b1, . . . , bn are equal and non-zero,
2) a1, . . . , an are pair-wise different and non-zero,
3) s(t)

λ (b) �= 0 for all t , where b := b1 = . . . = bn.

B. I/S/O Representation

Given a (k, n) convolutional code C ⊂ Fq [z]n of complexity
δ, there are matrices K ∈ F

(δ+n−k)×δ
q , L ∈ F

(δ+n−k)×δ
q , M ∈

F
(δ+n−k)×n
q representing the code

C = {v(z) ∈ Fq [z]n : ∃x(z) ∈ Fq [z]δ s.t.

zK x(z) + Lx(z) + Mv(z) = 0}, (3)

and satisfying certain (minimal) properties (see [6, Theo-
rem 5.1.1]). Such a triple is called a minimal first order
representation of the convolutional code C. Furthermore, there
is always a permutation σ ∈ Sn of the components of the
code-words such that any minimal first order representation,
(K , L, M), of the equivalent convolutional code σ(C) admits
a similarity transformation turning it into a minimal first order
representation of the form (see [6, §5.2])



 −I
0

�
,



A
C

�
,



0 B

−I D

��
. (4)

The matrices A ∈ Fδ×δ
q , B ∈ Fδ×k

q , C ∈ F
(n−k)×δ
q , D ∈

F
(n−k)×k
q determine a reachable linear dynamical system

(called input/state/output realization, or just I/S/O to be
shorter) that describes the encoding process for C. In fact,
if we denote x(z) = x0zγ + x1zγ−1 + . . . + xγ , u(z) =
u0zγ +u1zγ−1+. . .+uγ and y(z) = y0zγ +y1zγ−1+. . .+yγ ,
then the equality given in (3) for K , L, M as in (4) turns into

xt+1 = Axt + But ,

yt = Cxt + Dut ,

vt =



yt

ut

�
, x0 = 0, xγ+1 = 0 (5)

Furthermore, we can proceed in the other way around. Given
δ, k, n and matrices A, B, C, D defining a linear dynamical
system as in (5) we can construct K , L, M as in (4), which in
turn describe a convolutional code as given in (3). This close
relation between convolutional codes and linear dynamical
systems given by I/S/O representations allows to reflect very
important properties of codes in the linear dynamical systems
side and viceversa (see [6] for a detailed exposition).

I/S/O representations have been proved to be a very use-
ful tool to construct convolutional codes, but also to define
decoding schemes for them.

In order to apply Rosenthal’s decoding algorithm, the I/S/O
representation is required. The matrices (K , L, M) corre-
sponding to a minimal first order representation of the

convolutional code (1) are given by

K =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 . . . 0 0
0 −1 . . . 0 0
.
.
.

.

.

.
.
.
.

.

.

.
0 0 . . . −1 0

−λ
(1)
1 −λ

(1)
2 . . . −λ

(1)
δ−1 −λ

(1)
δ

.

.

.
.
.
.

.

.

.
.
.
.

−λ
(n)
1 −λ

(n)
2 . . . −λ

(n)
δ−1 −λ

(n)
δ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

L =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0
0 0 1 . . . 0
.
.
.

.

.

.
.
.
.

.

.

.
0 0 0 . . . 1

−λ
(1)
0 0 0 . . . 0
.
.
.

.

.

.
.
.
.

.

.

.

−λ
(n)
0 0 0 . . . 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 . . . 0
0 . . . 0
.
.
.

.

.

.
0 . . . 0
1 . . . 0
.
.
.

.

.

.
0 . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Observe that the full size minor given by the first block and
the first n − 1 columns of the last block

U =

⎛
⎜⎜⎜⎜⎝

−Id 0

−λ
(1)
1 . . . −λ

(1)
δ−1 −λ

(1)
δ 1 . . . 0

.

.

.
.
.
.

.

.

.
.
.
.

. . .
.
.
.

−λ
(n−1)
1 . . . −λ

(n−1)
δ−1 −λ

(n−1)
δ 0 . . . 1

−λ
(n)
1 . . . −λ

(n)
δ−1 −λ

(n)
δ 0 . . . 0

⎞
⎟⎟⎟⎟⎠

has determinant (−1)n+δλ
(n)
δ , which is non-zero by assump-

tion. Therefore, it is invertible and the matrix U−1(K , L, M)
is of the form given in (4). Then, the matrices A, B corre-
sponding to an I/S/O representation are:

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 −1 0 . . . 0
0 0 −1 . . . 0
...

...
...

...

λ
(n)
0

λ
(n)
δ

λ
(n)
1

λ
(n)
δ

λ
(n)
2

λ
(n)
δ

. . .
λ
(n)
δ−1

λ
(n)
δ

⎞
⎟⎟⎟⎟⎟⎟⎠

, B =

⎛
⎜⎜⎜⎜⎜⎝

0
0
...

− 1

λ
(n)
δ

⎞
⎟⎟⎟⎟⎟⎠ ,

(6)
while the matrices C ∈ and D are given by

Cij = −λ
(i)
j + λ

(i)
δ λ

(n)
j

λ
(n)
δ

, Di = − λ
(i)
δ

λ
(n)
δ

(7)

Doing the computations for the code (1), it holds that

Cij = aδ
i (a

j−δ−1
i − a j−δ−1

n )s( j−1)
λ (b).

III. APPLICATION OF ROSENTHAL’S

DECODING ALGORITHM

Rosenthal’s decoding algorithm [18] is based on the local
description of trajectories theorem and depends on certain
assumptions and certain parameters.

Assumptions 2. In order to apply the decoding algorithm on
a convolutional code of complexity δ described by an I/S/O
realization (A, B, C, D), we have to assume that there are
natural numbers T > � such that

1) A is invertible, the controllability matrix �T (A, B)
given by

�T (A, B) =
�

B, AB, . . . , Aδ B, . . . , AT −1 B



(8)
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has full row rank δ and its rows form a parity check
matrix of a block code. Let d1 be the minimum distance
of this block code.

2) The observability matrix ��(A, C) given by

��(A, C)t =
�

Ct , (C A)t , . . . , (C Aδ)t , . . . , (C AT −1)t



(9)
has full column rank δ and its columns form a generator
matrix of a block code. Let d2 be the minimum distance
of this block code.

The performance of the algorithm is determined in the
following theorem.

Theorem III.1. [18, Theorem 3.4] Let A, B, C, D be matri-
ces satisfying the conditions of Assumption 2 and consider

the received message

�
 �yt�ut

��
t≥0

=
�


yt + ft

ut + et

��
t≥0

.

Assume that for any τ ≥ 0 the error sequence

fτ
eτ

�
, . . . ,



fτ+T −1
eτ+T −1

�
has weight at most λ :=

min


�
d1 − 1

2

�
,

�
T

2�

��
. In this situation it is possible to

uniquely compute the transmitted sequence

�

yt

ut

��
t≥0

.

When applying Rosenthal’s decoding algorithm to the fam-
ily (1), we have to be sure that there are members in our family
satisfying Assumptions 2:

i) Observe that (−1)δλn
δ det(A + zId) = s(pn) = λ0 +

λ1(anz + b) + . . . + λδ(anz + b)δ. Therefore, det(A) =
(−1)δ

λ
(n)
δ

(λ0 + λ1b + . . . + λδbδ), so det(A) �= 0 if and

only if b is not a root of the polynomial qλ(t) = λ0 +
λ1t + . . . + λδtδ . We denote

W =
�

(λ0, . . . , λδ) such that�δ
k=0 λkbk �= 0

�
⊂ A

δ+1.

Note that W is a dense open subset (respect to Zariski
topology).

ii) Observe also that by [11, IV, Equation (13)] and
Assumptions 1, there is an open subset

V =
�

1≤i< j≤n

�
(λ0, . . . , λδ) such that�δ

k=0 λk(b j − bi )
k(ai − a j )

δ−k �= 0

�

=
�

(λ0, . . . , λδ) such that
λ0 �= 0

�
⊂ A

δ+1

such that if λ0, . . . , λδ ∈ V then the convolutional code
generated by the encoder G(z) is observable. Therefore,
the matrices (A, B, C, D) satisfy that rank(�δ(A, B)) =
rank(�δ(A, C)) = δ (see [6, Lemma 5.3.5]), so any pair
of integers T > � > δ satisfy Assumptions 2.

By i) and ii), V ∩W �= ∅ and parametrizes convolutional codes
whose I/S/O realization (A, B, C, D) satisfy Assumptions 2.

In what follows we will give more explicit results regarding
the parameters �, T, d1, d2.

A. The Controllability Matrix �T (A, B)

Recall that the controllability matrix �T (A, B) is given by
(8). Therefore, in order to compute the products Ai B , for

A and B given in (6), the only important terms of Ai are
those that belong to the last column. In fact, in case T = δ,
one can show that �δ(A, B) is of the form

�δ(A, B) = − 1

λn
δ

⎛
⎜⎜⎜⎜⎜⎝

0 0 . . . 0 (−1)δ−1

0 0 . . . (−1)δ−2 ∗
...

...
...

...
0 −1 . . . ∗ ∗
1 ∗ . . . ∗ ∗

⎞
⎟⎟⎟⎟⎟⎠

(10)

Lemma III.2. Let T > δ. For q 
 0 and generic values of
the parameters an, λ0, . . . , λδ and b, the rows of �T (A, B)
form a parity check matrix of a block code whose minimum
distance is d1 := dmin = δ + 1.

Proof: From Equation (10) it follows that �δ(A, B) is
invertible, so any δ + 1 columns of �T (A, B) are linearly
dependent. Then, from [19, Theorem 4.12], it follows that
d1 := dmin ≤ δ + 1. Let us check it is indeed an equality.
For that it is enough to show that every minor of order δ of
�T (A, B) is non zero. Let us compute the minor associated
to the columns in positions i1, . . . , iδ.

From Equation (1) and Equation (2), it follows that the
characteristic polynomial of A, PA(z), is determined by

(−1)δλ
(n)
δ det(A + z Id) = s(pn) =

δ	
i=0

λi (anz + b)i

Let η1, . . . , ηδ be the roots of PA(z) in the algebraic closure of
the base field Fq . Since the parameters an, λ0, . . . , λδ, b are
generic we can assume that there are no algebraic relations
satisfied by the roots of PA(z). In particular the roots ηi are
pair-wise different and A can be written as

A = � · D · �−1

� being the Vandermonde matrix, whose (i, j) entry is given
by ηi−1

j , and D = diag(−η1, . . . ,−ηδ). The i j th column of
�T (A, B) can be written as Ai j B = � · (Di j · �−1 · B) and,
accordingly,

det(Ai1 B| . . . |Aiδ B) = (λ
(n)
δ )δdet(Di1 �−11δ| . . . |Diδ �−11δ)

where 1δ denotes the column vector whose only non-zero
entry is 1 in its δ-th position. Let γ1, . . . , γδ be the com-
ponents of the column vector �−11δ, then Di j �−1 · 1δ =
(η

i j
1 γ1, . . . , η

i j
δ γδ)

t . Since � is Vandemonde, γi �= 0 for each
i , so det(Ai1 B| . . . |Aiδ B) �= 0 if and only if����������

ηi1
1 ηi2

1 . . . ηiδ
1

ηi1
2 ηi2

2 . . . ηiδ
2

...
...

. . .
...

ηi1
δ ηi2

δ . . . ηiδ
δ

����������
�= 0

which is the generalized Vandermonde determinant asso-
ciated to η1, . . . , ηδ and i1, . . . , iδ . Again, because of
an, λ0, . . . , λδ, b are generic, we may assume that this con-
dition is satisfied.
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Remark III.3. In the statement of the previous Lemma,
generic means that there is a Zariski dense open subset
U ⊆ A

δ+3
Fq

such that if the parameters (an, λ0, . . . , λδ, b)

belong to U, then the conclusion of Lemma III.2 is true. Let us
determine U explicitly. Let U1 be the Zariski open subscheme
of A

δ+3
Fq

defined by an · λδ �= 0. Note that U1 = Spec R

with R := Fq [an, a−1
n , λ0, . . . , λδ, λ

−1
δ , b]. For any choice

i ≡ 0 ≤ i1 < . . . < iδ ≤ T , let Ui be the Zariski
open subscheme of U1 where the generalized Vandermonde
determinant associated to η1, . . . , ηδ and i is non-zero. The
desired open subscheme U is the intersection

�
i

Ui is open

since there are finitely many i as above. Finally, taking q 
 0
this intersection is non-empty (thus, Zariski dense) and the
conclusion of the lemma follows.

B. The Observability Matrix ��(A, C)

For this part, let us assume that n > δ and rk(C) = δ. This
means that there is an invertible full size minor. Reordering
the rows of G(z) if it were necessary, we may assume that
this full size minor is defined by the first δ rows of C , that is

C =



C1
C2

�
where C1 is an invertible δ × δ matrix. Thus,

we might consider the matrix ��(A, C) ·C−1
1 , which satisfies

that Im(��(A, C)) = Im(��(A, C) ·C−1
1 ), so ��(A, C) and

��(A, C) ·C−1
1 can be seen as generator matrices of the same

block code. Observe that

��(A, C) · C−1
1 =�

Idδ×δ, (C2C−1
1 )t , (C AC−1

1 )t , . . . , (C A�−1C−1
1 )t


t

Such a generator matrix admits a parity check matrix of the
following form:

H := (H1|H2) :=

⎛
⎜⎜⎜⎝

−C2C−1
1

−C AC−1
1

... Idα×α

−C A�−1C−1
1

⎞
⎟⎟⎟⎠ ,

where α = (n − 1)� − δ, so Im(��(A, C)) = Ker(H ). Since
we have assumed that A and C1 are invertible, we know that
Ai C−1

1 is also invertible for every i = 1, . . . ,� − 1, and
therefore 


C1
C2

�
Ai C−1

1 =



C1 Ai C−1
1

C2 Ai C−1
1

�
is full column rank.

Lemma III.4. Fix n,� > δ. No set of � − 1 columns of
the matrix H is linearly dependent. Therefore, the minimum
distance of the block code generated by the parity check matrix
H is d2 := dmin ≥ �.

Proof: If the �−1 columns belong to the right hand side,
H2, of the matrix H , then they are clearly linearly independent.
Assume, therefore, that there are some columns, let us say t ,
among the fixed � − 1 columns that belong to the left hand
side. The matrix composed with these � − 1 columns is full
rank if and only if there are t rows not containing a 1 in

the right hand side such that the corresponding minor of size
(� − 1) × (� − 1),�����������������������

�s1
i1

. . . �s1
it

1 . . . 0 0 . . . 0
...

...
...

...
...

...
�

sl
i1

. . . �
sl
it

0 . . . 1 0 . . . 0

�
j1

i1
. . . �

j1
it

0 . . . 0 1 . . . 0
...

...
...

...
...

...

�
j�−t−l−1

i1
. . . �

j�−t−l−1
it

0 . . . 0 0 . . . 1

�
k1
i1

. . . �
k1
it

0 . . . 0 0 . . . 0
...

...
...

...
...

...

�
kt
i1

. . . �
kt
it

0 . . . 0 0 . . . 0

�����������������������

,

is non zero which, in turn, is true if and only if the minor of
size t × t ��������

�
k1
i1

. . . �
k1
it

...
...

�kt
i1

. . . �kt
it

��������
is non zero. The number of rows not containing a 1 in the
right hand side is equal to �(n − 1) − δ − (� − 1 − t) =
�(n − 1) − δ − � + 1 + t , while the number of rows that
remain when we remove one row in each block C Ai C−1

1 of
the left hand side is equal to �(n − 1) − δ − (� − 1) =
�(n − 1) − δ − � + 1. Therefore, we can find all the rows of
one of the blocks C Ai C−1

1 in the left hand side. Since each of
these blocks are full (column) rank, for any t columns there are
t rows such that the corresponding minor is non-zero, so we
are done.

IV. MAXIMIZING THE PERFORMANCE

From Theorem III.1 we know that this decoding algorithm
allows to correct λ errors in a time-window of length T . Thus,
in order to try to make use of the full error-correcting capacity
of the code, we aim at maximizing the ratio λ/T .

Under Assumptions 2, and by Lemma III.2 and
Lemma III.4, we have T > � > δ, d1 = δ + 1 and
d2 ≥ �. In particular, this implies that

λ = min

��
δ

2

�
,

�
T

2�

��
.

Since δ is fixed, the ratio λ/T attains its maximal value when
T/2� ≥ δ/2 with T minimal. Since the minimal value of �
is �min = δ + 1, it follows that T = δ�min . Hence, we have
proved the following.

Theorem IV.1. Consider the convolutional code (1) satisfying
Assumptions 1 and those given in Lemma III.2. Then, using
Rosenthal’s algorithm as a decoding algorithm, the code is

capable to correct

�
δ

2

�
errors in a time-window of length

T = δ(δ + 1).

It is convenient to compare the previous result with the
theoretical correcting capacity of the code. Recall that a
convolutional code with free distance d f ree can correct any
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error pattern of weight less than

�
d f ree

2

�
if the time-window

is sufficiently large (see [20]). Thus, we can compare both
bounds, the effective one versus the theoretical one, for the
case of the code (1). We will assume that the code is MDS,
Assumptions 1 are fulfilled and the time-window T is large
enough. Under these hypothesis d f ree = n(δ + 1) since the
codes are MDS, so the error-correcting capability of the code
allows to correct �

n(δ + 1)

2

�
errors in a time-window of length T while the decoding
algorithm allows to correct�

δ

2

�
errors in the same time-window, which shows that the effi-
ciency of the algorithm decreases as the length n increases.

V. AN EXAMPLE

In order to illustrate different properties of this type of
codes, let us produce an example of a family of convolutional
codes satisfying Assumptions 1, Assumptions 2 and the condi-
tions given in Theorem III.1 and Lemma III.2. Inspired by the
proof of Lemma III.2, we proceed constructively as follows.

Consider the base field F16 and let α be a generator of F∗
16

such that α4+α3+1 = 0. Set δ = 3 and ηi = αi for i = 1, 2, 3.
We will follow the notations of Lemma III.2. Consider 3 × 3
matrices defined by D = diag(α, α2, α3) and

� =
⎛
⎝ 1 1 1

α α2 α3

α2 α4 α6

⎞
⎠ , �−1 =

⎛
⎝α12 α6 α7

α7 α13 α3

α9 α4 α6

⎞
⎠

According to Theorem IV.1, set T = δ(δ+1) = 12. The parity
check matrix �T (A, B) acquires the following form

�T (A, B) = 
 ·
⎛
⎝1 α α2 . . . α11

1 α2 α4 . . . α22

1 α3 α6 . . . α33

⎞
⎠ (11)

where 
 is a 3 × 3 invertible matrix. One checks that all
maximal minors of the 3 × 12 rectangular matrix on the right
hand side are non-zero.

Recalling that A = �D�−1, setting λδ = 1 and expanding
the relation

(−1)δλ
(n)
δ det(A + z Id) = s(pn) =

δ	
i=0

λi (anz + b)i

we obtain the following system

α6 = λ0 + λ1 b + λ2 b2 + b3

α10 = λ1 an + anb2

α8 = λ2 a2
n + a2

n b

1 = a3
n

whose general solution for an = 1 is given by

λ2 = α8 + b

λ1 = α10 + b2

λ0 = α6 + α10b + α8 b2 + b3 .

Summing up, the convolutional code is defined by
the encoder G(z) = (s(p1), . . . , s(pn))

t as in Equation (1)
where

• pi := ai z + b for i = 1, . . . , n with b �= 0, an = 1; and
a1, . . . , an are pairwise different and non-zero;

• s(t) = (α6+α10b+α8 b2+b3)+(α10b2)t+(α8+b)t2+t3;

Then, we have that s(0)
λ (b) = α6, s(1)

λ (b) = α10, s(2)
λ (b) =

α8, s(3)
λ (b) = 1, so all of them are non zero. By construction,

the I/S/O representation of the convolutional code defined
by the encoder G(z) fulfills Assumptions 1, Assumptions 2
and the conditions given in Theorem III.1 and Lemma III.2.
Furthermore, for decoding this convolutional code using
Rosenthal’s procedure, one uses the linear code with parity
check matrix �T (A, B) on received words. Having in mind
Equation (11), it is clear that it is equivalent to consider the
parity check matrix⎛

⎝1 α α2 . . . α11

1 α2 α4 . . . α22

1 α3 α6 . . . α33

⎞
⎠ ,

which is a shorterning of a BCH(4,2) code. Morally, Rosen-
thal’s algorithm and its complexity coincide with those of BCH
codes.

VI. CONCLUSIONS

In this work, we have shown that the performance of
Rosenthal’s decoding algorithm applied to certain family of
MDS convolutional codes is not far away from their theoretical
error-correcting capability. However, it is also known that this
algorithm can make full use of the theoretical error-correcting
capability of some other convolutional codes (see [18, §6]).
This means that the performance of the algorithm depends
strongly on the algebraic properties of the I/S/O representation
of the code to which we are applying the algorithm, so a deeper
understanding of this dependency is necessary.

We must persevere in the study of convolutional code
decoding algorithms based on block codes, as Rosenthal
initiated, with the aim of achieving new algorithms whose
corrective capacity is very close to the theoretical error-
correcting capability of the code. In particular, the example
that has been worked out support the hypothesis that the
complexity of this decoding algorithm for convolutional codes
might be similar to that of the decoding process of a BCH
linear code.
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