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ARTICLE INFO ABSTRACT

MSsC: Reversibility of cellular automata (CA) has been an extensively studied problem from both
68Q30 a theoretical and a practical point of view. It is known when a (2R + 1)-cyclic cellular
94A60 automaton with periodic boundary conditions (p.b.c.) is reversible (see Siap et al., 2013)
Keywords: but, as far as we know, no explicit expression is given for its inverse cellular automaton
Elementary cellular automata apart from the case R =1 (see Encinas and del Rey, 2007). In this paper we give a closed
Reversibility formula for the inverse rule of a reversible (2R + 1)-cyclic cellular automaton with p.b.c.
Rule 150 over the finite field F, for any value of the neighbourhood radius R. It turns out that the
Periodic boundary conditions inverse of a reversible (2R + 1)-cyclic CA with p.b.c. is again a cyclic CA with p.b.c., but

Cyclic cellular automata

- € ] 1 with a different neighbourhood radius, and this radius depends on certain numbers which
Transition dipolynomial

need to be computed by a new algorithm we introduce. Finally, we apply our results to the
case R =1 (which is the ECA with Wolfram rule number 150) to introduce an alternative
and improved expression for the inverse transition dipolynomial formulated in Encinas and
del Rey (2007). We also illustrate these results by giving explicit computations for the
inverse transition dipolynomial of a reversible cellular automaton with penta-cyclic rule.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

A cellular automaton is a simple model of computation capable to simulate complex phenomena. It can be defined as
a finite state machine constituted by a finite number of cells (cellular space) that are endowed with a state belonging to a
-finite- state set; these states change in discrete steps of time according to a local transition rule whose variables are the
states of a fixed collection of cells at the previous steps of time [34]|. The vector formed by the states of all cells of the
cellular automaton at a particular step of time t is called its configuration at t, and the evolution process is governed by
means of the global transition function (the function that maps configurations into configurations).

Reversibility is a very important characteristic of the dynamics of cellular automata. It is intimately related to the phys-
ical notion of “reversibility”, which is one of the fundamental microscopic physical laws of Nature. A cellular automaton is
said to be reversible when every configuration has only one previous configuration and, consequently, the evolution back-
wards is possible by means of the invertible cellular automaton associated. In a more precise way, a cellular automaton is
invertible if and only if its global transition function is injective [10,24]. Fundamental results in the study of the reversibility
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of cellular automata are related with the existence of an algorithm to decide the injectivity and surjectivity of cellular au-
tomata. In this sense, it is shown that such algorithm exists for the case of uni-dimensional cellular automata [1], whereas
this question is undecidable for two-dimensional cellular automata [12]. Since these earlier studies there have been a num-
ber of works dealing with the study of reversibility properties of cellular automata; in fact it remains a very topical issue
(see, for example, [2,4,9,14,26,27]). For a more detailed explanation of reversible cellular automata we refer the reader to
[13,20,21] and references therein.

Elementary cellular automata (ECA for short) are, probably, the most studied class of cellular automata. Their cells are
linearly arranged, and the state set is given by Z,. The state of each cell is ruled by a three-variable boolean function whose
variables are the states of the main cell and its two nearest cells on each side. Due to the nature of the local transition
function there are 256 possible ECA, and they have been extensively studied from a theoretical and practical point of view
[33]. Furthermore, its reversibility problem has been also tackled in several papers (see, for example, [3,16-18,23,25,27]).
The reversibility problem consists of both determining the length of the cellular space for reversible elementary cellular
automata, and computing the inverse cellular automata. The second one is the most important issue due to the potential
applications it could have, in fact, treated in terms of circulant matrices it has a wide range of applications in signal and
image processing, linear forecast or error correcting code theory (see [5,8,28,32,35]).

In this paper we deal with (2R + 1)-cyclic cellular automata with periodic boundary conditions over the finite field F,,
(2R + 1)-CCA with p.b.c. for short, which are cellular automata with a cyclic structure and neighborhood radius R. In [29] it is
shown that if the number n of cells of the automaton and 2R + 1 are coprime, then the (2R + 1)-CCA with p.b.c. is reversible,
but no explicit formula is given for its inverse, what they propose is to use the Euclides algorithm over the polynomial ring
F,[x] (modulo x™ — 1) if one would like to compute the inverse transition dipolynomial.

As far as we know, a closed formula for the inverse transition polynomial of a reversible (2R + 1)-CCA with p.b.c is only
given for the case R=1 in [11], which corresponds to the ECA with Wolfram rule number 150, which is an automata used
in several and different applications (see for instance [6,7,15,22,31]). The problem of explicit computation of the inverse
transition dipolynomial for R> 1 has not been solved.

We give in these notes an explicit and closed formula for the inverse transition dipolynomial of a reversible (2R + 1)-CCA
with p.b.c. over the finite field F, valid for any value of the neighbourhood radius R and any number of cells n (subject to
the reversibility condition (n, 2R+ 1) = 1). This also shows that the inverse of a reversible (2R + 1)-CCA with p.b.c. is also a
CCA but with a different neighbourhood radius in general. Whereas the original reversible (2R + 1)-CCA depends on n and
R, its inverse (and thus its neighbourhood radius) also depends on two other parameters which are computed by a new
algorithm we introduce here, and this is what allow us to efficiently implement the novel closed formula we propose. What
we present is, instead of using the Euclides algorithm over the polynomial ring F,[x] (modulo x" — 1) to compute the inverse
transition dipolynomial of a reversible (2R + 1)-CCA with p.b.c., we give a closed and explicit formula which depends on an
algorithm making only use of the Euclides algorithm over F,. In particular, applying our results to the case R=1 we give
an alternative and improved expression for the inverse transition dipolynomial of the 150 ECA formulated in [11]. The case
R = 2 (which corresponds to the penta-cyclic rule of [30]) is also dealt in detail. It should be interesting to apply these ideas
over the finite field F), as a states set (see [18,19] for the 150 ECA over this field).

The rest of the paper is organized as follows: in Section 2 the mathematical background related to elementary cellular
automata with neighbourhood radius R is given; Section 3 is devoted to state useful results on dipolynomials and to intro-
duce a new formal dipolynomial which extends the notion of an standard transition dipolynomial for rational numbers, and
which we shall use to prove that the closed formula we propose in the next section is correct; we present in Section 4 the
main results of these notes: an explicit formula for the transition dipolynomial of a reversible (2R + 1)-CCA with p.b.c. is
given and the algorithm to compute the numbers on which this formula depends on is introduced. We finish the section by
presenting an implementation of the whole process which might help in both understanding and programming the results
here contained. Finally, in Section 5, by restricting our results to the case R=1 and R =2, we end up with an improved
expression to the one formulated in [11] for the inverse of the 150 ECA (case R = 1), and we give an explicit formula for the
inverse transition dipolynomial of a reversible cellular automaton with a penta-cyclic rule (case R = 2).

2. The basic theory of elementary cellular automata
Elementary cellular automata with neighborhood radius R are characterized by the following features:

(1) The n cells constituting the cellular space are uniformly arranged in a one-dimensional grid.

(2) The state set is F, = {0, 1}, such that sf stands for the state of the ith cell at the step of time t.

(3) The state of each cell at time t + 1 depends on the states of R left and right neighbour cells and the cell itself at the
previous step of time. Consequently, the local transition function is as follows:

t+1 _ t t oot t
S = f(sipe - Sp S St Shg) -

(4) As the number of cells is finite, boundary conditions must be taken into account. Usually periodic boundary conditions
are assumed, that is, if i = j (modn) then s{ = sj,.
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We are interested in the (2R + 1)-cyclic cellular automata with p.b.c, which are defined by the local transition function:

t+1 _ ot ¢ £ ot t P
S =Sig® S @S @S DS 1=i=n, (1)

where @ denotes the sum in F,. If P'(x) = Y1, lexi is the configuration polynomial at step of time t, its global dynamics
can be represented in Fy[x]/(x" — 1) as follows:

P*1(x) =T,(x) -P'(x) mod x" —1, (2)
where
R . .
T(x) =Dp(x) =1+ (& +x7)
j=1

is the transition dipolynomial (of neighbourhood radius R).

Remark 1. Notice that it is invariant under the transformation x — x~! modulo x" — 1, that is: T,(x) = T,(x~!) modulo
X" —1.

The dynamics of the (2R + 1)-CCA with p.b.c. can be also interpreted in terms of matrix theory as follows:

Ct+],T ZM'Ct’T, (3)
where Ct = (sﬁ,sf2 ..... sg) € FY is the configuration at step of time ¢, Ct+1.T and CtT denotes their transpose vectors respec-

tively, and M is a particular nth order circulant matrix (with n > 2R+ 1): is a n x n symmetric circulant matrix with only a
(2R + 1)-diagonal band as non zero entries. For example, in the case R =1 (that is, for the 150 ECA) is given by:

11 0 0 ... 0 O 1
1 1 1 0 ... O O O
o 1 1 1 .- 0 0 O
M = circ(1,1,0,...,0, D)=} . . . . . R (4)
o o o0 -~ 1 1 1
1 o 0 0 -.- 0 1 1

3. The transition dipolynomial with rational neighborhood radius

Let us start by showing the following properties of dipolynomials, which we will use to prove the main results.
Lemma 1. Over F, we have the following formulae:

) Dm(x) = %jﬁ:ﬂm) In particular Dg(x) = %&"N)
) Dp,i(x) = D;j(x) (mod x" — 1). In particular Dy(x) =1 (mod x" — 1).

) Dy_j(x) =D;_1(x) (mod x" — 1). In particular D,_1(x) =1 (mod x" — 1).
)

)

(T 4+ x))Dy(x) = Dy_i (%) + Dy, (%)

(a) It follows from the expressions Y7o x/ = H{TXH and Y1 X = D)
(b) Using (a) we have:

X—nx—i(l +X2nxl+2i) _ X—i(l +X1+2i)
1+x - 1+x

Dn+i(x) =
(c) Again using (a) we have:
X—nxi(-l +x2nxl—2i) B Xi(l +X1—2i) B xix—zi(xzi+x)
1+x - 1+x - 1+x
(d) A simple calculus shows:

=D;(x) (mod x" —1).

D,_i(x) = =D;_1(x) (mod x" —1).

x—(b—i)(] _|_X1+2(b—i)) X—(b—i)(] +x1+2(b—i))

Dy_i(x) 4+ Dpi(x)

1+x T+x
Xix~b p x1Hb=i g x—ly=b g bt x—ly=b g bt yiy—b | yltbH
= 1+x = 1+x 1+x
XIXb(1 £ x142D))  xix-b(1 4 x1+2b)) S
_ + = (x"'+x")Dy(x
Ty Tox ( )Dy (%)

(e) It follows from (d).
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Notice that, even the dipolynomial Dy, (x) =1 + 21'11 (x) + x~J) is not defined when m is rational number, we can for-
mally write:

xt(1 +xc<1+2g)) B x7b(1 + xc+2b)
14x¢ B 1+4x¢

Dy (x) = (5)

Remark 2. We will see that, at least for certain values of b, this is a particular dipolynomial with neighbourhood radius b,
but where some neighbours might be zero (in the sense that some of the coefficients of its dipolynomial expression might
be zero).

We have the following result for the dipolynomial D, (x°) when ¢ = 2a + 1, which we will be using in the proof of the
main results.

Proposition 1. We have:
Dq (X)DTLv+1 (x2a+1) =Dgip(*) .
Proof. Indeed, using (a) of Lemma 1 and Eq. (5) we have:

x~0(1 + x1+20) x-b(1 +X(2a+1)(1+2ﬁ))

Da(x)D_» (x**1) =

2a+1 14+x 1 + x2a+1
x~0-b(1 4 x1+2a+2b
AT D)
1+x

4. The inverse of a reversible (2R + 1)-cyclic ECA

This section is devoted to present the main results of the work: a closed formula for the transition dipolynomial of
a reversible (2R + 1)-CCA with p.b.c. over F, and an algorithm which computes certain numbers on which this formula
depends on.

Let N=2R+ 1 and n = Nk 4 r where k is a natural number and r € {1,2,..., N — 1} is the remainder of n modulo N. We
shall prove that, given a reversible (2R + 1)-CCA with p.b.c. and n cells, the transition dipolynomial of its inverse is given by
the formal expression:

er’—tN + X(H—] )N—r11'

D%(x"’) = .,  where b=n+tN—rr'. (6)

1+xN
This expression is no yet formulated as a dipolynomial and it depends on the additional numbers r’ and t. Firstly, we will
show how to compute the numbers ’ and t by introducing a new algorithm which determines a “correct” (in a sense
which we shall specify later) sequence of couples (1, t) for all the remainder values {1,2, ..., N — 1}. Once the algorithm is
applied, we can introduce a particular n = Nk +r and look for its unique pair (1, t). Then, we will exhibit the formula above
as a dipolynomial expression and prove that indeed it represents the transition dipolynomial of the inverse of a reversible
(2R + 1)-CCA with p.b.c. with n cells. Moreover, this will reveal the inverse also as a cyclic CA with, possibly, different
neighbourhood radius.

Remark 3. In the literature (see [29] for instance), if we denote by Ty(x) the transition dipolynomial of a reversible (2R + 1)-
CCA with p.b.c. with n cells, the inverse transition dipolynomial could be computed as the polynomial T,(x) verifying that
T,(x)T,(x) =1 modulo x" — 1, that is, it could be computed by using the Euclides algorithm in the polynomial ring F,[x]
modulo x" — 1, but no explicit expression is given for it (apart from the case R=1 in [11]). Instead, we state a closed
formula for the inverse which depends on an algorithm making only use of the Euclides algorithm in F,, which is also a
more effective process computationally.

Remark 4. Recall that if N and n are coprime then the (2R + 1)-CCA is reversible (see [29]) and notice that, if N =[], p?"
is the prime factorization of N=2R + 1, we need (r,p;) =1 for alli=1, ..., m to achieve reversibility.

4.1. The CES algorithm

Recall that N=2R+1 and n = Nk +r where 0 <r < N = 2R + 1. The algorithm will be given for the the case on which
0 <r<R, we shall show later on how to deal with the remaining values until N — 1 = 2R by using N —r.

The algorithm will finally end up with a sequence of ceiling function expressions for remainder entries in {1,2,..., R},
so that we shall refer to it as the “ceiling expression sequence algorithm” (CES algorithm). Before stating the algorithm, let us
prove the following result:

Lemma 2. Let s be a positive number and write 1’ = {%1 for the ceiling function of %. Then r = fsr—’ﬁ.
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Proof. Let us write r’ = [$£], then we have that sR = Qr + h where 0 <h <r and:
r

s_Je+1 it hzo
=10 if h=0

If h =0 the statement is trivial, so let us assume that h#0. Then, sR = (' — 1)r + h where 0 <h <r and we can write:
SR=rr—r+h=rr—r+h—-1r+r=C-1Dr'+h—-r+r.

Since h—r <0, we have ' @ h—r+1’ < and thus sR = (r — 1)1’ + I’ with i’ <, that is: r = fsr—’ﬂ. O

Definition 1. The CES algorithm is the following:

1. Start by computing in order the following sequence:

R IR R R R
R:T*H* H"“’{*R—J’E:]

and store 1 and R.
2. In order, and for each je {2,..., R — 1} such that (j, p;) = 1, write R=qj + h.
«If j—h=1 we store j/ = (?1 and j= (%1 (this last one only if j#j'). For the remainder j/ we set (r',s,t) =
(j, 1,0); for the remainder j we set (', s,t) = (j/, 1, 0). Continue not allowing already stored numbers.
« If j—h#1, remove f?] and continue in order with the sequence.
3. If je{2,...,R—1} (with (j, p;) = 1) is the first number such that (%1 = [?1, then compute {%1 where s = 2t + 1
is the smallest odd integer number which is smaller or equal that j and such that (%1 + (?] foralli=2,...,j—1.
4, Foreach2<j<R-1,letj = [%'l be the result of the previous step and let h be such that sR = Qj + h (where h <j).
«If j—h—t=0,1 then we store j' = (%1 and j= [5].—131 (this last one only if j#j'). For the remainder j/ we set
(r',s.t) = (j.s. 551); for the remainder j we set (1”,s,t) = (j'.s, $51).
« If j—h—t+0,1, remove such an j/ and go back to step 3 starting from that j/ and not allowing the already stored
numbers.

The following result is included only because it might simplify the computational implementation of the algorithm.

Lemma 3. Write ' = {%1 and sSR=Qr+h. If h=0 then s =1 (and thus t = 0). That is, the only exact fractions % € Z, pro-
duced by the algorithm are those having s = 1.

Proof. If h =0 then r' = % is a natural number. Let us write R = ’Tr/ and let us assume that s> 1 in order to get a contra-
diction. The following cases might occur:

1. s divides r. Then r = s¥ with ¥ < r and thus ' = 3 is a natural number where 7 < r. Therefore by applying the algo-
rithm we get a contradiction.

2. s divides r’. Similar argument works as before by applying the algorithm to r = Sr—‘f.

3. s=aa’ where a divides r, @’ divides ' and 1<a, a’ <s. Then r=ac, ' =d'c’ where c<r and ¢ <r. Thus, 1’ =
where @’ <s and ¢ <r and we have simplified the expression for r’. By iterating this process we arrive to one of the

above cases.

R
=

aR
C

Therefore we have proved that s=2t+1=1. O

Remark 5. Notice that the number ' = (%] can not be repeated in the algorithm sequence, or that the Lemma above shows
that some value 1’ = (%1 could not be in the sequence if, following the order of computation in the algorithm, we have that
= (%Rl for a smaller 7. The case on which r or i are a multiple of some factor p; in the prime decomposition N = [T, p?"
need to be removed from the sequence since then the ECA will not be reversible (as mention in the introduction of this
section). These are the reasons why we are including the restriction r—h —t =0,1 in the algorithm. The CES algorithm
finally ends up with all possible, non repeated and possibly not ordered numbers r’ such that 1< <R and (/,p;) =1
(which represents the valid remainders modulo N for a given n) and gives a unique ceiling sequence r = Pr—’ﬂ for entries in
{1,2,...,R}.

Let us show now how to work with entries in {R+1,...,2R = N — 1}. If the rest 7 (that is n = Nk + ) verifies that R+ 1 <
T < 2R, then there exists r <R such that 7 = N —r, and we have the following result:

Lemma 4. If r = [$8] then:
/_
"(eri/s)R“ if W0
N-r=
2r' —1)R
(rr, L

P
1 if W=0

where W =h—r+71'.
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Proof. If r = [*R] then sR= (r — 1)r + h’ where O <h’ <r.
T

« If ¥ =0 then Lemma 2 implies h = 0 and by Lemma 3 then s = 1. Thus r = § and therefore:

NF'—R  (2R+1r' —R (2 —1)R

N-r= r r r

+1.

«IfW#£0thensR=rr—r' +h and r = S’34“:7,/"1/.Ther1 N-r= w and then
Q@r—=s)R=(N-nr' —hW+r -r"=WN-r-1)r"+r -n,
where ' —h’ <1’ and therefore N —r = [M]. O
Corollary 1. In particular if we write N—r= (N—r—1)r +h where 0<h' <1’ thenh’' =1 —W =r—h <.

Let us write § =2’ —s and define § = 2f 4+ 1. Once we apply the CES algorithm for the entries in {1,2,...,R}, we can
compute the associated r’ and t for the entries 7 in {R+1,...,2R} as follows:

« Do r =N — (which belongs to {1,2,...,R}) and look for its associated r’ and s = 2t + 1 given by the CES algorithm of
Definition 1.
« Use §=2r —s=2f+ 1 and apply Lemma 4 to compute its associated f.

Example 1. Consider the case R=5 so that N=2R+1=11. The possible remainders for an n=Nk+r are in
{1,2,...5,6,...,10}. Let us apply the CES algorithm for the entries in {1, 2, 3, 4, 5} (notice that since 11 is prime, coprime
conditions in the algorithm are always satisfied):

For the entry 1: we do {%1 = % =5 so that j=1 and j/=5 and R = qj+ h implies that j —h = 0. We then store j' =
% = and j = % = . That is, for the remainder j’ =5 we set (r',s,t) = (1,1,0) and for the remainder j =1 we set
(s, t) =(5,1,0).

For the entry 2: we have [3] =3 so that R=q2 + h and thus j —h=1. We store j' = [3] =|3|and j =[3] = since
j#j and they are not already stored. That is, for the remainder j/ = 3 we set (i’,s,t) = (2,1,0) and for the remainder
j=2weset (,s,t) = (3,1,0).

The entry 3 is already stored.

For the entry 4: we have that [%1 =2 is repeated, so we do (%1 = 4 which is no repeated. Its j = j’ =4, s =3 (so that
t=1)and h=3. Thus j—h—t =0 and then we can store j' = (3751 :. For the remainder j' =4 we ser (r',s,t) =
(4,3,1).

The entry 5 is already stored.

Now we use Lemma 4 to compute r’ and t for the entries in {6, 7, 8, 9, 10}:

If =6 thenr=N-7=5=3 so that (",s,t) = (1,1,0). Then by Lemma 4 we have @:F:N—r: 2 +1 and there-
fore ' =1 and §=1 =t = 0. For the remainder 6 we set (1',5,t) = (1,1,0).

If Ff=7 then r=N-7F=4=[327 so that (',s,t) = (4,3, 1). Then by Lemma 4 we have =F=N—r [227 (since
s+§=2r"). For the remainder 7 we set (1, $,t) = (4,5, 2).

- If =8 then r:N—r_3_|' ] so that (1',s,t) = (2,1,0). Then by Lemma 4 we have F:N—r:|'32i] (since
s+5=2r"). For the remamderSwe set (r',5,f) = (2,3,1).
« If =9 then r:N—r_Z_( ] so that (r',s,t) = (3,1,0). Then by Lemma 4 we have @ f:N—r:(%Sl (since

s+ §=2r"). For the remainder 9 we set (1',5,f) = (3,5,2).
Ifr=10thenr=N-7=1= g so that (r’,s,t) = (5,1,0). Then by Lemma 4 we have :F:N—r: %+l (since
s+ 5§ =2r"). For the remainder 10 we set (r',5,f) = (5,9, 4).

Finally we end up with the following Table 1

Table 1

Applying the CES algorithm for R = 5.
r 1 2 3 4 5 6 7 8 9 10
ceilings 2 (31 (31 1} j+r 1P I¥1 ¥+
r 5 3 2 4 1 1 4 2 3 5
sors 1 1 1 3 1 i 5 3 5 9
tort 0 0 0 1 0 0 2 i 2 4
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4.2. The inverse transition dipolynomial

Once the CES algorithm is given, we are in condition of stating the main results of the work: a closed formulae for
the transition dipolynomial of a reversible (2R + 1)-CCA with p.b.c., and explicit expressions for the inverse local transition
rules.

Theorem 1. Let N = 2R+ 1 and n = Nk +r, where r <R and (N, n) = 1. The transition dipolynomial corresponding to the inverse
of a reversible cellular automaton with (2R + 1)-cyclic rule and periodic boundary conditions is given by:

To(x) = D%(x"’) mod x" — 1,
where b =n+ Nt — rr’ and the numbers t and 1’ are computed by the algorithm of Section 4.1.

Proof. We have to show that T, (x)]N",,(x) =1 mod x" — 1. Indeed, since T,(x)=Dg(x) and N = 2R + 1, using Proposition 1 for
a =R we have:

T()Ta(X) = Dg(*)Dy (") = Dg,p(x) mod x" — 1.

Since b=n+ Nt — 1/, where ' = (%1 (and thus sR=rr'—r+h), it is R+b=n— (r—h—t). Since the algorithm (see
Section 4.1) only allows r—h —t =0, 1 then:

_Dh(x) ifr—-h-t=0
DR+b(x)_{D,,_1(x) ifroh—t=1

Thus, using (b) and (c) of Lemma 1 we have that Dy(x)=1 and D,_;(x) =1 mod X" — 1, and therefore we conclude that
Thn(x)T,(x) =1 mod x" —1. O

Theorem 2. Let N = 2R+ 1 and n = Nk +r, where r <R and (N, n) = 1. The transition dipolynomial corresponding to the inverse
of a reversible cellular automaton with (2R + 1)-cyclic rule and periodic boundary conditions is given by:

T =1+ 3 (X(IN—rj)+x—(lN—rj))+ » (X((k+l’)N—r(r’—1))+x—((k+l’)N—r(r’—1)))'

j=0.1...r'—1
Which we can symbolically write as follows:
L =1+ (x +x7), wherei=(l+I)N-rj
ievir

I=1,...,kand j=0,1,....,77 =1 if I'=0

vir _
and [ _{1:kandj:r/—1 if I'=1,...,t

Proof. Indeed, since n = Nk +r and we are working over F,, using (a) of Lemma 1 and the equivalence = modulo x" — 1
(which implies xNk = x~T), we have:

k
Tn(X) -1 +Z(XIN+X—IN) + Z x(lN—r]) + Z x—(lN—r])

I=1 =1k =1k

I=1,..t =1t

x—Nk(14xN1+20) K xIN-T + xIN-TT k  x—(N-) 4+ x~UN=T'D)

1+xN +§ T4xr +1—1 Tex
xRFDN=T('=1) 4 (R DN=1('=1) = ((RFDN=1("=1)) | y—((ktt+DN-T(r'~1))
+ 1+ xN + 14+xN
X NN sk N (] x 0Dy Y xIN (x4 T
1+xN 1+x
XUHDN=T("=1) (1 4 xtN) . x=Ny—((k+DN-r("=1) (1 4 x~tN)
14 xN
X~ NRQHT0) N (] g fNKY (1 4 X701 4 (1 4 xNK) XNk (x7 4 xT")
1+xN (1 +x)(1+xN)
+fo”’ (14 xN) + xNx=N-r) (1 4 x~tN)

1+xN
B X—Nk+xN+Nk xNx—r(l +xr)(-1 +x—rr’+r)_,’_(-l _,’_x—r)xr(xr+xrr’)
T 14xN (1 +x)(1+xN)




30 D. Herndndez Serrano and A. Martin del Rey/Applied Mathematics and Computation 357 (2019) 23-34

XN—rr’ + x(t+1)N—rr’ + xrr’ + xrr’—tN

1+xN
X" +XN—r +xN—r +xN—rr/ X +xrr’ +xN—rr’ +x(t+1)N—rr’ +xrr’ +xrr/—tN
1+xN

X(t+1)N—rr’ +er’—tN
1+xN
Now, taking b = n + Nt — 1’ it is:
' —tN=n-b and (t+1)N—-r"=N+b-n,
and we have that:
X(t+1)N—rr’ er’—tN xN+b x—b X—b 1 xN+2b
+ XX XA %) (mod Xt 1).
1+xN 1+xN 1+xN N

That is to say, we have proved that

To(x) ED%(XN) mod x" — 1,

where b =n + Nt —rr’, and thus we have concluded by Theorem 1. O

Corollary 2. Let N =2R+ 1 and n = Nk + r, where r <R and (N, n) = 1. The local transition rule corresponding to the inverse of
a reversible cellular automaton with (2R + 1)-cyclic rule and periodic boundary conditions is given for 1 <i<n by:

t+1 _ t t t t t
S = Z Si—((k+N=r(r-1)) ® Z Si—(n-rj) B S @ Z Siyan-rj) © Z Sip(ktl)N=r(r=1) *
V1,0t I=1,..k I=1,..k V=T,..t

where the summation symbol also denotes summation in F».

Remark 6. The upper script t denotes time evolution of the automata and the subscript stands for the number computed
by the algorithm.

As a direct consequence we have the following:

Proposition 2. Let N=2R+ 1 and n = Nk +r, where r <R and (N, n) = 1. The inverse of a reversible (2R + 1)-CCA with p.b.c.
is a (2b + 1)-CCA with p.b.c. where b= (k +t)N — r(1r’ —1). It has kr’ 4t non zero entries fitted in a neighborhood radius of b.

Let us study now the case on which n = Nk +7 and R+ 1 <7 < 2R. We have that there exists r <R such that ¥ = N —r, and
then Lemma 4 says that F= N —r = [Sr—'f] where § =2t + 1 and s +§ = 21 (so that t =1’ — 1 — t). Thus, similar computations
to those of Theorems 1 and 2 shows that:

Theorem 3. Let n = Nk +7 where R <t < N. The transition dipolynomial corresponding to the inverse of a reversible cellular
automaton with (2R + 1)-cyclic rule and periodic boundary conditions is given by:

T.(x)=D; ") =1+ Z (xUN=TD) 4 x=(UN=Ti)y 4 Z (x(UHDN=T( 1) | y=((ktDIN=F(=1))
N I=1,...k i 3
1 11, f

where b=n + N — ir'.
We can symbolically write it as follows:

T =1+ > +x7), wherei=(I+I)N—Fj=(+I+kj)N
fejvir

- I=1,...,kand j=0,1,....r =1 if I'=0
d [Vir = ’ ’ (L
o {l:kandj:r’—l it =1t

Corollary 3. Let n = Nk +1 where R <7 < N and (N, n) = 1. The local transition rule corresponding to the inverse of a reversible
cellular automaton with (2R + 1)-cyclic rule and periodic boundary conditions is given for 1 <i<n by:

t+1 _ t t t t t
S = Z si—((k+f’)N—F(r’—1)) ® Z Si—an-ij) © S @ Z Sivan-ij) @ Z Si+(k+l_’)N—f(r’—1) ’
I'=1,..t =10k =1,k I=1,..f

where the summation symbol also denotes summation in F,.
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Proposition 3. For n=Nk+T and R <7 < N, the inverse of a reversible (2R + 1)-CCA with p.b.c. is a (2b + 1)-CCA with p.b.c.
where b = (k+t)N — #(r' — 1). It has kr’ +t non zero entries fitted in a neighborhood radius of b.

Corollary 4. For r = R, R+ 1 the transition dipolynomial corresponding to the inverse of a reversible cellular automaton is given
by the dipolynomial:

k
Lo =1+ M +x M) =D (xY),
=1

and thus, the inverse cyclic CA has 2k symmetric neighbours fitted in a radius of b = Nk and each of them separated by N slots.
That is, the inverse is a (2Nk + 1)-cyclic CA. The local transition rule is given by:

k k
t+1 t t ¢
S = Zsi—Nl ®S; @ Zsiml :
=1 =1

Corollary 5. The inverse of a reversible (2R + 1)-CCA has the same reciprocity as for the original one: its inverse dipolynomial is
also invariant under the change x — x~1, that is, T,(x) = To(x1).

Remark 7. These results can be translated into the language of circulant matrices: the inverse of an invertible circulant
matrix given by a reversible (2R + 1)-CCA will not be a full diagonal band circulant matrix, but a semi-full diagonal band
block matrix, in the sense that in might contain diagonal rows of zeros. This allows to reduce the time of computation in
the coding theory applications treated in [29]. It should be interesting to generalice our results the case on which the set of
states were the finite field Fp.

4.3. The implementation process

Finally, and to summarize, the procedure goes as follows:

1. Introduce R and n. Define N := 2R+ 1 and compute N =[], p?" the prime factorization of N.
11 If(n,p)=1forali=1,..., m continue to next step.
1.2 If (n, p;)#1 for some i =1,...,m stop. The (2R + 1)-CCA is not reversible.
2. Apply the algorithm of Section 4.1 to correctly compute the numbers r’ and ¢ for the values in {1,2,...,R}.
3. In order, and for each entry 7 in {R+1,...2R}:
3.1 Do r =N — (which belongs to {1,2,...,R}) and look for its associated ' and s = 2t 4+ 1 given by step 2.
3.2 Apply Lemma 4 to compute its associated t.
4, Divide n by N so that n = Nk+r, where 1 <r<N
4.1 If 1 <r <R, localice its associated 1’ and ¢t from step 2 and use the Theorem 2 to give the dipolynomial associated
with the inverse CA.
4.2 If R+ 1 <7 < 2R, localice its associated 1’ and t from step 3 and use the Theorem 3 to give the dipolynomial
associated with the inverse CA.

5. The reversibility problem for the ECA 150 and the ECA with penta cyclic rule

We apply in this section our results to the cases R =1 and R = 2. In the first case, we find out an improved and simplified
expression to that of [11] for the inverse of the transition dipolynomial of a reversible CA with rule number 150; in the
second case we explicitly compute the closed formula for the inverse of a reversible CA with penta-cyclic rule.

5.1. Case R = 1. The reversibility problem for the 150 ECA

As mentioned in the introduction, special interest deserves the ECA with rule number 150 (ECA150) due to its many
applications (and in particular the ones in Cryptography, see for instance [7,15,22,31]). This cellular automaton is defined by
the local transition function:

‘l .
S =5 eses,, 1sizn,
so that it corresponds to the (2R + 1)-CCA with p.b.c for R = 1. Its transition dipolynomial for a given n = 3k +r is
T.(x)=x14+1+x=D;(x).

The reversibility problem for ECA 150 endowed with periodic boundary conditions and n cells was solved in [11], it is re-
versible if and only if n # 0 (modulo 3). Moreover, they show that local transition function of the inverse cellular automaton
is given by:
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Table 2 _

Expressions of T,(x) for different values of n.
n (%)
45 x3 4143
78 xS x3+1+x3+x6

1011 x 2 4xC+x3 41423 +x54+%°
1617 x P 4x R 4x 94 x 0 4x3 4148 +X5 420 4x12 4P

(i) For n=1(mod3), where n =3k + 1 with k € Z*,

[+1 @S,+1, ‘l < l <n, (7)
jel

where the set of indices is I = {0, ﬂ:l_%ij}lsis,c.
(ii) For n = 2(mod3), where n =3k + 2 with k e Zt,

[+1 @S,+1, 1 < l <n, (8)

jel

where the set of indices is [ = {0, iL%J }1§i§k.

Explicit expressions for the transition dipolynomials corresponding to the inverse cellular automata were also computed:
if n=1(mod3)

=

L5t
T(x) = Dyt () + (xCFD 4371, 9)
1

o

and for n = 2(mod3) it is:
~ S .
T(x) = DL"T"J x) + Z (x—(31—2) +X31—2)7 (10)
i=1

where, as before, Din(x) =1+ Y11, (x 77 + ).
We can drastically simplify these expressions to a single and closed one. Since n=3k+rand r=1,2=R,R+ 1, we only
have to apply Corollary 4 in order to obtain the following formula for the inverse transition dipolynomial:

Theorem 4. When (n,3) =1, the transition dipolynomial corresponding to the inverse of a reversible cellular automaton with
Rule 150 and periodic boundary conditions is given, mod x" — 1, by:

k
To(0) = Dur (%) = D) = 1+ Y (¥ +x7).
i=1

And thus, the local transition function of the inverse cellular automaton of the 150 ECA is given by:

(H—l) (t) ;
stl for 1<i<n,
I=—k

where n = 3k +r and the last summation symbol is the XOR summation, that is, summation over F».

In Table 2 some transition dipolynomials of the inverse cellular automaton for different values of n are shown.

Notice that the numbers 3j in the second formula of theorem above could be computed modulo n so that they give
equivalent expressions for the local transition function of the inverse cellular automata. These equivalent expressions are
precisely the ones given in [11, Theorem 1]. Let us illustrate this fact with the following example.

Example 2. Let us consider the ECA 150 for n =10 =1 (mod 3). We have that k = 3 and thus the transition dipolynomial
of the inverse cellular automata is given by:

3
Tio@) =1+Y (P +x) =x?+x 0 +x2 + 1+ + x5 +%°
-1

which is equivalent (mod x'© — 1) to:

To() =x 4 +x3 +x 1+ 1+x+x> +x%.
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The local transition function of the inverse cellular automata is:

(f+1) (t) (f) (t) (t) (t) (t) (t) (t)
Zsl+3] SilgTSieTSi3tSi *+Si3t+SietSigs

j=—k
which is equivalent to:

(t+l) (t) (t) (t) (t) () ® () ()
Z S1+3] + S + S + S + SH—] + sl+3 + sz+4

j=—k

This last expression is the one given by equation (1) in [11, Theorem 1].
5.2. Case R = 2. The reversibility problem for the penta-cyclic ECA

The cellular automaton with penta cyclic rule is defined by the local transition function:
‘l .
st =S, @8 @5 @S, @S, 1<isn=5k+r
where r <5, so that it corresponds to the (2R + 1)-CCA with p.b.c for R =2 (that is, 5 = 2R + 1). It is reversible if (5,n) =1
and its transition dipolynomial is:
Ti(x)=Dy(x) =x2+x 1+ 14+x+x> (mod x"—1).
The CES algorithm of Section 4.1 has an immediate application:
e If r =1 we have r—l— sothat ¥ =2 and t =0 (since s =2t +1=1).
«Ifr=2, wehaver=2= % so that /' =1 and t = 0 (we can also directly apply Lemma 2).
+ Denoting the remainder r =3 thenr=N-7=2= % so that ' =1. By Lemma 4 itis F=N—-r = $+1 and thus, §=1
and t =0

- Denoting the remainder =4 then r=N—-7=1= 5 so that I/ =2. By Lemma 4 it is F=N—-r= f%} and thus, §=3
and t = 1.

=

Using now Theorems 2 and 3 we have:

Theorem 5. The transition dipolynomial corresponding to the inverse of a reversible cellular automaton with penta-cyclic rule
and periodic boundary conditions is given modulo x™ — 1 by:

e Forr=1:
- k k
Tn(X) =14+ Z(XSI +x—51) + Z(XSI—l +x—(51—1)) )
1=0 1=0
s Forr=2andr=3

k
L) =14 +x7).
i=1

« Forf=4:
- k k
To(x) =1+ Z(XSI +x5) 4 Z(X51_4 4 x Gl xSkl | (k1)
1=0 1=0
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