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Abstract

We propose a stochastic model that describes of epidemics over simplicial
complex networks (SSCM) in which higher-order unforeseen or random inter-
actions may occur. Its dynamics obeys a stochastic differential equation (SDE)
based on the mean field approach of the simplicial social contagion model. In
this stochastic regime the only possible equilibrium state is the origin. We give
conditions to guarantee global stability and hence that the disease dies out.
We partition the parameter space into the instability, the bi-stability and the
globally asymptotically stable regions described in terms of appropriate epi-
demiological parameters. These regimes codify whether the disease will, can
or will not disappear. We also present empirical results obtained by running
different simulations of the SSCM over several real-world simplicial networks
and over a synthetically generated one, which validate the theoretical results
presented.
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1. Introduction

The theory of complex networks ([, [B]) has become a main tool to analyze
complex systems appearing in the physical, social and biological sciences. In par-
ticular, they have been used to describe the spread of diseases ([2, [49] 59} 15}, 29])
where the transmission between individuals is assumed to occur through pair-
wise interactions between infectious and susceptible agents (simple contagion
processes); see also the recent works [3] [7, B0 [67].
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However, very often physical systems cannot be represented as traditional
graphs and may have an internal structure that reflects interactions between sev-
eral agents at the same time, group interactions or n-ary relationships between
vertices of the network. Such complex systems can be modeled with hyper-
graphs or with simplicial complexes ([39] 8, [58| [11]); their application in the
study of higher-order structures in complex systems have produced numerous
advances in a wide variety of domains; see, for instance, [9] 10, 43| 5T, 48] 25|, 26]
for social systems, [I8], 19, [63], [64] for biomolecular systems or [14} 21} 4T}, (50} 54]
for brain networks.

Classical epidemiological studies appear in the seminal work of Kermack and
McKendrick [33] as deterministic compartmental systems described by ordinary
differential equations ([28]). Recently, the study of epidemics spreading starts
to be taken into account when the contact topology ceases to be a graph and
becomes a hypergraph or a simplicial complex. Novel ideas for the analysis of
complex contagion processes on multilayer networks appear also in [67, 23]. See
[35] for a thorough review and general framework.

In [30, [3, [7], social contagion (compartmental and deterministic) models for
structures where higher-order interactions might occur are proposed, and these
remarkable results have resulted in the development of new insights into prob-
lems of propagation or diffusion processes in networks where group interactions
exist ([45], [3], 40, [4]).

Real social networks are inherently random, a fact that the basic Kermack
and McKendrick model does not capture, and which recent studies are now try-
ing to incorporate by appropriate modifications of the dynamics. The crucial
role that stochasticity plays in a variety of physical situations was recognized in
the seminal work of Einstein, Smoluchowski and Langevin to describe Brownian
motion, which in turn paved the way for the introduction of stochastic differen-
tial equations (SDE) in the groundbreaking work of Kiyosi Itd. The importance
of SDE’s is now widely recognized and is a most active research areas in the last
decades. These techniques have become ubiquitous in fields like mathematical
finance where, after the pioneering works of Black and Scholes and Merton [12]
and Vasicek [60], the basic models for the evolution of stock prices, interest rates
and and currency exchange rates are all assumed to evolve via SDE. However,
they also find ample use in other fields like biology (to develop optimal fishing
policies) and population dynamics (and extinction times). Here too stochastic
versions of differential equations have been considered for decades. In epidemi-
ology, different stochastic versions of the SIR model have been considered in
[24, 177, [37) [42], 57, [3T), [, 44], [66], and a local stability analysis of the disease free
equilibrium state is studied using Lyapunov functions. In [55] a systematic way
to obtain sufficient conditions for the mean square stability stochastic stability
of the linearized problem of a SIR model is presented. For other applications
of SDE’s see also [16], 61] (Physics) , [20, 47] (Biology), and [36, 38| 52], 65]
(Finance).

Following this approach, in this paper we model the evolution of the epi-
demic by a stochastic SIS-type model described by a certain Ito’s SDE, cf. .
It generalizes the model considered in [24], to situations where simultaneous



contagious are possible. We expect that this equation — which is based in the
mean field approach of the simplicial SIS model of [30]— gives a good approx-
imation to the evolution based on real networks. Both from a mathematical
and an epidemiological perspective, the key problem is the determination of
conditions that guarantee that the disease dies out.

As far as we know, the randomness in higher-order complex systems studied
so far is only captured when higher-order contagion models are run on real
(or synthetically generated) networks (where an infected agent, or group of
infected agents, infect a susceptible agent with a certain probability) or in other
modeling situations such as the microscopic Markov-chain approaches. In them,
the probabilities of infection are constant with respect to time.

We propose a different stochastic process making these higher-order proba-
bilities dependent on time: for each instant of time, the probability 3 of infection
(and its relative higher-order generalizations) will be modified to be a time de-
pendent random variable 5 + o0& where & is a white Gaussian noise and o
denotes the intensity with which the white noise is applied. With this we intend
to model random situations such as fortuitous and unexpected encounters of a
susceptible individual with one or more infected individuals. The randomness
is represented in the generation of the white Gaussian noise (which will follow
a standard normal distribution), &, and the intensity o with which it is applied
could also be interpreted as a risk factor associated with a specific scenario
(school, bar, soccer stadium,... ). This could help to establish measures to con-
tain the spread of a disease depending on the unforeseen multiple interactions
that may occur in different places.

In addition, and in order to validate these theoretical results from an empir-
ical point of view, we propose a stochastic simplicial contagion model (SSCM)
based on the simplicial contagion model (SCM) of [30]. We run the SSCM over
several real-world simplicial networks coming from different domains (and over
synthetically generated ones) to carry out our analysis of the dynamics of evo-
lution in higher-order simplicial social structures. We allow for the contagion
probabilities to vary randomly at every time step. This feature fits well with
several real-life situations, such as unforeseen encounters of susceptible and one
or more infected individuals, or the possibility that the contagion probability
may increase, say, in certain forums. These notes therefore expands the results
of [30] to a stochastic case. We have made available Python code for our SSCM
at [27].

The paper is organized as follows. In section |2 we review the basic results of
simplicial complexes and a simplicial SIS-type model. Section[3|presents the first
theoretical result: a SDE that governs the dynamics of the spread of an epidemic
over a simplicial network and the study of global stability conditions. This is
related to several mathematical concepts of interest, like equilibrium points and
the concept of barrier points. We use them to show that— as expected— motion
is limited to (0,1). However, while in a deterministic situation both disease free
and endemic equilibrium points may coexist, stochasticity destroys endemic
equilibrium points, so only the origin remains as a possible equilibrium point.

Section [ is devoted to fully characterize the stability regions in terms of



new epidemiological parameters for the case on which the rate of higher-order
infection is proportional to the rate of standard individual infection. The main
result in this regard is quite technical: theorem gives sharp conditions to
guarantee that the origin in is globally asymptotically stable and hence with
probability one the disease dies out. We then polish this result and set it down
in terms of parameters with epidemiological meaning, the basic reproduction
numbers. This allows us to partition the parameter space into the instability,
the bi-stability and the globally asymptotically stable (g.a.s.) regimes, according
to whether eventually the disease will, can or will not disappear. Figures[I] and
show these regions in the deterministic and stochastic cases. The case where
the rate of recovery is zero is remarkable, since here the evolution arising from
(5) is such that both 0 and 1 are two different equilibrium points, that is, both
of them may be simultaneously stable. Different sample paths obtained solving
with Runge-Kutta numerical methods illustrate the possibilities.

In section [l we perform a study of disease transmission as a complex network
and show different empirical results; concretely, a SSCM is defined and ran over
different types of real-world and synthetically generated simplicial networks.
We compare our techniques with the original one of [30]. We also relate the
network evolution and that arising from the SDE of previous sections. We
find similar propagation dynamics for both the real-world and the synthetic
simplicial networks, which also show a remarkable similarity with that predicted
by the SDE in all different regimes. We include a section [7] with conclusions
and two appendices with technical results.

2. The simplicial SIS model.

To analyze the evolution of the disease transmission in terms of a simplicial
SIS model, let us first recall some basic notions of simplicial complexes (we
refer to [46] 22] 21] for a detailed exposition). Given a finite set of distinct
points {vg, v1,...,v5}, N € N, which we call vertices, a ¢-simplex is a subset
of vertices o(?) = {vo,v1,...,v4}, where ¢ < n is called the dimension of o),
For p < ¢, a p—face of a ¢g-simplex o(? is a subset of p + 1 vertices of o(9). A
simplicial complex K is a collection of simplices such that if o is a simplex in
K, then all the faces of ¢ are also in K, and any non-empty intersection of any
two simplices of K is a face of each of them. Simplices which are not faces of
any other simplex are called facets and the dimension of a simplicial complex,
dim K, is the maximum among the dimensions of its simplices.

We consider a population, composed of N € N individuals and susceptible
to a certain disease; we assume that the population remains constant through
time and it is divided into two classes: susceptible and infected. Individuals
v; in this population can be thought of as the vertices of a certain simplicial
complex K of dimension D, having N € N vertices.

Following [30], we consider a mean-field (MF) approach under homogeneous
mixing assumption to describe the dynamics of a simplicial SIS model:
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where

e The basic observable z(t) represents the density of infected individuals at
time ¢ (so that 1 — x(t) represents the density susceptible individuals).

e i is the recovery probability.

e {B1,...,0p} are the infection probabilities, where (3, represents the prob-
ability for a susceptible node v;, which belongs to the h-simplex

h) _
U( ) = {Uivvjo7vj1""7vjhf1}7

to be infected by the (h — 1)-face

(h=1) _ o o). .
T _{UJO’v]17"'7UJh,—1}

under the assumption that all vertices v;, of 7("~1) are infectious.

e kj, is a random variable counting the number of h-simplices a node belongs
to and (kp) stands for its statistical mean.

Remark 1. The generalised simplicial degree ky, coincides with the (h, h)-upper
simplicial degree of [25, [26]], where several notions of lower, upper and of a gen-
eral adjacency (and their associated simplicial degrees) valid for any dimensional
comparison between simplices are defined.

In the sequel we restrict to the D = 2 case, i.e. assume that the simplicial
complex K is bounded to dimension 2, since this situation is already substantial
enough. For ease of notation let us rename 5 = S1(k1), fa = B2(k2). To avoid
trivialities we assume 5 > 0, o > 0 and p > 0. Equation is transformed
into:

dx(t)
dt

~—

= (= Baz® + (Ba — Bz + (B—p)) = —Paz(z —z)(@—a-), (2

where abusing notation we write = x(¢) and define Ry = S, Roa = BTA
and

Roa — Ro £+ \/(Ro + ROA)2 — 4Ron
Ty = (3)
2Roa
Before turning to the study of the stochastic case, and for the sake of com-
pleteness, we summarize stability results for the deterministic case.

Definition 1. Let z(t;xo) denote the solution of((2) with initial condition
x(0;x9) = 9. The origin is locally asymptotically stable if whenever the initial
condition g is close enough to the origin then so it is z(t; o) and besides it
holds that

lim x(t;29) =0 (4)

t—o0



The origin is globally asymptotically stable if holds for all z5. We use
la.s. for “locally asymptotically stable” and g.a.s. for “globally asymptotically
stable”.

The possible limit states are the points 0 and x4 —provided they exist in
[0, 1]. We call them the disease free and, respectively, endemic equilibrium points
(e.p.). Their classification is given in terms of only two parameters (Rg, Roa).
To this end we divide the parameter space S := {(Ro, Roa), Ro > 0, Roa > 0}
in the following 4 sub-regions, see Figure

1. S1:={(Ro,Roa) : Ro < 1,Roa < 1, and (Roa —|—R0)2 —4Roa > 0}}
2. Sy = {(Ro,ROA) : (ROA + Ro)Q —4Roa < 0}

3. S3:={(Ro,Ron) : Ro < 1,Roa > 1, and (Roa + R0)2 —4Roa > 0}}.
4. Sq:={(Ro,Ror) : Ry > 1}

Here, a complete classification of the limit points lim;_, ., z(t) is possible
using classical Lyapunov theory (see also [30] for a different but equivalent
approach). We have

Proposition 1. (Stability)

1. If xg € [0,1] and z(t) evolves via then x(t; xo) € [0,1].

2. If Ry < 1 then the origin is a stable equilibrium point.
Besides the origin is globally stable— and the disease disappears— if param-
eters satisfy (Ro, Roa) € S1 U Sy. Here endemic e.p. do not exist.
If (Ro, Roa) € S3 there are two stable e.p., namely 0 and x4 and one
unstable, x_, with 0 <z_ < x4 <1.
In this case the disease may disappear or become endemic. The initial
condition xg = x_ marks the threshold between these regimes.
Concretely, we have

O7 Zf (R07ROA) €51 U8y
lim z(t) = {0, if (Ro, Roa) € S3, and x¢ € [0,2_)
1’+,0, Zf (R(),R()A) S 53, and xg € (LC,, 1]

3. If Rp > 1 then x_ <0 < zy <1, and x4 is a stable equilibrium point,
the endemic state, while 0 is unstable. Hence lim;_, o 2(t; 29) = x4 for all
zg > 0.

Remark 2. We say that S; U Ss is the g.a.s. regions, S3 the bi-stable region
while Sy the unstable region. Figure (1)) illustrates the situation (see also [30]).
Note that, by increasing Ry any point (Rg, Roa) belonging to the interior of
(81U S2) N {Rpa > 1} will pass to the bi-stable regime before reaching the
unstable one. The special tri-critical point pr = (1,1) marks the boundary of
these three regions. Any perturbation of py may result in going to a globally
stable, a bi-stable or to an unstable state.
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Figure 1: Parameter space p = (Ro, Roa) (horizontal and vertical axis respectively) and

stability regions for the simplicial SIS deterministic model. Here, the disease disappears in
the g.a.s. regions p € S1US2; the disease becomes endemic if p € Sy; or the disease sometimes
disappears and sometimes becomes endemic in the bi-stability region S3.

3. The stochastic differential equation for the epidemic evolution.

The dynamics given by assumes tacitly that at every instant of time ¢
the proportion of infected individuals satisfy certain rules with certainty. For
example, states that the number of infected individuals that overcome the
illness in [t,t + h] is uNx(t)h + o(h). The crucial role that randomness plays in
real world epidemics has been overlooked so far, where the best one can do is to
talk in terms of probabilities. To this end we model the evolution of a epidemic
over a simplicial network by a certain It6 stochastic differential equation (ISDE)
which responds to the following assumptions

e the population has only two compartments, susceptible and infected.

e Simultaneous contact with one or two sources of activation occur, whose
intensity is measured, respectively, by 8 and Sa. Simultaneous contact
with three or more individuals do not occur.

e Contagious rates E| are no longer fixed: there exist as stochastic factors
which modify the contagions rates per unit of time of equation as

BAt = BAL+ o AW (E), BaAt — BaAt + oA AW (1),

where W (t) is a Brownian motion, 8, fa,0,0a, o are positive model con-
stants and o and oA measure the intensity of the stochastic perturbation

IWe recall that if 81, 32 are the basic contagious rates then 8 = B1(k1), Ba = Pa(k2)



It follows from the above that we restrict ourselves to a D = 2 dimensional
simplicial complex. Besides the proportion of infected individuals at time ¢,
x(t), evolves via the SDE

da(t) = a(x(t))dt + b(x(£))dW (t), (5)
where
a(z) = (B — )z + (Ba — B)2* — Bar®; b(x) = oz + (04 — 0)a”® —oaz® (6)

are, respectively, the drift and the diffusion coefficients of the Ito process.

We expect that @ constitutes a good approximation to the dynamics of
epidemics, which generalizes the ISDE considered in [24], to a case where simul-
taneous contagious are possible, namely S > 0,0A > 0. We denote as z(t; zo)
the solution to (5)-(6) satisfying the initial condition z(0;zo) = .

8.1. Implications of stochasticity.

When stochasticity is introduced equilibrium points (e.p.) are defined as the
common solutions to a(z) = b(z) =0. If ¢ > 0, > 0, the only such solution is
x = 0, so it appears that endemic equilibrium point do not exist. This contrasts
with the deterministic case, where both disease free and endemic equilibrium
points may coexist. We next study sufficient conditions for the stability of the
origin. Actually, the study is far more complex in this case: while equilibrium
points, can still be divided into unstable, locally stable and globally stable, the
concept of barrier points is also relevant; these may be cataloged as attracting
or not, and attainable or not. Besides, limit states, if they exist, can not be
classified in terms of epidemiological parameters and initial state xg.

The first result establishes several properties of the system evolving via equa-

tion .

Proposition 2. If 0,04, it are positive, the only critical point of the system is
x=0.

Proof. We note the factorization, see ,
b(x) = —oazx(x —1)(z+0/or), a(z)=—Pazx(x—2x_)(x—x4).
Hence, x solves a(z) = b(xz) = 0 if and only if = = 0. O
In the sequel we focus on the stability of the origin z = 0.

Definition 2. The origin is stochastically unstable if for any € > 0

Jim Pr(tsgog [2(t;20)| > €) > 0. (7)
The origin is locally stochastically asymptotically stable (l.a.s.) if it is not
unstable and it holds that

lim Pr(lim z(t;z9) =0) = 1. (8)

xo—0 t—o0

Namely, initial conditions x( “close enough” to the origin have a high probability
to end up in 0.



It turns out that stability can be pin down in terms of one number.

Theorem 1. (Instability and local stability)

If Jy := ﬁ% < 1 then the origin is a locally asymptotically stable e.p. for
the equation -@,

If Jo > 1 then the origin is an unstable e.p. for the equation -@ and
lims—, 00 z(t; 20) # 0,Vxg € (0,1] with probability one. Actually, for any xy €
(0,1], limy— o0 2(t; 29) can not converge to any & € [0, 1]

Proof. The proof of the theorem appears in O

Remark 3. If we accept that the epidemic evolution is well described by ,
then the parameter Jy € [0,00) could be interpreted as an effective basic re-
productive number, that controls the basic stability: if Jy > 1 the disease never
disappears with probability one. However, if Jy < 1 all that can be said is
that there is positive probability that the disease disappears. Figures and @
below illustrate this fact. This holds regardless the value of Sa. However, even
in this case an endemic regime, with statistical variations in time, may set in—

much the same as in the unstable case (see Figures (5), (9) and below).

Recall that if Jy < 1 the origin is stable; however, this is not strong enough
to guarantee that the disease eventually disappears. For this to be the case we
need the following stronger condition.

Definition 3. The origin is globally stochastically asymptotically stable (g.a.s.)
if it is stochastically asymptotically stable and for any initial condition zy €
[0,1) it is:

Pr (tlggc z(t;x0) =0) = 1. 9)

In this case the disease dies out no matter what the initial conditions are.

We study when condition @D holds in terms of the values of parameters. In
principle, there are 5 free parameters and hence a parameter space

S = {(ﬂvﬁAvo—aUAvﬂ):ﬁ>OvﬁA >0,0>0,04a >07/1'>0}:Ri

The problem of determining when the disease dies out regardless the initial
conditions is non-trivial. Hence, we shall first consider some particular cases
where the situation simplifies.

4. Proportional stochastic case: global stability conditions.
Here we consider the case when
on/Ba=0/B (10)

We note that this condition is natural as it guarantees that both sources of noise
(operating on 8 and Ba) have the same intensity. In this case the parameter



space is reduced to the set of positive points: p = (o, 3, Ba, u) € R* where
0,3, Ba, 1 are strictly positive.

The following result precises the boundaries of the process— where motion
takes place— and also its nature. We use Feller’s classification (see [32]). Let 7
be the first exit time from (0, 1). Then 0 is an attracting barrier if

Pr (th_rg x(t;w9) = 0) > 0, Vag € (0,1) (11)

and attainable if, additionally, Pr(7 < co) > 0.

Theorem 2. Consider the SDE -@.

1. Suppose condition is satisfied. Let p be the point in parameter space
p = (0,8,Ba,p). If B—p—0?/2 < 0 then 0 is an attracting, but not
attainable, barrier. Otherwise 0 is a repelling (i.e., non-attracting) barrier.
If p > 0 then 1 is a repelling barrier (the case = 0 is considered briefly
below).

2. (0,1) is an invariant set of the dynamics. Concretely, if xzo € (0,1), then
x(t; o) € (0,1) for all t.

Proof. From Proposition |2} a(z) = b(x) = 0 if and only if z = 0.
Analysis of this, shows then that around the origin the Feller scale function
behaves as

p(x) = 332(”_'8)/‘720(1) +o(1)

while around z = 1 we have that ¢(z) ~ e2*/(?a(=1) 4 o(z —1). The nature
of the boundaries can then be discerned from this and Feller’s theory ([32]). It
follows that (0,1) must be an invariant set of the dynamics, namely whenever
xo € (0,1) then z(t;x0) € (0,1) for all ¢. O

Thus when Jy < 1, the origin 0 is an attracting, non-attainable, barrier, and
also a locally stable e.p. We now give sharp conditions to guarantee that the
origin is g.a.s.

Theorem 3. Suppose condition is satisfied. Let p the point parameter
2
space p = (B, Ba, o, 1) and denote £ = %. The origin in is globally
asymptotically stable if parameters satisfy
1. either o > \/2u and p € Gy.
2. or, 0 <+/2u and
pEGZ:GlUGQUGg, (12)

where we define the regions G1,Gs,G3 as
G1:={p: B < 2uc} (13)
Go={p:B>Pa; 0> <B<0?/2+p; B> +/2uc} (14)

i <l B> 2uc} (15)

2

Gs:={p:6a>0; 20 —p) < 52

10



Remark 4. 1. The proof of this result (which is quite technical) is given in

Append Bl.

2. FEquation holds true in all cases. Nevertheles, if o > /2u the sets Ga
and G5 vanish: Go UGs =0 and simplifies.

3. While not strictly necessary, the inclusion of the condition 8 > \/2uc
results in having disjoint regions G1, G2 and Gs.

Remark 5. The condition 3 > fa;0% < B < 02/2+ u for g.a.s. for the full
simplicial SIS system was already given in [56].

We next clarify further the previous results and consider several particular
cases.

First, if we let o — 0,0 — 0 we recover the SDE considered in [24]
describing the random SIS model, without simplicial interactions. By letting
Ba — 0 in Theorem , and noting that then £ — oo and G3 — 0, we can
polish the results of [24] and characterize global stability as follows

Corollary 1. Suppose condition Ba = oa = 0 is satisfied and x(t) evolves via
dz(t) = ((8 — p)x — Ba*) dt + oz (1 — x)dW (t). (16)

The origin is globally asymptotically stable if parameters satisfy

1. Either f < +/2uo,

2. oro? < B<0?/2+ p.
Alternatively, 0 is g.a.s. if

1. either o > \/2u and f < \/2uo,

2. or, 0 <+/2p and B < 0?/2 + p.
Remark 6. The condition 0% < 8 < 0%/2 + u is given in [2])]. It is void when
o > /2u. The novel insight here is that B < \/2uo also guarantees g.a.s.

Remark 7. To recover the deterministic SIS system we let 0 — 0,0n — 0.
Here

G =0, Go—={p:Ba<B<pu}, Gs—={p:Ba>pl<p}, (17)

which are the deterministic regions of Proposition [1] and [30)].

4.1. Epidemiological meaningful parameters

Here we recover the general case when Sa > 0,0a > 0. Stability can be
described in terms of the following set of parameters 7, Jy, Joa

o> B Ba

T Jom— o goa = A
5 JO ,LL+0'2/2’ 0A ,LL+0'2/2

=g,

which have an epidemiological meaning as they are positive and could be in-
terpreted as contagious rates. Concretely, Jy measures the average number of

11



people to whom one single individual with the disease, will eventually spread the
disease. The average number of people to whom a pair can jointly transmit the
disease is Jya. Define also

N1

0 -— 1 _"_n
In terms of these parameters Theorem [3| reads
Theorem 4. Suppose condition 1s satisfied. The origin in is glob-

ally asymptotically stable (and hence disease dies out w.p. 1) if and only if
parameters satisfy

1. either n > 1 and Jy < Jj,
2. orn<1and (Jy,Joa) € G: =G UG UG3  where

G1 = {(Jo,JoA) : JO < Jg} (18)
G2 ={(Jo,Joa) : Jg < Jo <1, Joa < Jo} (19)
Gs = {J()A > Jo} N D2_ (20)

and Dy is the interior of the curve

D2 = {(J(), JOA) : (1 + n— 4JOA(JOA + J0)72)4J0AJ3 = U(JOA + Jo)z}.
(21)

Figures |2 and |3 show the situation. Note how when 1 < 1, G is made up of
the unit square, the strip Jy < 1 and the interior of the “belly” D, .

Remark 8. Hence, the parameter space can be partitioned as follows: {Jy < 1}
is the stability region while the complimentary set {Jy > 1} is the unstability
region. The former can be partitioned into two sub-regions: G; U Gy U G, the
g.a.s. regions, where the disease dies out: Pr(z. = 0) = 1; besides {Jy <
1} — (G1 U Ga U Gg) is the bi-stable region where the disease may die out:
0 < Pr(ze =0) < 1.

Table [1| summarizes all possibilities

4.2. The case when =0

Recall that in this paper we assume a strictly positive recovery rate p >
0. Nevertheless the case with p = 0, corresponding to a SI model, is also of
interest. In a deterministic situation such evolution is asymptotically trivial:
limy o z(t;20) = 1,Vzg # 0. However, when stochasticity is introduced the
situation is more complex. Here has two critical points: = = 0 (disease
free) and Z = 1 and evolutions starting from xp > 0 need not be asymptotic to
z(o00) = 1.

Proposition 3.

1. If p=0, has two critical points: x = 0 (disease free) and & = 1.

12



Jo p = (Jo, Joa) 0 Pr(z(c0) = 0)

>1 — Unstable 0

<1 ¢ G Locally stable >0
eJg,1) | €GaUGs | Globally stable 1

< Jg Globally stable 1

Table 1: Stability regions of the stochastic system.

Stability - region,
T T

g.as la.s| Unstable |

0.4

OO’\ L L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 2: The region of global stochastic stability G1 = {0 < Jo < 24/n/(1 +n)} when
condition holds and = ¢2/(2u) = 3.5 > 1. Horizontal and vertical axis represent,
respectively, the values of Jy and Jya.

2. 1 is always an attractive non-attainable barrier and a locally asymptotically

stable e.p.

3. If Jo := 25 < 1 the origin is an attractive non-attainable barrier and a

locally asymptotically stable e.p. for equation ,
4. If Jy > 1 the origin is repelling barrier and a locally asymptotically unsta-
ble point. In this case there are two different stable equilibrium points.

We skip the proof but note that if 4 = 0, then
b(x) = —oaz(x —1)(x+0/oa) and a(x) = —fax(z — 1)(x + 8/8a).

It develops from the above that if 2o # 0, then lim; o 2(¢; x0) is either 0 or 1,
i.e. a Bernoulli’s binary variable such that

1 if Jop>1
Pr(hmw;xw—n—lPr<t£gx<t;zo>—0>—{<1 i<

t—o0
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L] L]
Deterministic bi- Deterministic and
stable and , L. .
stochastic g.a.s. stochastic bi-stable region

Unstable
al

deterministic and
stochastic g.a.s

g.a.s. a.s.

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 3: The regions of global and local stability in the stochastic case when p = 1,7 =
o? /2 = 0.03. Horizontal and vertical axis represents, respectively, the values of Jo and Jya.
Note also the biestable region when stability is only local (la.s.). Dots indicate value of
the parameters for which we provide a sample path obtained from . ‘We also include a
comparison with the stability regions in the deterministic case, where p = 1,0 = 0, whose
boundaries are the blue curve and the dashed vertical line

4.83. Numerical simulations using a Runge Kutta method

To illustrate the above results, different sample paths are produced solving
(5) (under the condition (10)) with Runge-Kutta numerical methods.

Notice that how— except for the last case— the l.a.s. condition Ry < 1 or
Jo < 1, is satisfied (for both deterministic and stochastic cases), but not that
of g.a.s. Despite this, note how the limit needs not to be the disease free e.p..
Notice also the great variability of the possible evolutions.

Figure [9] considers the situation when Jy = 0.6 < 1 so two different stable
equilibrium points coexist. Notice how different initial conditions have different
limits, the stable e.p. x =0,2 =1

14



10 20 30 40

Figure 4: Sample paths for equation under two different initial conditions zg = 0.12
and zop = 0.15. They have been obtained when Jo = 0.254902 < 0.277297 = Jj,JJoa =
5.88,n1 = 0.04 (x = 1,0 = 0.2) We have also plotted the corresponding deterministic paths
that follow evolving via for large time. This corresponds to a region of (stochastic) g.a.s
and deterministic bi-stability where lim; oo 2(t) = 0 or £ (the endemic state) .

il ‘1'“'“1“!""""!!1111!” N

{

1

°
S

M
3\

t

20 40 60 80

Figure 5: We take Jo = 0.317 > J5 = 0.183, Joa = 5.95,0 = 0.13. We have plotted the
stochastic and also the deterministic paths that follow evolving via for large time ¢t = 80.
This corresponds to a bi-stability region for both stochastic and deterministic cases. Note
how in the former the disease-free regime never sets in.

20 40 60 80

Figure 6: We take Jo = 0.99,Joa = 0.98,0 = 0.2. This corresponds to a deterministic
bi-stability region, and stochastic g.a.s. region.

5. The general case.

Study of g.a.s. conditions in a general situation where condition needs
not to hold is quite involved. Nevertheless, we give here conditions in this
regard.

In this case the bulk of Proposition [4 and Theorem [6] (see [Appendix B]

still hold and g.a.s. is determined in terms of the existence of roots to a quartic
function, cf. (22)). However, it is not easy to determine from here the complete
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Figure 7: Sample paths corresponding to a region of (stochastic) bi-stability (l.a.s.) region,
just on the outside of the “belly”: Jo = 0.88,Joa = 1.96,0 = 0.2. Here, if z9 << 1 the
solution converges to zero with a high probability.

20 40 60 80

Figure 8: We take Jo = 0.88, Joa = 1.96,0 = 0.2. This corresponds to a bi-stability (l.a.s.)
region, just on the outside of the “belly”. Note how different initial conditions have given rise
to different evolutions: for one of them a disease free regime sets in very quickly while it never
seems to be the case for the other.

Figure 9: We take Jyp = 1.08, Joao = 0.98,0 = 0.2. This corresponds to unstability regions
in both deterministic and stochastic cases: p € Sy so the disease becomes endemic under the
deterministic evolution.

stability region in a neat way. We have

Theorem 5. Suppose that there exists r > 0 such that the quartic function

! (c+(oa —0)z — (TALE2)2 (22)

Q(zir) == (n—B) + (B — Ba)x + fax® +

has no real roots on [0,1]. Then the origin in 1s globally stochastically
asymptotically stable. In particular, the origin is g.a.s. if parameters satisfy
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V.

10 20 30

Figure 10: We have taken yu = 0,8 = A = 0.3,0 = 1 giving Jp = 0.6 < 1. Here px = 0, so
under the stochastic evolution there are two stable e.p. x = 0,z = 1.

one of the conditions

C1
B < Bac/oa < \/2uo
C2
Bac/on < B < p+Bac/oa —(1/2)(Bajon)?
C3
0% < Bac)oan < B <d?/2+ u, and 0 > oa
C4

0% < B < Pac)on <d%/2+p, and 0 > oa
C5: 0 <oa, and
(0 +0a)? <4Ba0/oa <4B,(0 +0a)*(Ba — (0 +0a)?/8) < 4poi
C6: 0 < Joa,fac > foa and
(0 +0a)* —86a(0 + 0oa)? +32uck + Bacoa > 32043

C7 (deterministic region): S < < p

C8 (deterministic region): (8 + Ba)? — 4uBa <0

Remark 9.

1.

2.

3.

The above conditions are sufficient but not necessary conditions for g.a.s.
We note that they need not be excluding.

When 8 = Bac/oa they are both sufficient and necessary. In this case
both C1 and C2 reduce to B < \/2uc. Besides C3 and Cj simplify to
02 < B<0o?/2+p, and B > Ba. Finally, C5 and C6 give the region G3
of . The deterministic regions defined by conditions C7 and C8 are
subregions of Gy UGy U Gs. Hence theorem is recovered.

The idea od the proof is similar to that of theorem and we skip it.
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6. Stochastic simplicial contagion model and empirical results.

6.1. The stochastic simplicial contagion model

We propose a stochastic simplicial contagion model (SSCM) which we will
use to run simulations in real-world and synthetically generated simplicial net-
works. With it, we aim to model situations in which the probability of infection
of a susceptible individual, defined by the different higher-order channels of the
simplicial contagion model (SCM) of [30], could be perturbed at each instant of
time by random situations, such as unforeseen or unplanned encounters of that
susceptible individual with one or more infected individuals.

We model this type of situation using a single white Gaussian noise &; fol-
lowing a standard normal distribution to perturb both infection parameters 3;
and Py with different intensities o1 and o3. In other words, the SSCM is based
on the SCM of [30] and consists of replacing their infection parameters 8, and
B2 by the time-dependent random variables 81 + o1& and B2 + 02&;.

® o o e

Infected Susceptible Infection

(@

Recovery

B+o& B+o&

Figure 11: Channels of infection of the stochastic simplicial contagion model (SSCM)

In order to be able to simulate all possible channels of infection given in
Figure for every simulation we first parse the selected dataset to obtain
a simplicial complex of dimension D = 2, with its nodes, edges (connections
between two nodes) and triangles (connections between three nodes). In [27],
we have published and made publicly available parsers for the cliques analyzed
in [30], the real-world datasets provided in [9, 25], and for randomly generated
simplicial complexes (which are detailed in Section . The code for the SSCM
described below is also available at the very same repository. It is based on the
one provided in [30] but modified to make it support larger datasets and higher
connection degrees. It also supports our stochastic perturbation of the contagion
probabilities.

Before running the SCCM, a simulation must be prepared. As explained
above, input parameters for a simulation of our SSCM requires: a recovery
probability u; infection probabilities 31 and (s, and their corresponding intensi-
ties of the stochastic perturbation o7 and o5. Moreover, for every simulation we
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have to set an initial density z( of infected nodes, which results in |zo+0.5] ran-
domly chosen nodes set as infected. Obviously, the rest of nodes are considered
to be susceptible of being infected.

Once the simulation is ready, in each time step, we generate a single Gaussian
noise & following a standard normal distribution. For every susceptible node
we run through the list of its neighbors; in case a neighbor is infected, the
susceptible node can be infected with probability 81 + 01&. In addition, we
run through the list of its triangles; in case the triangle is infected (the other
two nodes are infected), the susceptible node can be infected with probability
Bo + 02&;. For the sake of protocol efficiency, once a susceptible node is infected
we stop processing potential infections for that node; for a node cannot be
infected more than once. When the time-step simulation for each susceptible
node is over, for every node that was infected at the beginning of the time-step
execution, we recover it with probability u, and finally, the next time step can
be executed. The simulation stops when no infected nodes are left or when a
maximum predefined amount of time steps is performed.

6.2. The SSCM on real world simplicial datasets.

In [30] numerical simulations were performed on both real and synthetically
generated simplicial networks. For the simulations on real networks, they used
four datasets of face-to-face interactions collected from social contexts such as
a workplace, a conference, a hospital or a high school. From the aggregated
simplicial data, and given that the study is done for simplicial complexes of
maximum dimension D = 2, they consider the 2- and 3-cliques and weight
them according to their frequency of occurrence (forgetting the other higher-
dimensional simplices); they then retain with 20% of the simplices that occur
more often. To reduce the finite size effects, they use an augmented version of the
simplicial data in which they duplicate five times the list of the resulting facets
and use this as input dataset for the simplicial contagion model. As mentioned
there, it would be interesting to investigate the simplicial contagion model on
simplicial complexes with heterogeneous generalized degree distribution.

Following this suggestion, in this paper we will use instead some of the
real-world simplicial networks of [ 25] to carry out our analysis of the dy-
namics of evolution in empirical social simplicial structures. These datasets
(publicly available at https://github.com/arbenson/ScHoLP-Data) are al-
ready collected as simplices bounded to a maximum of 25 nodes, and they
are obtained from real world data of different domains. The following list sum-
marizes the datasets in terms of the data that is relevant to our study, i.e., the
datasets’ simplices and nodes.

contact-high-school, contact-primary-school. Nodes are people. Simplices
are sets of people that were connected during 20-second intervals.

email-Eu. A simplex is an email. The nodes of a simplex are the recipient
addresses along with the sender one.
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NDC-classes. Each simplex corresponds to a national drug code (NDC) for
a drug. Nodes are the classes applied to that drug (NDC-classes) or the
substances that make up that drug (NDC-substances).

unordered

isti % %
nodes simplices @stlr_lct distinct facets % fz.icets / % fac? ts /
HlInph(fCS . . sump UA(LSIIUI)A
simplices

contact-high-school 327 172,035 7,937 7818 4,862 2.83% 62.19%
contact-primary-school 242 106,879 12,799 12,704 8,010 7.49% 63.05%
NDC-classes 1,161 49,724 1,222 1,088 563 1.13% 51.75%
email-Eu 998 234,760 25,791 25,027 8,102 3.45% 32.37%

Table 2: Summary statistics obtained from the analysis of the datasets. Column ‘simplices’
correspond to the data available in the datasets; column ‘distinct simplices’ represents the
number of simplices where duplicates are discarded; the ‘unordered distinct simplices’ are
counted by deleting the ‘distinct simplices’ that have the same set of vertices (regardless of
their order) than another distinct simplex; and the ‘facets’ are calculated by removing the
unordered distinct simplices that were already faces of another unordered distinct simplex.

Table 2] shows the summary statistics of the dataset and Table [3] shows the
facet size statistics (recall that if a facet is given by a simplex o(?), then its size
is s = ¢+ 1). Arithmetic mean Sum of values of a data set divided by number
of values (14+2+2+3+4+749)/7.

Table 3: Facet size statistics. We show the maximum, average (s), median s,, and mode sp
of the facet.

max s (s) Sm
contact-high-school 5 2.42 2 2
contact-primary-school 5 2.57 3 3
NDC-classes 24 5.54 4 2
email-Eu 25 3.82 2 2

Remark 10. Note how the mean almost doubles, or triples, the mode in several
cases; this deviation can be put down to the fact that for real-world simplicial
networks we expect having scale-free tails, and hence a large number of outliers,
which pull away the mean from the mode.

In addition, and in order to compare with the results of the deterministic
simplicial social contagion model of [30], we have included in the study one of
the datasets they use: InVS15 (contacts in a workplace).

The generalized degree distributions of the real world datasets associated
with both the classical node degree of a node v, k; and the node-to-triangle
upper simplicial degree ks (the number of 2-simplices a vertex belongs to) are
given in Figures [12] [I3]and [I4] Note the heterogeneity of the distributions.

When running the SSCM, we start with an initial density zg of infectious
nodes. The simulation stops if an absorbing state is reached, otherwise it
is stopped at a fixed number of time-steps if an endemic stationary state is
achieved. FEach trajectory represents an actual temporal evolution of the den-
sities of infectious nodes with a particular value of zy and we plot them by
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Table 4: We show the average classical node degree and the average node-to-triangle degree

of the datasets.

(k1) (k2)

contact-high-school 35.58 21.74
contact-primary-school 68.74 63.71
NDC-classes 10.72 81.34
email-Eu 58.71  482.78
InVS15 24.42 6.92

0.025 4 I{k;) = 68.74

) = 63.71
0.020

— k1
(k1)
— k2
(k2)

60

40
degree

80

75
degree

Figure 12: Linear plot of the degree distribution for the real-world simplicial datasets contact-
high-school (left) and contact-primary-school (right).
statistical means (k1) and (k2)

Vertical dashed lines represents the
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Figure 13: Linear plot of the degree distribution for the real-world simplicial datasets NDC-
classes (left) and email-Eu (right).

different colored curves. We perform different simulations corresponding to dif-
ferent ranges of the infectivity parameters.

In order to make these notes clearer and more concise, we detail below the
simulations for the contact-high-school and email-Eu simplicial networks and

include the rest of the simulations in the
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Figure 14: Linear plot of the degree distribution for the real-world simplicial dataset InVS15.

6.2.1. Simulations for the region G.
We fix the parameters

p=1, 0=02, Jo=02549, Joa = 5.88. (23)

We have that n = 0.02 < 1 and since Jy < J§ = 0.2772 we are indeed in
region G (see equation and Figure [3)). Thus, by Theorem [3| the origin of
equation has to be globally asymptotically stable, a fact confirmed by the
graphics on the left in Figure [T5] (see also Figures [C.27] and [C.2§] in [Appendix|
IC), where different realizations eventually hit 0, so the cloud of trajectories
becomes thinner over time.

However, letting 01 = 0 one escapes the stochastic g.a.s. region to enter
a deterministic bi-stable region. Indeed, here one has that Ry = 0.2599 and
Roa = 5.9975, within the bistability region S3 (see Figure [1f); according to
Proposition [1| (see also [30]) in this regime both the disease-free state and the
endemic state can coexist. This is confirmed by the graphics on the right of
Figure [15| (see also Figures |[C.27| and [C.28| in [Appendix C]) obtained running
the SCM of [30]).

This simulation suggests that the introduction of noise in a contagion process
can stabilize the possible endemic solution of a deterministic system.

For the following datasets, we will slightly modify the parameters by increas-
ing only the intensity, which allows us to observe the stochastic effect in fewer
time-steps. We fix parameters:

p=1, 0=14, Jo=0.2549, Joa = 5.88. (24)

We have that n = 0.98 < 1 and since Jy < Jj = 0.99 we are again in region G;.
As shown in Figure [16] (see also Figure |C.29|in |[Appendix C]), we observe the
same behavior as in the previous datasets.

Note that if we increase the intensity, the probability that the epidemic dis-
appears increases and the trajectories would fall faster, which is consistent with
the fact that by increasing ¢ we are making 7 larger, and therefore approaching
the Figure |2} in which the stochastic bistability region (l.a.s.) is much smaller.
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Figure 15: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network contact-high-school. 30 trajectories are plotted for zg = 0.04 and 30
for o = 0.2. Parameter values are in the region Gj.
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Figure 16: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network email-Eu. 30 trajectories are plotted for zg = 0.01 and 30 for o = 0.2.
Parameter values are in the region Gi.

Let us also notice that letting o1 = 0 in equation , the stochasticity dis-
appears and a deterministic evolution results. This contrasts with the network
evolution where running the SCM always provides a stochastic evolution, since
at very step contagious happen in a a random way— even though we refer for-
mally to the case in which the intensities are zero as a deterministic case. This
fact can be observed in the right graphics of Figure (see also Figures
and [C.28|in [Appendix C]), which display the typical sharp wiggles of a stochas-
tic process; in particular limit states are random and a certain percentage of
trajectories starting from xzg = 0.04 end up in the endemic state. However, in
this deterministic case, and when living in a deterministic bistable region, no
trajectory is observed to fall once it reaches an endemic state and the reason is
that since the probability of contagion is constant over time for the determin-
istic system, although there might be a probability that the disease disappears
(that some trajectory would fall) when running the SCM on a dataset, it is
almost negligible. As we will see in the next example, this is the main difference
between the stochastic bistable region and the bistable deterministic one.
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6.2.2. Simulations for the stochastic bistable region.
We fix parameters:

p=1,0=02, Jo=088, Jon = 1.96. (25)

We have that 7 = 0.02 < 1 and the parameter values are in region Dy N{Jy < 1}
and thus we are in stochastic bistable region (see equation , Figure |3 and
Table . In the left graphic of Figure it is seen that 4000 time steps are
not enough for the epidemic to disappear in the stochastic case, while in the
graphic on the left of Figure[19it had practically disappeared. Notice also that
in the left graphic of Figure [C.30] of [Appendix C] we see that the disease has
disappeared for the SSCM and that it has taken more time steps to do so than
in left graphic the Figure [C.32] of [Appendix C|

For the left graphic of Figure E (see also Figure [C.31|in [Appendix C]) we
still see a stochastic bistable regime.

Making o1 = 0 we have Ry = 0.8976 and Roa = 1.9991 and then we are in
the deterministic bistable region Ss (see Figure , in which both the disease-
free state and the endemic state can coexist (depending on the initial number
of infected of the system). This is confirmed by the graphics on the right of

Figures nd (see also Figures [C.30} [C.31] in [Appendix C)).
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Figure 17: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network contact-high-school. 30 trajectories are plotted for g = 0.01 and 30
for zp = 0.2. Parameter values are in the stochastic bistable region D;L N {Jo < 1} of Figure

[3)-

Now let’s increase the intensity to observe the stochastic effect at a faster
rate. We fix the parameters with:

p=1, 0=041, Jo=0.88, Joa = 1.96. (26)

We have that 7 = 0.08 < 1 and the parameter values live in the region D3 N
{Jo < 1} (see and Figure [3)), which is a stochastic bistable region. Hence
any initial configuration may wind up in 0 with a rather high probability, as
Figures [7] and [8| suggest. This is observed too in graphics on the left of Figures

and (see also Figures [C.32] [C-33] in [Appendix C]) where most of the

trajectories starting from xy = 0.2 disappear in finite time.
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Figure 18: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network email-Eu. 30 trajectories are plotted for zg = 0.01 and 30 for zg = 0.6.
Parameter values are in the stochastic bistable region D;’ N {Jo < 1} of Figure .

Making o1 = 0 we have Ry = 0.9539 and Rga = 2.1247 and then we are in
the deterministic bistable region S3 (see Figure [1), in which both the disease-
free state and the endemic state can coexist (depending on the initial number
of infected nodes of the system). This is confirmed by the graphics on the right

of Figures nd (see also Figures [C.32] [C.33]in [Appendix C)).
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Figure 19: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network contact-high-school. 30 trajectories are plotted for g = 0.01 and 30
for o = 0.2. Parameter values are in the stochastic bistable region D;’ N {Jo < 1} of Figure

3).

Note in particular the drastic change in the dynamic behavior of the email-
Eu dataset as the intensity ¢ increases from 0.2 to 0.4. For the latter case, the
probability of the disease disappearing has increased considerably, as shown by
the left graphic of the Figure [20] (compare with Figure [18] left).

6.2.3. Simulations for the unstable region.
We fix the parameters

pw=05,0=02, Jy=12, Joa = 1.2. (27)

We have that n = 0.04 < 1 and the parameter values are in the unstable region
{Jo > 1} of Figure[3] a fact confirmed by the left graphics in Figures 21] and
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Figure 20: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network email-Eu. 30 trajectories are plotted for zg = 0.01 and 30 for zg = 0.6.
Parameter values are in the stochastic bistable region D; N {Jo < 1} of Figure .

(see also Figures [C.35] |C.36| andC.37)). Making o1 = 0 we have Ry = 1.248 and
Roa = 1.248 and then we are in the deterministic unstable region, as confirmed

by the graphics on the right of Figures [21| and |22 (see also Figures |C.35]
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Figure 21: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network contact-high-school. 30 trajectories are plotted for x¢g = 0.04 and 30
for zg = 0.2. Parameter values are in the unstable region.

6.3. The SSCM on a synthetic simplicial network.

We generate synthetic simplicial networks using the random simplicial com-
plex (RSC) model of dimension D = 2 of [30]. That is, once we have (k;), (ko)
a simplicial complex is generated using the inputs (N, {p1,p2}) where N is the
number of vertices and p; are the probabilities defined by:

o= (k1) — 2(k2)

(N —1) —2(k2)

(ka) (28)
O
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Figure 22: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
real simplicial network email-Eu. 30 trajectories are plotted for zg = 0.01 and 30 for zg = 0.6.
Parameter values are in the unstable region.

Notice that in order for 0 < p; < 1 we have one of the following constrains:

If (ko) < 20— (ky) < ML
If (ko) > ) — (k) > N1 and (k) =N -1

These constraints are satisfied for the synthetically generated simplicial net-
works used in [30] (where (k1) = 20 and (k) = 6, degrees which are close to
the ones of their real simplicial datasets). However, in many real networks the
first constraint is not satisfied (such as all the datasets we use but InVS15, see
Table4) and in order to satisfy the second condition, we would have to generate
a synthetic network with very few nodes, which would make the model simula-
tion not sufficiently representative. It would therefore be interesting to study a
simplicial network generation method in order to cover these cases.

Thus, in order to compare with the results obtained in the InVS15 dataset
(also used in [30] for the SCM), we will generate a simplicial network using the
RSC for D = 2 with the same average degrees ({k1) = 24.42 and (k3) = 6.92)
as those given in InVsl5 (which satisfy (ko) < U;—l)) The resulting synthetic
simplicial network has the degree distribution given by Figure 23]

Remark 11. The general RSC model of order D allows to maintain the average
node-to-h-simplex degrees (for h < D), and thus it permits to tune the expected
local connectivity of the simplicial network. For the general D-order case we have
that given the number of nodes N € N and reals (k1),...,{kp) € R satisfying

D
(ki) < <N,_1);<ki> > > jlk;),i=1,...D—1, (29)

[ =
Jj=i+1

we can synthetically generate a simplicial complex by using the RSC with inputs
(N, {p1,...,pp}) where N is the number of nodes and p; are the probabilities
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Figure 23: Linear plot of the degree distribution of a synthetic simplicial network generated
by the RSC for D = 2.

defined by:

(ki) = 371 3 ky)

;= j=1,...,D—1.
3 (Ni_l) - Zf:i+1j<kj> for
bp = )

("5

As in the previous section, we run the stochastic SCM on this randomly
generated simplicial dataset and perform the different examples corresponding
to different ranges of the infectivity parameters. We obtain similar results (see
Figures and to those of the real-world dataset InVS15 (with whose
degrees we have generated this synthetic network) and also remarkable similar
to those of the other real-world dataset of the previous subsection and with the
ones predicted by the theoretical results. Notice that since our ISDE was based
on a MF approach under homogeneous mixing assumption, these results could
be expected to more closely approximate the theoretical ones.

6.3.1. Simulations for the region G.
We fix the parameters

p=1, 0=02, Jo=02549, Joa = 5.88. (30)

We have that n = 0.02 < 1 and since Jy < J§ = 0.2772 we are indeed in region
G; (see equation and Figure [3)). This is a g.a.s. stochastic region and a
deterministic bistable region as shown by Figure

6.3.2. Simulations for the stochastic bistable region.
We fix parameters:

p=1,0=057, Jo=0.7, Jon =6. (31)
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Figure 24: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
synthetic simplicial network. 30 trajectories are plotted for zo = 0.04 and 30 for zo = 0.2).
Parameter values are in the unstable region.

We have that = 0.02 < 1 and the parameter values are in region Dj N{Jy < 1}
(see [21f and Figure [3). This is a stochastic bistable region and a deterministic
bistable region as validated by Figure

) =
- | porrrrerrrererrerree
g 05 04873 % 0.488
() ()
8 041 T 0.4+
c c
E 0.3 E 0.3 1
3 3
€ 0.2 ‘€ 0.2
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800 300
0 10000 20000 30000 40000 0 10000 20000 30000 40000
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Figure 25: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
synthetic simplicial network. 30 trajectories are plotted for zo = 0.01 and 30 for z¢o = 0.2).
Parameter values are in the unstable region.

6.3.3. Simulations for the unstable region.
We fix the parameters

p=05,0=09, Jy=12, Joa =1.2. (32)

We have that 7 = 0.81 < 1 and the parameter values are in the unstable region
{Jo > 1} of Figure|3| This unstable regime (both stochastic and deterministic)
is corroborated by Figure

7. Conclusions

We have presented a stochastic model of social contagion in simplicial net-
works based on the mean-field approach of [30]. We simulated the dynamics
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Figure 26: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on the
synthetic simplicial network. 30 trajectories are plotted for zo = 0.04 and 30 for zo = 0.2).
Parameter values are in the unstable region.

of this network by a certain SDE and studied conditions that guarantee that
the disease disappears in the long run. We have fully characterized the sta-
bility of the SDE in terms of new epidemiological meaningful parameters and
show the existence of several new regions, among which we find two particu-
larly significant ones: a stochastic bistable region (generalizing the deterministic
bistable one but in which there exists a certain probability to be or not to be
bistable) and a region which is bistable for the deterministic case but in which,
nevertheless, the origin of the SDE is globally asymptotically stable. Moreover,
we have introduced a stochastic simplicial contagion model (SSCM) and used
to perform different simulations over both real-world (from different domains
and following heterogeneous degree distributions) and synthetically generated
datasets, obtaining similar results among them which are remarkable similar to
those predicted by the numerical simulations (with a Runge Kutta method) of
the SDE, and thus confirming theoretical results here presented. We have pub-
lished the source code for running simulations of our SSCM with the analyzed
datasets in [27].

With this we intend to model random situations such as fortuitous and
unexpected encounters of a susceptible agent with one or more infected agents,
where the randomness is represented in the generation of the white Gaussian
noise and the intensity with which it is applied could also be interpreted as a
risk factor associated with a specific scenario (school, bar, soccer stadium, etc.).
We hope that this can contribute to improve and refine measures to contain the
spread of epidemics over networks where unforeseen higher-order interactions
may occur.
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pendix A. Proof of Theorem

Recall that the infinitesimal generator L is the differential operator

b(z)

L:=a(x)0, + 5

O (A1)
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It0 rule gives that the directional derivative along the trajectories of any function
V :R — R is given by

E(dV (z(t)) = E(LV (2(t)))dt.
It follows that if LV (x) < 0, for all = then

d
—E t
g V(z(t)) <0
and V(z(t)) is a supermartingale.
Here we consider the Lyapunov function V(z) = —log|z| which satisfies
lim,_,o V(z) = co. Hence, we have

LV(z) = —(8— p+ (Ba — B)x — Baz?) +1/2(c + (0a — o)z — oaz?)”)
=—(p+0°/2)(Jo — 1) + O(x)

Thus, if Jy > 1, LV (z) is definite negative in an appropriate neighbourhood of
the origin.

If Jo = 1 then, LV(0) = 0; nevertheless it is easily seen that the function
b%(z) is positive-definite around z = 0.

Hence in both cases we conclude the instability of the origin [1} 34 [44].

For the stable situation we consider the Lyapunov function V(z) = |z|*
for some appropriate A > 0. Thus V(z) € K, the family of all continuous,
positive-definite and decrescent functions. Here the directional derivative is

2

LV (z) :A|a:|’\(ﬂ—u+ 02+£<x))

where

2 A1 2 2
&(x) == (Ba—P)x—Pax —i—T((aA—a)x—an ) (20 + (04 — o)z — oaz?) .
By continuity, for given € > 0 there exists a § = d(A, €) such that

() <efor0<ax <

and
LV(z) < Mz[* (e + Ao?/2 + B — pu— 0?/2).

Hence, by choosing appropriately ¢ and A it follows that LV (z) < 0. This
implies asymptotic (local) stability, cf. [1l [34] 44].

Appendix B. Proof of Theorem

For the proof of the Theorem [3| we require the following partial results
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Lemma 1. For given r > 0, the quartic curve Q(z;r) of under condition
has no roots on [0,1] if and only if there exists no common point to the sets

T = ImyepoqL(z) and Z2 :={z € R: H(z) < 0} (B.1)

where we define v = oa/fA,
HZ)=p+z2+ %1/222; L(z) := =B+ (8 — Ba)z + Baz®. (B.2)

Proof When is satisfied, we can write

Qair) = = B+ (B~ a)a+ Baz® + 15 VA (=B + (B~ Bala + faz?)’
1—7r 4

= p+ L(x) + ——v(L(2))* = H(L()).

For r = 1, the roots Q(x;1) are given by and the stability study is
reduced to that in the deterministic case. With no loss of generality we shall
suppose that » < 1. Then H is a parable with branches opening upward. If
there exists a point z* satisfying z* € 7 and z* € Z then z* = L(x*) where
x* € 10,1] and H(z*) < 0; hence

Q(z*) = H(L(z*)) = H(z*) < 0 with z* € [0, 1].

]

Since Q(z*) < 0 and Q(1) = > 0, @ has at least one zero in [0, 1].
= L(a*) satisfies

Reciprocally, if Q(z*) = 0 for some z* € [0,1] then z* :
simultaneously z* € Z and 2* € Z. c.q.d.

Proposition 4. Let p be the point in parameter space p = (0,8, Ba,p) and
wr = (1l —r). Suppose condition is satisfied. For given r > 0 the quartic
Q(x;r) of has no roots on [0,1] if and only if parameters satisfy

peG,:= Gl;r @] GQ;T U Gg;r, (Bg)

where we define the regions

G ={p: B <+ 2u0} (B.4)
Gopi={p: (1—=71)0" < B;Ba < B <p+(c?/2)(1—7)} (B.5)
2 2
Gar = {p: s> G520~ ) < (1=1) - < 1) (B.6)
where
). Batp)?
: B
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Proof We work out when does condition Z N Z = ) hold. It follows from
Lemma 1 (see equation (B.1))), that Z N Z = @ holds if either
A.If B < 0+v/24ty, since then 1 < 2,2, which implies

H(z) >0 Vz, and Z := 0.

B. Suppose 1 > 2u,v2. In this case H has two negative roots z_ < z, such
that
(1 =722y = =1+ /1 —2u,12

Furthermore
z- <zy <0and Z =[z_,z4] #0.

Besides, see equation(B.2), 7 := Img¢po,1)L(x) = [i,0] where

= min L(x) =
= 1o

_ (5A4+Bﬁ) if Ba > B.

Hence the condition Z N Z = @ holds if

14+ /1 —=2u,12

(1 —r)?

i>Z+:

This in turn yields
B.1 When a < 3, then

i>zy e (1-r)0®<B<pu+(c?/2)(1—7)
B.2 When A > 3, defining £ := % we see that ¢ > 2z if and only if
200 —p) < (1 —r)Pv? <t
holds (we skip the details), and the proposition is proved.

We now state the key result, and prove theorem .

Theorem 6. Suppose that there exists v > 0 such that the quartic function
has no real roots on [0,1]. Then the origin in is globally stochastically
asymptotically stable.

Besides global asymptotic stability holds if parameters belong to the regions

of theorem .

Proof Consider the Lyapunov radially unbounded function V(z) := |z|" for
some r > 0. Then

LV (z) == r|x|T(ﬁ — A (Ba— B — Baz® + —— (0 + (0a — o)z — w2)2)

Hence we can write LV (x) = —r|z|"Q(z, r) where Q(z, r) is the family of quartic
polynomials (22)). Hence if Q(z;r) > 0 for z € [0, 1] holds for some r > 0, V (z)

38



and —LV (z) are positive definite, which implies global asymptotic stability
[, ]

Additionally, to connect with theorem we note that if Q(x;r1) > 0 for
some 71 then Q(z;r2) > 0 for all 0 < ry < r1. Indeed, (see (B.2))) H(z;r2) >
H(z;rq) for all z. Hence

Q(z;m2) = H(L(z);m2) > H(L(x);7r1) > 0 for all 7o < 7.

It follows that with no loss of generality we can restrict to the case r = 0.
Thus stability holds if parameters satisfy the condition of proposition
with » = 0. This gives the stability region of theorem — upon redefinition so
as to take disjoint components.

Besides, when o > /2 there are no points satisfying 02 < 8 < 02/2 +
and hence G§ = () and similarly Gso = 0.

The formulation of theorem involves some further elaboration of the
regions appearing, so as to obtain a neater formulation in terms of (i) a disjoint
decomposition; and (ii) epidemiological parameters. [

Appendix C. The SSCM over more real simplicial networks.

o Simulations for the region Gy.

We plot here the simulations of the SSCM over the real simplicial networks
contact-primary-school, NDC-classes and InVS15 for values in the region

G1. See Figures[C.27] [C.28 and [C.29]
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Figure C.27: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network contact-primary-school. 30 trajectories are plotted for o = 0.04
and 30 for o = 0.2. Parameter values (u =1, o0 = 0.2, Jop = 0.2549 and Jpoa = 5.88) are in
the region Gj.

o Simulations for the stochastic bistable region.

We plot here the simulations of the SSCM over the real simplicial net-
works contact-primary-school, NDC-classes and InVS15 for values in the

stochastic bistable region. See Figures [C.30] [C.31] [C.32] [C.33] and [C.34]

For the InVS15 dataset we see in Figure that, choosing the param-
eters 0 = 0.57, u = 1, Jyp = 0.7 and Joao = 6 (and running 48.000 time
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Figure C.28: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network NDC-classes. 30 trajectories are plotted for zg = 0.04 and 30 for
xo = 0.6 for the left one and the same number for g = 0.01 and x¢p = 0.6 in the right one.
Parameter values (=1, 0 = 0.2, Jop = 0.2549 and Jya = 5.88) are in the region G;.
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Figure C.29: 60 trajectories resulting from running the SSCM (left) and the SCM (right)
on the real simplicial network InVS15. 30 trajectories are plotted for o = 0.01 and 30 for
2o = 0.2. Parameter values (u =1, 0 = 1.44, Jy = 0.2549, Joao = 5.88) are in the region G.

steps), we are in a bistable stochastic regime (left graphic). However, and
due to the stochastic nature of this regime, we observe in the figure that
there is still a probability that a trajectory, which has apparently reached
a state of endemic equilibrium, will fall to 0. The o = 0 case (Figure[C.34]
right) produces, as expected, a deterministic bistable regime.

o Simulations for the unstable region.

We plot here the simulations of the SSCM over the real simplicial net-
works contact-primary-school, NDC-classes and InVS15 for values in the
unstable region. See Figures[C.35] [C.06]and [C.37] For the InVS15 dataset
we have used o = 0.9 in order to see the stochastic perturbation faster.
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Figure C.30: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network contact-primary-school. 30 trajectories are plotted for zg = 0.01

and 30 for zg = 0.2. Parameter values (u = 1, 0 = 0.2, Jo = 0.88, Joa = 1.96) are in the
stochastic bistable region D; N {Jo < 1} of Figure EI)
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Figure C.31: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network NDC-classes. 30 trajectories are plotted for g = 0.01 and 30 for
zo = 0.6. Parameter values (u = 1, o0 = 0.2, Jo = 0.88, Joa = 1.96) are in the stochastic
bistable region D; N {Jo < 1} of Figure .
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Figure C.32: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network contact-primary-school. 30 trajectories are plotted for zg = 0.01
and 30 for g = 0.2. Parameter values (u = 1, 0 = 0.41, Jo = 0.88, Joa = 1.96) are in the
stochastic bistable region D;" N {Jo < 1} of Figure El)
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Figure C.33: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network NDC-classes. 30 trajectories are plotted for zg = 0.01 and 30 for
zo = 0.6. Parameter values (u = 1, o0 = 0.41, Jo = 0.88, Joa = 1.96) are in the stochastic
bistable region D;‘ N {Jo < 1} of Figure .
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Figure C.34: 20 trajectories resulting from running the SSCM (left) and the SCM (right)
on the real simplicial network InVS15. 10 trajectories are plotted for zg = 0.01 and 10 for
zo = 0.6. Parameter values are in the stochastic bistable region D;‘ N {Jo < 1} of Figure .
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Figure C.35: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network contact-primary-school. 30 trajectories are plotted for zo = 0.04
and 30 for g = 0.2. Parameter values (u = 0.5, 0 = 0.2, Jo = 1.2, Joa = 1.2) are in the
unstable region.
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Figure C.36: 60 trajectories resulting from running the SSCM (left) and the SCM (right) on
the real simplicial network NDC-classes. 30 trajectories are plotted for zop = 0.01 and 30 for
2o = 0.6. Parameter values (u = 0.5, 0 = 0.2, Jo = 1.2, Joa = 1.2) are in the unstable region.
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Figure C.37: 20 trajectories resulting from running the SSCM (left) and the SCM (right)
on the real simplicial network InVS15. 10 trajectories are plotted for zg = 0.01 and 10 for
zo = 0.6. Parameter values (. = 0.5, 0 = 0.2, Jo = 1.2, Joa = 1.2) are in the unstable region.
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