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CHARACTERIZATION OF INVARIANT SUBSPACES FOR A NILPOTENT LINEAR
OPERATOR THAT ADMIT COMPLEMENTARY INVARIANT SUBSPACES*
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Abstract. The aim of this work is to solve the problem of determining the necessary and sufficient conditions for a vector
subspace invariant by a nilpotent endomorphism to admit a complementary invariant subspace for the same linear operator.
As applications, we offer results about Jordan bases associated with nilpotent linear maps and reflexive generalized inverses of
finite potent endomorphisms and square matrices.
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1. Introduction. Given an arbitrary k-vector space V, it is well-known that for every vector subspace
H C V, there exists a complementary subspace to H: that is, there exists a vector subspace S C V such
that H® S =V.

If f € Endg(V) is a linear operator on V and H is f-invariant, in general, the existence of a comple-
mentary subspace that is invariant under f is not guaranteed.

This work aims to provide a solution to the problem of the existence of vector subspaces invariant by a
nilpotent endomorphism that admit complementary vector subspaces invariant by the same linear operator.

The solution of this problem is given, using Zorn’s Lemma, in Theorem 3.4 from the following statement:
“given an arbitrary k-vector space V and a nilpotent endomorphism g € Endg(V'), a non-trivial g-invariant
subspace H C V admits a g-invariant complementary subspace in V' if and only if H satisfies the following
property: uy € H N [Im g] if and only if there exists ug € H with g(ug) = uq.”

As an application of this characterization, we study different properties of the Jordan bases for a nilpotent
endomorphism in an arbitrary vector space, whose existence was proved by M. Lépez-Pellicer and R. Bru in
[3] and, using a different technique, by the author of this work in [4]. Moreover, we offer some new results
about reflexive generalized inverses of finite potent endomorphisms and square matrices. In particular,
Proposition 4.9 shows that “if A € Mat,,«, (k) is a square matrix with entries in an arbitrary field k, R(A)
denotes the range of a A, N(A) is the Nullspace of A and v € k™ is a vector with v ¢ R(A), then for
every vector 0 € k™ with 0 ¢ N(A) there exists a reflexive generalized inverse A:;ﬁ € A(1,2) such that
A;ﬁ ot =9t

The paper is organized as follows. In Section 2, we briefly recall some statements of the papers [1], [4],
[5], and [7]. Section 3 deals with the main results of this work: to determine the necessary and sufficient
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conditions for a vector subspace invariant by a nilpotent endomorphism to admit a complementary subspace
invariant for the same linear operator. Finally, Section 4 is devoted to offer new results about Jordan bases
associated with nilpotent linear operators and reflexive generalized inverses of finite potent endomorphisms
and square matrices.

2. Preliminaries.

2.1. Finite potent endomorphisms. Let k£ be an arbitrary field, let V' be a k-vector space, and let
us consider an endomorphism ¢ of V. We say that ¢ is “finite potent” if "V is finite dimensional for some
n, where the power means the composition g o..™ .. o . This definition was introduced by J. Tate in [8] as
a basic tool for his elegant definition of Abstract Residues.

In 2007, M. Argerami, F. Szechtman, and R. Tifenbach showed in [2] that an endomorphism ¢ is finite
potent if and only if V' admits a ¢-invariant decomposition V' = U, © W, such that Py, I8 nilpotent, W,

is finite dimensional, and Plw, : W, — W, is an isomorphism.

Indeed, if k[z] is the algebra of polynomials in the variable x with coeflicients in k, we may view V as
an k[z]-module via ¢, and the explicit definition of the above g-invariant subspaces of V is:

e U, = {v € V such that ¢™(v) = 0 for some m};
W v € V such that p(¢)(v) = 0 for some p(z) € k[x]
[ = .
’ relatively prime to x

Note that if the annihilator polynomial of ¢ is ™ - p(z) with (z,p(z)) = 1, then U, = Ker ™ and
W, = Kerp(p).

Hence, this decomposition is unique. =~ We shall call this decomposition the ¢-invariant AST-
decomposition of V.

Moreover, we shall call “index of ¢”, i(¢), to the nilpotent order of Plu, - One has that i(¢) = 0 if and
only if V' is a finite-dimensional vector space and ¢ is an automorphism.

Basic examples of finite potent endomorphisms are all endomorphisms of a finite-dimensional vector
spaces and finite rank or nilpotent endomorphisms of infinite-dimensional vector spaces.

2.2. CN decomposition of a finite potent endomorphism. Let V' be again an arbitrary k-vector
space. Given a finite potent endomorphism ¢ € Endg(V'), there exists a unique decomposition ¢ = ¢, + ¢,,
where ¢, , p, € End, (V) are finite potent endomorphisms satisfying that:

o i(p,) <1
e ¢, is nilpotent;
° g op, =p, 00 =0.
According to [5, Theorem 3.2], if ¢” is the Drazin inverse of ¢, one has that ¢; = ¢ 0 P o0 ¢ is the core
part of . Also, @5 is named the nilpotent part of ¢ and one has that
D\D
)

(2.1) p=p1<=U,=Kerp<= W, = Im ¢ <= (¢ =p<—=i(p) <1.
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Moreover, if V.=W_@U, is the AST-decomposition of V' induced by ¢, then ¢, and ¢, are the unique
linear maps such that:

p(v) if ve W, 0 ifveW,
(2.2) ¢, (v) = . and ¢, (v) = .
0 ifvel, o) if veU,

2.3. Jordan bases of a nilpotent endomorphism. Let V' be a vector space over an arbitrary field
k and let g € Endg(V) be a nilpotent endomorphism. If n is the nilpotency index of g, according to the
statements of [4], setting U = Ker g*/[Ker g"~! + g(Ker ¢*T1)] with i € {1,2,...,n}, ui(V,g) = dim,U{ and
Sy, (v,g) & set such that #5S,,, (v.g) = pi(V,g) with Sy, (v,g) NSy, (v,g) = 0 for all i # j, one has that there
exists a family of vectors {vs, } that determines a Jordan basis of V' for g:

(23) By = U {Us“g(vsi)w":giil(vsi)}'
$i € Sui(vig)
1<i<n
Moreover, if we write HY = (vs,,g(vs,),...,9" ' (vs,)), the basis B induces a decomposition
(2.4) V= @ HY .
$i € Sui(vig)
1<i<n

2.4. Bases of a finite potent endomorphism. Let us now consider a finite potent endomorphism
¢ € Endg (V) with CN-decomposition ¢ = ¢, + ¢, and that induces the AST-decomposition V = U, & W.,.
Keeping the above notation, if n is the nilpotency order of ¢z, we can construct a basis By = By, U By,
of V where

BW¢ = {wla B 7w’r'}7
is a basis of W, (r = dimy W,,) and
By, = U {055 0(vs,), - 50" (w3}
8i € Sui(Us )
1<i<n

is a Jordan basis of U, determined by Plu, -

If ¢ = ¢, + ¢, is the CN decomposition of ¢, it is clear that

BU¢ = U {Usmsoz(vsi)w"7902_1(@81')}7
81 € S (U, 0)

1<i<n

and
Kerp = P ) = D @)
Si € S Uy ) i € S Uy p)
1<i<n 1<i<n
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2.5. {1}-Inverses of a finite potent endomorphism. Let V be a k-vector space and let f €
Endj (V') be an arbitrary endomorphism. Recall that f~ € Endg (V) is a {1}-inverse of f € Endy (V) when

fof of=F.
The set of {1}-inverses of f will be denoted by Xf(1).

It is known from [7, Lemma 3.2] that f~ € Endg (V) is a {1}-inverse of f if and only if for every v € V
we have that

f7(fw) =v+u,
with u € Ker f.
With the above notation, according to [7, Proposition 3.3], one has that:

PROPOSITION 2.1. If ¢ € Endg(V) is a finite potent endomorphism, then an endomorphism ¢ €
Endi (V) is a {1}-inverse of ¢ if an only if ¢ satisfies that

o p(wy) = (@‘Ww)_l(wh) +uy, for each h e {1,...,r};
o B(¢(vs,)) = ¢ Hvs,) +ugi for every s; € S, w, .0 and j€{1,...,i—1};
b @(Usi) = {}31 fOT every s; € Spi(U¢,¢)7'

where U, € V and up,ul, € Kerp for each h € {1,...,r} and for every s; € Sy, v, ) andj € {1,...,i—1}.

2.6. Reflexive generalized inverses of finite potent endomorphisms. Let V' be again an arbi-
trary k-vector space. Given an endomorphism f € Endg(V), we say that fT € Endg(V) is a “reflexive
generalized inverse” of f when it satisfies that:

o frofoft=1%
o foftof=f.

It is clear that f* is a reflexive generalized inverse of f when fT is a {1}-inverse of f and f is a
{1}-inverse of f*. The set of reflexive generalized inverses of f will be denoted by X¢(1,2).

Let ¢ € Endg (V) be a finite potent endomorphism. With the above notation, if C' = (¢;;) is the matrix
associated to Plw, in the basis By, , we have that

-
p(w;) = cijwi,
i=1
for every j € {1,...,r}.

According to [1, Proposition 3.2], the explicit characterization of the reflexive generalized inverses of a
finite potent endomorphism is the following:

PROPOSITION 2.2. Let V' be an arbitrary k-vector space and let us consider a finite potent endomorphism
¢ € Endy (V). With the previous notation, an endomorphism p+ € Endg (V) is a reflexive generalized inverse
if and only if it satisfies the following conditions:

Tlwp) = (@\ww)_l(wh) + > /\};_, -@i/_l(vsi,), with )\gi/ € k for each s; € Sn‘"i’(va‘p)

i

LN
Si € Slli’(UwS")
1<i <n

and each h € {1,...,7r} and where only a finite number of the scalars {)\Zi,} are different from zero.
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o (¢ (vs,) = @ Hus,) + )Y s 0" N vg,), with B39 = 0 for almost all s; €
8ir € S, (U, )
1< <n
Sui(UwSD) and j € {1,...,i—1}.
i '/_1 i N
o pt(us,) =257 wy + > 20 &t (vs,)] with
Sir € S;z,i/(U¢,¢)
1<i<n
r i’ —2

BSOSO g S (S et g,
J,h=1 Sgr S S;Li//(ng#’) =0

1<i"<n

and &350 =0 for almost all sy € SpiUppy and € {1,...,i" — 1}

It is important to remark that the first and the second conditions of Proposition 2.2 coincide with the
first and the second conditions of Proposition 2.1.

Also, we wish to point out that, in general, a reflexive generalized inverse of a finite potent endomorphism
is not a finite potent endomorphism.

3. Invariant subspaces of nilpotent endomorphisms. This section contains the main result of this
work: the explicit characterization of the vector subspaces of an arbitrary vector space V' that are invariant
by a nilpotent endomorphism g € Endg (V) and admitting complementary vector subspaces that are also
invariant by g.

Henceforth, we shall say that a vector subspace H C V is non-trivial when H # {0} and H # V.

LEMMA 3.1. Let V be an arbitrary k-vector space, let g € Endg (V) be a nilpotent endomorphism, and
let HC'V be a subspace satisfying the following condition:

(3.5) “uy € H N [Im g] if and only if there exists ug € H with g(ug) = uy.”
Then H =V if and only if Kerg C H.

Proof. Let us assume that H satisfies condition (3.5).

If H=1V,it is clear that Kerg C H.

Conversely, let us assume that Ker g C H and let us consider an arbitrary vector v € V.

If v € Kerg, then v € H, and when v ¢ Ker g, there exists a positive integer r > 2 such that v € Ker g"
and v ¢ Kerg™ 1.

In the second case, one has that g" !(v) € Kerg and, therefore, ¢" '(v) € H N [Im g]. Then, it
follows from condition (3.5) that there exists vy € H such that g(ug) = ¢g"~!(v). Bearing in mind that
g(uo — g"2(v)) = 0, we deduce that g"~2(v) = ug + h for a certain h € Kerg. Accordingly, g" 2(v) € H
and, arguing in a similar way, recurrently we get that v € H.

Accordingly, if Kerg C H, then H =V and the claim is proved. 0
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PROPOSITION 3.2. Let V be an arbitrary k-vector space, let g € Endg (V) be a nilpotent endomorphism,
and let H be a non-trivial g-invariant subspace of V' satisfying condition (3.5). Then, there ezists a g-
invariant subspace H C'V such that V =H @& H.

Proof. Let us consider a subspace H C V satisfying the hypothesis of this proposition and let Xy be
the set consisting of all g-invariant subspaces H C V such that H N H' = {0}.

Since H # V, it is known from Lemma 3.1 that there exists a vector u € Kerg with w ¢ H. Then, we
have that (u) € Xg and, therefore, Xp is not the empty set.

It is clear that Xy is a partially ordered set with the inclusion of vector subspaces of V.

Moreover, if {H[};cs is a totally ordered subset of Xpg, then )
{Hi}ier:

Hence, applying Zorn’s Lemma we obtain that Xy contains at least one maximal element H. In
particular, we have that H N H = {0}.

ser Hi € Xp is an upper bound of

With this notation, the k-subspace H C V satisfies that if 4 € H N [Im g], then v € H + H for every
v € V with g(v) = @, because if g(v) = @ is such that v ¢ H + H, g""'(v) # 0 and g"(v) = 0, then

ﬁ ; ﬁ+ <1}7g(1))7. o 797‘_1(0» € Xm,

which is impossible. Accordingly, H + H satisfies condition (3.5).

To conclude the proof, if the nilpotency index of g is n, we shall check that Kerg® C H + H for each
ie{l,...,n}

We will proceed by induction on i.

For i = 1, if there exists ' € Kerg with v/ ¢ H + H, then H S H + () € Xy, because H + (u')
is g-invariant, and we come to a contradiction with the maximality of H in Xgy. Thus, we have that
Kerg CH+ H.

Suppose that Kerg" C H + H for certain r < n —1 and we shall prove that Kerg™+! C H + H.

Let us consider a vector v’ € Ker g"!. Since g(v') € Kerg” C H + H, by condition (3.5) we know that
there exists v € H + H with g(v) = g(v'). Hence, since v/ = v+u with u € Kerg C H+ H, then v' € H+ H
and we have that Kerg™t! C H + ﬁ, from where we obtain that V = Kerg™ C H + H and the claim is
deduced. 0

PROPOSITION 3.3. Let V' be an arbitrary k-vector space and let g € Endi(V) be a nilpotent endomor-
phism. If Hy, Hos C 'V are non-trivial g-invariant subspaces of V' such that V- = Hy & Hs, then H; satisfies
(3.5) for i € {1,2}.

Proof. Let us consider a vector v1 € Hy NIm g. If v € V is such that g(v) = v1 and v = w3 + ug with
uy; € Hy and ug € Ha, then one has that v1 = g(u1) + g(u2) and

v1 — g(u1) = g(uz) € Hi N Ha = {0},

from where we obtain that g(uq) = v; and we deduce that H; satisfies (3.5).

Analogously, we can check that Hs satisfies condition (3.5) and the assertion is proved. 0



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 40, pp. 606-620, September 2024.

F. Pablos Romo 612

THEOREM 3.4. Given an arbitrary k-vector space V. and a nilpotent endomorphism g € Endg(V), a
non-trivial g-invariant subspace H C V' admits a g-invariant complementary subspace in V if and only if H
satisfies the following property:

“uy € H N [Im g] if and only if there exists ug € H with g(ug) = uy .

Proof. The statement is immediately deduced from Propositions 3.2 and 3.3. 0

REMARK 3.5. Let g € Endg(V) be a nilpotent endomorphism of an arbitrary k-vector space V' with
nilpotency index of g equal to n. It is clear that Kerg is a g-invariant subspace of V. Then, if n = 1,
one has that Kerg = V and, when n > 2, we know that Kerg # V. Hence, since Lemma 3.1 shows that
Kerg does not satisfy condition (3.5) for n > 2, it follows from Theorem 3.4 that Ker g does not admit a
complementary g-invariant subspace in V' in this case.

4. Applications. The final section of this work is devoted to apply the previous results to study
Jordan bases associated with nilpotent linear operators and reflexive generalized inverses of finite potent
endomorphisms and square matrices.

4.1. Jordan bases associated with nilpotent endomorphisms. Given again an arbitrary k-vector
space V and a nilpotent linear map g € Endg(V), and fixing a vector u € V different from zero, we shall
now show that there exists a Jordan basis By of V induced for g and such that u € By .

LEMMA 4.1. Let V' be an arbitrary k-vector space, let g € Endi (V) be a nilpotent endomorphism, and
let v € V be a vector such that v # 0. Then, there exists a vector u € V with u & Im g, g" ' (u) # 0 and
g"(u) =0 for a certain n € N, such that v € {u,g(u),...,¢g" *(u)}.

Proof. If v ¢ Im g, g" 1 (v) # 0 and g"(v) = 0, then one has that

ve{v,gW),...,g" (v)}.

On the other hand, when v € Im ¢g” and v ¢ Im ¢g"*! with r > 1, let us consider a vector u € V such
that ¢"(u) = v. Since u ¢ Im g, one has that v € {u,g(u),...,g" 1 (u)} for a certain n > r + 1 and the
statement is proved. 0

PROPOSITION 4.2. Given an arbitrary k-vector space V, a nilpotent endomorphism g € Endg (V) and a
vector v € V with v # 0, then there exists a Jordan basis By of V' for g such that v € By .

Proof. Tt follows from Lemma 4.1 that there exists a vector u € V with u ¢ Im g, g"~!(u) # 0, g"(u) =0
and such that v € {u, g(u),...,¢g" *(u)}.

If (u,g(u),...,g" Y(u)) =V, then By = {u,g(u),...,g" *(u)} is a Jordan basis of V for g such that
v € By.

Let us now suppose that (u, g(u),...,g" (u)) # V.

In this case, (u,g(u),...,g" 1(u)) is a non-trivial subspace of V satisfying condition (3.5), and from
Theorem 3.4, we can consider a non-trivial g-invariant vector subspace H C V satisfying that

V= (u,g(u),....g" ‘()& H.
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Then, if the nilpotency index of 9|5 ism and

Bﬁ: U {vswg(vsi)7'"7gi_1(vsi)}a

S; € Sm(ﬁyg\ﬁ)

1<i<m
is a Jordan basis of H for gy~ one has that
By = {u,g(u),...,g" ' (u)} U By,
is a Jordan basis of V for g such that v € By. |

LEMMA 4.3. Given an arbitrary k-vector space V', a nilpotent linear map g € Endi(V) and a vector
v eV withv #0 and v ¢ Kerg, there exists a Jordan basis By of V for g such that {v,g(v)} C By.

Proof. If By is the Jordan basis of V for g constructed in Proposition 4.2 verifying that v € By, when
v ¢ Ker g it is easy to check that {v,g(v)} C By. 0

Let V be again an arbitrary k-vector space and recall that a nilpotent linear map is a finite potent
endomorphism. To finish this paragraph, we shall use Proposition 2.2 to study reflexive generalized inverses
of a nilpotent endomorphism ¢ € Endy (V') associated with a fixed v € V such that v ¢ Kerg.

LEMMA 4.4. If V is an arbitrary k-vector space, g € Endg (V) is a nilpotent endomorphism, and v € V
is a vector such that v ¢ Ker g, there exist nilpotent reflevive generalized inverses gt € X4(1,2) satisfying
that g™ (g(v)) = v.

Proof. Let By be a basis of V such that {v,g(v)} C By, constructed as in the proof of Proposition 4.2.
If the structure of By is

By = U {USi7g(USi)?"'791_1(1}31‘)}7
Si € Sui(V,g)
1<i<n,

then we can define the endomorphism ggv € Endg (V) as the unique linear map satisfying that:

o g5 (¢ (vs,)) = ¢’ H(vs,) for every s; € Sy (v,g) and j € {1,...,i -1}
. g;fv (vs,) = 0 for each s; € S, (v,qg)-

It follows from Proposition 2.2 that g; € X,4(1,2), and it is clear that g; is nilpotent. Hence, bearing
\4 \4
in mind that g;fv (9(v)) = v, the claim is proved. 0

REMARK 4.5. We wish to point out that for an arbitrary Jordan basis By of V' for g we can define a
nilpotent reflexive generalized inverse ggv € X4(1,2) as the one defined in Lemma 4.4.

Moreover, we wish to remark that the reflezive generalized inverses g;fv € X,(1,2) satisfying that
g;“V (9(v)) = v depend on the Jordan bases By chosen (in fact, bases with {v, g(v)} C By ).

4.2. Reflexive generalized inverses of finite potent endomorphisms. To finish this work, we
shall generalize Lemma 4.4 to study reflexive generalized inverses of finite potent endomorphisms.

If V is an arbitrary k-vector space and ¢ € Endy (V) is a finite potent endomorphism, let ¢ = ¢, +¢, be
the CN decomposition of ¢ as it was described in Section 2.2 and let V' = W, ®U, be the AST-decomposition
of V induced by ¢.
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We can define the reflexive generalized inverse <pj‘ € Xy, (1,2) as the unique linear map satisfying that:

(Phw,) " () iEvEW,

+ = D =
P W) = 9P () { 0 reen

where P is the Drazin inverse of ¢ studied in [6].

Moreover, if By, is a Jordan basis of U, for Clo, and <p is the reflexive generalized inverse of Plo,

constructed in Lemma 4.4, we can define a reflexive generahzed inverse ()
linear operator such that:

€ Xy, (1,2) as the unlque

By,

. 0 if v e W,
(0. )5y, (v) = ot (v) ifvel,

LEMMA 4.6. If V is k-vector space, ¢ € Endy (V') is a finite potent endomorphism, v’ € U, is a vector
such that ' ¢ Kery and By, is a Jordan basis of U, for Py, such that v’ € By,, then 4‘0:% = of +

(np;‘)BUW € X,(1,2) and go‘gw (p(w + ")) = w+u for all w € W,. Moreover, go‘gw is a finite potent

endomorphism.

Proof. All the assertions are immediately deduced from the definitions of <pj‘ and (np;‘) 5o - 0

Ue
With the previous notation, it is clear that (902% ), = ¢ and (ap;% ). = ()5

PROPOSITION 4.7. Let V' be an arbitrary k-vector space and let ¢ € Endi (V') be a finite potent endo-
morphism. If v € V is a vector with v ¢ Ker ¢, then there exists a finite potent reflexive generalized inverse
ot € X,(1,2) such that ™ (p(v)) = v.

Proof. If V.= W, @ U, is again the AST-decomposition of V' determined by ¢, we can write v = w + u’
with w € W, and v’ € U,,.

If u' ¢ Kery and By, is a Jordan basis of U, for ¢, such that v’ € By,, one has that the finite
@

potent reflexive generalized inverse @‘gu defined in Lemma 4.6 satisfies that np“B‘U (p(v)) = .
@ @

Moreover, when u' € Kerg, one has that w # 0. In this case, let us consider a basis By, =
{p(w), wa, ..., w.} of W, and a Jordan basis By, of U, for Pl such that v’ € By, .

Accordingly, if

By, = U (Vs 0(vs,), - 0" (03,
8i € Sy (Us.0)
1<i<n

then we can consider the unique linear map ¢* € Endy (V) satisfying the conditions:

o v (pw) =w+u =uv;

o ot (wi) = (¢, ) (w;) foralli € {2,...,r};

o (¢ (vs,)) = @ (vs,) for every s; € Sm U, and j € {1,. -1}
e p(vs,) =0 for every s; € Sy, (U, ,¢)-

By definition of ¢, we have that ¢* (p(v)) = v, and it follows from Proposition 2.2 that ¢+ € X,,(1,2).
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Furthermore, if v’ € {vs, , o(vs, ), -+, 9" (vs,, )} (in fact, ' = "~ (v, )) and the index of ¢ is n,
then Im (¢*)" C W, + (Vs;s (Vs )y - - ,(pi‘)_l(vsio)), from where we deduce that ¢V is finite potent and
the statement is proved. 0

PROPOSITION 4.8. Let V' be an arbitrary k-vector space, let ¢ € Endg (V) be a finite potent endomor-
phism, and let v € V' be a vector such that v ¢ Im @. Then, for every v € V with © ¢ Ker g, there exists a
finite potent reflexive generalized inverse {5:;73 € X,(1,2) with @j’ﬁ(v) =17.

Proof. If V.= W, @ U, is the AST-decomposition of V' induced by ¢, we have that v = w + @ with
w € Wy, 4 €Uy, and @ ¢ Im Py, - 1 € Kerp® and u ¢ Ker o1, it follows from Lemma 3.1 and Theorem
3.4 that there exists a ¢|y, -invariant vector subspace H C U, such that

USD = <ﬂ7§0(ﬂ)7 e 790871(17» EB ‘E[
Thus, we can consider a Jordan basis By, of U, for Plo, with the following structure:

By, ={uwp@),....e* M@y U {osevs) 0T w0}

5i € Slti(H#P)
1<1<n

If, similar to above we set By = {w1,...,w} U BUW with {w1,...,w,} a basis of W,,, we can define
the endomorphism ap 5 € Endi (V) as the unique linear map that satisfies the following conditions:

. (quﬁ(wh) = (SO\WW)_l(wh) + A5 1(a) + > )\Zi, -(pi/_l(vsi,), with A2 € k, )‘Zy € k for
sir € Sﬂi’(wa‘P)
1<i'<n
each sy € Sy, (v, ) and each h € {1,...,7} and where only a finite number of the scalars {)\Zi,}

are different from zero;

o ol a(@(vs,)) = @7 (vs,) + B 03N (@) + > B35 " vy, ), with 3557 = 0 for almost
Sy € S
¢ o (H,p)

1<i <n
all sy €5, (7, and j € {1,...,i— 1}
. @K@(Usi) =0 for every s; € Sm(E‘p);
s @@) =@+ X B " (us,) + 807" (@), with BT =0 for almost all
Si/ S Sl"i/(H7<P)
1<i<n

Sir € Sm(ﬁ,w) and j € {1,...,s — 1}

i ‘quﬁ(ﬁ):f’_@;ﬁ(w)zzj 1% wy+Zt 0 Sa ‘/7 t(a)

i'—1

+ Z Z 5:,1901 vS / )

s €8, g)
1<i<n
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with {Sﬁi;l = 0 for almost all s; € S, (7,,) and [ € {1,...,i" — 1},

i'—2 5—2
u =1 _ 811,041 u t+1
Z(AS/ Chj - ’Y]) Z Z[s// %3“ ] +
j,h=1 ) ~ 1=0 t:O
Sir € Sﬂ«i”(H#’)
1<i"<n
and
r i —2 5—2
a,s—1 h a a,l 847,041 a t+l
@ —Z(Aﬁ'chj‘%)‘f‘ Z &), - Ba I+ )
j,h=1 1=0 t:O
Sir € Sy ()
1<i"<n

which is well-defined because, since wzﬁ(ﬂ) ¢ Ker g, we have that 2" # 0 for a certain t € {0,...,s — 2}
or fﬁ’l # 0 for some s; € Sﬂ () and [ € {0,...,7 — 2}, and therefore, we can obtain all the coefficients
{5;1 “soes, i Y {271} from the elements of the set

(&' }eeqo,....5-23 U {ffgf}s,es (V€O =2}
and a finite number of non-zero coefficients {\2, /\h 57, Ba < B, BEIY,

By construction, we have that ¢ ; € X,(1,2) and @ ;(v) = 0. Moreover, there exists a finite number
of indices {s;,,...,$;, } such that

h
Im @} 5 C W+ (8@,0(@), ..., 0" (@) + > _ (Vs 0(vs,, ), 0" Hvs,,)
=1
from where we obtain that v 73 is finite potent and the assertion is deduced. 0

Note that, in general, the reflexive generalized inverse aﬁjﬁ such that @jﬁ (v) = 0, that has been con-

structed in the previous proposition, is not unique.

Moreover, in Matrix Theory, Proposition 4.8 shows that:

PROPOSITION 4.9. If A € Mat,«, (k) is a square matriz with entries in an arbitrary field k, R(A) denotes
the range of a A, N(A) is the Nullspace of A and v € k™ is a vector with v ¢ R(A), then for every vector
0 € k™ with 0 ¢ N(A) there exists a reflexive generalized inverse Ajj € A(1,2) such that A;"’f) vt =9t

EXAMPLE 4.10. To finish this work, we shall offer an illustrative example of Proposition 4.9. Let A €
Mat;7(R) be the matrix:

-9 -1 -4 2 -6 -3 16
-25 =37 -6 6 —14 —12 43
-17 -26 -5 4 —-10 -7 29
A=]|-34 -50 -8 8 —19 —16 58
-4 -5 0 1 -2 -2 6
-2 -4 -1 1 -2 -1 4
-29 -4 -8 7 —-17 —-13 50

Readers can check that:
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(]

the index of A is 3;
N(A)={0,1,0,1,0,1,1),(1,0,1,0,0,1,1));
R(A) =((1,0,1,1,1,0,1),(-1,2,0,2,0,0,1),(0,1,-1,0,0,1,1),
(2707 1,0,-1,0,1), (1, -1,1,1,0,1,0));
Wy = R(A%) =((1,0,1,1,1,0,1),(-1,2,0,2,0,0,1));
Uy = N(A?’) =((0,1,-1,0,0,1,1),(2,0,1,0,-1,0,1),(1,-1,1,1,0,1,0),
(0,1,0,1,0,1,1),(1,0,1,0,0,1,1));

(]

where f € Endg(R") is an endomorphism such that A is the matriz associated with f in the standard basis
of R7, and R" = Wy & Uy is the AST-decomposition of R” determined by f.

1 2
fiw, = (2 3),

in the basis {(1,0,1,1,1,0,1),(~1,2,0,2,0,0,1)} of W;.

Moreover, one has that

If we consider v = (3,0,0,1,1,0,2),7 = (1,1,1,1,1,1,1) € R”, we have that v ¢ R(A) and © ¢ N(A)
and, with the notation of Proposition 4.9, our purpose is to calculate a reflexive generalized inverse Aji) €
A(1,2).

Since v =w + u, with w = (3,-2,2,0,2,0,1) € Wy and v = (0,2,-2,1,—-1,0,1) € Uy, then

By, ={(0,2,-2,1,-1,0,1),(2,1,1,1,-1,1,2),(0,1,0, 1,0, 1,0),
(1,-1,1,1,0,1,0),(1,0,1,0,0,1,1)}

is a Jordan basis of Uy for f|Uf that allows us to compute A;ﬁ.

Bearing in mind that

1200000
2300000
0000O0TO 0O
A=P-{o 010 0 0 0] -P1,
0001000
0000O0TO 0O
0000O0T1O0
with
1 -1 0 2 0 1 1
02 2 1 1 -1 0
1 0 -2 1 0 1 1
P=|1 2 1 1 1 1 o0,
1 0 -1 =10 0 0
o0 0 1 1 1 1
1 1 1 2 1 0 1
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and
1 1 0 0 1 0 -1
-5 -7 -1 1 -3 -2 8
-5 -8 -2 1 -3 -2 9
P1l=1| 6 9 2 -1 3 2 -10],

-3 -5 -1 1 -2 -1 5
-14 -21 4 2 -8 -5 24

then, if v' ¢ N(A), every reflezive generalized inverse A, constructed as in the proof of Proposition 4.8
has the structure

-3 2 m3 O 0O 0 O

2 =1 3 O 0O 0 O

0 0 &3 1 0 0 0
Ajy=P-[0 0 & 0 1 0 0[P

Ast As2 €53 Bsa Bss 0 Bsy

0 0 &3 O 0 0 1

A1 A2 &3 Bra Brs 0 By

with
Es3 = 113(As1 4 2A52) + Y23(2A51 + 3A52) + 33054 + 43855 + 63557,
and
&r3 = m13(A71 + 2A72) + 723(2A71 + 3A72) + €33 674 + Eu3Brs + Ee3B77 -
Now, since
3 2 1 2
—2 —1 1 -9
2 0 1 —10
Prtlofl=(o]|; Ptl1]|=]|11);
2 0 1 22
0 0 1 —6
1 0 1 —26
3 2 43 0 0 0 0\ /2 8
2 1 7 0 0 0 o0]|[-1 5
0 0 ¢33 1 0O 0 O 0 0
0 0 & O 1 0 0 0| = 0 ,
Ast As2 €53 Bsa Bss 0 Bsy 0 2X51 — As2
0 0 &z O 0o 0 1 0 0
A1 A2 &3 Bra Brs 0 By 0 2A71 — A2
and

(2,-9,-10,11,22, -6, —26) — (—8,5,0,0,2X51 — As2, 0, 2A71 — Ap) =
= (10,14, -10,11,22 — 251 + As2, —6, —26 — 271 + Ar2)

we need to solve the equations

22 — 2A51 + Ago = 10()\51 + 2)\52) — 14(2)\51 + 3)\52) — 10054 + 11355 — 6357,
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and
—26 — 2X71 + A72 = 10(A71 + 2A72) — 14(2A71 + 3A72) — 10874 + 11855 — 6677 -

Bearing in mind that a solution of these equations is:
® [s55 =2; Pra =2 and fBrr = 1;
® As1 = As2 = Ar1 = A2 = 0;
® [Bsa = P57 = Pr5 =0;

we obtain that

—10
11
22

s

<
O OO O O N
O O O OO
N O O O+ OO
SO o= O OO
O O O O O o o

—26

-84 —-128 —-29 15 =52 —30 145
118 180 37 =21 72 46 —202
-7 —-114 -25 13 —45 =27 129
=| 31 48 9 -6 20 14 =53
-7 —115 =25 14 —-46 -29 129
12 19 3 -3 8 7 -20
22 34 5 -4 13 1 =37

Readers can easily check that A7 ; € A(1,2) and

S
+
v
N O R = OO W
I
e e
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