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1. Introduction

For an arbitrary (n x n)-matrix A with entries in the complex numbers, the index of A,
i(A) > 0, is the smallest integer such that k(A" ™) = rk(A*A+1). Given A € Mat, ., (C)
with i(A) = r, H. Wang and X. Liu introduced in [1] the notion of ‘G-Drazin inverse’ of A
as a solution X of the system

AXA = A;
XA = A% (1)
At’-‘f-lX — A?’)

where X is a (n x n)-matrix with entries in C.
Recently, C. Coll et al. have proved in [2] that a matrix X € Mat,«,(C) is a solution of
the system (1) if and only if X satisfies that

AXA = A;

()
XA" = A'X.
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On the other hand, if k is a field, V' is an arbitrary vector space over k and ¢ is an endomor-
phism of V, according to [3] we say that ¢ is “finite-potent’ if ¢V is finite dimensional for
some 1.

During recent years, the author has extended the notions of Drazin inverse, Core-
Moore-Penrose inverse and Drazin-Moore-Penrose inverses of finite square matrices to
finite potent endomorphisms, and has offered several properties of these extensions [4-6].
In particular, all the results obtained for finite potent endomorphisms are also valid for
finite square matrices.

The aim of this work is to extend to finite potent endomorphisms the notion of G-Drazin
inverse of a finite square matrix. Indeed, we determine the structure of a G-Drazin inverse
of a finite potent endomorphism and, in particular, we offer the explicit expression of all
G-Drazin inverses of a finite square matrix.

The paper is organized as follows. In Section 2 we briefly recall the basic definitions
of this work: the definition of finite potent endomorphisms with the decomposition of
the vector space given by Argerami et al. [7]; the Jordan bases of nilpotent endomor-
phisms of infinite-dimensional vector spaces; the Drazin inverse of an (n x n)-matrix
and a finite potent endomorphism; the core-nilpotent decomposition of a finite potent
endomorphism; and the basic properties of the G-Drazin inverses of an square matrix.

Section 3 is devoted to proving the existence of G-Drazin inverses of finite potent endo-
morphisms (Proposition 3.4) and to offering the explicit structure of these linear maps on
arbitrary k-vector spaces (Lemma 3.10 and Corollary 3.11). Moreover, an explicit example
of G-Drazin inveres of a finite potent endomorphism is given.

Finally, the goal of Section 4 is to apply the results of Section 3 to study the set A{GD} of
G-Drazin inverses of a square matrix A € Mat,,,(k), where k is an arbitrary field. Accord-
ingly, if the index of A is r and rk(A") is the rank of A’, we can write v;(A) = n — rk(A?)
foralli e {1,...,r} and we check that there exists a bijection

A @) @)= W] o @ -1l @], 46Dy,
from where we determine the explicit expression of all G-Drazin inverses of A.

2. Preliminaries

This section is added for the sake of completeness.

2.1. Finite potent endomorphisms

Let k be an arbitrary field, and let V be a k-vector space.

Let us now consider an endomorphism ¢ of V. We say that ¢ is ‘finite potent’ if "V
is finite dimensional for some #. This definition was introduced by J. Tate in [3] as a basic
tool for his elegant definition of Abstract Residues.

In 2007, M. Argerami et al. showed in [7] that an endomorphism ¢ is finite potent if and
only if V' admits a ¢-invariant decomposition V' = U, & W,, such that ¢, is nilpotent,

Wy, is finite dimensional and ¢, : Wy, —> W, is an isomorphism.
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Indeed, if k[x] is the algebra of polynomials in the variable x with coefficients in k, we
may view V as an k[x]-module via ¢, and the explicit definition of the above ¢-invariant
subspaces of V is:

o U, = {v € V such that x""v = 0 for some m};
o W, = {v € Vsuch that p(x)v = 0 for some p(x) € k[x] relative prime to x}.

Note that if the annihilator polynomial of ¢ is x™ - p(x) with (x, p(x)) = 1, then U, =
Ker ¢ and W, = Ker p(¢).

Hence, this decomposition is unique. In this paper we shall call this decomposition the
@-invariant AST-decomposition of V.

For a finite potent endomorphism ¢, a trace try(¢) € k may be defined as try(¢) =

ter ((PI Wy )
This trace has the following properties:

(1) if V is finite dimensional, then try (¢) is the ordinary trace;
(2) if W is a subspace of V such that oW C W then

try (@) = trw (@) + try,;w();
(3) if ¢ is nilpotent, then try (¢) = 0.
Usually, try is named ‘Tate’s trace’.

It is known that in general try is not linear; that is, it is possible to find finite potent
endomorphisms 61,0, € Endg(V) such that

try (01 + 03) # try(01) + try (62).

Moreover, with the previous notation, and using the AST-decomposition of V, D. Hernan-
dez Serrano and the author of this paper have offered in [8] a definition of a determinant
for finite potent endomorphisms as follows:

deth,(1 + ¢) := det]f/vw(l + @l )-

This determinant satisfies the following properties:

e if V is finite dimensional, then det]{,(l + ¢) is the ordinary determinant;
e if Wis a subspace of V such that W C W, then

det} (1 + @) = det}y (1 + @) - detly 1, (1 + ¢);

e if ¢ is nilpotent, then detI{,( 1+¢9)=1.

For details readers are referred to [3, 8-10].

2.2. Jordan bases of nilpotent endomorphisms of infinite-dimensional vector
spaces

Let V be a vector space over an arbitrary field k and let f € Endx(V) be a nilpotent
endomorphism.
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If n is the nilpotency index of f, according to the statements [11], setting W{ =
Kerf"/[Kerf"_1 +f(Kerfi+1)] withi e {1,2,...,n}, 0i(V,f) = dimkW{ and Sg,(vf) a set
such that #Sy,v 5y = ai(V,f) with Sy, (v,5) N Saj(v,f) = () for all i # j, one has that there
exists a family of vectors {v;} that determines a Jordan basis of f:

B = U {Vsi)f(vs,')r-- ~)fi_1(vsi)}- (3)
Si€Sa;(V.f)
1<i<n
Moreover, if we write H{, = (Vspf(Vs)s . .. ,f"_1 (vs;)), the basis B induces a decomposition
v= P H, (4)
Si€Sa;(v.f)
1<i<n

For a different method to construct Jordan bases of nilpotent endomorphisms of infinite-
dimensional vector spaces readers can see [12].

2.3. Drazin inverse of finite potent endomorphisms

2.3.1. Drazin inverse of (n x n)-matrices
Let A € Mat,,,,,(C).

Definition 2.1: The ‘index of A’, i(A) > 0, is the smallest integer such that rk(ATA)) =
rk(Ai(A)+1).

In 1958, given a matrix A € Mat, x,(C) with i(A) = r, M. P. Drazin [13] showed the
existence of a unique (1 x n)-matrix AP satisfying the equations:

o ATHAD = A" for r = i(A);
o APAAD = AD;
o APA = AAD.

The Drazin inverse AP also verifies that

o (AP)P = Aifand only if i(A) < 1;
o if A2 = A, then AP = A.

2.3.2. Drazin inverse of finite potent endomorphisms

Let V be an arbitrary k-vector space and let ¢ € Endx(V) be a finite potent endo-
morphism of V. Let us consider the AST-decomposition V = U, @ W,, induced by ¢
(Subsection 2.1).

Definition 2.2: We shall call ‘index of ¢’, i(¢), to the nilpotent order of Py, -

In [6] (Lemma 3.2) is proved that for finite-dimensional vector spaces this definition
of index coincides with Definition 2.1. Note that i(¢) = 0 if and only if V is a finite-
dimensional vector space and ¢ is an automorphism.
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For each finite potent endomorphism ¢ there exists a unique finite potent endomor-
phism P that satisfies that:

r

(1) ¢t oP =g
:(/)D;

(2) pPogogP
3) ¢Pop=9¢po¢?,

where 7 is the index of ¢.
The map ¢P is the Drazin inverse of ¢ and is the unique linear map such that:

()" ifve W,

D —
‘p(v)_{o ifve U,

Moreover, P satisfies the following properties:

(PP = g ifand only if the i(p) < 1;

¢ = ¢P ifand only if gy, = 0and (go\wq))2 = Id)y, ;

try (¢ + ¢P) = try (@) + trv(P);

if ' is a projection finite potent endomorphism, then ¥° = .

2.4. CN decomporsition of a finite potent endomorphism

Given a finite potent endomorphism ¢ € Endy(V), there exists a unique decomposition
© = @1 + @2, where @1, 92 € Endg (V) are finite potent endomorphisms satisfying that:

o i(p1) =L
e (; is nilpotent;
e propy=pr0¢ =0.

According to [4, Theorem 3.2], one has that ¢; = ¢ o P o ¢, which is the core part of
@. Also, ¢, is named the nilpotent part of ¢.

Moreover, one has that
DyD

p=¢1 <= Uy =Kerp = W, =Imgp < (¢ =p<=ilp)<1. (5

2.5. G-Drazin inverses of a square matrix

Given A € Maty,«,(C) with i(A) = r, H. Wang and X. Liu introduced in [1] the notion of
‘G-Drazin inverse’ of A as a solution X of the system

AXA = A;
XA™H = A (6)
AT’+1X — AT’

where X is a (n x n)-matrix with entries in C.
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Recently, C. Coll et al. have proved in [2] that a matrix X € Mat,,(C) is a solution of
the system (7) if and only if X satisfies that

AXA = A;

r_oar (7)
XA" = A'X.

Usually, the set of G-Drazin inverses of a matrix A is denoted by A{GD} and a G-matrix
inverse of A is denoted by A“P. We should note that G-Drazin inverses are considered for
bounded linear operators.
If ] is the Jordan matrix associated with A € Mat,,,(C), such that A = B-J - B~!, with
B being a non-singular matrix and
i 0
=(5 1)

Jo and J; being the parts of J corresponding to zero and non-zero eigenvalues respectively,
it is known that a G-Drazin inverse is

—1
AP — . (N O)-Bl, 8
(0 I (8)

where is ] is a generalized inverse of ]y (1-inverse).

3. G-Drazin inverses of finite potent endomorphisms

The aim of this section is to generalize the definition and the main properties of the
G-Drazin inverses of a matrix A to finite potent endomorphisms.
Let k be a field and let V be an arbitrary k-vector space.

Definition 3.1: Given a finite potent endomorphism ¢ € Endi(V), we say that an endo-
morphism ¢©P € Endi(V) is a G-Drazin inverse of ¢ when it satisfies that

popop=g; o
(pGD o gDr — (pr O(pGD,
where i(¢) = r.

Lemma 3.2: Let ¢ € Endi(V) be a finite potent endomorphism with i(p) = r and let V =
Wy @ Uy, be the AST-decomposition determined by ¢. If f € Endy (V) is an endomorphism
such that f o " = ¢" o f, then W, and U, are invariant under the action of f.

Proof: Let ¢ = ¢1 + ¢, be the CN-decomposition of ¢.
Since i(¢) = r, bearing in mind that ¢” = ¢J, (q){)\w(p € Autg(Wy,) and Im @] = W, if
w € Wy, and @] (w') = w, then

fw) = (foeDW) = (o] o NH(W) € W,,.

Accordingly, W,, is f-invariant.
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Moreover, if u € Uy, then

0= (fop)w) = (¢] o fH(u)

and we deduce that f (1) € Ker ¢] = U,. Hence, Uy, is also f-invariant. [

Corollary 3.3: If 9CP € Endy(V) is a G-Drazin inverse of a finite potent endomorphism
¢ € Endi(V), with i(p) = r and AST-decomposition V.= W, @ Uy, then W, and U, are
invariant under the action of ¢°P.

The structure of a G-Drazin inverse of a finite potent endomorphism is given by the
following proposition:

Proposition 3.4: Given a finite potent endomorphism ¢ € Endi (V) withi(¢) = r and AST-
decomposition V.= W, @ Uy, one has that ¢®P € Endy(V) is a G-Drazin inverse of ¢ if
and only if W, and U, are invariant under the action of (pGD,((pGD)|W¢ = (‘leg,)il and

((pGD)‘UW = (@|y, )" » where (|4 )™ is a generalized inverse of ¢ .

Proof: Let P € Endj(V) be a G-Drazin inverse of ¢. It follows from Corollary 3.3 that
W, and U,, are invariant under the action of PP Also, since ¢ 0 %P 0 ¢ = ¢, it is clear
that (‘PGD)\ww = (Plw, y~land ((pGD)|U¢ = (¢|y,) "> where (¢, )~ isa generalized inverse
of gy, -

Conversely, if we consider an endomorphism y € Endy (V) satisfying that W, and U,
are invariant under the action of v, Viw, = @lw, )y~!and Yy, = (@1y,)"> with (Q1y,) " a
generalized inverse of |y, it is easy to check that p o Y 0 ¢ = ¢.

Moreover, since (¢")|,, = 0, then it follows from the properties of ¢ that

(W o q)r)\w(p = ((/)r_l)lww = ((Pr o W)|W¢
from where we deduce that
Vo' =¢ oy

and the statement is proved. |
Direct consequences of Proposition 3.4 are:

Corollary 3.5: Given a finite potent endomorphism ¢ € Endx(V) with CN-decomposition
@ = @1 + @2, if P € Endy(V) is a G-Drazin inverse of ¢, one has that P = ¢P + (pgD,
where P is the Drazin inverse of p, and p$P € Endy (V) is the unique linear map satisfying
that

0 ifve W
GD @

V) = Y N
©, ) { ( )GD)qu) lf Ve U(p

which is a G-Drazin inverse of ;.

Corollary 3.6: If ¢ = @1 + ¢ is the CN-decomposition of a finite potent endomorphism
¢ € Endi(V), then the Drazin inverse ¢P is a G-Drazin inverse of ¢1.
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We shall now characterize all of the G-Drazin inverses of a finite potent
endomorphism.

Lemma 3.7: Let E be a k-vector space of dimension n and let f € Endy(E) be an endomor-
phism with annihilating polynomial as(x) = x". If e € E is a vector such that f"~1(e) # 0,
then every generalized inverse f~ € Endy(E) is determined by the expressions

i . fi_l(e)+)»i]‘”_1(e) lleI
=14 pizt

withi € {0,1,...,n— 1}, A; € k forevery i € {1,...,n — 1} and € € E being an arbitrary
vector.

Proof: Since f o f~ of = f, we have that f ~ is a generalized inverse of f if and only if (f o
F )i = 1dy,, - Hence, since e ¢ Imf we have that f~(e) ='¢, wheree € E is an arbitrary
vector.

Moreover, bearing in mind that (f o f7)(f ite)) = f i(e) for all i > 1, one has that

(@) € f7 (' (0) + Ker f,
and we get that

(@) =) + rf" e

forallie {1,...,n—1}.
Accordingly, since {e,f(e),...,f" 1(e) is a Jordan basis of E induced by f, the claim is
deduced. |

We can reformulate the statement of Lemma 3.9 as follows:

Corollary 3.8: Let E be a k-vector space of dimension n and let f € Endy(E) be an endomor-
phism with annihilating polynomial as(x) = x". If e € E is a vector such that "~ (e) # 0,
then every generalized inverse f~ € Endy(E) is determined by the expressions

fHe+rf" e ifiz1

_ i _ n—1
IO =1 e iz (10)

h=0

withi € {0,...,n— 1}, Aj,ap € kforeveryie{l,...,n—1}andh € {0,...,n — 1}.

Furthermore, similar to Lemma 3.9 one can prove that
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Lemma 3.9: If E is a finite-dimensional k-vector space, f € Endy(E) is an endomorphism
with annihilating polynomial af(x) = x" and

r

Utefep,...f 5 ep)

j=1

is a Jordan basis of E induced by f, then every generalized inverse f~ € Endy(E) is determined
by the expressions

| Fle)+ Y af e ifix1
EC)ER S , (11)
S[Sarw] o
h=0

with)»;-)i,ajs,h € kforeachj,se{l,...,r},ie{0,...,nj—1}andh € {0,...,ns — 1}.

Let us again consider a finite potent endomorphism ¢ € Endi(V) of an arbitrary k-
vector space V with i(p) =r. If V.= W, ® U, is the AST-decomposition induced by ¢,
let

Bo= [ {v,00g).....¢" ()} (12)
ShESah(V‘(‘O‘U‘p)

1<h<r

be a Jordan basis of U, induced by Py, (see Subsection 2.2).
Let us now denote

Sa,ga = Sal(v"ﬂlu(p) J---u S"‘r(V"P\Uw)

and B(V,p) = #ga,w.
Accordingly, similar to Lemma 3.9, it is easy to check that

Lemma 3.10: Given an arbitrary k-vector space V and a finite potent endomorphism ¢ €
Endi (V) with i(p) = r and AST-decomposition V.= W, @ Uy, fixing a Jordan basis B,
of Uy as in (12), then every generalized inverse (¢|,,)~ € Endx(Uy) is determined by the
expressions

| P+ D A ey if1<i<h—1
(@1,) @' () = 13y :
v ifi=0
withv € Up,1 <h <r,ie{0,1,...,h— 1},)\;1’& € kandkéh,st = 0 foralmostalls; € Ea,(p
(for each s, € Sah(V,wa))'

Writing
@) ) = Y. @) € Uy,

slegw,
0<j<I-1

one has that
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Corollary 3.11: Given an arbitrary k-vector space V and a finite potent endomorphism ¢
Endi (V) with i(¢) = r and AST-decomposition V. = W, ® Uy, fixing a Jordan basis B,
of Uy as in (12), then every generalized inverse (¢)|Uw)_ € Endi(Uy,) is determined by the
expressions

O )+ D M e T ) if1<i<h—1

. Stega,(p
- 1 —_ i : . .
(Py,) (@(vg)) = > ol ¢ (vg) ifi=0 >
sle@w
0<j<I-1

withl<h<rie{0,1,....,h—1}, Al aﬁh,slek,and)»"

= Shost? sy = 0= o, 5, for almost all
6,51 € Sqp and 0 <j <1—1.

Corollary 3.12: With the notation of Corollary 3.5, P = 0 if and only if i(p) < 1.

Proof: It follows from Lemma 3.10 that 9P = 0 if and only if Kerp = Uy, from where
the claim is proved. u

Corollary 3.13: Given a finite potent endomorphism ¢ € End(V), one has that the Drazin
inverse 9P € Endi(V) is a G-Drazin inverse of ¢ if and only ifi(p) < 1.

Proof: If ¢ = ¢1 + ¢ is the CN-decomposition, then according to Corollary 3.5 one has
that 9P € Endy(V) is a G-Drazin inverse of ¢ if and only if 0 is a G-Drazin inverse of ¢,
and, bearing in mind Corollary 3.12, the statement is deduced. [ |

Accordingly, from Proposition 3.4 and Lemma 3.10, we have characterized all the G-
Drazin inverses of a finite potent endomorphism ¢ € Endi(V). Note that, in general, a
G-Drazin inverse 9P € Endi(V) is not a finite potent endomorphism.

If we denote by X(E,GD} the set of all G-Drazin inverses of a finite potent endomorphism
¢ € Endg(V), fixing a Jordan basis B, of U, as in (12), with the notation of Subsection 2.2,
i(p) = r and we have a bijection

r h—1
X(;GD}%]_[ ]_[ Uq,x]_[ @k

h=1 \ean(Vpiy, ) i=1 \B(V,9) : (13)

GD GD i - ,
e — (™" (sn), ((Ash,st)stesa,w)1§z§h—1)shesah(v,¢m ))he{l,...,r}
(2

Example 3.1: Let k be an arbitrary ground field, let V be a k-vector space of countable
dimension over k and let {v;, v2,v3, ...} be a basis of V indexed by the natural numbers.
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Let ¢ € Endi(V) the finite potent endomorphism defined as follows:

V2 + V5 + vy ifi=1

v1 + 3, ifi=2

V4 ifi=3

V1 — V3 ifi=4

—v3+2v5+2v; ifi=5
eOD =1 3, ifi = 5h+1

0 ifi=5h+42

—Vi—2 + 2vip1 ifi=5h+3

Vica + Vi1 ifi=5h+4

—Vi—4 + 5vi_3 ifi=5h+5

forallh > 1.
We have that the AST-decomposition V = U, ® W, is determined by the subspaces

W, = (v1,v2, V3, V4, V5 + v7)  and Up = <Vj>j26'

In this basis of W, one has that

01 0 1 0

1 3 0 0 0
¢|W¢EAW¢= o o0 o0 -1 -11,

0 0 1 0 0

1 0 0 0 2

and, computing A;VL, we obtain that the Drazin inverse of ¢ is

61/1 — 2V2 + 31/4 — 31/5 ifi=1
—2v1+vy—vs+ s ifi =2
61/1 — 21/2 + 2V4 — 31/5 ifi=3

Dy —

=1, ifi = 4
3vp — vy +vse— Vs ifi=>5
0 ifi>6

Moreover, we can write Uy = €P;., H; with H; = (vsj_4, V5;—3, V5i—2, V5i—1, v5;) for all i >
2, and in the same bases we have that

00 -1 0 -1
30 0 1 5
Plu, =Ayg;,=]0 0 0 0 O
00 2 0 O
o0 0 1 0

foralli > 2.
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For every i > 2, one has that
{vsi—2, —Vsi—a + 2vsi_1, —Vsi—3 + 2v5i, —2v5i_4 + 10vsi_3, —6V5;_3}

is a Jordan basis of H; induced by ¢}, and, therefore,

00000
10000
¢, =P-10 1.0 0 0of-P!
00100
00010
with
0 -1 0 -2 0
0 0 -1 10 —6
P=|1 0 0 0 0
0 2 0 0 0
00 2 0 0

Accordingly, it follows from Corollaries 3.5 and 3.11, that (szD € Endg(V) is the unique
linear map such that:

o ¢SPw) =0forie(1,2,3,4}

o (s +v7) =05

o 95P(vsii2) = Y6 iV

o SP(—vsia+2vsii1) = vsip + D ohs2 )»,-1,5;1_3V5h—3;

o PP (—vsii3 4+ 2v5) = —vsi_g + 2v5i-1 + D ohs2 )»f,Sh_3V5h—3;

o PP (—2vsi_4 + 10vs_3) = —vsi_3 + 2vs; + D ohs2 )"i5h_3v5h—3;
o PP (—6vsi_3) = —2vs5i_4 + 10vs;_3 + D oh=2 )»;fsh_3vsh—3;

for every i > 2, and with &;; = 0 for almost all j > 6 (for each i > 2) and )‘éh—3s = 0 for
almost all h > 2 (for every i > 2 and for every s € {2,3,4,5}).

Thus, a non-difficult computation shows that gDZGD € Endi (V) is the unique linear map
such that:

o ¢SP(v;) =0forie {1,2,3,4);
o 95P(vs) = =3V + V7 + § Lisa )‘éh73,5"5h73;

GD 5 47 1,3 544 )
o 07 (Vsima) = —3Vsica — V53 — Vsi — D_p=a(GA 53+ 2Ai5u_3)Vsho3
GD 1 5 1 4 )
o 07 (V5i-3) = 3V5i—4 — 3V5i-3 — ¢ Dp=2 Misp_3V5h—3}

GD .
o 0" (vsi2) = D s iV
GD 5 47 1 1 1,1 1,3
o 97" (vsim1) = ZVsi—a — T5Vsi-3 T 3V5i-2 — 3Vsi+ D p=2(Ghisu_3 — A7 sp_3Vsh—3 —
i)\4 )
12%i5h—3)
GD 1 5 5 1,2 1,4 )
o 97 (vsi) = —3Vsima — 2V5i—3 + Vsi1 — 2Vsi T D _p>2(GAispu_3 — T3Mi5p_3)Vsh—35

for every i > 2, and with &;; = 0 for almost all j > 6 (for each i > 2) and )‘éh—3s = 0 for
almost all h > 2 (for every i > 2 and for every s € {2,3,4,5}).
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Hence, bearing in mind that 9P = ¢ + <p2GD (Corollary 3.5), one has that a G-Drazin
inverse ¢P is determined by:

(pGD(vl) = 6v] — 2vy + 3v4 — 3vs;
9P(v2) = —2v1 +v5 — v4 + vs;
P (v3) = 6v) — 2v; + 2v4 — 3vs;
D
9P (vg) = v3;
GD 1 5 1 52
@7 (vs) =3V —vatva— Vs — 3Vt 3V7t+ 5 Zh>2 5he 35V5h 33
GD 5 47
@77 (V5img) = —3V5i—4 — EV5i-3 — Zh>2(2 isho3 T 6K,5h 3)V5h—3;
D 1 5
o ¢P(sii3) = tvsig— 3vsi3— & thz Lsh_3Vsh—3;
GD .
o 97 (vsic2) = ) jn6 iV
5 47 1 3
o ©P(vsii1) = 2vsig — Fvsiiz + 3vsia — 3Vsi+ Dy (GA] i5ho3 4)»,',5;,,3V5h—3 -
S )"z 5h— 3)
GD 1 5 5 1,2 1,4
o (vs5i) = —3Vsi—a — 2V5i-3 + Vsim1 — 2Vsi + D=2 (3Ai55_3 — 13 5p_3)V5h—35

for every i > 2, and with a;j = 0 for almost all j > 6 (for each i > 2) and )\g =0 for

almost all h > 2 (for every i > 2 and for every s € {2,3,4,5}).

h—3,s

Remark 3.14: Note that the explicit expression of the bijection (13) for the finite potent
endomorphism ¢ of Example 3.1 is

4
X =TT ve < [ (@ k)
j=1

ieN heN

9% — (9P (vsi-2), (W53 he)1=j4) jery

To finish this section, we shall briefly study the G-Drazin inverses of a finite potent
endomorphism that also are finite potent.

Let V be again an arbitrary k-vector space and let ¢ € Endi(V) be a finite potent
endomorphism.

With the above notation, if we denote by (¢© to the unique linear map of V

) {A‘l }
such that

GD | @) ifve Wy,
v ){)\l ( )= { ((PIU(/))_(V) ifve Uy

where (p1y,) " 1s the generalized inverse of Py, € Endy(Uy) characterized in Corollary

3.11, it is clear that (@) is finite potent when

(o, )

Mo=0=0d

s, foralmostalli,jand s, (14)

It is clear that the condition (14) is sufficient for determining that (¢SP) ) is a finite
Sh’ Sh

potent endomorphism, but this condition is not necessary for this fact as it is immedi-
ately deduced from the following counter-example: given a countable k-vector space V
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with a basis {v}, v, v3, . . .} indexed by the natural numbers, if we consider the finite potent
endomorphism ¢ € Endg(V) defined as

V1 + V2 ifi=1
vi+2v, ifi=2

oo =10 ifi=2+1
0 ifi=2j+42
for every j > 1, then it is clear that
2v] — vy ifi=1

-V + V2 ifi=2
—Vi — Vit1 ifi = 2j+ 1
Vi—1 + Vi ifi=2j+2

P =

for everyj > 1, is a G-Drazin inverse of ¢ that does not satisty the condition (14).

Remark 3.15: A remaining problem is obtaining a computable method for determining
when a G-Drazin inverse ¢ P of a finite potent endomorphism g is also finite potent.

Remark 3.16: If ¢CP is a finite potent G-Drazin inverse of a finite potent endomorphism
@ such that W(pGD = Wy, then

trypP = tryp”  and det'{,goGD = detl{,gaD.

Indeed, in this case, if {A1,. .., A4} are the eigenvalues of ¢, in the algebraic closure of k
(with their multiplicity), one has that:

o try(eP) = a7 4+ + 2k
o deth (14 ¢%P) =TT, A +A7H.

4. Explicit computation of the G-Drazin inverses of a square matrix

The final section of this work is devoted to offer a method for computing explicitly all the
G-Drazin inverses of a square matrix.

If k is an arbitrary ground field, let us consider a square matrix A € Mat,,, (k) with
i(A) =r.

Fixing a k-vector space E with dimension n, a basis B = {ey, . .., e,} of E and an endo-
morphism ¢ € Endy(E) associated with A in the basis B, from the AST-decomposition
E = W, ® U, one has that

P . AW O . _1
A=P <0 ]U) Pt (15)

where ¢}, = Aw, Ju is the Jordan matrix determined by ¢, and P is the corresponding
basis change matrix.
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If A € Mat, », (k) is again a square matrix with i(A) = rand rk(A") is the rank of A’, we
can write v;(A) = n — rk(A?) for all i € {1,...,r} and we can consider the non-negative
integers {61(A), ..., 8,(A)} defined from the equations:

8r(A) = vr(A) —vr—1(A)
26:(A) + 8;—1(A) = v (A) — vr—2(A)

(r=1D38(A) + - -+ 283(A) + 82(A) = v (A) — v1(A)
16:(A) + (r — 1Dér—1(A) + - - - + 262(A) + 61(A) = vr(A)

From these relations it is clear that

vI(A) =) &i(A) and ) §(A)(v(A) —j) = [11(A) — 1]y (A).

i=1 j=1

Accordingly, the explicit expression of the matrix Jy is

Al 0 cee e o 0 0
0 .o .o 0
51(A) : .
Al1
u=| o | e Mata B,
A,
0o ... 0
0 0 0 Afr(A)
where
0 0 0
1 0 0
a=|0 1 0 o e Matg )
Do oy e e
0 0 1 0 0
0 0 0 1 0

foreveryje {1,...,r}and 1 < s < §j(A).
With the above notation, if A{GD} is the set of the G-Drazin inverses of A, it follows
from Lemma 3.9 that there exists a bijection

A A) @] o @ -1l @ —iW] _, 4rGp)

(@, nas, y  (16)
s s s s GD 32N g X
(@) (@i 20, G, (g 0) = (AT o 5 6a )
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where j,j € {1,....rh j#js1<h<jze{l,....jhtef{2,....jhxe{2,....j}se
{1,...,8;(A)} and

(AGD)( s _p, G (@ 5(? 65,0 |- pt
((@3),(,)) 0 (]U)((aJ,Jh)Z(AS,J)J) x
with
(]U):Eaji)zzﬁjf)x = ((UU):EZ],Z)ZEA(S,:)J)/ X))lm)lsl,msvl € Maty,xy, (k)
such that

e if je{l,...,r} and 1 <s<§;(A) are such that | = (Zjl;i 8i)) +s, then (J)ny €
Matjxj(k) with

(GNP (A5 eeohd )
Jo's2” g X _ o1 i
((]U)((a £ 0.05) )i = (A

{ Ll""""ij—l})
@ 1 0 . ... 0
@, 0 1 0

N ‘.

%;,j—z 0o ... . 1 0
ozj’j;1 (S) S0 15
o )‘j,z o ... A]J 1 )‘j,j

foralla]{h,)\;’t ek hefl,....jhtef2,...,jhje{l,....rfands € {1,...,5;(A)};
o ifjj €{l,...,r},1 <s<§j(A)and 1 <5 < 8y(A) are such that

]—1

Z(S +s and m= Z(S +5,

with [ # m, then (J;;)j, € Matjxj (k) where

« 1 (Sj],x)) _ (A{ A -
U ((a h) (A 1)) Im {a]]’l"“’aj,j/,j}
aj)j,’l 0 e 0
N
%2
N
O‘j,j;,j—l 50 e e 50
T )‘Jj/z )\]”
for every O‘]]’z ]Jxek j#j, 1<jj<rze{l,....j}, x€{2,...,j/} and s €

{1,...,8(4)).
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If A € Matyy n(k) with i (A) = 1, it follows from (16) that there exists a bijection
A{GD} 5 kA7

From the results of this work, we can finally offer the following algorithm for computing
the G-Drazin inverses of A € Mat,, ., (k).

(1) Fixak-vector space E with dimension n, a basis B = {ey, . .., e,} of Eand an endomor-
phism ¢ € Endy(E) associated with A in the basis B, to facilitate the computations.
(2) Compute the AST-decomposition E = W, @ U, and the matrix expression (15) for
A.
(3) Calculate the non-negative integer numbers {v;(A),...,v.(A)} and {6;(A),...,
8r(A)}.
(CHIBROSS)]

i e D
(4) Construct the matrices (J;;) (@ 05)
al, )(A5, )

(5) Get all the G-Drazin inverses (AGD)(( E I of A
(@),5,)) :

and compute (Ay) L.

Remark 4.1: We wish remark that is not necessary to compute the characteristic polyno-
mial ¢4 (x) in the method offered in this paper for calculate all the G-Drazin inverses of a
square matrix A with i(A) = r, because we can obtain the matrices Ay and Ay by com-
puting R(A") and N(A"), where R(B) and N(B) are the range and the nullspace of a matrix
B respectively.

Example 4.1: Let us consider an arbitrary field k and the matrix

-9 -7 11 -3 —6 -4 =2
-3 1 2 1 1 0 1
~13 -8 15 -3 -7 -5 -2
A= -4 -3 5 —1 =3 =2 —1]|eMatys(k).
—13 —-12 17 -6 —-11 -7 —4
11 10 —-14 5 9 6 3
8 6 —-10 3 6 4 2

We shall compute all the G-Drazin inverses AP of A.

Let us now fix a k vector space E with basis {e}, e, €3, €4, es, €, €7} and an endomorphism
¢ € Endg(E) such that ¢ = A in this basis.

It is easy to check that i(A) = 3, rk(4) =5, rk(A?) = 3 and rk(43%) = 2. Accordingly,
V1(A) = 2, 12(A) = 4, v3(A) = 5, 81(A) = 0, 85(A) = 1 and 85(A) = 1.

Now;, a non-difficult computation shows that W, = (e; + e; + 2e3 4+ es — €7, e4 — ¢€5),
Uy = (e1 +e3,e2 —e5,—es + es,e4 — €7,€1 + €3 — e7),

2 1
wr=(1 )
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and
3 —1 3 -2 0
—1 0 —1 0 O
Av=1-3 1 =3 2 o
1 0 1 0 O
—1 0 —1 1 0

Moreover, from the Jordan basis
{—e1+e —e3—es—e;,—e; —e3 —es+ege1 +ey+e3+eq—es — ey,
—eryt+es+es—ey,—es+eg+ ey}

of Uy, induced by ¢y, , one gets that

210000 0
1 100000
000 0 O0O0 O
A=pP-lo o1 0 0 0o o] -P!,
000 0 O0O0 O
000 01 0 0
000 00 1 0
with
1 0 -1 -1 1 0 0
1 0o 1 0 1 -1 0
2 0 -1 -1 1 0 0
p=lo 1 o o0 1 1 o0
1 0 -1 -1 -1 1 -1
0 -1 0 1 0 1
-1 0 -1 0 -1 -1 1
and

pl=]1-8 -8 10 -4 —7 —4 -3
-1 -2 2 -1 -2 -1 -1
3 3 —4 2 3 2 1
6 7 -8 4 6 4 3

Thus, it follows from the method described above that a G-Drazin inverse of A has the
explicit expression

1 —1 0 0 0 0 0
—1 2 0 0 0 0 0
1 1
6\ i) 09 a%’l } a%’m 10 10 —1
A aiyary =P 0 0 g Ap as, Asn AP
G\t 1 1
0 0 035 0 o3 1 0
0 0 o3,, 0 ai, 0 1
1 1 1 1
0 0 o353 A3,, 033 Az, Az
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w1tha]h,k]t, e JJ i Ekforeveryj#j,2<jj <3,hel{l,....jLtef2,... jhze
{1,...,j}andx € {2,...,j}.

Hence, with the data of this example, we have the following bijection that determines
all the G-Drazin inverses of A:

KO x I x k¥ —> A{GD)
()/ )

AGD 5z

1 1
(((Otj 0w ( Qi Z)){j,j’,h,z}) (}hj,t){j,t}:(AjJ/’x)Uj’,x}) > ( ((a],h)( j{t)),

withj#7,2<jj <3, he{l,....jhte{2,....j1,ze{l,...,jlandx € {2,...,/}.

Finally, we shall study the relationships that there exist between G-Drazin inverses and
the core-nilpotent decomposition of a matrix A.

Remark 4.2: If k is an arbitrary ground field, A € Mat,,«,(k), A = A; + A; is its core-
nilpotent decomposition and AP is a G-Drazin inverse of A with core-nilpotent decom-
position ACP = (ACD), 4 (ACD),, Example 4.1 shows that, in general, (A%P) is not a
G-Drazin inverse of A; and (A°P), is not a G-Drazin inverse of A,.

As a counterexample of this fact we offer the following: if A is the matrix studied in
Example 4.1, an easy computation shows that its core-nilpotent decomposition is A =
A1 + A, with

—4 -1 4 0 -1 -1 O

—4 -1 4 0 -1 -1 O

-8 =2 § 0 -2 -2 0

Ai=1]-3 -1 3 0 -1 -1 0

—4 -1 4 0 -1 -1 O

3 1 -3 0 1 1 0

4 1 —4 0 1 1 0

and
-5 =6 7 -3 -5 =3 =2
1 2 -2 1 2 1 1
-5 =6 7 -3 -5 =3 =2
Ay=]-1 —2 2 -1 —2 -1 -1
-9 —11 13 -6 —-10 —6 —4
8 9 —11 5 8 5 3
4 5 —6 3 5 3 2
If we now consider

-8 3 6 4 2
—-10 -—11 3 -6 -9 -5 -5

-9 3 7 5

AP = -9 6 7 4

N o N
A O <o
|
—_

(e}

S~
co
Ul
N = RN
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which is the G-Drazin inverse of A determined by 1}, = A3, = 1 and otherwise ozjlh =

)\jl’t = y]lj, , = 0,onehas that (A%P); = (AP)~land (A®P), = 0,and we can immediately

check that (A°P); is not a G-Drazin inverse of A; and (A°P), is not a G-Drazin inverse of
Aj.

Furthermore, if (A, is a G-Drazin inverse of A; and (A, is a G-Drazin inverse
of A, in general, one has that ASP = (AP + (A,)CP is not a G-Drazin inverse of A,
as can be deduced from this counterexample: keeping again the data of Example 4.1, if we
consider

)GD )GD

1 -1 00 0 0 O
-1 2 0 0 0 0 0
0 0 0 0 0 1 0
@An=pr.- 1o o o0 0 o o of.-p!
0 0 0 0 0 0 O
0 0 0 0 0 0 O
0 0 0 0 0 0 O
and
00000 O0 O
000000 O
0001000
A)P=p- 10 0 0 0 0 0 O]|-P!,
000 0O0T1O0
000 0O0O0 1
00 000 0 O
then it is clear that
1 -1 00 0 0 O
-1 2 0 0 0 0 0
0 0 0 1 0 1 0
A=p.10 o0 0 0 0 0 of P!
0 0 0 0 01 0
0 0 0 0 0 0 1
0 0 0 0 0 0 O

is not a G-Drazin inverse of A.
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