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ABSTRACT
The aim of this note is to offer a method for the explicit computation
of all 1-inverses of an arbitrary squarematrix. Themain tool to obtain
this algorithm is the characterization of the set of 1-inverses of a finite
potent endomorphism.
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1. Introduction

IfA ∈ Matn×m(k) is a matrix with entries in an arbitrary field k, a matrixA− ∈ Matm×n(k)
is a 1-inverse ofAwhenAA−A = A. Moreover, we say that aA+ ∈ Matm×n(k) is a reflexive
generalized inverse of A when A+ is a 1-inverse of A and A is a 1-inverse of A+.

Similarly, given two k-vector spaces V andW and a linear map f : V → W, we say that
a morphism f− : W → V is a 1-inverse of f when f ◦ f− ◦ f = f and that a linear map
f+ : W → V is a reflexive generalized inverse of f when f+ is a 1-inverse of f and f is a
1-inverse of f+.

The notion of 1-inverse is basic in the theory of generalized inverses ofmatrices. Thus, if
A† denotes theMoore-Penrose inverse ofA described by E. H.Moore in [1] and R. Penrose
in [2], AD is the Drazin inverse of A offered in [3], Ac† is the CMP inverse of A defined in
[4] and Ad,† and A†,d are the DMP inverses of A studied in [5], it is known that A† is a
reflexive generalized inverse of A and A is a 1-inverse of AD, of Ac†, of Ad,† and of A†,d

During the last years, the first-named author of this work has extended different notions
of the theory of matrices to finite potent endomorphisms on arbitrary vector spaces. Thus,
the existence and uniqueness of the Drazin inverse, the CMP inverse and the DMPs
inverses of finite potent endomorphisms have been proved in [6–8], respectively. From
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these extensions, the main properties of these generalized inverses of matrices have been
recovered and new relations between them have been given.

As far as we know an algorithm for the explicit computation of all 1-inverses of an
arbitrary square matrix is not stated explicitly in the literature. This algorithm is offered
in this work from the explicit characterization of the set of 1-inverses of a finite potent
endomorphism on an arbitrary vector space.

A remaining question is to obtain an algorithm for the explicit computation of the set
of reflexive generalized inverses of a square matrix.

The paper is organized as follows. In Section 2 we recall the basic definitions of the
theory of finite potent endomorphisms and a summary of statements of the articles [6, 9,
10].

Section 3 deals with the characterization of the set of 1-inverses of a finite potent endo-
morphismon an arbitrary vector space and Section 4 contains the algorithm for computing
the set of 1-inverses of a square matrix and an example with the explicit application of this
algorithm.

Finally, we wish to point out that the offered method is compatible with the characteri-
zation of the {1}-inverses of a nilpotent matrix offered by M. I. Gareis, M. Lattanzi and N.
Thome in [11, Theorem 2.1].

2. Preliminaries

2.1. Finite potent endomorphisms

Let k be an arbitrary field, let V be a k-vector space and let us consider an endomorphism
ϕ of V. We say that ϕ is ‘finite potent’ if ϕnV is finite dimensional for some n, where the
power means the composition ϕ◦ n). . . . . . ◦ϕ. This definition was introduced by J. Tate in
[12].

Basic examples of finite potent endomorphisms are endomorphisms on finite-
dimensional vector spaces and finite rank or nilpotent endomorphisms on infinite-
dimensional vector spaces.

To characterize finite potent endomorphisms, M. Argerami, F. Szechtman and R. Tifen-
bach proved in [9] that an endomorphism ϕ is finite potent if and only if V admits
a ϕ-invariant decomposition V = Uϕ ⊕ Wϕ such that ϕ|Uϕ

is nilpotent, Wϕ is finite

dimensional and ϕ|Wϕ
: Wϕ

∼−→ Wϕ is an isomorphism. In this paper we shall call this
decomposition the ϕ-invariant AST-decomposition of V.

For details on this decomposition readers are referred to [9].

2.2. Jordan Basis of a nilpotent endomorphism

Let V be a vector space over an arbitrary field k and let g ∈ Endk(V) be a nilpotent
endomorphism. If n is the nilpotency index of g, according to the statements of [10], setting

Ug
i = Ker gi/[Ker gi−1 + f (Ker gi+1)]

with i ∈ {1, 2, . . . , n}, μi(V , g) = dimk U
g
i and Sμi(V ,g) a set such that #Sμi(V ,g) = μi(V , g)

with Sμi(V ,g) ∩ Sμj(V ,g) = ∅ for all i 	= j, one has that there exists a family of vectors {vsi}



LINEAR ANDMULTILINEAR ALGEBRA 2871

that determines a Jordan basis of g:

B =
⋃

si∈Sμi(V ,g)
1≤i≤n

{vsi , g(vsi), . . . , gi−1(vsi)}. (1)

Moreover, if we writeHg
si = 〈vsi , g(vsi), . . . , gi−1(vsi)〉, the basis B induces a decomposition

V =
⊕

si∈Sμi(V ,g)
1≤i≤n

Hg
si . (2)

2.3. CN decomposition of a finite potent endomorphism

Let V be again an arbitrary k-vector space. Given a finite potent endomorphism ϕ ∈
Endk(V), from [6, Theorem 3.2] it is known that there exists a unique decomposition
ϕ = ϕ1 + ϕ2 , where ϕ1 ,ϕ2 ∈ Endk(V) are finite potent endomorphisms satisfying that:

• i(ϕ1) ≤ 1;
• ϕ2 is nilpotent;
• ϕ1 ◦ ϕ2 = ϕ2 ◦ ϕ1 = 0.

If V = Wϕ ⊕ Uϕ is the AST-decomposition of V induced by ϕ, then ϕ1 and ϕ2 are the
unique linear maps such that:

ϕ1(v) =
{

ϕ(v) if v ∈ Wϕ

0 if v ∈ Uϕ

and ϕ2(v) =
{

0 if v ∈ Wϕ

ϕ(v) if v ∈ Uϕ

. (3)

3. {1}-inverses of finite potent endomorphisms

Let V be a k-vector space and let f ∈ Endk(V) be an arbitrary endomorphism. The goal of
this section is to characterize the set of 1-inverse of a finite potent endomorphism.

Definition 3.1: We say that f− ∈ Endk(V) is a {1}-inverse of f ∈ Endk(V) when

f ◦ f− ◦ f = f .

Lemma 3.2: Given a k-vector space V and an endomorphism f ∈ Endk(V), one has that
f− ∈ Endk(V) is a {1}-inverse of f if and only if for every v ∈ V we have that

f−(f (v)) = v + u

with u ∈ Ker f .

Proof: Given v ∈ V , since f (f−(f (v)) − v) = 0, then f−(f (v)) − v ∈ Ker f and the claim
is deduced. �

Let us now consider a finite potent endomorphism ϕ ∈ Endk(V) with CN-
decomposition ϕ = ϕ1 + ϕ2 and that induces the AST-decomposition V = Uϕ ⊕ Wϕ .
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Keeping the above notation, if n is the nilpotency order of ϕ2, we fix a basis BV = BWϕ ∪
BUϕ with

BWϕ = {w1, . . . ,wr}
where r = dimk Wϕ and

BUϕ =
⋃

si∈Sμi(Uϕ ,ϕ)

1≤i≤n

{vsi ,ϕ(vsi), . . . ,ϕ
i−1(vsi)}.

Moreover, it is clear that

BUϕ =
⋃

si∈Sμi(Uϕ ,ϕ)

1≤i≤n

{vsi ,ϕ2(vsi), . . . ,ϕ
i−1
2 (vsi)}

and

Kerϕ =
⊕

si∈Sμi(Uϕ ,ϕ)

1≤i≤n

〈ϕi−1(vsi)〉 =
⊕

si∈Sμi(Uϕ ,ϕ)

1≤i≤n

〈ϕi−1
2

(vsi)〉.

Proposition 3.3: With the above notation, if ϕ ∈ Endk(V) is a finite potent endomorphism,
then an endomorphism ϕ− ∈ Endk(V) is a {1}-inverse of ϕ if an only if ϕ− satisfies that

• ϕ−(wh) = (ϕ|Wϕ
)−1(wh) + uh for each h ∈ {1, . . . , r};

• ϕ−(ϕj(vsi)) = ϕj−1(vsi) + ujsi for every si ∈ Sμi(Uϕ ,ϕ) and j ∈ {1, . . . , i − 1};
• ϕ−(vsi) = ṽsi for every si ∈ Sμi(Uϕ ,ϕ);

where ṽsi ∈ V and uh, u
j
si ∈ Kerϕ for each h ∈ {1, . . . , r} and for every si ∈ Sμi(Uϕ ,ϕ) and

j ∈ {1, . . . , i − 1}.
Proof: The statement is a direct consequence of Lemma 3.2 and the structure of the Jordan
basis BV . �

Let us now denote by Xϕ(1) the set of all {1}-inverses of a finite potent endomorphism
ϕ ∈ Endk(V).

Theorem 3.4 (Structure of Xϕ(1)): If ϕ ∈ Endk(V) is a finite potent endomorphism, then
there exists a bijection

Xϕ(1) �
[ r∏
h=1

Kerϕ

]
×

⎡
⎢⎢⎣ ∏
si∈Sμi(Uϕ ,ϕ)

1≤i≤n

⎡
⎣V ×

i−1∏
j=1

Kerϕ

⎤
⎦

⎤
⎥⎥⎦ . (4)

Proof: With the notation of Proposition 3.3, we have that the map

Xϕ(1) −→
[ r∏
h=1

Kerϕ

]
×

⎡
⎢⎢⎣ ∏
si∈Sμi(Uϕ ,ϕ)

1≤i≤n

⎡
⎣V ×

i−1∏
j=1

Kerϕ

⎤
⎦

⎤
⎥⎥⎦
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ϕ− �−→ (uh, (ṽsi , u
j
si)j∈{1,...,i−1})h∈{1,...,r};si∈Sμi(Uϕ ,ϕ)

is clearly a bijection. �

Example 3.1: Let V be a vector space of countable dimension over an arbitrary ground
field k. Let {v1, v2, v3, . . .} be a basis ofV indexed by the natural numbers and let us consider
the finite potent endomorphism ϕ ∈ Endk(V) defined as:

ϕ(vi) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v1 − v2 + v4 if i = 1
−2v1 − v5 if i = 2
v2 + v4 + v5 if i = 3
vi+1 if i = 2r
0 if i = 2r + 1

for all r ≥ 2. We shall characterize the set Xϕ(1).
A computation shows that the AST-decomposition of ϕ is V = Wϕ ⊕ Uϕ with

Wϕ = 〈v1 + v2 − v4 + 2v5,−2v1 + v2 − v4 − v5〉 and

Uϕ = 〈2v1 + v2 + 2v3, v4, v5, . . .〉,

that the matrix associated with ϕ|Wf
in this basis is

ϕ|Wϕ
≡

(−1 0
0 2

)

and that Kerϕ = 〈v2r+1〉r≥2.
Given an endomorphism ϕ− ∈ Xϕ(1), since ϕ(2v1 + v2 + 2v3) = 4v4 + v5, if we con-

sider the basis BV = BWϕ ∪ BUϕ with

BWϕ = {v1 + v2 − v4 + 2v5,−2v1 + v2 − v4 − v5}

and

BUϕ = {2v1 + v2 + 2v3, 4v4 + v5, 4v5} ∪
⎡
⎣⋃
r≥3

{v2r, v2r+1}
⎤
⎦ ,

it follows from Proposition 3.3 that:

• ϕ−(v1 + v2 − v4 + 2v5) = −v1 − v2 + v4 − 2v5 + u1;
• ϕ−(−2v1 + v2 − v4 − v5) = −v1 + 1

2v2 − 1
2v4 − 1

2v5 + u2;
• ϕ−(2v1 + v2 + 2v3) = ṽ3;
• ϕ−(4v4 + v5) = 2v1 + v2 + 2v3 + u4;
• ϕ−(4v5) = 4v4 + v5 + u5;
• ϕ−(v2r) = ṽ2r;
• ϕ−(v2r+1) = v2r + u2r+1;

with u1, u2, u4, u5, u2r+1 ∈ Kerϕ and ṽ3, ṽ2r ∈ V for every r ≥ 3.
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Accordingly, from a non-difficult computation we obtain that the above equalities are
equivalent to the following:

• ϕ−(v1) = − 1
2v2 − 1

2v4 − 3
4v5 + 1

3u1 − 1
3u2 − 1

4u5;
• ϕ−(v2) = − 1

2v1 − 1
4v2 + 1

2v3 − 3
4v4 − 29

16v5 − 2
3u1 + 1

3u2 + 1
4u4 − 5

16u5;
• ϕ−(v3) = 1

2v1 + 5
4v2 − 1

2v3 + 5
4v4 + 53

16v5 + 1
3u2 − 1

4u4 + 13
16u5 + ṽ3;

• ϕ−(v4) = 1
2v1 + 1

4v2 + 1
2v3 − 1

4v4 − 1
16v5 + 1

4u4 − 1
16u5;

• ϕ−(v5) = v4 + 1
4v5 + 1

4u5;
• ϕ−(v2r) = ṽ2r;
• ϕ−(v2r+1) = v2r + u2r+1;

and, therefore, one has that an endomorphism ϕ− ∈ Endk(V) is a 1-inverse of ϕ if and
only if

ϕ−(vi) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1
2
v2 − 1

2
v4 − 3

4
v5 + 1

3
u1 − 1

3
u2 − 1

4
u5 if i = 1

−1
2
v1 − 1

4
v2 + 1

2
v3 − 3

4
v4 − 29

16
v5 − 2

3
u1

+1
3
u2 + 1

4
u4 − 5

16
u5 if i = 2

ṽ3 if i = 3
1
2
v1 + 1

4
v2 + 1

2
v3 − 1

4
v4 − 1

16
v5 + 1

4
u4 − 1

16
u5 if i = 4

v4 + 1
4
v5 + 1

4
u5 if i = 5

ṽi if i = 2r
vi−1 + ui if i = 2r + 1

with u1, u2, u4, u5, u2r+1 ∈ Kerϕ and ṽ3, ṽ2r ∈ V for every r ≥ 3.

4. Computation of {1}-inverses of a squarematrix

This final section is devoted to apply the previous results for the characterization of the set
A(1) of {1}-inverses of a finite square matrix A with entries in an arbitrary field k and to
offer a method for the explicit computation of A(1).

Theorem 4.1 (Structure of A(1)): Let A ∈ Matm×m(k) be a square matrix with entries
in an arbitrary field k and let A = A1 + A2 be its core-nilpotent decomposition. Then, the
structure of A(1) is determined from the following bijection:

A(1) �
⎡
⎣rkA1∏

i=1
Nu(A)

⎤
⎦ ×

⎡
⎣rkA2∏

i=1
Nu(A)

⎤
⎦ ×

⎡
⎣dimNu(A)∏

i=1
km

⎤
⎦ � k[dimNu(A)](m+rkA), (5)

where Nu(A) denotes the nullspace of A.

Proof: Bearing in mind the well-known relationship between finite square matrices and
endomorphisms of finite-dimensional vector spaces, the statement is immediately deduced
from Theorem 3.4. �
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Accordingly, an algorithm for computing A(1) is the following:

(1) Write A in its Jordan canonical form: A = PJP−1.
(2) If J = ( C 0

0 N
)
with C invertible and N nilpotent, compute the inverse C−1 and the

transpose Nt .
(3) Calculate the nullspace Nu(J) of J.
(4) Setting J′ =

(
C−1 0
0 Nt

)
, complete with parameters all the zero columns of J′.

(5) To conclude, add a general element of Nu(J) in the rest of columns of J′ to obtain
the expression of J− depending of [dimNu(A)](m + rkA) parameters so that every
{1}-inverse of A is of the form

A− = PJ−P−1.

Remark 4.2: We wish to point out that this algorithm is compatible with the characteri-
zation of the {1}-inverses of a nilpotent matrix offered by M. I. Gareis, M. Lattanzi and N.
Thome in [11, Theorem 2.1].

Example 4.1: Let F7 be the field with seven elements. We shall now characterize the set of
{1}-inverses of the matrix

A =

⎛
⎜⎜⎝
4 1 3 2
6 4 1 3
1 6 2 6
3 0 3 2

⎞
⎟⎟⎠ ∈ Mat4×4(F7) .

Since the Jordan canonical form of A is

A =

⎛
⎜⎜⎝
1 1 6 0
1 2 0 0
6 6 2 4
0 0 6 1

⎞
⎟⎟⎠ ·

⎛
⎜⎜⎝
2 0 0 0
0 3 0 0
0 0 0 0
0 0 1 0

⎞
⎟⎟⎠ ·

⎛
⎜⎜⎝
1 6 6 4
3 1 4 5
3 0 3 2
3 0 3 3

⎞
⎟⎟⎠ ,

keeping the above notation, we have that Nu(J) = {(0, 0, 0, λ)}λ∈F7 and

J′ =

⎛
⎜⎜⎝
4 0 0 0
0 5 0 0
0 0 0 1
0 0 0 0

⎞
⎟⎟⎠ ,

because 1
2 = 4 and 1

3 = 5 in F7.
Applying the algorithm we obtain that A− is a {1}-inverse of A if and only if

A− =

⎛
⎜⎜⎝
1 1 6 0
1 2 0 0
6 6 2 4
0 0 6 1

⎞
⎟⎟⎠ ·

⎛
⎜⎜⎝
4 0 a 0
0 5 b 0
0 0 c 1
d e f g

⎞
⎟⎟⎠ ·

⎛
⎜⎜⎝
1 6 6 4
3 1 4 5
3 0 3 2
3 0 3 3

⎞
⎟⎟⎠ ,

with a, b, c, d, e, f , g ∈ F7.
Bearing in mind that dim Nu(A) = 1, rk (A) = 3 andm = 4, it is known from (5) that

A(1) � (F7)
7, which is coherent with the computations made in this example.
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