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ABSTRACT. The aim of this note is to offer a new explicit expression of the
Contou-Carrére symbol that depends only on a product of a finite number of
terms. As an application, we obtain an explicit formula for a Witt Residue.

1. INTRODUCTION

In 1994 C. Contou-Carreére [4] defined a natural transformation greatly general-
izing the tame symbol. In the case of an artinian local base ring A with maximal
ideal m, the natural transformation takes the following form. Let f,g € A((¢))* be
given, where ¢ is a variable. (Here and below R* denotes the multiplicative group
of a ring R with unit.) It is possible in exactly one way to write

f=ao-t Hi:l(l a;t?) Hi:l(l a_it™h),
o ow@ TT (1 —p) . TT (1 i
g="by-t ||Z_:1(1 bit?) ||Z_:1(1 b_it™?),

with w(f),w(g) € Z, a;,b; € A for i > 0, ag,bg € A, a_;,b_; € m for i > 0, and
a_; =b_; =0 for i > 0. By definition, the value of the Contou-Carrére symbol is
(o) ag}(g)nzln;il (1 _ af/(Z’J)bl_/J(Z’]))(Z’j) e
bgU(f)Hioill—[]?il (1 _ aﬂ/i(l’”b;/(z’g))(z’])
The definition makes sense because only finitely many of the terms appearing in
the infinite products differ from 1. The symbol (-, -) 4 is clearly antisymmetric and,
although it is not immediately obvious from the definition, also bimultiplicative.
G. W. Anderson and the author [I] have interpreted the Contou-Carrére symbol
(f,g)a—up to signs—as a commutator of liftings of f and ¢ to a certain central
extension of a group containing A((t))*, and they have exploited the commutator
interpretation to prove, in the style of Tate [I1], a reciprocity law for the Contou-
Carrere symbol on a nonsingular complete curve defined over an algebraically closed
field k, A being an artinian local k-algebra.

(1.1)

<f7 g>A = (_1)
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The author has also obtained a similar result for an algebraic curve over a perfect
field [10], and A. Beilinson, S. Bloch and H. Esnault [3] have defined the Contou-
Carrere symbol as the commutator pairing in a Heisenberg super extension. More-
over, recently, this symbol has played an important role in the work of M. Kapranov
and E. Vasserot [6], and M. Asakura [2] has shown that the Contou-Carrére symbol
coincides with the boundary map 6: K;11(A((t))) — K;(A) described by K. Kato
in [7].

In this context, the goal of this paper is to offer a new explicit expression of the
Contou-Carrere symbol that depends only on a product of a finite number of terms
(Proposition B4]). As an application, we study a Witt Residue and we also obtain
an explicit expression for it.

2. PRELIMINARIES

2.1. Contou-Carreére symbol. Using the theory of groupoids, we can construct
a central extension of groups

(2.1) 1= A — A((£)* > A((1)* — 1,
and we have a commutator map
{2 Faliy : AU x A((0)* — A

That is, if 7 and o are two elements of A((¢))* and 7,0 € A((¢))* are elements
such that 7(7) = 7 and () = o, then the commutator map is

{r, O’}A([(tg)) =7-5-7 1.5 teA”.
With the notations of the preceding section, the Contou-Carrére symbol [4] is

(frg)a = (—1) @) £f, g0
Al[t]]

For details about the central extension (2.]) and the commutator {-,-} A(()

readers are referred to [I].
For arbitrary elements f,g,h € A((t))*, the following relations hold:

b <fagh>A:<fag>A<f7h>A

o (9. f)a=(f,9)%"

b <fa 7f>A =1

o Given ¢ € A((t))* with positive winding number n, one has that
(22) <fvgo<p>A:<N4P[f]7g>A7

where N, : A((t))* — A((t))* denotes the corresponding norm mapping:
viewing A((t)) via the homomorphism h — h o ¢ as a free A((¢))-module
of rank n ([9], Proposition 3.6).

Remark 2.1. With the notation of the previous section, we should note that the
original expression of the Contou-Carrére symbol [4] is

a9 - exp (Y, ol0:(f) - 6_i(g)/1))
(23) <f7 > _ (_1)w(f)w(g) 0 p(22>0[
9)A b exp (S0 ol6-i(f) - 6i(g) /i)

)

where 0,,(f) = Res(t Tf)
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Let &1,&,...; m,7M2,... now be indeterminates. Recall from [5] that we can
define the sequences T = (Z;) and § = (g;) by the equations

[[a—&t) =14zt + 28>+ ...,

K3
[[a=nmt)=1+mt+m®+....
i
Hence, from these definitions we can construct a polynomial sequence Py, Ps, ...
satisfying the relations

2]
Bearing in mind the fundamental theorem of symmetric functions, P; can be written
as Pj(i‘],.. .,i‘j;g]_,...,gj).
Thus, if A is a commutative ring, we can consider on the multiplicative group
NA) ={1+at+at® +..., a; € A} C A[t]
a second operation by means of the formula
(1+art+agt> +...) % (1+bit +bot? +...) =14 Pi(a,b)t + Pya,b)t> + ...,

such that (A(A),-, ) is a ring.
Moreover, W(A) being the ring of Witt vectors with coefficients in A, we can
define a map

Es: WA — /\(A),
(a1,a2,...) — [J(1 = ait),
i>1
which is an isomorphism of rings because Es(a 4+ b)Ea(a) - E4(b) and Ea(a-b) =
EA(CL) * EA(b).
Since W(A) is a commutative ring and with unit element ([3], page 117), we can

denote by W, (A) the abelian group induced by the ring structure.
Furthermore, we can define the abelian group

W, (A4) = (b1,ba,...) € W (A) with b; nilpotent
+ - for all ¢ and b; = 0 for almost all ¢

If the artinian local ring A is a k-algebra with ch(k) = 0, bearing in mind
Proposition 2.4 ([I0], p. 44) and denoting E4(-) = E(-,t), we have that

exp( Y [6i(f) - 6-i(9)/i]) = Eala-¥,1),

>0
where a = (ay,ag,...) € W, (A) and b/ = (b_1,b_,...) € W, (A), with the
notation of (LTI).

Remark 2.2. If A is again an artinian local k-algebra with ch(k) = 0, let us now
consider again f,g € A((¢))* and let us assume that there exist decompositions

fao -t T (i —at) [ (0 —at™),
— b tw(9) . _ bt - _p 41
g=by-t Hmu b;t) Hmu bty

with di,l_)j € A and &_i,l_)_j €m.
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It follows from the above considerations, in particular from equality (Z.4]), and
from the results of [§] (formulas (4.1) on p. 62 and (4.3) on p. 63), that

eXP(Z[(Si(f) -0-i(g)/i]) = [Z 2y oa(@)pa(0)] 7,
i>0 A
exp( D _[6:(f) - 5-i(9)/i]) = D_ sa(@)sa ()],
i>0 A
summed over all partitions A = (A1, Ag,...), with:
o G =(dy,as,...);
[ EI = (67176727 [N ),
o 2\ =[[;>¢™ - m;!, where m; = m;(\) is the number of parts of A equal
to 17;
® Dy =Px, - D, - - -, Where py, (z) is the A;-th power sum Zazj‘l,
sy is the Schur function associated with the partition .

Therefore, setting b = (by,by,...) and @ = (@_1,a_2,...), equivalent expres-
sions to ([23)) are:

_w(g) -1 b a’
1 — (—1)(Hw(g) @0 s 2y pa®Ipa (@),
(1) (f,9)a=(-1) b5 2 oA (@)pa (7))

—w(g) T —7
2 —1)w(HHw(g) %o DN s,\(b)s)\(tz, )
@) fr9)a(=1) 5525 sa(@)sa(v)

2.2. Witt Residue symbol. Similar to [I], let

{e} H{Xiﬂyi}?il

be a family of independent variables. Let us write

H (1—xi€) (1 —yie')) = [](1 = Ase®),

i1 =1
HH( y i/ ) w/(m))( )ﬁa—MieiL
i=17=1 i=1

thereby defining families of polynomials

{An7 Mn ez [{Xiv yz}z|n] }:021
For any commutative ring B with unit and finite subset A of the set of positive
integers closed under passage to divisors, let Wa (B) denote the set of vectors with
entries in B indexed by A. It can be shown that the A’s and M’s define addition
and multiplication laws with respect to which W (B) becomes a commutative ring
with unit, functorially in commutative rings B with unit.

Let us fix a positive integer N. If W< n(B) is the ring of Witt vectors associated
with A ={1,2..., N}, one has that the map

1»—>H 1 — z;€') mod V1!

identifies the additive group underlylng W<n(B) with the group of units in the
ring Ble]/(eN*1) congruent to 1 modulo (€) functorially in commutative rings B
with unit.

If Fis a field, and A := F[e]/(eN*!), we can define a pairing

Resdy ()« F((£)" x Wen (F((1)) — Wen(F)
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by the rule

N N
<f7 H (1- xle’)> = (1 — ¢ {ReSEJN(f, x)L) mod (eNF1),
A(@®)>* 0

i=1 i=1
where (-, ) 4¢())x is the Contou-Carrere symbol.
The pairing Res“éVN is essentially the pairing introduced in Witt’s paper [12].
Hence, when N = 1 we have a map
Res"(-,-): F((t))* x F((t)) — F,
where
(f:1=€g)aquyx =1 — €[Res"” (f, )] mod (),
for all f € F((t))* and g € F((t)).
One has that:
o Res”(f - f,9) = Res"(f,9) + Res" (f,9).
* Res"(f,g+9') =Res"(f.9) + Res" (f,9').

3. NEW EXPLICIT EXPRESSION OF THE CONTOU-CARRERE SYMBOL

Given an element f € A((t))*, it is possible in exactly one way to write

(oo} oo
f =ap - tw(f) . H (1 — a_it_i) . H (1 — aztz) s
i=1 i=1

where
a; =0 ifikO0,
a; €Em  ifi <O,
a; € A ifi =0,
a; €A ifi>0.
The integer number w(f) is the winding number of f, and the set {a;}°___ is the
family of Witt parameters of f.
Thus, we can consider the morphism of groups

¢: A(()" — A((1)”,

fr—ao.

w(f) € Z,

Remark 3.1 (Characterization of the Contou-Carrére symbol). It follows from the
properties described in Subsection [2] that the commutator map {-, -}QE[Z t]%) is the
only bimultiplicative map
A
L YAl = AB)* x A1) — A
that satisfies the conditions:
A[lt]]
o {-,-} =1.
A;(ti) Lagen  x aqen
o {£,aYAl) = 6(NGLf)) for all g € A((£))* with w(g) > 0.
Hence, the Contou-Carrére symbol is the only map
()ar A((8)* x A((2) — A"
that satisfies the properties:
e (- -) 4 is bimultiplicative.
o () =1.

Al x afen x
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o (f,9)a = (=1)"D"9 - p(N[f]) for all g € A((t))* with w(g) > 0.

As far as we know a characterization relating the Contou-Carrere symbol with
a norm map is not stated explicitly in the literature.

Let us now consider a series s(t) € A[[t]]* and an element a € m. For each
positive integer n, setting

(3.1) s(t) = sg(t") + 1T (") 4+ " ST (1),
we can construct a matrix C;l(’g € Gl(n, A) where the coefficients are

S s i(a) if i > j,
W T\ s (a) ifi < g

That is, the expression of the matrix is

sp(a)  a-s"_y(a) ... a-s%(a) a-st(a)
sT(a) sp(a) oo a-s%(a)  a-sh(a)
i . .
Sp—2(a) e st(a)  sgla) a-sp_(a)
sp—1(a) e s3(a)  si(a) sq(a)

Note that in (B1) the series s{j(t) € A[[t]]*. Moreover, for all s(t) € A[[t]]* and
a € m, one has that

det CJif) = 6(s(t)) = s(a).

We shall now give an explicit expression of the Contou-Carrere symbol by using
the determinants of the matrices CJ/j).

Lemma 3.2. Ifn >0, a € m and s(t) € A[[t]]*, one has that

(s(t),t" —a)a =det C[(}) .

Proof. Viewing A((t)) via the homomorphism h — ho (t" — a) as a free A((t))-

module of rank n with basis {1,...,t" "1}, from the relations
sp(t") = si(a) + (t" —a) - 5/ (t" —a),

th-si(t") = a-si(a) + (t" —a) S} (t" —a),

we have that the matrix of the homothety h,;) is obtained from the equality
hoy(1) = (™) + - s7(E™) 4+ sn_ (1)
[[s5(a) +t- 3B 0 (1" —@)] +- -+ "1 - [[st_y (@) + ¢ 52, (8)] o (" — )]
(sg(a) +t-5G(t), ..., s, 1(a) +1-57 ()
and from the expressions
hae (1) = 2" sg (") + -+ 277
cspogs () sy () T s (1)
=t [[sg(a) +t-55()]o(t" —a)] +--- + 1"
[la-sp_1(a) +t-37_1()] o (t" —a)]
=(a-sp_i(a) +t-s5_5(1),. .. sn_1(a) +t-sp_1_(t))

when ¢ > 1.
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Thus, bearing in mind the definition of C{;), since Nin_a[s(t)] € A[[t]]* and

(s(t),t" —a)a = ¢(Nin—a[s(1)])
the claim is deduced. O

A direct consequence of Lemma [3.2] is the following result that appeared in [2].
Corollary 3.3. For every s(t) € A[[t]]* and a € m, one has that
(s(t),t —a)a = s(a).

Given two elements f,g € A((t))*, let us now write
k
f=tNs@) [ —az), g=tM-S@0)-[[E# -b-y),
i=1

with N, M € Z*; a_;,b_; € m; s(t),s'(t) € A[[t]]*; w(f) = w — N and
w(g) = #5H — M.

Proposition 3.4 (Explicit expression of the Contou-Carrére symbol). With the
previous notation, if ¢(f) = ag and ¢(g) = by, the Contou-Carrére symbol is

M Jsb—j
by - H 1 det O )

o - TI, det CLE,

Proof. The expression follows from Lemma [3.2] bearing in mind that
t] —b_ J> ( 1)j'N§
=iyt = (1,

(t
(
(tN,s B)a = by s
(
(

(fog)a = (~1)" o).

s(t), tMys =ag™;
th—a_j, 7 —b_j)a = (—1)". O

Corollary 3.5. Given two elements f,g € A((t))*, such that

k h
f=t"N-ao-st)-T] (* g=t"" b-5(t)- [T (¥ —0-
i=1 j=1
with N, M € Z*; ag,by € A%; a_;,b_; € m; 5(t),5 (t) € A[[t]*; w(f) = L& _

N and w(g) = % — M, the Contou-Carrére symbol is

agj(g) . H ; det b=

5(t)

by I, det CLG

(f,g)a = (=1)Deto).

Proof. Since (ag,t/ —b_j)a = a) and (t* — a_;,bo)a = b, this formula follows
immediately from the explicit expression given in Proposition [3.41 O

Finally, as an application of this explicit formula of the Contou-Carrere symbol,
we shall study the map Res" (-,-): F((t))* x F((t)) — F defined in Subsection
by the rule

(f,1— €g>A((t))>< =1- e[ReSW(f, g)] mod (62) .
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Note that if g = 37,5, b;t7, then

h
(h+1)
l—eg:t*hg+1 (1 —ebg) - H —eb_;),

j=1
where §'(t) € A[[t]]* with A = F[e]/(€?).
Thus, if f = t*() - qq - 5(t), we have that

[T)_ det €250~ TT)_, det G250~
(fil—€g)auy» = =
[1 — ebo]H) [1 = ew(f)bo]
Accordingly, if Tr A denotes the trace of a square matrix A, bearing in mind that

Cheb-i = = AL, - (1d +e-by-[AL, 7V BL,),

5(t)
with
1 0o ... 0
ap 1 0 0
AE(t) =
aj—2 ai 1 0
aj—1 as aq 1
and
a; Q51 [N ‘e aq
aj41 aj aj—1 cee a
J . . . .
Bg(t) B : T . Ce . )
a2;5—2 ce Aj41 a; aj—1
a25—1 ‘e aj42 G541 aj

where 5(t) = 1+ 37,5, a; - ', we have that

,eb_; j
det CL ™ =1+e-b_j-Tr([AL )71 BL,).

Hence, since
if a=p,
4 0 if o < 3,
Al -1 =
([ s(t)] )aﬂ Z (_1)tai1 ceay 1f a > /87

i1+ tig=a—F
1<ip,...,ig<j—1

t

then

j—1
Te([Al )7 Bl =d-ai+) [ D (Diai-ai]ajr,
r=1  ipt-tig=r
1<iq, i <j—1

and the explicit expression of the Witt Residue is:

Res"(f,9) = ) - bo — Z b J a; + Z Z (—1'ai, - ait]aj—r)

r=1 i1+ tie=r
1<iq .., i <j—1

for f =t¥() . qq- 1+ ZiZI a; -t'] and g = ijfh bjtj.
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Remark 3.6 (Residue Theorem). Let X be a nonsingular and irreducible curve over
the field F' and let ¥ x be its function field. Fixing a closed point x € X, we have
an immersion of rings .

iz: Xx — (Og)o = F((1)),
such that, by restriction of Res" (-, ), we can consider the map

Res) (-,-): 2% x Nx — F,
which is the Witt Residue associated with the closed point x.

When X is a complete curve, a direct consequence of the reciprocity law for the
Contou-Carrere symbol [1] is the following Residue Theorem:

> Res;'(f,9) =0

zeX
for every f € X% and g € Xx.
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