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Abstract

In an intertemporal framework with a finite horizon, we pose the problem of charac-
terizing which discrete Choquet integrals satisfy strong aversion to delayed rewards.
This property is arguably a minimal condition for a reasonable evaluation of vectors
of rewards received at successive periods of time. We relate this property to other
distributional axioms discussed for this framework. Particularly, we show that for
monotonic evaluations, delay-aversion is equivalent to consistency with cumulative
domination. Then, we define a property (temporal anti-buoyancy) and we prove that
it is necessary and sufficient for a capacity to define a strongly delay-averse Choquet
integral.

Keywords Intertemporal analysis - Delay aversion - Choquet integral - Capacity

1 Introduction

The general aim of this paper is to explore the ability of the Choquet integral to
capture intertemporal assessments with appropriate axiomatic properties. Prior to
stating our specific goals, let us review these two main components of our article.

1.1 Intertemporal analysis

The intertemporal analysis has its own characteristic features. One reason is that
anomalies, also called paradoxes, abound in intertemporal problems. Their origins
are not always obvious, for example, Van der Wal et al. (2013) found evidence that
nature exposure reduces future discounting. These authors reported on other envi-
ronmental effects of temporal discounting. Below we recall that the intertemporal
analysis has implications in many other different fields.
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One specific topic that sparked our interest is the mounting evidence for time dis-
counting, e.g., in financial choices, albeit it may be subject to the aforementioned
anomalies. It is easy to test that people frequently prefer immediate profits at the
expense of future gains. This paradoxical behavior is not exclusive of financial deci-
sions. For example, Sparkman et al. (2021) conducted experiments to disentangle
the relationship between psychological distance and environmental policy support.
Recently, Ruggeri et al. (2022) conducted a test across sixty-one countries to explore
the reasons why temporal discounting feeds into rising global inequality. They con-
sidered five anomalies of intertemporal choices. In life cycle assessment, Yuan et al.
(2015) reviewed theoretical frameworks for temporal discounting. It is no surprise
that to determine the present value of future rewards (such as cash flows in math-
ematical finance), time discounting provides an influential methodology. In other
areas, the nature of the temporal discount must be well known too, e.g., for the pur-
poses of public health and environmental policy-making (Ruggeri et al., 2022).

The question that stems is the computation of the “present value” of forthcoming
cash flows. Although the “discount rate” is at the root of several solutions, the exact
form of the evaluation is subject to intense debate, both from experimental and theo-
retical viewpoints. Exponential discounting defines the standard Discounted Utility
model introduced by authors such as Fisher (1930) and Samuelson (1937). After
experimental evidence proved that this model is unable to explain the time-incon-
sistent patterns observed in actual intertemporal choices (Loewenstein & Thaler,
1989; Thaler, 1981; Willis-Moore et al., 2024), more faithful accounts of people’s
evaluations of future endowments have been proposed, notably the hyperbolic dis-
counting model (Green et al., 1997; Kirby, 1997). All these formulas and others pro-
posed in the literature (e.g., quasi-hyperbolic discounting) boil down to weighted
sums. But it may be that additivity lies at the heart of why of these models for time
discounting are inadequate, a fact that has been long argued since Read (2001). This
author asserted that time discounting must only be subadditive.

Aggregation operators offer a natural escape to this stalemate. Many aggregation
operators alleviate the additivity property, and one remarkable example is the Cho-
quet integral defined by Choquet (1954), who in particular, identified which Cho-
quet integrals are subadditive. At any rate, in a (possibly discrete and finite) tem-
poral modelization, basic constraints should be forcefully observed. In this regard,
the indisputable lesson we draw from the complex scenario described above is that
individuals consistently display aversion to delayed rewards. We will therefore be
concerned with Choquet integrals that satisfy this property.

1.2 Choquet integrals

Although we explained that the Choquet integral was developed in 1954 (Choquet,
1954), Struk (2006) states that it was earlier proposed by Vitali (1925) who also
anticipated the set functions later known as fuzzy measures (Sugeno, 1974). Other
authors had referred to set functions that are monotone and vanish on the empty set
under various names (Mesiar & Mesiarova, 2008). A celebrated characterization of
the Choquet integral was given by Schmeidler (1986), who pioneered its utilization
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in decision making under uncertainty. Grabisch et al. (2009) and Grabisch and
Labreuche (2010) established the foundation of its applicability in multi-attribute
decisions. Nowadays its applications have extended to a large number of specialities
(Alcantud & de Andrés Calle, 2017; Beliakov & James, 2022; Even & Lehrer, 2014;
Li et al., 2013; Ok & Zhou, 2000; Torra & Narukawa, 2008, 2016). Concerning
computability, Ontkovi¢ova and Torra (2024) gives an updated overview and con-
tribution to the calculation of Choquet integrals of arbitrary continuous functions.
In this article the problem that we investigate only requires the utilization of the
discrete version of the Choquet integral. Characterizations of the discrete Choquet
integral are available as well (Couceiro & Marichal, 2011, 2013; Marichal, 2000).
The literature attests to the existence of many generalizations of the Choquet inte-
gral (Dimuro et al., 2020; Horanska & Siposova, 2018).

A fundamental component of the construction of the Choquet integral is the sig-
nificant class of non-additive set functions known as capacities, or fuzzy measures.
Capacities form the basis of a generalization of measure theory with important
applications in decision making (Grabisch, 2016). Wakker (1990) gave a behavioral
foundation for capacities comparable to that of Savage (1954) for subjective prob-
abilities. While Savage’s target was the optimization of expected utility, Wakker
opened the door to verification/falsification of capacities through observations. Gra-
bisch (1995) inaugurated the problem of identification of capacities, a pivotal aspect
in the aggregation of interacting inputs using the Choquet integral and its exten-
sions. However this task is particularly demanding due to the high complexity of the
polytope of capacities. Motivated by this problem, Grabisch (1997) introduced the
important class of k-additive capacities. Their computational complexity is consid-
erably smaller than in the general case, but k-additive capacities allow for sufficient
flexibility even for small values of k. Another important topic approached for exam-
ple by Beliakov and Divakov (2020) is the computational aspects of learning capaci-
ties, a subject reviewed by (Beliakov et al. 2020, Chapter 8) from the perspective of
data fitting. Currently, a Python module is available that uses empirical data to learn
capacities (Tiirkarslan & Torra, 2022). Yet another area of inspection is motivated
by the fact that simulations and probabilistic optimization algorithms often require
the random generation of capacities with specific properties. Studies that investigate
this problem include Beliakov (2022), who focused on the case where it is required
that the capacities are supermodular, resp., submodular.

Many contributions provide evidence of interaction with other topics. Narukawa
et al. (2023) used the Choquet integral, as well as other fuzzy integrals, for build-
ing a type of probabilistic metric spaces that are based on capacities. In a multi-
period context with uncertainty, Gilboa (1989) proves a representation theorem and
an extension to an infinite horizon. As a by-product, he also proved that the Choquet
integral is continuous with respect to monotonic convergence. Beliakov and James
(2021) approached optimisation in the case that the objective functions are Choquet
integrals. A simplified version optimizes problems with a single constraint based on
OWA (Ordered Weighted Averaging) evaluations. OWAs operators (Yager, 1988)
are discrete Choquet integrals defined from symmetric capacities. Aristondo et al.
(2013) showed that OWA operators defined from antibuoyant weighting vectors per-
form well as welfare functions. These authors presented semantic justifications of
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this property based on links with the Pigou—Dalton progressive transfers principle, a
sound principle from welfare economics. Beliakov and James (2022) used an exten-
sion of the antibuoyancy property to capacities in order to identify the Choquet inte-
grals that satisfy the Pigou—Dalton principle. Alcantud and de Andrés Calle (2017)
used the Choquet integral in the context of solving impossibilities in the group iden-
tification problem with the help of fuzzy interpretations. And Martino et al. (2024)
considered aggregation by a discrete Choquet integral in their inspection of the
role of (components of) financial literacy and gender in anomalies in intertemporal
choice.

Finally, as an antecedent to the present study, we mention that the use of Sugeno’s
fuzzy measures led Alcantud (2024) to define subadditive discrete Choquet integrals
that evaluate each time moment exactly like the additive hyperbolic (or exponential)
discounting expressions do. That exercise aligns fuzzy integrals with Read (2001)’s
requirement that time discounting should be subadditive rather than explicitly addi-
tive and hyperbolic.

1.3 Goals and outline of this article

It has been established that the comparison of temporal gains is a controversial
task. Many axiomatic properties attempt to give an organized perspective. Evalu-
ation functions (of the vectors) must be tested on these properties. We first aim at
giving an overview of characteristics that are important for discussing reasonable
evaluations of temporal rewards. Then we focus on delay aversion, which can argu-
ably be a necessary condition for acceptable evaluations of the vectors in tempo-
ral problems. Indeed, the most popular formulas for intertemporal evaluations (i.e.,
those based on exponential, hyperbolic, and quasi-hyperbolic discounting) satisfy
the axiomatization of delay aversion that we consider in this article. We show that
this axiom is equivalent to another natural property, namely, the respect for cumula-
tive domination (or c-monotonicity, for short), in the case of monotonic evaluations
(a restriction that does not discard any rational evaluation, specifically, the formulas
mentioned above). The same is true for respective strong versions of these axioms.
In particular, monotonicity is a property of the Choquet integrals. The next question
emerges: what Choquet integrals for intertemporal evaluations satisfy these equiva-
lent properties? We identify an axiom that we call temporal-antibuoyancy, which
gives a full solution to this problem. In passing, we argue that Choquet integrals that
satisfy the Pigou—Dalton principle are basically incompatible with the intertemporal
analysis. We also establish that when a capacity is buoyant, the Choquet integral that
it defines can be neither strongly delay-averse nor strongly c-monotonic. And we
prove results that confirm that c-monotonicity and symmetry are rarely combined in
a numerical evaluation. An important conclusion is that among all OWA operators,
only the simple arithmetic mean is c-monotonic.

The outline of this work is as follows. Section 2 gives preliminaries concerning
both the “fair’ comparison/evaluation of vectors representing temporal rewards, and the
discrete Choquet integral, inclusive of special cases that deserve our attention (OWAs
and weighted arithmetic means). Section 3 explores how narrowly we can implement
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c-monotonicity in the presence of symmetry. Section 4 produces our main results. First
we prove the impossibility of a delay-averse function that satisfies the Pigou—Dalton
progressive principle. Then we derive consequences of the strong version of delay-
aversion of the Choquet integral on the capacity that produces it. Specifically, Choquet
integrals computed from buoyant capacities cannot be strongly delay-averse. We give
a simple proof that submodular capacities that satisfy a simple additional condition
produce strongly delay-averse Choquet integrals. Finally, we axiomatically character-
ize strongly delay-averse Choquet integrals in terms of temporal-antibuoyant capacities.
Section 5 gives final remarks, plus lines for future inspection.

The proofs of various lemmas and main results are postponed to Appendices. Spe-
cifically, Appendix A, Appendix B and Appendix C respectively include material from
Sects. 2, 3 and 4.

2 Preliminaries

Henceforth, X* denotes the Cartesian product of k copies of a non-empty set X, and
P(X) denotes the set of all subsets of X; whereas 27" (X) stands for the set of all non-
empty subsets of X.

Let N = {1,...,T}. Depending on the intended application, the set N may repre-
sent either T distinct properties (in multi-criteria decision analysis) or experts (in group
decision making), or the results of an event with 7 possible outcomes, or a finite num-
ber of periods of time. The later will be the framework of this study, where time is
divisible into discrete periods.

The elements of the canonical basis of R” are denoted by e;, withi =1, ..., T.

For each x=(xj,...,x;) €R!, by x,= (s ---» X)) we will denote a
non-decreasing permutation of x, i.e., a permutation of the entries of x such that
X1y € Xy € ... < X(7)- An alternative presentation uses a permutation of the indices,
ie., a bijective mapping o : N — N, in such way that X , =X, = (X5, - Xp(7))-
And x\ = (1}, ..., X)) Will denote a non-increasing rearrangement of X, i.e., the
entries of x are such that X Z Xpg 2 - 2 X It is also possible to reformulate this
concept with permutations of the indices. A permutation that exchanges two elements,
all other elements remaining unchanged, is a transposition.

The fundamental definitions and facts that we need to state our contribution con-
cern evaluations that do not contradict basic assumptions in intertemporal comparisons.
First, in subsect. 2.1 we overview several notions for the comparison of vectors, both
in the case of binary relations and of numerical evaluations. Some useful relationships
are established. Secondly, in subsect. 2.2 we brief the reader about the discrete Choquet
integral and its fundamental properties. Then we describe two specific cases in sub-
sect. 2.3, namely, OWA operators and weighted arithmetic means.

2.1 Comparing vectors: a few basic notions

For each x = (x,...,x;) €RT and y = (y,,...,yr) € RT, suppose for simplic-
ity that they represent income allocations to 7 individuals. An evident situation of
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improvement happens when x; > y; for each i =1, ..., T. We represent this case by
X >y, and say that x monotonically improves y, or that x is monotonically better
than y. In different contexts, other types of transformations produce “better”, “more
desirable”, or “more evenly distributed” vectors of allocations. Particularly, we say
that:

a) xis obtained from y by a Pigou—Dalton progressive transfer if there is € > 0 with
X;=y;— € 2 x, =y, +eforsome jk €N,andy, =x, when j#7+# k. This is
a transfer of € > 0 from j to k, in such way that their relative positions are not
reversed. So after the transfer, individual j still has a larger endowment than
individual k.

b) x is obtained from y by a Pigou—Dalton transfer (Marshall et al., 2011, Chap-
ter 1) if there is y; — y, > & > O withx; = y; — £, x; =y, + € for some j,k €N,
and y, = x, when j # t # k. This is a transfer of € > 0 from j (whose income
is larger under y) to k, that is no larger than the difference between j’s and k’s
incomes. Note that now the relative positions of the individuals can be reversed:
after the transfer, individual j may end up with less income than individual k. In
other words: this shift of income may not be a Pigou—Dalton progressive transfer.
Arnold (2012) labels this operation a Robin Hood transfer.

An h-delay (from component i to component i + 1) of x is x — he; + he;, |, for
somei=1,...,T — land & > 0. Unit delays are the case h = 1.

Obviously, in an intertemporal setting where N represents periods, an h-delay
defers A units from period i to period i + 1.

We can formalize various ideas that implement the production of more ‘fairly’
distributed entries, or other concepts such as ‘delay of a shift in income’.

a) x Lorenz dominates y (or y is Lorenz majorized by x), represented X >, y,
if Ziilxi = Z,-T=1Yi and Zf;lx(i) < Zley(i) for each k=1,...,T - 1. Note
the following equivalence in terms of non-increasing rearrangements (Mar-
shall et al., 2011, A.1): x Lorenz dominates y if and only if Zszl xX; = Zszl v;
and Zle Xy = Zle yiy for each k=1,...,T — 1. The reason is that due to
>, x = v,foreachk=1,...,T — I, the inequality Zle Xpp = Zle Vi is

i=1
. T T I . T—k T—k

equivalentto 3., . X < X, Vi Which is equivalentto 37 7" x) < X0 v,

b) x cumulative dominates y, represented x >=_.y, if Zf:] X; = Zle y; for each

k=1,...,T.

Of course, x > y implies X >, y. Both >, >, , and >, are reflexive and transitive.

To see why these definitions matter, suppose for simplicity that the vectors
distribute income or wealth. Intuitively, when x Lorenz dominates y / y is Lorenz
majorized by x, the vector of endowments y is more evenly distributed than x.
Indeed, the same quantity of wealth is distributed, but also the richest person in x
has no less than the richest person in y / the richest person in y has no more than
the richest person in x, the richest and second richest persons in x have no less
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than the richest and second richest persons in y / the richest person in y has no
more than the richest person in x, and so forth.

Clearly, if x is obtained from y by a Pigou—Dalton transfer then x Lorenz domi-
nates y. Conversely, Lorenz dominating vectors can always be obtained by a finite
sequence of Pigou—Dalton transfers (which may not be progressive), and also by a
finite sequence of Pigou—Dalton progressive transfers if permutations are allowed
as well. This sequence is empty when x = y. To summarize, one has:

Lemma 2.1 (Marshall et al., 2011; Banerjee, 2014; Aristondo et al., 2013) For
each x = (x,...,x;) € RT and y = (y,, ..., y7) € R7, the following statements are
equivalent:

1. x Lorenz dominates y
y is obtained from x by a finite sequence of successive Pigou—Dalton transfers.
3. yis obtained from x by a finite sequence of successive Pigou—Dalton progressive
transfers and/or permutations.

Example 2.1 With 7=3, let x=(0,549€R?® and y=(4273) R’
hence x o= (0,4,5) and y o= (2,3,4). Then x Lorenz dominates y because
0+4+45=2+3+4,0<2and0+4<2+3.

We can obtain y from x doing two Pigou-Dalton transfers, namely, a transfer
of 4 units from the second to the first individual, which produces (4, 1, 4) from
x = (0,5,4), and then a transfer of 1 unit from the third to the second individual,
which yields y = (4,2, 3) from (4, 1, 4). Note that the first Pigou—Dalton transfer is
not progressive.

Alternatively, we can obtain y from x doing one transposition and two successive
Pigou—Dalton progressive transfers. First we obtain (5, 0, 4) from x = (0, 5,4) by a
transposition of the endowments of the first and second individuals. Then a transfer
of 1 unit from the first to the second individual produces (4, 1, 4) from (5, 0, 4). Now
a transfer of 1 unit from the third to the second individual produces y = (4,2, 3)
from (4, 1, 4).

In each framework (e.g., welfare economics or intertemporal analysis), an appro-
priate evaluation of vectors must be done by functions that respect reasonable prop-
erties. To define some apposite ideas, fix X C R and a function f : X” — R. Then
we say that:

1. The function f is monotonic if x > y implies f(x) > f(y), for each x,y € XT.
The function f satisfies the Pigou—-Dalton progressive principle if when
x,y € XT and x is obtained from y by a Pigou-Dalton progressive transfer, then
f(x) > f(y). Beliakov and James (2021, Definition 10) call this property the Pigou—
Dalton (or the progressive transfers) principle.

3. The function f satisfies the Pigou-Dalton principle if when x,y € X7 and x
is obtained from y by a Pigou—Dalton transfer, then f(x) > f(y). Note that this
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property implies the Pigou—Dalton progressive principle (because progressive
Pigou—Dalton transfers are Pigou—Dalton transfers).

4. The function f is Schur-concave or S-concave (Marshall et al., 2011; Beliakov &
James, 2021) if for each x,y € X7, x >, y implies f(x) > f(y), i.e., if f(x) > f(y)
whenever x Lorenz dominates y. Strict S-concavity holds when in addition to
S-concavity, X # y always implies f(x) > f(y). Note that when f is S-concave then
it is symmetric, i.e., f(x) = f(x ,) for allx € XT.

5. The function f is consistent with cumulative domination if for each x,y € X7,
X =,y implies f(x) > f(y), i.e., if f(x) > f(y) whenever x cumulative dominates y.
In this case we simply say that f is c-monotonic. Note that this property implies
that f is monotonic. We also say that f is strongly consistent with cumulative
domination if f(x) > f(y) whenever x cumulative dominates y and x # y. Then
we simply say that f is strongly c-monotonic. This property implies that f is
c-monotonic thus monotonic.

6. The function f is consistent with Axiom Z ife € X7, ¢ >=. 0 implies f(e) > 0.

7. The function f is delay-averse if f(x) > f(x — he; + he, ;) wheni € {1,...,T — 1},
h>0, and x — he; + he,.; € X”. It is strongly delay-averse if we require
f(x) > f(x — he; + he;, ;) in the conclusion. Obviously, strongly delay-averse
implies delay-averse.

In cases such as X = RJTr, f is delay-averse if and only if f(x) > f(x — he; + he;) when
i,jEN,j>i,h>0,and x — he; + he; € XT. We only need to apply a simple recur-
sive argument to prove this equivalence.

A comparative tool that is weaker than an evaluative function is a binary relation.
A preorder on X7 is a reflexive and transitive binary relation R on X7. It is complete
when for all x, y € X7, either xRy or yRx is true. The concepts above can be transferred
ceteris paribus to this language. For example, a binary relation R on X7 is monotonic if
x > y implies xRy, for eachx,y € X T Let P denote its asymmetric part,1 Then R satis-
fies the Pigou—Dalton progressive principle if when x,y € X7 and x is obtained from y
by a Pigou-Dalton progressive transfer, then xPy. And R satisfies Axiom Z if ¢ € X7,
€ =, 0 implies € R0. Below we establish some properties that can be exported to the
case of evaluative functions (v., Appendix A for a proof):

Proposition 2.1 Let R be a transitive binary relation on X7, and suppose X C R is
closed under sums. Then:

1. R is strict S-concave if and only if R satisfies the Pigou—Dalton principle. This
case implies that R also satisfies the Pigou—Dalton progressive principle.

2. Ris c-monotonic (resp., strongly c-monotonic) if and only if for each € >, 0 (resp.,
with e # 0) and e, x € X7, one has (x + €)RX (resp., (X + €)Px). In particular, if R
is c-monotonic then R satisfies Axiom Z and it is monotonic.

! The asymmetric part P of R is defined by xPy if and only if xRy but not yRx, for all xy € X7.

@ Springer



A characterization of delay averse Choquet integrals for...

3. If R is reflexive and additive (i.e., xRy, x'Ry’ implies (x + x)R(y + y’) for all
x,y,X,y € X7T) and it satisfies Axiom Z then R is c-monotonic.

4. If Ris c-monotonic then it is delay-averse. The reverse is not true. However, if R
is a monotonic and delay-averse preorder, then it is c-monotonic.

5. If R is strongly c-monotonic then it is strongly delay-averse. The reverse is not
true. However, if R is a monotonic and strongly delay-averse preorder, then it is
strongly c-monotonic.

Despite claim 4 in Proposition 2.1, delay-aversion and c-monotonicity are not in
general equivalent (v., Example A.1 in Appendix A).

2.2 The discrete Choquet integral

In this article we will work with non-negative real inputs only. In this context, aggre-
gation operators are functions of 7 arguments mapping 7-dimensional vectors with
non-negative real components onto non-negative real numbers, that are monotonic
and satisfy a boundary condition:

Definition 2.1 An aggregation operator on R” is a mapping f : RT — R, which
is monotonic (i.e., f(x) < f(y) whenever x < y) and satisfies (0, ...,0) = 0.

The standard version of aggregation operators (Beliakov et al., 2007, Definition
1.5) alludes to mappings f : [0,1]7 — [0, 1], for which in addition to the restric-
tion established above, it is also required that f(1,...,1) = L

The discrete Choquet integral provides a remarkable class of aggregation opera-
tors that are constructed from a discrete capacity defined as follows:

Definition 2.2 A discrete capacity (or a fuzzy measure) on N is a set function
u - 2V — [0, 1] which is monotonic (i.e., u(A) < u(A’) whenever A C A’ C N) and
satisfies u(@) =0, u(N) = 1.

If u(A) = u(B) when A,B C N are such that |A| = |B|, then the capacity u is
symmetric. Also, additivity holds if it is the case that when A, B C N are disjoint
then u(AUB) = u(A) + u(B). Additive set functions are uniquely determined by
{u(l),...,u(T)}. An additive normalized (i.e., with the property u(N) = 1, that is
sometimes dropped) capacity is a probability measure.

Capacities for which H(AUB) > u(A) + u(B), respectively,
u(A U B) < u(A) + u(B), whenever A and B are disjoint non-empty subsets of N, are
called superadditive, respectively, subadditive.

Furthermore, the capacity u is supermodular when

uAUB)+ u(AnB) > u(A) + u(B) forallA,BC N (1)
and it is submodular when

HAUB)+ u(AnB) < u(A) + u(B) forallA,B C N. )
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Supermodular capacities are superadditive, and submodular capacities are subaddi-
tive. For this reason, another term for supermodular, resp., submodular, is “strongly
superadditive”, resp., “strongly subadditive” (e.g., Anger (1977)). In a wider frame-
work, supermodularity boils down to 2-monotonicity and submodularity to the
2-alternating property (Grabisch, 2016, Remark 2.19).

It is worth mentioning that de Campos Ibéfiez and Bolafios Carmona (1989, Prop-
ositions 3.4, 4.2) characterize submodularity and supermodularity of a capacity.

Since we only work with non-negative real inputs in this article, the discrete Cho-
quet integral can be defined in the following way:

Definition 2.3 The discrete Choquet integral C* : IRJTr — R, with respect to a

discrete capacity p is defined as: for each x = (x|, ..., x;) € IRL
T
C”(xl,...,xT) = Z ()C(l-) —x(i_l))ﬂ(H,‘)7 (3)

i=1

provided that we set x;, = 0 by convention, and H; = {(), ..., (1)} (thus H; captures
the set of indices of the largest T — i + 1 components of x).

An alternative definition uses the concept of discrete derivative of the capac-
ity u at A with respect to i, which is A;u(A U {i}) = u(A u {i}) — u(A), for each
A CN\{i}andi € N:

Definition 2.4 In the conditions of Definition 2.3,

T
Cr(xy, ..., xp) = Z A u(H,)x ), for each x = (xy, ..., x7) € IRJTr. “

i=1

Either symmetric or asymmetric Choquet integral must be used when working
with positive and negative integrands (Grabisch et al., 2009, Section 5.4). The exten-
sion of the formulas presented above to this general case produces the asymmetric
Choquet integral, which in fact is the most widely acknowledged definition of the
discrete Choquet integral for real integrands (Grabisch et al., 2009, Remark 5.24).
Note that this is no longer true in the continuous version of the formula.

The Choquet integral is continuous with respect to the Euclidean topology. It is
neither additive nor symmetric, but it has a number of other interesting properties
such as the following list.

e Compensativeness: VX = (x, ..., x;) € RJTr,
min{x,, ..., x;} < CH(xy, ..., xp) < max{x,,...,xr}.

Alternatively, we say that the Choquet integral is averaging (Beliakov et al.,
2007, Definition 1.7). In particular, the Choquet integral is idempotent, i.e.,
CH(x,...,x) =xwhenx € R,.

e Monotonicity: Vx,y € IRJTr, x Ly = CH(X) < CH(y).
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¢ Positive homogeneity (of degree 1): Vx € IRJTr, VieR,, CHIX) = A CH(X).

e Translation invariance (also, shift-invariance): Vx & IRJTr, VxeR,,
CHx+ (x,...,x)) = CH(X) + x.

e Comonotone additivity:C*(x +y) = C#(x) + C*(y) when x,y € Rf are
comonotone. Recall that x,y are comonotone when a common permutation
{(1), ..., (D)} of N exists, such that X , = (xy, ..., X)) and 'y , = ¥y -+ V7))
are respective non-decreasing permutations of x and y. This is equivalent to
the property that (xj - xi)(yj —¥;) =2 0 for eachi,j € N (Grabisch, 2016, Lemma
4.27 iv)). A comparable test holds true for comonotonicity of functions (Gra-
bisch, 2016, Definition 4.16). Note that being comonotonic is not a transitive
property (Grabisch, 2016, p. 215).

Note that translation invariance implies that C¥(x — (x, ... ,x)) = C#(x) — x, for all
x€R"and x e R, withx — (x,...,x) € R,.

Positive homogeneity permits to prove the next equivalence in a simple
manner:

Lemma 2.2 The Choquet integral is convex (resp., concave) if and only if it is sub-
additive (resp., superadditive).

Recall that convexity means
CHAx+ (1 — Dy) < AC*(x) + (1 — H)CH(x)

forallx = (x|,...,x7),y =5, Y1) € RL and for all A € [0, 1]. And subadditiv-
ity means in this context

CHx +y) < C*(x) + C*(y)

for all x=(x,...,x0),y=0Q,....Y7) € Ri. Concavity and superadditivity are
dual properties, which are stated by reversing the respective inequalities.

A property that is much more difficult to prove (although many proofs are
available) relates the convexity or subadditivity of the Choquet integral with sub-
modularity of the capacity that defines it. And the same holds for concavity or
superadditivity of the Choquet integral with supermodularity of the capacity.

Proposition 2.2 (Alfonsi, 2015; Buja, 1984; Choquet, 1954; Denneberg, 2013) The
discrete Choquet integral C* : Ri — R, with respect to a discrete capacity p is
convex and subadditive (resp., concave and superadditive) if and only if u is sub-
modular (resp., supermodular).

Huber (2004) directly characterizes subadditivity (resp., superadditivity) of C¥
by submodularity (resp., supermodularity) of u: v., de Campos Ibafiez and Bola-
filos Carmona (1989, Proposition 4.3).

Another class of capacities with important implications for aggrega-
tion by fuzzy integrals are buoyant/antibuoyant capacities (Beliakov &
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James, 2021, Definition 8). We say that the capacity yu is buoyant when
Au(AU{i,j}) < Aju(Au {j}) foralli#j € N and A C N\{i,j}. Antibuoyancy is
defined by reversing the inequality in the definition of buoyancy. The next Propo-
sition summarizes evidence of the significance of antibuoyancy:

Proposition 2.3 (Beliakov & James, 2021) Let 4 be a capacity on N.

1. If uis antibuoyant (resp., buoyant) then x4 must be supermodular (resp., submodu-
lar), but not conversely.

2. If uis antibuoyant (resp., buoyant) then C* must be concave (resp., convex).

3. uis antibuoyant if and only if C* satisfies the Pigou—Dalton progressive principle.

Beliakov and James (2021, Proposition 3) proved the first assertion. Now using
Proposition 2.2, one deduces from this fact that Choquet integrals with respect
to antibuoyant capacities must be concave. Example 4.5 below demonstrates that
submodular discrete capacities exist that are not buoyant. Beliakov and James
(2021, Proposition 8) prove that a capacity u is antibuoyant if and only if C¥ is
consistent with the Pigou—Dalton progressive principle.

Considering that the Pigou—Dalton principle is logically stronger than the
Pigou—Dalton progressive principle, one should conclude that antibuoyant capac-
ities do not necessarily produce Choquet integrals that satisfy the Pigou—Dalton
principle. The next example is a testament to this fact. Note that henceforth, when
T is small we will represent discrete capacities on N by arrangement in an array
that replicates the Hasse diagram of the subsethood relation defined on the parts
of N (cf., Figure 1).

Example 2.2 With T = 3, consider the following antibuoyant discrete capacity:

{1,2,3} n({1,2,3})

N

{1,2} {1,3} {2,3} p1,2h)  p(1,3h)  p({2,3})

{1}X{2}X
NP

@ (@)
Fig.1 A convention for the presentation of discrete capacities when T = 3 (right). It is inspired by the
Hasse diagram of the subsethood relation defined on ({1, 2, 3}) (left)

{3} p({1}) n({2}) p({3})
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n({1}H) =u({2}) = u({1,2}) =0,
u({3}) =0.1, u({1,3}) = u({2,3}) = 0.2, u({1,2,3}) =1

that we summarize by

1
00.20.2
0 0 0.1

0

Then C* defines a discrete Choquet integral C* : Ri — R, that is not consistent
with the Pigou—Dalton principle because C#(5, 0, 10) > C*(5, 10, 0).

As far as we know, the characterization of capacities that produce C* with the
Pigou-Dalton principle (i.e., that are strict S-concave) is an open question.

We underline that Beliakov and James (2021, Proposition 7) characterize the 4
-fuzzy measures, also called Sugeno measures, that are antibuoyant. Let us recall
this important concept:

Definition 2.5 A discrete capacity u on N is a A-fuzzy measure, where 4 € (—1, +00)
is fixed, when u(A U B) = u(A) + u(B) + A u(A) u(B) for all disjoint A, B C N.

For a A-fuzzy measure u, both A and the collection of values u({i}) withi € N
suffice to define the whole u. The value of A is related to the collection of values
{u({i})},ey by a normalization condition proven by Leszczyriski et al. (1985) and
described e.g., in Grabisch (2016, Sect. 2.8.6) or Wang and Klir (1992, Theo-
rem 4.7), namely,

T

At 1= [Ta+aucim. ®)

J=1

In addition, one can observe A,u(A U {i}) = u(A) (1 + A u({i}), for each A C N\{i}
and i € N. Besides, A-fuzzy measures are supermodular therefore superadditive
when 4 > 0, otherwise they are submodular (Narukawa et al., 2023). In fact, A-fuzzy
measures are belief measures (therefore totally monotone) when A > 0, and they
are plausibility measures (therefore totally alternating) when A € (-1, 0] (Grabisch,
2016, Theorem 2.28).

Regrettably, Beliakov and James (2021) neither give any explicit example of
buoyant or antibuoyant A-fuzzy measures, nor characterize buoyant A-fuzzy meas-
ures. We next show an example with a buoyant A-fuzzy measure. The characteri-
zation of buoyant A-fuzzy measures can be achieved by a duality argument cou-
pled with the characterization of antibuoyancy.

Example 2.3 With T = 3, consider the A-discrete capacity that stems from (we drop
brackets for simplicity):
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u(1) =09, u2)=0.8, u(3)=0.7.

We use (5) to compute that A = —0.993373 produces the A-discrete capacity

1
0.984771 0.974175 0.943711
0.9 0.8 0.7
0

This is a buoyant discrete capacity.

Henceforth we will use the following notation: when A CN = {1,...,T},
4 € {0,1}7 is the binary 7-dimensional vector whose components are 1 exactly for
the indices defined by A, i.e.,

Xi=x@=1 ifi €A,

x4 = oo 27) = (a1, -, xa() such that { 2= xa() =0 ifi A

The proof of the next Lemma is straightforward (Grabisch, 2016, states its continu-
ous version):

Lemma 2.3 Let u be a discrete capacity on N. If A; 2 ... 2 A, is any chain of (pos-
sibly repeated) subsets of N, then C"(ZJI.(:1 Xa) = Zjlf:l H(A).

2.3 Two particular cases of the Choquet integral

When u is symmetric, Definition 2.3 yields an OWA operator on the domain
(Yager, 1988). To define OWA, assume that w = (w, ..., wy) € [0, 117 is a weight-
ing vector with Z,Tzl w; = 1. The OWA operator associated with these weights is
FY : RT — R defined as

T
FY(x), ..., %) = Z w; xp;; foreach (x,...,x;) € R', (6)

i=1

where x;) is the i-th largest element in the collection of (possibly repeated) values
{x),....x}

In the case where C* is the Choquet integral associated with a symmetric capac-
ity, defining w; = p(Hy_; ) — u(Hy_;), one has C¥ = FV on the restricted domain
of non-negative entries. If the capacity u is additive, then Definition 2.3 produces
the weighted arithmetic mean associated with weights w; = u({i}), namely, for
w=(u({1}), ..., u({T})) € [0,1]",

T
CH(xys e s Xp) = My(Xy, ..., Xp) = Zwixl- foreach (x;,....xp) €RL.  (7)

i=1

So symmetric and additive capacities define a Choquet integral that is the arithmetic
mean, defined as follows:
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M(x,,....xp) = " for each (xy,...,x7) € RT. (8)

T
2o X
T

3 Some bounds on c-monotonic evaluations

Statement 5 in Proposition 2.1 helps to produce examples of strongly delay-averse
and c-monotonic complete preorders that are representable by a utility. Let us recall
this concept:

Definition 3.1 A complete preorder > on a set X is representable by a utility when
there is f : X — R such that for all x,y € X, x > y if and only if f(x) > f().

The next examples link the intertemporal models of evaluation of future gains
with strong c-monotonicity and delay-aversion. Fix X = R .

1. When =is a complete preorder on X" representable by an exponential discounting
f; : X - R such that f5(x) = Zthl 6'x, for a fixed 6 € (0, 1), then > is strongly
c-monotonic because it is obviously monotonic and strongly delay-averse.

2. When 3 is a complete preorder on X" representable by a hyperbolic discounting
h, : X7 - R such that h,(x) = 2;1 ﬁxt (for a fixed k > 0) then > is strongly
c-monotonic, also because it is monotonic and strongly delay-averse.

3. When > is a complete preorder on X" representable by a quasi-hyperbolic dis-
counting ¢4 5 : XT — Rsuch that qp:(x)=f Zszl 6'x, for fixed §, 6 € (0, 1), then

> is strongly c-monotonic, also because it is monotonic and strongly delay-averse.

However, finding operators that in addition satisfy symmetry is a tougher problem.
In fact, there is a tension between c-monotonicity and symmetry, that can only be
resolved by the standard arithmetic mean among all idempotent aggregation opera-
tors. This issue can be captured by the following result, whose proof is given in
Appendix B:

Proposition 3.1 Suppose that the mapping f : [Riz — R is symmetric, idempotent
and c-monotonic. Then fis the arithmetic mean.

Thus the disappointing message is that among all OWA operators, only the arith-
metic mean is c-monotonic (see Remark 3.1 below for an independent proof). This
result renders moot the entire class of OWA operators, except for the arithmetic
mean, in the implementation of c-monotonic aggregation operators.

The geometric mean proves that we cannot relax c-monotonicity to monotonicity
in Proposition 3.1.

Remark 3.1 A direct proof that only the arithmetic mean is a c-monotonic OWA
operator proceeds as follows. We consider the case when T = 2 for simplicity.
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Suppose first that the weighting vector w = (w,,w,) € [0,1]*> satis-
fies w; >w,, hence w; > % Fix Ke (%,wl). Then (K,K) > (0,1), but
FY(K,K) =K <w; = F¥(0, 1), contradicting c-monotonicity.

In case w; < w,, since w; < % we can mimic the argument with (1,0) >¢ (K, K)
for any fixed K € (w, %). Now FY(1,0) =w, < K = FY¥(K,K), contradicting
c-monotonicity.

We conclude w; = w,.

4 Characterization of strongly delay-averse Choquet integrals

The main goal of this section is to identify the capacities that produce strongly
delay-averse (or equivalently, c-monotonic) Choquet integrals. After some prelimi-
nary considerations, we prove technical implications of this type of Choquet inte-
grals in Sect. 4.1. In view of the importance of submodular discrete capacities in the
literature, in Sect. 4.2 we give a simple proof that the combination of submodular-
ity with a necessary condition for strong delay-aversion guarantees that the Choquet
integral is strongly delay-averse. Then we solve the main problem in Sect. 4.3.

To begin with, we reveal a general incompatibility that is easy to justify and will
shed light on our problem. We state it for mappings. One can immediately produce a
version for binary relations.

Proposition 4.1 Suppose that [0, 1]7 C X. Then there is no mapping f : X — R
that is delay-averse and satisfies the Pigou—Dalton progressive principle.

Proof By the Pigou-Dalton progressive principle, f(1,0,...,0) <f(§, %, 0,...,0).
But f(1,0,...,0) Zf(%, %,O, ..., 0) because fis delay-averse. O

Now the message is quite transparent: both strict S-concavity and the Pigou—Dal-
ton principle, in addition to the (logically weaker) Pigou—Dalton progressive princi-
ple, are unsuitable for basic intertemporal analyses (cf., Statement 1 in Proposition
2.1). These three properties are incompatible with c-monotonicity, owing to State-
ment 4 in Proposition 2.1.

Therefore in our investigation of Choquet integrals in the intertemporal frame-
work, we must turn our attention to other admissible properties. The very interesting
Proposition 2.3 is of no use in exploring intertemporal choices although it sets an
excellent precedent.

4.1 Implications of strongly c-monotonic Choquet integrals
Choquet integrals are c-monotonic (resp., strongly c-monotonic) if and only if they

are delay-averse (resp., strongly delay-averse), due to Statement 4 (resp., Statement
5) in Proposition 2.1. This section explores the properties of the capacities that
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produce strongly delay-averse, or strongly c-monotonic, Choquet integrals. Hence-
forth in this section 4.1, u will denote a discrete capacity on N, with |[N| > 1, such
that C* : RJTr — R, is both strongly delay-averse and strongly c-monotonic, unless
otherwise stated.

Note that when A,A’ C N = {1,...,T} have the same number of elements (i.e.,
when |A| = |A'|), and y, =. x4 it is possible to obtain A’ from A by a finite number
of successive 1-delays. Using Lemma 2.3, we conclude:

Proposition 4.2 Let u be a discrete capacity on N such that C* is strongly delay-
averse. Then for each A,A’ C N such that A # A, y, >, xu» and |A| = |A’|, one has

H(A) > uA").

In particular, u in the conditions of Proposition 4.2 must satisfy
forall i,j € N, j > i implies u({i}) > u({j}). 9)
It is trivial to prove that in addition, such y satisfies
A\ {i}) < A\ {j}) foralli,j eN, j>i, andi,j € ACN. (10)

One reason is that C*(y (;;) > C*(x4\(;)) by strong delay-aversion, which boils
down to u(A\ {j}) > u(A\ {i}). Subtracting from u(A) each side of the inequality
(10), we deduce the next consequence of strong delay-aversion:

Proposition 4.3 Let u be a discrete capacity on N such that C* is strongly delay-
averse. Then

Aju(A) > Aju(A) foralli,j € A C N with j>i. (11)

Example 4.1 With T =3, Proposition 4.2 imposes the necessary condi-
tions u({1,2}) > u({1,3}) > u({2,3}), in addition to (9) which means
w1 > u({2}) > u({3}).

The simple restriction (9) permits to discard that specific discrete capacities
define strongly delay-averse Choquet integrals by inspection:

Example 4.2 With T = 3, consider the antibuoyant discrete capacity in Example 2.2.
Then C* defines a discrete Choquet integral C# : Ri — R, that is not delay-averse
because C#(5, 0, 10) > C#(5, 10,0). We can anticipate this problem because the nec-
essary condition p({2}) > u({3})is false.

The aforementioned necessary conditions (9) can be generalized to the set of
restrictions described in the following result whose proof is in Appendix C:

Proposition 4.4 Let u be a discrete capacity on N such that C* is strongly delay-
averse. Then foreach@ #A, CA, C ... CA, C N, letting ¢ = Zf;l |A;| one has:
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k
(a) Ifi< i foralli’ € A, A; # {i}, then pu(i) > w

k
(b) Ifi> i forall i € Ay, Ay # (i), then (i) < 22222,

Note that the application of claim (a) to the case k = 1 and A, = {j} produces the
necessary condition (9).

Proposition 4.4 gives an ex-ante set of restrictions on the values of ¢ conducive to
strongly delay-averse Choquet integral. They implicitly impose constraints such as

i <iy <...<i(t>1)imply p({iysiy, ... i) € (r : y({il}),t-u({i,})> (12)

which holds by application to k =1, A, = {i},i,,...,i,}, and i = i; with statement
(a), plus i = i, with statement (b). And also

pUiD + X uii+ 1, i+ )

(t+1)(1+2)
2

u({i+1t})) < < u({i}) (13)

whenie N, i+te€ {i+1,...,T}, which follows from Proposition 4.4 applied to
the nested sequence {i} C {i,i+1} C ... S {i,i+ 1,...,i+1t} CN (here k =1+ 1,
_ L4@+D)
~ 2 (t + 1))- . . . . . .
We now proceed to establish another implication of strong delay-aversion in the
vein of Proposition 4.3.

Proposition 4.5 Let u be a discrete capacity on N such that C* is strongly delay-
averse. Then

Aju(A) > A;ju(B)forall B A C N withi € A\ B, j € B. (14)

Proof In this case C*(y4 + xp\(;;) > C*(xa\(;y + xp) by strong delay-aversion, and
because B\ {j} CAand B C A\ {i} we can use Lemma 2.3 as follows:

CH(xa + xp\(jy) =wA) + uB\ {j}) >
HAN\ i) + u(B) =C*(xa\1iy + XB)-

This inequality is equivalent to A;u(A) > A;u(B). O

Another implication of the property that a discrete capacity u on N generates a
strongly delay-averse C* is that u cannot satisfy buoyancy (which in turn means that
C* cannot be convex). This conclusion is a consequence of another simple to test

necessary condition. Both facts are described in the next result:

Proposition 4.6 Let u be a discrete capacity on N such that C* is strongly delay-
averse. Then

(a) Foreachi,j e N withi <j, u(N\{i})+ u({j}) < L
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(b) uis not buoyant, and C* is not convex.

Proof To prove claim (a), we observe that strong delay-aversion in particular implies
L=puN)=C'(1,..., 1) > CH((1, ..., 1) —e; +¢) = u(N \ {i}) + u({j}.

Now claim (b) follows from the fact that that the latter inequality can be written as
HN) — u(N\{i}) > u({j}) — u(@), i.e., A,u(N) > A;u({j}), which contradicts buoy-
ancy. Proposition 2.3 assures that C* is not convex. O

In many cases, these conditions allow us to dismiss the idea that a discrete capac-
ity generates a strongly delay-averse Choquet integral by inspection, in the same
way as in Example 4.2 but with a much larger set of restrictions. Now we consider a
simple situation to illustrate this possibility:

Example 4.3 With T =3, Proposition 4.4 (a) imposes conditions such as
(we drop brackets for simplicity) (1) > £00DH02I) ”(1)”6(1’2)“
u(l) > w, u(l) > w and p(1) > ”““’:‘“’2‘3) = "“4)“ > 0.25.

Conversely, the following restrictions apply too due to Proposition 4.4 (b):
”(3) < ”(1)+M(2s3)+”(172!3)’ ”(3) < M(2v3>+5’4(15273), #(2) < #(2)*‘}4(1»2).

6
Let the discrete capacity yon N = {1,2,3} be defined as follows (we drop brack-

ets for simplicity):

>

u(1)=0.5, u2) =04, u(3)=0.3, u(1,2) =0.9, u(1,3) =0.8, u2,3)=0.7.
that we summarize by

1
0.9 0.8 0.7
050403
0

By inspection, one can check that u({1}) > u({2}) > u({3}). In addition, u is
submodular.

However the property and u(N \ {1}) + u({2}) < 1 does not hold true. We con-
clude that u defines a discrete Choquet integral C* : IR3+ — R, that is not strongly
delay-averse. We can check this failure because 1 = C#(1,1,1) < C#(0,2,1) =1.1,a
contradiction with delay-aversion.

4.2 The production of strongly delay-averse Choquet integrals with submodular
capacities

Strongly delay-averse Choquet integrals can never be produced from buoyant
capacities, by Proposition 4.6. It is known that buoyancy implies submodularity
(v., Sect. 2.2). Therefore it cannot be true that submodularity of a capacity suf-
fices to produce strongly delay-averse Choquet integrals, which is further shown
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by Example 4.3. Our next theorem is remarkable because it establishes that sub-
modularity in conjunction with a necessary condition for strong delay-aversion
obtained in Proposition 4.6, guarantee that the Choquet integral is strongly delay-
averse. We prove it in Appendix C. Then we put forward an equivalent statement
for this theorem (cf., Corollary 4.1).

Theorem 4.1 Suppose that the discrete capacity p on N is submodular and
N\ {i}H) + u({j}) < 1, foreachi,j € N withi <.

Then the Choquet integral C* : RJTr — R, is both strongly delay-averse and
strongly c-monotonic.

We conclude that the condition u(N\{i})+ u({j}) <1, for each i,jeN
with i <j must be incompatible with buoyancy of u. Note that in fact,
u(N\{i}) + u({j}) < 1 is equivalent to A;ju({j}) < Au(N) with i <j, which con-
tradicts buoyancy.

Furthermore, we can express the assumptions of Theorem 4.1 differently.
The reason is that when a discrete capacity u on N is submodular, the condition
uN\{i}) + u({j}) <1 when i,j €N and i<j is equivalent to the combina-
tion of u({i}) > u({j}) when i,j € N and i <j, plus u(N\{i}) +u({i+1}) <1
for each i=1,...,T—1. It is obvious that the latter two properties imply
u(N\{i}) + u({j}) < 1, for each i,j € N with i <j. Conversely, suppose yu is sub-
modular, and fix i,j € N withi < j. Assuming u(N \ {i}) + u({j}) < 1,

HINA\ (i) + u(() < T=p(N\ {iH U {iD) + u((N\ i) n {i})
SN\ A{ih) + u({i})

due to submodularity. This inequality forcefully yields u({j}) < u({i}).
Therefore the statement of Theorem 4.1 can be replaced by the following equiva-
lent form:

Corollary 4.1 Suppose that the discrete capacity u on N is submodular,
u({i}) > u({j}) for each i,j € N with i < j, and u(N\{i}) + u({i + 1}) < 1 for each
i=1,...,T — 1. Then the Choquet integral C* : Rz —> R, is both strongly delay-
averse and strongly c-monotonic.

The next example shows that even in the case of A-fuzzy measures, the statement
of Corollary 4.1 cannot dispense with the necessary condition prescribed by Propo-
sition 4.6. Nevertheless, Example 4.5 below proves that A-fuzzy measures exist that
satisfy the conditions in Theorem 4.1 or Corollary 4.1.

Example 4.4 Consider the discrete capacity g on N = {1,2,3} defined as follows:

1
0.9285 0.8523 0.7877
0.7 0.6 04
0
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This is a A-fuzzy measure with A = —0.8845 (Beliakov et al., 2020, Example 2.9)
hence it is submodular (v. Sect. 2.2).

Although wu({1}) > u({2}) > u({3}) and pu is submodular, the properties
uN\{1}) + u({2}) < 1 and p(N\{2}) + u({3}) < 1 do not hold true. Therefore u
defines a discrete Choquet integral C# : IR3+ — R, that cannot be strongly delay-
averse, by Proposition 4.6. For example, a contradiction with this property is
CH(4,1,6) = 4.3569 < 4.6092 = C*(4,0,7).

Example 4.5 Consider the A-fuzzy measure on N = {1, 2,3} defined by
u({1}) =05, u({2}) =04, u({3}) =0.2.

We use (5) to compute the value of A that produces a normalized capacity, and we
find A = —0.270882, which means that the discrete capacity produced from these
data is submodular (v. Sect. 2.2). Therefore

u({1,2})) = 0.845824, pu({1,3}) = 0.672912, u({2,3}) = 0.578329.

So to summarize, u is the discrete capacity represented by

1
0.845824 0.672912 0.578329
0.5 0.4 0.2
0

From inspection, one can check that u({1}) > u({2}) > u({3}). The properties
HIN N\ {1} + u({2}) < 1and u(N \ {2}) + u({3}) < 1hold true too.

Then u defines a discrete Choquet integral C* : Ri —> R, that is
strongly delay-averse, by Corollary 4.1. However u is not buoyant because
u({2}) < u({1,2}) — u({2}), a fact prescribed by Proposition 4.6.

4.3 Characterization of strongly delay-averse Choquet integrals
It could be argued that the approach in Sect. 4.2 is based on rejecting convexity-type
properties of the Choquet integral, due to Proposition 4.6. Now we take a different
path that will lead us to the solution of our main problem.

Let us define temporal-antibuoyant capacities as follows:
Definition 4.1 The capacity u on N is temporal-antibuoyant when for all i,j € N
with j > i:
(T.1) A;u(A) > Aju(A)forall A C N withi,j € A, and
(T.2) ApAU{i,j}) > Au(B U {j}) forall BC A CN withi,j & B.

We can express this axiom in other different manners because:
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(T.1) can be written as u(A\{i}) < u(A\{j}) forall A C N withi,j € A, j> i (cf,
Sect. 4.1).
(T.2) canbe writtenas A;u(A) > A;u(B)forall BC A C N withi € A\B, j € B, j > i.

4.3.1 Semantic interpretation

Antibuoyant capacities are defined by possessing increasing discrete derivatives with
respect to set cardinality. They are the exact class of capacities with respect to which
the Choquet integral satisfies the Pigou—Dalton principle (Beliakov & James, 2021).
More specifically, OWA operators defined from antibuoyant weighting vectors are jus-
tified by their connection with welfare economics through the Pigou—Dalton progres-
sive transfers principle (Aristondo et al., 2013). Our main goal is to prove a comparable
result for the evaluation of temporal rewards, namely, Theorem 4.2 below, with the help
of Definition 4.1. The semantic description of this property is less transparent than that
of antibuoyancy, but nevertheless, compatible with intuitions underlying the founda-
tions of intertemporal discounting:

(T.1) means that at any set of periods (which in our description is A \ {i,j}), the
derivative with respect to an earlier period i is strictly higher than the derivative
with respect to a later period j. Or, adding one period i that comes earlier than
another period j gives a higher evaluation than the evaluation at the initial set
of periods.

(T.2) is a more purely “temporal” version of antibuoyancy: it states that discrete
derivatives are strictly increasing with respect to set cardinality, when the
derivative at the larger set is taken with respect to an earlier moment.

4.3.2 Example and main result
Below is an example with temporal-antibuoyant capacities.

Example 4.6 With 7T = 3, from inspection we can check that the following two dis-
crete capacities are temporal-antibuoyant:

1
1 3113
0.5 0.5 0.25 42 32
05025 0 11
0 4 8 16

0

For further use, in the conditions of Definition 4.1 we associate with u the follow-
ing strictly positive figures: for all i,j € N with j > i,

& = min{A;u(A) — A;u(A) | i,j EAC N} >0, (152)
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e, =min{A;u(AU {i,j}) — AuBU {j} | BCACN,ij& B} >0, (15b)

and also
" =min{s;; | j > i} > 0, (16a)
et = min{eg |j>i}>0, and (16b)
p¥ = min{é*,e*} > 0. (16¢)

Obviously, temporal-antibuoyancy does not imply antibuoyancy. Temporal-anti-
buoyant capacities satisfy Eq. (9), i.e., u({i}) > u({j}) when j > i, using part (T.1)
with A = {i,j}. Note that the antibuoyant capacity defined in Example 2.2 is not
temporal-antibuoyant because u({2}) > u({3}) is false.

The main goal of this article is to prove the following result:

Theorem 4.2 A capacity y on N produces a Choquet integral C* : [RJTr — R,
that is both strongly delay-averse and strongly c-monotonic if and only if it is
temporal-antibuoyant.

Theorem 4.2 (the proof of which is in Appendix C) identifies the exact class of
capacities that generate Choquet aggregation operators with both strong delay-aver-
sion and strong c-monotonicity, which are equivalent properties by Proposition 2.1.

5 Conclusions and future research lines

In a framework of intertemporal choice (which is here regarded as a finite and
discrete process in time), we have posed and investigated the discrete Choquet
integrals that satisfy strong aversion to delayed rewards. This property has been
defined and related to other axioms. Robust arguments testify to its validity as
a minimal requirement for reasonable evaluations in this framework. We have
demonstrated that neither convex Choquet integrals, nor those that respect the
Pigou-Dalton progressive transfers principle, produce strongly delay-averse eval-
uations of the non-negative vectors representing the successive rewards. Finally,
we have identified a new property of a capacity that is equivalent to this axiom of
delay aversion for the Choquet integral that it defines.

Several tasks remain for further work.

The discussion in Sect. 2.2 recalled that the characterization of the capacities
yielding Choquet integrals that satisfy the Pigou—Dalton principle remains open.
For inspiration, the logically weaker version called the Pigou—Dalton progressive
principle is characterized by antibuoyancy. But we gave an example proving that
antibuoyant capacities do not necessarily produce Choquet integrals that satisfy
the Pigou—Dalton principle.

@ Springer



J. C.R. Alcantud

A problem that is more aligned with the contribution of this paper is the identi-
fication of the exact class of Sugeno capacities that produce strongly delay-averse
Choquet integrals. An example in a setting with 3 periods has proven that this
class is not empty. The same question can be posed for 2-additive, or in general,
k-additive capacities (Grabisch, 1997).

Another line for future inspection is the random generation of temporal-antibuoy-
ant capacities, a topic that aligns with the results of e.g., Beliakov (2022) for super-
modular capacities, or Beliakov et al. (2022) for k-interactive capacities.

Learning is feasible as well. Note that Theorem 4.2 provides a set of linear con-
straints on the values of a capacity, which similarly to the case of buoyant/antibuoy-
ant capacities, can be coded algorithmically. Existing techniques on random genera-
tion/learning suitable capacities can be adapted with relatively few modifications.

Appendix A Example and proof of result of Section 2.1

Example A.1 In relation with the assumptions of claim 4 in Proposition 2.1, we note
that they are tight for the following reasons.

(a) There are non-transitive, monotonic and delay-averse relations on X’ that are
not c-monotonic.

(b) There are non-monotonic, transitive and delay-averse relations on X7 that are
not c-monotonic.

To prove (a), consider X = R, and the relation R, on X defined by xR,y if and
only if the number of non-negative components of x —y is at least as high as the
number of its non-positive components. Then R, is not transitive because in the
case T =2, (1, DR,(0,3)R,(2,2) but (1,1)R,(2,2) is false. This relation is obvi-
ously monotonic. It is delay-averse because if i€ {l,...,7—1}, h>0, and
x — he; + he,,, € X', then XR,(x — he; + he,,,) is true. The reason is that the vec-
tor X — (x— he; + he;, ) = he; — he; | has exactly one positive and one nega-
tive component. To see that it is not c-monotonic, note that when 7 = 3 one has
(3,0,0) =, (1,1,1) but (3,0, 0)R,(1, 1, 1) is false.

To prove (b), consider X =R, and the relation R, on X! defined by xR,y
if and only if zl:l X = 21:1 y; and x; <yp. It is not monotonic because
(1,7R,(1,1) is false. Transitivity is straightforward. To prove that R, is delay-
averse, we argue xR,y = x — he; + he; | separately for i<T -1 and i=T7 - 1.
In the first case, because ZlT:_ll X, = ZlT:_ll y; and x; = y;. In the second, because
>l > Yy =3 X — h and x; < yy + h. Finally, R, is not c-monotonic

because (1,7) =, (1,1) l:l)ut (1,7DR,(1,1) is false.

In relation with claim 5 in Proposition 2.1, we note that the following non-transi-
tive, non-monotonic binary relation on X7 is strongly delay-averse but not c-mono-
tonic: xR,y if and only if there is j > i with x; > y; and x; < y;. It is strongly delay-
averse because if i € {1,...,T— 1}, h >0, and x — he; + he,.; € X7, then clearly
xR .(x — he; + he; ) is true but (x — he; + he; ;)R x does not hold. To see that it is
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not c-monotonic, note that when 7' = 2 one has (1, 1) >, (0,0) but (1, 1)R.(0,0) is
false.

Proof of Proposition 2.1 Lemma 2.1 and transitivity guarantee the equivalence in
claim 1. We explained that when R satisfies the Pigou—Dalton principle, it satisfies
the Pigou—Dalton progressive principle as well (because progressive Pigou—Dalton
transfers are Pigou—Dalton transfers).

To prove claim 2, suppose first that R is consistent with cumulative domination
(also called c-monotonicity). Fix € . 0, ¢ C X. Then obviously (x + €) >, X when
x € X7, therefore (x + €)Rx. Conversely, if (x + €)Rx whenever € =, 0 and x € X7,
then to prove that R is c-monotonic we fix X,y € X7 such that x =, y. Observe that
X=y+ (xX—y)and x —y >, 0 to deduce the conclusion.

A simple modification proves that R is strongly c-monotonic if and only if for
each e >, 0 with e # 0, and each x € XT, one has (X + €)Px.

Furthermore, the case x = (0, ..., 0) proves that when R is c-monotonic then R
satisfies Axiom Z. And we stated earlier that c-monotonicity implies monotonicity.

Now claim 3 is straightforward: for each € C X with € >, 0, Axiom Z guarantees
€RO, thus (x + €)Rx because xRx (by reflexivity) and R is additive. Claim 2 yields
the conclusion.

To prove claim 4, we proceed in two steps.

First, note that he; — he;; >, 0, and x = (x — he; + he;, ) + (he; — he;, ;). Owing
to claim 2, c-monotonicity yields the conclusion of the first statement. Example A.1
below proves that the reverse is not true.

Now suppose that R is reflexive, monotonic, and delay-averse. To prove c-mono-
tonicity, fix X,y € XT with x >=. Y. When x =y, we conclude by reflexivity. Other-
wise we use a recursive argument.

Because x >, y implies x; —y; > 0, we can assure XR(y, X, +X; — Y, X3, ..., X7),
both if x; =y, or x; > y,. The first case is trivial by reflexivity, the second is justi-
fied by delay-aversion because (y;,x, + x; — ¥, X3, ..., xy) follows from a (x; —y,)
-delay from the first to the second components.

Similarly, using that x >_ y implies x; +x, — (y; +¥,) 2 0,

X+ X =Y X3, LX) ROL Y, X3 + (X + x5 — () +39)), Xys o, Xp)

because we obtain (y;,y,,x; + (x; +x, — (y; +¥,)), %4, ..., xp) from the vector
V1, Xy + X — ¥y, X3, ..., Xp) shifting x; +x, — (y; +y,) = 0 from the second to the
third component. Again, we use either reflexivity or delay-aversion.

A recursive argument and transitivity of R produces

T-1
XR\ yps oo yropp X + Z(xi_yi)
i=1

Using that x >_ y implies Z;T=1(xi —y;) 2 0, hence x; + ZiT:_ll(xi —¥;) 2 yr, and the
fact that R is monotonic, we get
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T-1
XR<J’1’ cs Yo X t+ (Z(xi _)’i)>) Ry.
i=1

The conclusion follows from transitivity.
We can prove claim 5 with arguments that replicate those of claim 4. O

Appendix B Proofs of results of Section 3
To prove Proposition 3.1, we will avail ourselves of the next auxiliary result:

LemmaB.1 Suppose x; < ... < Xg, Xy, ... ,x; € RT. Then

Xps e X)) Ze MO, oo xp)s oy M(Xy, oo Xp)) 2 (X, o, Xp).

Proof Foreachk =1,...,T, we can distribute
k
Xr+ ... +Xr+Xr_, + X7+ o+ X
KM(xy, .. xp) = T T T Xr_f T X7_j—1 1
T
X+ K X X X X
T
k
.xT_k+1 + ...... +xT_k+1 +xT_k +‘xT—k—1 + cen +x1
T
Therefore due to the assumption x; < ... < xp,
KM(xy, ... ,xp) <Xp+ oo+ Xp 40
We conclude w > M(x,,...,x;) for each k = 1,..., T, which accounts for
ps ooy x) = My, ..o xp), o, M(xy, oo x7)).
We can show (M(x,,...,xp),....M(x,,...,xp)) =, (X,...,Xx7p) in a similar way,
using that for each k = 1, ..., T, we can distribute
k
X+ .. +x;+x +x +...+x
KM(x,, ... xp) = 1 1 k+1 k+2 T
T
X+ Ky X F X+ Xy
+ + ......
T
k
X+ ... +x, +x +Xx +...+x
L k 1<T+1 k+2 T >

Proof of Proposition 3.1 Suppose x = (x,...,x7) € IRJTr. We do not lose gen-
erality if we assume x; <...<Xx; in order to prove f(X)= M(x), because
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f(x) =f(x(1), ,x(T)) by symmetry, and M(x) = M(x(l), ,x(T)). Lemma B.1 and
symmetry prove

J&X) =fCep, oo x) 2 fMxy, ..o, xp), o, M(xy, ..., X7))

(as Cep, .oy xy) =, M(xyq, ..o, xp), ... ,M(xy, ... ,xp)), and f is c-monotonic). Simi-
larly, the facts (M(x,, ..., xp),....M(x,, ..., xp)) =, (x,...,x7) and c-monotonicity
prove

f(M(x13 LR} 3xT)s e sM(x13 s 3xT)) 2f(-x19 LR "xT) :f(X)
using that fis symmetric. This concludes the proof, since we have shown
S =fMQxp, oo oxp)y oo s M(X, o0, x0)) = M(Xy, ..., Xp),

because f'is idempotent. O

Appendix C Proofs of results of Section 4
To prove Proposition 4.4, we avail ourselves of the next auxiliary result:

Lemma C.1 In the conditions of statement (a), respectively, statement (b), of Propo-
sition 4.4: C#(c - ¢;) > C"(ZJI.(:1 Xa,)- respectively, C¥(c - ;) < C”(Z;;l Aa)-

Proof Let X = (x,,...,x;) = Zle xs, €RL, then x,=|{j ENlt€ A} The
assumption in (a) assures x, = 0 when ¢ < i. Also, ¢ > x;, even when k = 1 (because
A, # {i}). Therefore one can make a finite sequence of 1-delays on c - e; that pro-
duce x because i < i for all // € A,. Using that C¥ is strongly delay-averse, the con-
clusion C#(c - €;) > C”(Zf:] )(A/_) follows.

Statement (b) can be proven in a similar manner. O

Proof of Proposition 4.4 We only need to apply Lemmata C.1 and 2.3 to prove claim
(a). O

Proof of Theorem 4.1 We use the fact that C* is convex (by Proposition 2.2) and sub-
additive (by Lemma 2.2).

To prove that C* is strongly delay-averse, fix i€ {l,...,T—1} and >0
such that x — he; + he;,; € RY. Define h = (h, ..., h), then h — he; + he,, | € RY
and Ct(h —he;+he, ) =h- u(N\ {i})+h- u({i+1}). Therefore
C#(h — he; + he;, ;) < h by assumption.

Using translation-invariance and then additivity,
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CH(x —he; + he; ;) = C*(x+h—he; + he,,;, —h)
= C'(x+h—he +he,)—h
< CH(x)+ C'(h — he; + he,|) — h < C*(x).

We need some preparatory results to prove Theorem 4.2.

Lemma C.2 Suppose x = (x,...,x;) € RT and x; =x;+ 1. Let o be a permuta-
tion of indices such that x , = x, satisfies o(¢) =i, o(') =j (therefore t > ).
If 7 is the transposition of i and j, then x’/ =x/__is a non-decreasing ordering of
x’ =x—¢; +e.Also, x , =X//,.

Proof It is obvious that x , = X’/, in this case. Note that x/=x,—1=x;,
x = x; + 1 = x;. Therefore an ordering that permutes these indices after any permu-

tat10n producmg X » guarantees a non-decreasing ordering of x'. O

Lemma C.3 For each x = (x,...,xy) € N7, the vectors x and x’ =x — e +e; are
comonotonic except when x; = x; + 1.

Proof We use the standard characterization of comonotonicity (Beliakov et al.,
2020, page 94): x and x’ are comonotonic if and only if (x, — xq)(x; — x; ) = 0 for all

{p,q} C N with p # q.

When {p.q} n{i.j} =@, x, =x and x, = x; thus (x, —xq)(x;, —x;) =0

When {p,q}n{i,j} = {i}, without loss of generality X, = x; and x, = x;,
x; =x;— | thus (x, — xq)(x; - x;) = —x )0 —1=x). If x; <x,+1, then the
inequality (x; — xq)(xi -1- xq) > 0 follows easily Otherw1se X; > Zx, + 2, then
x; —x,>0and x; — 1 —x, > 0, proving the claim.

When {p,q} n{i,j} = {j}, without loss of generality x, =x; and x, =x;,
x[’) =x;+ 1 thus (xp—xq)(x;—x’)— (= x, )0+ 1 =x,). If x; —x, >0, then the
inequality (x; —x,)(x; +1—x,) >0 follows easily. Otherw1se x; —x, < —1, which
also yields (x; —x,)(x; + 1 — x,) 2 0.

When {p,q} n {i,j} = {i.j}, without loss of generality x, = x; and x, = x;, then
x; =x; — l and x[’) =x; + 1 thus (x, — xq)(x[’) - x;) = (x; —x)(x; + 1 = (x; = 1)). The
inequality (x; — x;)(x; — x; +2)) = 0 follows easily when x; > x;. Otherwise because
x; = x; + 1 cannot happen by assumption, one has x; > x; + 1 therefore the conclu-
sion (x X; )(x x; +2) = 0 follows too. O

Note that the restriction x;=x;+1 in Lemma C.3 applies to cases such as
x =(1,0), x — e, +e, = (0, 1), which are not comonotonic. Lemma C.2 considers
this type of situations, even if the components of x are not integers.

Now we are ready to prove our main result.

Proof of Theorem 4.2 Propositions 4.3 and 4.5 prove necessity.
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Let us now prove sufficiency. We fix y that is temporal-antibuoyant. To prove that
C* is strongly delay-averse, we proceed in several steps.

Initially, we demonstrate that the conclusion follows when x = (x;, ..., x7) € N”
and for unit delays only. Define X’ = x — e, + €; with j > i. We distinguish two cases.

Case 1) x; = x; + 1is false.

Since x —e; + e, and x are comonotonic by Lemma C.3, we can order
X, = (X, - x(T)) in such way that X (x(l), . ). If we set x) = X =0

(T) (U]
and H, = {(l), ..., ()} forall [, Eq. (4) produces

T T
CH(x—e;+e€) = C'(x) = ) Agu(H)x[ — ' Agu(H)x,
=1 =1
=A([)M(H[)(xzt) - x(z)) + A(ﬂ)ﬂ(Hz/)(x;[/) - x(z’))
provided that (¢) = i, (') = j. Therefore
C'x—e + €)— CH(x) = Ay u(Hy) — Ay u(H)). (C.1)

In conclusion, C*(x —e; +€;) — C*(x) <0 if and only if Ay, u(H,) > Aq)u(H,).
This inequality holds due to temporal-antibuoyancy, noting that j = (¢') > (t) =i
and H, C H, (i,j € H,,i ¢ H,). We use (T.2) with A = H,, B = H,\{j}.

For further use, we note that using the figures defined in Equations (15) and (16)
we can establish

CH'x)—CH(x—e; +e) > e >et 2 pf>0.

Case2) x; = x; + L.

As x=(x,....xp) € N”, we can fix a permutation o such that
X, =X » = (X(qys .-+ s X)), 0(1) = j and (¢ + 1) = i. Then by Lemma C.2, if 7 is the
transposition of i and j then X/ __is a non-decreasing ordering of x’. We note that

(ro)(l) = c(l) when [ € N\ {1, + 1},

(zoo))=71(j) =i=o0(+1)and (roo)(t+ 1) = 7(Q)) =j = o().

Therefore
/ — — —
Xzoo)t) = xa(t+1) =x=x5-1=x,
/
Xrooyitl) = U(t) x =x;+1=ux, and
/ —
X ooy D) = Ko ifle N\ {t,t +1}.
We keep the convention x,q = x(mg)(o) 0, and denote H; = {(),...,(1)},

Hl' = {(zoo)(D),...,(zoc)(T)} for all .
Eq. (4) produces
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T T
CH(x =€ +€) = C"() = 3" Atrarp HHDX gy = D Do h(HXo
=1 =1

t—1
= 3 (B CH) = Byl )xp
=1

+ A(roo‘)(l)/’t(Ht/)xErod)(t)
= Aoy HHDX o) + A cooyoany HEL, DX o)
- Aa(r+l)M(Ht+1 )xa(l+l)
T
+ 122 (AUUW(H;) - Aoa)ﬂ(Hz))xo(z)
=i+

and, noting Hl’ = H;, when [ € N\{t,+ 1}, both summations in this expression van-
ish. Therefore

C”(X —€; + e/) - CM(X) :A(TOG)(I)M(H;)szOO')(Z) - Ao’(t)/’l(Ht)xo(t)
+ B ooy )y M DX o1y
= Ay HH X1y =
(Aiﬂ(Htl) - Aj,u(Ht))xj + <Aj,4(H;+1) - A,.M(H,H))x,..
Note that
A],u(H[/_H) - Aiﬂ(HH-]) = AJM(H[ \ {l}) - Aiﬂ(HH-l) = AJ/"(H[) - AZM(H[)

Substituting above, and using H = H, and x; = x; + 1, one has

CHx—e;+¢) — C'(X) =(Ai,u(Ht) - Ajy(H,))(xj —x)
=A;u(H,) — Au(H,).

The inequality CH(x—e; + ej) < CH(x) holds due to property (T.1) of
temporal-antibuoyancy.

For further use, we note that resorting to the figures defined in Equations (15) and
(16) we can establish

C'(x) — C'(x —e; +€) = Aju(H,) — Aju(H) > 5;; >6"2p">0. (C2)

In conclusion, this first step has demonstrated that when x = (x,...,x;) € N7,
CHx)—CH(x—e;+e€)>=p">0. Now a recursive argument proves that
CH(x) — C*(x — he; + he;) = hp" > 0 follows from the previous case when
x=xp,....xp) ENT, j>i he{1,2,...,x;} €N, and hx; > 0.

Once the conclusion is proven when x = (x,, ..., x;) € N” and for integer delays,
we can extend the property to Uyeny(0)Xx Where X = {x € R, | 10fx € N} for each
k=0,1,2,.... Note that X, is the set of rational numbers with at most k decimal
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places. This property follows from positive homogeneity, because in fact, in this
case X € (UkeNU{O}Xk)T and i € {1,2, ..., 10¢} means that for a fixed k,

1

10%
Lok

>W(10 hp”) = p” > 0.

CH(x) — C*(x — he; + he)) = (C”(IO"X) — C*(10*x = 10*he; + 1okhej))

The next step proves the conclusion when x = (x,...,x;) € R7T and for inte-
ger delays. We can restrict ourselves to unit delays, as explained above. For
each k€ N and x € R, let |x|, denote the number that truncates x to k num-
ber of digits. So [x], keeps k decimal places after the decimal point of x’s deci-
mal expansion. Correspondingly, associated with x = (x,...,xy) € RJTr and k
we denote [x|, = (|x;]p ... [xr]) € X, If X' =x—e;+e with j>i, then
[x']; = [x]; —¢; + €; € X;. The previous step guarantees

C(|x]) — C*(IX' 1) = p* > O.

As this is true for all k € N, we get C#(x) — C#(x") > 0 by the continuity of the Cho-
quet integral with respect to the Euclidean topology.

Finally, once the conclusion is proven when X = (x;,...,Xx;) € Ri and for inte-
ger delays only, the general statement of strong delay-aversion follows from positive
homogeneity. O
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