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In this paper the existence of analytical solutions describing Q-balls in a family of deformed 0(4)
sigma models in (1+1) dimensions has been investigated. These models involve two complex scalar
fields whose coupling breaks the O(4) symmetry group to U(1) x U(1). It has been shown that there
are two types of single Q-balls rotating around each of the components of the internal space and a
one-parameter family of composite Q-balls. These composite solutions consist of two single Q-balls
(separated by a distance determined by the family parameter) spinning around each complex field
with the same internal rotation frequency.
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1. Introduction

Q-balls are time-dependent non-topological solutions defined
in nonlinear field theories characterized by the presence of a
global U(1) symmetry [1]. This symmetry gives place to a con-
served Noether charge, which is associated to an angular mo-
tion with angular velocity « in the internal space. The time
dependence of these solutions allows them to avoid the severe
restrictions of Derrick’s theorem [2] whereas the internal ro-
tation stabilizes the Q-balls, which in other case would decay
to the vacuum solution [3-5]. Other possibilities for stabilizing
non-topological defects in (1+1)-dimensions by introducing a po-
tential barrier or a non-trivial target space have been described in
[6-8]. In 1976 Friedberg, Lee and Sirlin studied the presence of
this type of solutions in a theoretical model involving a complex
scalar field coupled with a real scalar field in the seminal pa-
per [9]. The authors describe the Q-balls arising in this model and
thoroughly analyze the stability of these solutions versus small
fluctuations that maintain the conserved Noether charge con-
stant. After this pioneering work, the existence of Q-balls and its
properties have been studied in different contexts, for example,
in complex scalar field theories [10-13], in Abelian gauge theo-
ries [14-17], in non-Abelian theories [18-20], in Chern-Simons
theories [21], in models which include fermionic interactions
[15,22-25], in models with presence of gravity [26,27], etc. This

* Corresponding author at: Departamento de Matematica Aplicada, University
of Salamanca, Casas del Parque 2, 37008 Salamanca, Spain.
E-mail address: alonsoiz@usal.es (A. Alonso-Izquierdo).

https://doi.org/10.1016/j.physd.2023.133764

interest is explained by the fact that Q-balls are thought to
play a relevant role in some important physical phenomena. For
example, in 1998 Kusenko and Shaposhnikov [28] showed that
Q-balls can be produced in the early universe in supersymmetric
extensions of the standard model in such a way that the presence
of dark matter and the production mechanism of the baryon
asymmetry can be explained at once. In minimal SUSY standard
models, the lightest supersymmetric particles (generally referred
to as LSPs in the literature) are ideal candidates for dark matter.
The nature of these LSPs depends on the specific model and the
SUSY breaking process which are considered in the cosmological
evolution. Bino-, Higssino- or Wino-like neutralinos have been
proposed as dominant components of the dark matter in different
scenarios. Baryogenesis can be explained by means of the Affleck-
Dine mechanism. It is based on the dynamics of a complex scalar
field ¢ carrying a conserved charge (the baryon number), which is
called the AD field. During inflation, the expectation value of the
AD field develops at a very large value. After the end of inflation,
this field starts a coherent oscillation. At this stage, the ¢ field
gets a nonzero motion along the phase direction as well, which
leads to a baryon number generation. The coherent oscillation of
the ¢ field is generally unstable with spatial perturbation and
it fragments into Q-balls [29]. In some models, these solutions
have a long lifetime and its decay temperature is likely to be
well below the freeze-out temperature of the LSP, which leads
to the non-thermal production of the dark matter. The number
density of LSP depends on the lifetime of the Q-ball. In this sense,
it is needed that Q-balls are long-lived in order to explain the
experimental abundances of baryons and dark matter [30-33].
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In general, models involving Q-balls are so complicated that
it is not possible to obtain analytical expressions for these non-
topological solitons. For this reason an interesting research direc-
tion in the study of Q-balls is that of identifying models where
these solutions can be analytically calculated. This knowledge
opens the possibility of analyzing their properties further and in
more detail. This scenario has been explored in theories with one
complex scalar field in (1+1)-dimensions in recent works [34-37].
Here, the authors focus mainly on attaining analytical solutions
with different features. For example, models involving compact
Q-balls are constructed in [35]. Another relevant topic deals with
the study of excited states of Q-balls. In [38,39] the authors
investigate this class of configurations by performing stationary
perturbations on spherical Q-balls and describe the implications
to Cosmology derived from the magnetic fields generated by
these excited solutions. Radial excitations are examined in [40]
in the case of models with one complex scalar field. Addition-
ally, vibrational modes of these solutions with a near-critical
charge or in theories with flat potential are analyzed in [41]. On
the other hand, the interaction between these non-topological
solitons leads to a very rich variety of behaviors. For example,
processes such as charge transfer and fission have been identified
in one, two and three space dimensions [42]. The scattering
between Q-balls in (1+1)-dimensions has also been investigated
in [43]. Curiously, it was found that attractive or repulsive forces
arise depending upon the relative phase of the colliding Q -balls.

In this paper we shall investigate the existence of analytical
non-topological solitons in a family of two-component complex
scalar field theories in (1+1) dimensions with a global U(1) x U(1)
symmetry. The coupling between the two fields breaks down a
0(4) symmetry in such a way that the model parameter can be
understood as a measure of the deformation of the model with
respect to the rotationally invariant theory. The effect of introduc-
ing two complex fields have been previously explored by Loginov
and Gauzshtein [44-46] although in a different framework. For
example, in [44,45] the authors deal with a (2+1)-dimensional
gauge model describing two complex scalar fields that interact
through a common Abelian gauge field. In this framework com-
posite solutions arise consisting of a vortex and a Q-ball. A similar
model immersed in a (1+1)-dimensional space-time is addressed
in [46]. It is shown that the model has again composite solutions
consisting now of two Q-balls with opposite electric charges.
Note that the Friedberg-Lee-Sirlin model [9] involves the cou-
pling between a real and a complex field. It has been shown the
existence of hairy Q-balls in the limiting case of the vanishing
potential in the previously mentioned model [47]. Composite
Q-balls involving different geometries have been studied in [48].

Obviously, the study of soliton solutions in these coupled
theories is much more complex than the case where only one
field is present. Despite this fact, Q-ball solutions of the models
introduced in this paper are analytically identified. As previously
mentioned the model involves the presence of two complex fields
and exhibits a U(1) x U(1) symmetry, which gives place to the
existence of two conserved Noether charges. In this scenario a
general Q-ball is described by the profiles of these two fields,
which in principle could rotate with different internal frequen-
cies. In particular, it will be shown that for certain ranges of the
internal rotation frequencies there are two types of single Q -balls
rotating around one of the complex fields while the other field
vanishes. These single energy lump solutions are stable. In ad-
dition, there exists a one-parameter family of composite Q-balls
when the two previously mentioned internal rotation frequencies
are synchronized. These solutions consist of two single Q-balls
and are formed by two energy lumps separated by a distance
determined by the family parameter. This scheme suggests that,
for configurations where the internal rotation frequencies are dif-
ferent, forces between the different constituents of the solutions
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arise making the non-topological solutions depend non-trivially
on time. The study of the stability of these composite solutions is
very complicated and some of the arguments introduced in [9]
must be altered when applied to these models. For example,
the existence of two negative eigenvalues in the spectrum of
the second order small fluctuation operator is not a sufficient
condition for proving the instability of the Q-balls. This argument
is now valid if three of these eigenstates are considered. Nu-
merical analysis seems to indicate that these composite solutions
decay very slowly in the time scale employed in simulations. The
amount of radiation emitted per time unit is very small compared
with the Q-ball energy. The analysis of these instability channels
could bring insight into the forces between the two single Q-balls
when they approach each other.

The organization of this paper is as follows: the family of
deformed O(4) linear sigma models addressed in this work and its
properties is introduced in Section 2. The previously mentioned
single Q -balls and the family of composite Q balls are analytically
identified and described in Section 3. Sum rules between the
energies and the conserved charges of these solutions are also
discussed. Section 4 is dedicated to investigate the linear stability
of these non-topological solitons. Finally, the conclusions of this
work are summarized in Section 5.

2. The model

We shall deal with a two-component complex scalar field
theory immersed in a Minkowski spacetime characterized by the
action functional

1. — 1, —
s= [ exza00+ 000w - wiel )] Q)

where ¢ = ¢1 + i, and v = ¥y + iy, are dimensionless
complex scalar fields, that is, ¢, ¥ € Maps(R"!, C) and ¢ stands
for complex conjugate of ¢. The Minkowski metric g, is chosen
as goo = —g11 = 1 and g2 = g21 = 0. In order to alleviate the
notation we introduce the two-component complex scalar field
@ = (¢, ¥), which let us define

1D1* = 91> + [¥1> = 1 ]* + |ol* + 1 + [v2l* . (2)
With this notation, the potential term U(|¢]|, | |) which will be
investigated in this paper can be written as

1
UGl 1¥ 0. a.b) = 5 (101° = ' + B0 + 202y |0

+oX0? — Ny ) (3)

with a, b, € R. The relation (3) is a sixth-degree algebraic
expression in the modulus of the complex fields ¢ and . It is a
deformation of the O(4)-invariant |® |®-model, where the param-
eter o measures the asymmetry with respect to the rotationally
invariant situation. This can be checked by noting that for o = 0

1
Ullgl, 1¥1:0,a,b) = Z(12° — a*|@[* + b*|0 ) . (4)
On the other hand, a and b are the usual parameters that allow to
change the profile of the |®|-potential [1]. The potential (3) has

a critical point at (¢, ¥) = (0, 0), where the potential vanishes,
U(0, 0) = 0. The Hessian matrix of (3) evaluated at this point is

given by
22U 82U
3¢ alglaly]
_#u_ %
AT aly|? (0.0)

_{ b? 0
“\ 0 P 4+0¥o*-0d?) ’

H[0, 0]
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which means that (¢, ¥) =
condition

b? > o4(a® — 0?) (5)

(0, 0) is @ minimum point only if the

holds. We are interested in searching for Q-ball type solutions,
so we shall restrict our study to this regime, which guarantees
the linear stability of the vacuum solution @ = 0. As previously
mentioned, the O(4)-symmetry associated to (4) is broken in our
model for o # 0, see (3). However, it is not completely broken
and two U(1)-symmetries involving each of the complex fields
are still preserved. The model is invariant with respect to the
transformations ¢ — e“¢ and ¥ — e, which leads to the
conserved Noether charges

1 — _
lez (¢3t¢—¢at¢)dx )

1 _ _
szzf(wa[w—wafw)dx . 6)

The field equations obtained from the Euler-Lagrange equations
associated to the action functional (1) can be written as

2o 0% ¢ aU(Sl 1Y)
oz o gl algl
0’y 0y ¥ au(gl v )

—_—— 4+ ——— =0 . 7
o2 0yl oyl )
In this framework, Q-balls are time-dependent regular localized
solutions of (7) which rotates with constant frequency in the
internal space of each complex field. They can be studied by
substituting the ansatz

o(x, t) = f1(x) elott , VU(x, t) = fo(x) izt (8)

into the field equations (7). This leads to the ordinary differential
equations

3%y U(fi.fo) 2 *f, U1, fo) 5
_——— . _———— 9
ox? of; i ax? o O
for the real functions fi(x) and f,(x). The quantities w; and w, in
(8) are respectively the internal rotation frequencies for the ¢ and
Y fields. Without loss of generality we can consider that w; and
w, are non-negative. The potential term U in (9) reads now

1
UGh o a.b) = 5 (|F|6 — @|F|* + B2 + 2 02f2|F|?

+ o?(0® — a®)fy ) (10)

where F = (f1, ) and |F|* = f2 + f2. The integral over the space
coordinate of the energy density

afi 1,0f2\2 1 1
elf.fl= (dx) +5<E> +§a)§f12+5w§f22+U(f1,f2;(r,a, b)
(11)
provides us with the total energy, i.e., E[f1,f2] = [°° Elf1, f21dx.
Finally, the conserved Noether charges (6) become
Qo [ Gors . @=a [ o (12)
—00

in this case. Q -balls are finite energy solutions, which implies that
the following asymptotic conditions
df;

i=1,2, (13)

must hold. It is also clear from (11) that the problem involves the
effective potential

_ 1 1
U(fi,frs0.a,b, w1, 02) = U(f1,f2:0,a,b) — 5 o ff - 5 w3 f} (14)
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in such a way that Egs. (9) can be written in the more compact
form

’f U, f) *f  AU(fi,f) (15)
e ofy ’ x:  of ’

The effective potential (14) depends on the internal rotation
frequencies. In Fig. 1 the potential U(f1, f2) has been depicted for
several values of w; and w, with fixed values of the rest of the
parameters. Note that for w; = w, = 0 the original potential
U(f1, f2) has an absolute minimum located at the origin of the
internal space but in other cases this point becomes only a local
minimum for the effective potential U(fy, f>). This is a necessary
condition for the existence of Q-balls.

Solving the system (15) together with the conditions (13) is
tantamount to finding solutions asymptotically beginning and
ending at the origin for Newton equations in which x plays the
role of time, the particle position is determined by (fi, f,) and the
potential energy of the particle is V(f1, f2) = —U(f1, f2). We shall
exploit this mechanical analogy in the next Section by using the
Hamilton-Jacobi theory in this context. Note that Eqs. (15) can be
derived from the static effective functional

_ 9 1/,0F\2 —
E[fl,fz]Z/dX (f1) +—(£) +Ulfr. fo: 0. 0. b)
dx 2 \dx
Another consequence of the previous interpretation is that

dfl de 1 2 2
h=5(a) 2 (@) 3
! o) T2\ 2w1f1

is a first integral of the system (15). The asymptotic condi-
tions (13) impose that Q-balls are characterized by the relation
I =0.

(16)

1
+ 5 w%fzz —U(f1,f2;0,a,b)
(17)

3. Families of Q-balls

In this Section we shall investigate the existence of Q-ball
solutions in the model (3) introduced in Section 1. It is clear
that if one of the complex fields vanishes then the reduced
potential becomes the usual sixth-order polynomial studied in
the literature, see [1]. Consequently, the presence of two types
of solutions is expected: Q-balls whose i-component is zero
and Q-balls which comply with the condition ¢ = 0. They will
be denoted respectively as B;(x) and Bj(x). The subscript in the
previous notation is used to indicate that they are single Q-balls
involving only one energy lump, as will be seen later. As it is well
known only internal rotational frequencies w; and w, belonging
to certain intervals can lead to these solutions. Assuming that the
first type of Q-balls arises for w; € (w7, w, ) and the second
one for wy € (w5, w; 1), it will be proved that for our model the
lowest value of these frequencies c01nc1des w; = w,, whereas
the highest allowed frequencies verify a)2 < a);r

However, the main novelty of this model is the existence of
Q-balls where the two complex fields are non-null. It will be
shown that when the two internal rotational frequencies w; and
w, are synchronized, that is, w; = w; = w, a one-parameter
family of Q-balls arises. Indeed, they can be analytically identi-
fied for every value of w. Every member of this family can be
interpreted as a non-linear combination of one B1(x)-type Q-ball
and one Bj(x)-type Q-ball, which are separated by a distance
determined by the family parameter ;. We will denote these
solutions as B,(x; y1), where the subscript 2 in this notation
emphasizes the fact that they are composite Q-balls displaying
two distinct energy lumps. It will be proved that all the members
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2

Fig. 1. Graphics of the effective potential U(f;, f,) for the parameter values o = 0.25, a = 1.75, b = 2.0 and several values of the internal rotation frequencies: (a)
w; =wy; =0, (b) w; =wy; =1.29, (¢c) w1 = 1.29, w, = 1.75 and (d) w; = 1.95, wy = 1.3.

e B1(x)-type Q-balls: On the other hand, a |1 |®-model is found
when ¢ = 0. The effective potential (14) in this case is given
by

U(0, fo; 0, a, b, w1, w,)

1 1
_ 5(fzes — (- 202)f24 10+ 0(o? — az)]f22> _ Ewgfzz

of the family have both the same total energy E and the same
sum of the Noether charges Q = Q; + Q.

3.1. Single Q-balls

As previously mentioned, there are two types of single Q-
balls:

e Bi(x)-type Q-balls: A |¢|®-model is embedded in our model
when ¢ = 0. In this case the effective potential (14) reads

_ 1 1
U(f1,0;0,a,b, w1, w;) = E(ff —a*f} +b2f12> ) i ff
(18)

The values of the rotational frequency w; are restricted by
the following conditions: (1) The effective potential (18)
must have a minimum at f{ = 0 and (2) the effective
potential (18) must have at least one nontrivial real root.
Taking into account that

82U(fl, O) — bz _ wz
8f-12 f1=0 1

and that the roots of (18) are determined by

ot (s ) ) (19

the previous conditions restrict the values of w; as follows:

b —1d* <ol <b* . (20)

For this type of solutions the second equation of the system
(15) (or equivalently (9)) is automatically satisfied. Solving
the first equation leads to the solution

Bi(x; 1) = (filx), f2(x))

2(b? — 0?)
= ,0
\/az +/a* — 4(b? — w?)cosh(2,/b? — w?X)
(21)

where X = x — xg and X, can be interpreted as the Q-ball
center. The Noether charges for this solution are given by

_ 2,/b* — &? _
Q1[B1(x)] = w; arctanh —a QIBi(x)] =0
(22)
whereas the total energy is
5 1 Qi [Bi(x)]
BIBi(0) = '\ b? — o} = =0 == (a4 —ap? 46,)3)
(23)

(24)

The expression (24) follows the same functional form that
(18). This can be checked by redefining the parameters

E=d—-27 , b =b -0 -0?) (25)

and rewriting the expression of the restricted effective po-
tential (24) in terms of these new parameters,

— 1 1
UO.) = 5 (1 - af + 537 ) — 5 wifF

We can take advantage of this fact to directly obtain the ex-
pressions that characterize the B;(x) solutions. Now, for ex-
ample, the Hessian operator along the i/-direction evaluated
at the origin of the internal plane is

32U(07f2) _ b2

af? !
whereas the zeros of the potential (24) along the | |-axis
are

~ 1 3
h= :izﬁ(af +\Jal -4 - ?) )
::i:%(az—Zaz:i:,/a4—4(b2—a)§))§ : (26)

To obtain real roots from (26) we impose the additional
condition

a>20" . (27)

The constraints on the internal rotation frequencies of these
Q balls now read

— 0} =b* —o*a* —o?) —

1
b — Za4 < b < —-o*d®—0%) (28)
and for these frequencies the solutions can be written as

Bi(x; ) = (fi(x), (%)

2(b? — w2)
= 0’
\/a% +/a} — 4(b? — w?)cosh(2,/b? — w?X)
(29)

In this case, the Noether charges are
UIBWI=0

. 2\/b2 —02(a® —0?) — w?
Q2[B1(x)] = w, arctanh (30)

a? — 202
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€[B4(x)]
fa(X)

20

-0.1+

-0.1+

20

B/ |\ .

-15 -10 -5 0 5

fi(x)’

Fig. 2. Profiles of the components fi(x) for the B;(x) (left) and B;(x) (middle) solutions for the parameter values o = 0.25, a = 1.75, b = 2.0 and w; = w, = 1.93.

Energy densities (right) for the previous solutions.

with a total energy

E[Bi(x)] = %(a2 - 202)\/1)2 —02(a? — 02) — w?

86()2

- <a4 —4p? — 4w§) (31)

Curiously, the lowest value of the frequency range defining the
two types of Q balls coincides, see (20) and (28), that is, w, = w].
On the other hand, the highest internal rotation frequency for the
Bi(x)-type Q balls is smaller than the value found for the B;(x)
solutions, that is, w; < . In Fig. 2(a) and (b) the profiles of
the functions f;(x) are respectively depicted for the two types of
Q-balls for the specific choice of the model parameters o = 0.25,
a = 1.75 and b = 2.0. We consider these values as representative
of the model. The behavior of the solutions is completely similar
for other values of the model parameters. For our choice the
internal rotational frequencies are approximately restricted to the
values 1.28657 < w7 < 2.0 and 1.28657 < w; < 1.95256. In
Fig. 2(c) it can be checked that these solutions consist of only
one energy lump, that is, they are single Q-balls. In particular, the
energy density of the first type of these non-topological solitons
is more concentrated and compact than the energy density of the
second type when the same internal rotational frequency w is
considered. Note that, in general, £[B1(0; w)] < 5[[’3\1(0; w)] and
the size of the Q-balls can be estimated respectively as

_ 1
ABi(x; w) = m s
1

\/bz —o02(a? — 02) — w?

such that ABy(x; w) < ABy(x; ). In Fig. 3 the Noether charges
and the total energies for the two types of Q-balls are plotted as a
function of the internal rotational frequency w. It can be checked
that Q:[Bi(x; )] < Qu[Bi(x; ®)] and E[Bi(x; »)] < E[Bi(x; w)]. If
the Noether charges of these two solutions are compared when
the asymmetry parameter o is small while rotating with the same
frequency w, the relation

ABi(x; 0) =

AQ = Qi[Bi(x; ©)] — QBi(X; )] = 0* ———= +0(c*) (32)

b2 _ a)Z
is found. From (32) it can be noted that the difference AQ
between the Noether charges for the two types of Q-balls de-
pends on o2, which means that the two charges Q;[51(x; w)] and
Q2[Bi(x; )] are approximately equal for a large range of small

values of o.
3.2, Composite Q-balls

In this section we shall investigate the existence of Q-balls
with two non-null complex scalar fields. Using the mechanical
analogy these solutions could be interpreted as a particle which
asymptotically leaves the origin of the internal (fi, f>)-plane, trav-
els in a bounded region of this plane and asymptotically returns to

the origin. A profitable method employed in the identification of
solutions in some types of deformations of O(N) invariant models
consists of exploring the separability of the model when elliptic
variables are used in the internal space. Bearing this in mind, we
introduce the elliptic coordinates in the form

15y = %o — 2327 )
(33

1
*fi=—uv ,
£ = 5

where u € [£2, +o0) and v € [—$2, £2]. The first condition for our
model to be separable in elliptic variables is to set the eccentricity
parameter £2 in (33) to the deformation parameter o arising in
the potential (10), i.e.,

=0

This implies that the effective potential (14) can be expressed in
the new coordinates as
2 2

UG ) = [ fw+8w)+ L5 uvw? — )| (39)
where

flw = S [t - @ 45 — oy —oh)] (35)
80) = o[V — @ + B — wd)o? — )] (36)

From (34) it can be checked that separability is attained if and
only if the internal rotation frequencies around each of the com-
plex fields are equal, that is, w; = w; = w. In this Section, we
shall investigate this class of solutions and we shall show that
they involve a very rich structure. Obviously, the possible values
of w are restricted to the intersection of the allowed values for
w1 and w,. The effective Lagrangian (16) can be written in elliptic
variables as

E[g*f g*f] _ 1 uZ - U2 (du)z + 1 u2 — U2 (dv)2
LSl o a2 Uk 202 —v2 \dx
fu)+g(v)
u? — 2 ’

which allows us to define the generalized momenta

L u? —v? du
pu:@Zuz—aza ’
oL u? —v? dv

p”Z@ZJZ—UZE

Now, the Hamiltonian associated to our problem reads

H= m(hu + hv)
where
1 1,

hy= S —o®)pi—f(u) and  h, = (0 =)} —g(v)
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N
T

N wi=w,

1

Fig. 3. Graphics of the conserved Noether charges Q; (left) and the total energies E (right) of the two types of single Q-balls as a function of w for the parameter

values 0 = 0.25, a = 1.75 and b = 2.0.

The Hamilton-Jacobi equation

% 0T 8T
9T NARN —0 37
ox H<au’au’”’“) (37)

is now completely separable. In order to abbreviate the formulas
we shall use ‘prime’-notation to stand for derivatives with respect
to the space coordinate x. For example, v’ = % and v' = 2.
If the separation ansatz for Hamilton’s principle function 7 =
Tx(x) + Ju(u) + J,(v) is substituted into (37) the relation

1 1 ,

S =0T, —B —f(u) = F = —(0° —v")( 7} —Ev’ +8(v)
holds. The solutions of the PDE (37) can be expressed in terms of

the solutions of the ODEs

2(F + Eu? + f(u))

Jo=-E , 7 =sign) o7 .
2(—F — Ev?
o —Vv
which leads to
jx = —Ex s
2(F + Eu?
Ju = sign(u’)/dx w ,
— 0
2(—F — Ev?
;o Sign(v/)/dx\/ (F ~Fv? +g0)
o“ — v

Once Hamilton’s principle function 7 has been obtained the
solutions can be determined from the relations

0T 0T

sGF=V - gpn (38)
where y1, ¥, € R identify every solution of the problem. The
first equation in (38) provides the trajectories or orbits of the
solutions in the (fi, f2)-plane parametrized by the value of y;
whereas the second equation in (38) specifies the dependence of
the solutions with respect to the space x. Taking into account that
the asymptotic conditions (13) imply that E = F = 0 the relations
(38) lead to the quadratures

. , du . , dv
Slgn(u)/ \/(u2—o2)f<u)_51gn(v)/ S0 —v)e(v)

=V2n . (39)
2 2
Slgn(u/) % — Sign(v/) &
V(W? —o?)f (u) V(o2 —v?)g(v)

=V2(x+71) . (40)

For our model the expressions (39) and (40) become

du
sign(u’)/
u(u? — o2)Wut — a?u? + b2 — ?

dv
—sign(v’)/ =n .,
v(o? — v2)Wv? — a?v? 4+ b2 — w? !
sign(u/)/ udu
(u2 _ 02)\/u4 —a2u? + b?2 — o2
d
—sign(v/)/ o =X+,
(02 _ vz)«/v4 —a2v2 + b2 — 2

where we recall that w = w; = w; is the synchronized frequency
around the complex coordinate axes at which the solutions we
are looking for are spinning, that is, ¢(x,t) = fi(x)e and
Y(x, t) = fr(x)e“. Note that the parameter y, only represents
a translation of the solution along the x-axis. In order to alleviate
the notation in the calculations of the previous quadratures we
shall denote the roots of the polynomial

p(z)=72* —a’z+ b — &* (41)
das

— 1 2 4 2 2
ri_5<a +/d — 4’ — o )) . (42)

Clearly, the inequation 0 < v?> < 0% < u? < r_ < r, holds for
the solutions which we are looking for. If we define
ry—z

R@z) = [ (43)

P(z)=+(z—-1_)z—Ty)

the expression of the Q-ball orbits in the (f1, f>)-space is given by

Po?) sign(u’)
R(u?) — R(0)| 7@ | R(u?) + R(0?)
R(u?) + R(0) R(o2) — R(u?)
Po?) sign(v/)
‘ R(v?) — R(0)| 7@ |R(v?) + R(c?) 202P(02)y,
=€
R(v%) + R(0) R(v?) — R(c2)
(44)

while the spatial dependence of these solutions can be obtained
from the relation

R(u2) + R(o'2) ["5"“) | R(v2) + R(02)
‘R(GZ)—R(UZ) R(v?) — R(0?)

where X = x + y». It can be checked that relations (44) and (45)
are invariant under the transformations y; — —y; and X — —X.
This means that solutions with y; < 0 can be constructed from
solutions with y; > 0 by simply flipping the space axis x. Plugging
(45) into (44) the following more simple relation

sign(v’)

_ eZP(az)X (45)

sign(u’) sign(v’)

R(u?) — R(0)
R(u?) + R(0)
is deduced.

The set of Egs. (45) and (46) can be used to obtain an analytical
expression of the families of Q-balls. Although it is a lengthy

R(v?) — R(0)

o2P(O)o?y1 %) (46)
R(v?) + R(0)
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Fig. 4. Graphics of the profiles f; (blue curve) and f, (orange curve) of the composite B,(x; w, y1)-balls for several values of the internal rotational frequency » and
the family parameter y;. The model parameters have been set as 0 = 0.25, a = 1.75 and b = 2.0.

expression, it is worthwhile (from our point of view) to write
it down in a sequential way because it can be used to plot
the profiles of Q-balls as well as its energy densities, conserved
Noether charges, etc. Eqs. (45) and (46) can be solved for the
functions R(u?) and R(v?), which in turn provide us with the
profile of the elliptic variables for the Q-balls in the form

Ty —1_(S1—$)?

u(x;o,a,b,w) = =6, —S,7
— (51 =5

)

ry — (514 S2)?

v(x; 0,0, b, w) = sign(v) TG 157 (47)

where

51 — EZ[RZ(GZ) - RZ(O)] i (48)
2(R(0) + E1ExR(0%))

S

2
JARORO)R(2) + EE2R(O)IIR(0) + ErE2R(02)] + E3RX(02) — R(O)]2
- 2(R(0) + E1E2R(02))

(49)
and
E; = tanh[P(c?)X] \ E, = tanh[P(0)(c%y; — X)]

The profile of the original variables f; and f, can be obtained
from (47) by using the change of variables (33). We shall refer

to these solutions as By(x; w, y1). In Fig. 4 the profiles of the
functions f; and f, associated with these Q-balls (determined by
the expressions (47), (48) and (49)) have been plotted for several
values of the orbit parameter y; assuming the representative
model parameters o = 0.25, a = 1.75 and b = 2.0 chosen
in this paper. In this case the internal rotational frequencies w
take values on the interval w € [1.28657, 1.95256]. The profiles
of the B,(x; w, y;)-solutions have also been depicted for several
values of these frequencies w. Indeed, Fig. 4 has been arranged in
tabular form where rows are associated with a particular value
of the frequency @ and columns correspond to different values
of the orbit parameter y;. Three different types of values of this
parameter are considered in order to show the distinct behaviors
of this family of Q-balls: in the first column y; is set to zero while
in the third one a large value of y; is fixed (whose particular value
depends on the rotational frequency w). In the second column
an intermediate value between the previous ones is considered.
This categorization of the values of y; is related to the gradual
loss of the symmetry/antisymmetry in the components f; and
fo. For y; = 0 the function f; is an even configuration while
fo is odd. As the orbit parameter y; increases this symmetry
breaks down, see the middle column in Fig. 4. However, the most
remarkable feature of the By(x; w, y;)-family can be observed
when the orbit parameter y; is large enough, see the third column
in Fig. 4. In this case the profiles of the components f; and f,
decouple each other. They are significantly different from zero
for regions where the other component almost vanishes. The
resulting configurations for each field correspond to the profiles
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Fig. 5. Graphics of the B(x; w, y1)-orbits (purple curve) for several values of the internal rotational frequency » and the family parameter y;. The model parameters
have been set as o = 0.25, a = 1.75 and b = 2.0. A contour plot for the effective potential density U(fi, f) has been used in the previous graphics.

of a single Bi(x; w)-type Q-ball and a single B(x; w)-type Q-
ball. This suggests that the By(x; w, y;) solutions are non-linear
combinations of the two types of single Q-balls where the orbit
parameter y; measures the distance between them. This justifies
the subscript 2 included in the notation for these solutions. In
particular, when |y;] — oo the two single Q-balls follow the
expressions (21) and (29) and they are infinitely separated. For
y1 = 0 they are completely overlapped.

The previous remark is also clearly observed in Fig. 5, where
the orbits associated to the composite By(x; w, y1)-solutions are
displayed in the internal space (f1, f>). For the sake of comparison
we have employed in these graphics the same values of y; and w

introduced in Fig. 4. Using the previously mentioned mechanical
analogy, the B,(x; w, y1)-orbit shown in the first plot in Fig. 5 (for
w = 1.3 and y; = 0) can be interpreted as the trajectory of a
particle asymptotically leaving the maximum located at the origin
of the plane (fi, f2) in a certain direction. The particle travels up
to a point where the potential barrier forces the particle to move
backwards approaching to the f;-axis and crossing the focus point
F = (o, 0). At this point the particle is again expelled far away
from the origin. A second bounce takes place which makes the
particle approach again to the origin, which now is asymptotically
reached. This behavior is replicated in the rest of the cases. As
previously mentioned the orbits with y; = 0 are symmetric with
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Fig. 6. Graphics of the energy density of the B,(x; w, 1) solutions for several values of the internal rotational frequency w and the family parameter y;. The model

parameters have been set as o = 0.25, a = 1.75 and b = 2.0.

respect to reflections f, — —f,. This symmetry is lost for non-null
values of yy. Indeed, for |y;| — oo the orbit becomes the union
of two segments, one along the axis f; and the other along the
axis f>, which correspond to the single Q -ball orbits. This behavior
corroborates the previous claim that the composite B;(x; w, y1)
solutions consist of two single B;(x; ) and By(x; ») lumps.

Finally, Fig. 6 illustrates the energy density of the solutions
plotted in Fig. 4. As expected, when the orbit parameter y; is large
enough two different energy lumps are discerned for any value of
the rotational frequency w, each one associated to the previously
mentioned single Q-balls. Note that almost for all the values of
the internal rotational frequencies w these two energy lumps
arise even for y; = 0 where the symmetric configuration takes
place. Only for very high values of w the two lumps merge for
small values of the orbit parameter y;. If y; is large and negative
the solution (47) describes a single B(x; @) lump placed to the
left of a single B;(x; w) solution, which are well separated. As 1
increases the two single Q-balls approach each other while losing
its identity and eventually giving place to two identical lumps
when y = 0. In this situation the two lumps remain separated
by a certain distance. However, as the value of y; asymptotically
increases the lump on the left gradually becomes a B;(x; @) lump
while the one on the right becomes a B;(x; w)-type Q-ball.

There are another two interesting properties of the family of
composite Q-balls introduced in this section. It can be proved
that:

1. The By(x; w, y1)-family is energy degenerate and complies
with the energy sum rule

E[By(x; , y1)] = E[B1(x; )] + E[Bi(x; w)] (50)

that is, the energy of the composite Q-balls is equal to the
sum of the energies of the two types of single Q-balls.

2. The sum of the two Q;-charges is equal for every mem-
ber of the family of composite Q-balls, which means that
Q1[Ba(x; w, y1)] + Qa2[Ba(x; w, y1)] is independent of the
family parameter y;. Besides, the relation

Qi[B2(x; @, Y1)l + QIBa(x; 0, y1)] = UIB1(%; )] + Q[Bi(%; w)]
(51)

holds.

In order to prove the previous statements, a Bogomolnyi ar-
rangement of the functional (16) (the analogue mechanical en-
ergy functional) written in elliptic variables will be introduced
in this framework. By definition, a superpotential expressed in
certain generalized coordinates {u'} verifies

1 i oW ow
27 oul ow
being U(u') the effective potential term (14). In our case, the
generalized coordinates are the elliptic coordinates (u' = u, lf

W

) . o 2
v), the induced metric gj is given by g1 = 5=, g =

= U(u)

2
P -y)
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and g1 = g1 = 0 and the effective potential term U(u, v) can
be written as U(u, v) = '2 [f(u) + g(v)] where f(u) and g(v)
were defined respectively in (35) and (36). By taking advantage
of the separability of the model the superpotential can be figured
out by means of quadratures. It follows the separated form

WAy, 1) = (=1 Wy(u) + (=1 W, (v)
with o, ‘B = 0, 1 and

(52)

272 — a?
W,(z) = —5 VZt — @222 + B — o?

at — AP — o?)
16

log[a2 — 222 — /A — @22+ b2 — a)z]
(53)

for z = u, v. The expression (52) defines four different superpo-
tentials depending on the values of o and . Thus, the analogue
mechanical energy E can be written as

X1 d i oW (@kBr) di
E s Gy o 4
et Z/ Xg” x T8 dx
. gW (k- Bi)
nj T 54
& ou™ ] + (54)
where
N-1
T= |Wemuin )l - W u(x,)] (55)
k=0

The partition —oc0 = xg < X1 < --- < Xy_1 < Xy = 00 has been
introduced in (54) to let us choose different superpotentials for
different intervals. Q-balls saturate (54) in a piecewise way and
verify the first order differential equations

dut oW @k Br)
- _l’_gml JE—
dx oum
For the Q-balls studied in this section the previous equations
become

=0 for x € [xg, Xxt+1] and k=1,...,N

— g2
" T
X us —v

which are completely equivalent to the relations (39) and (40)
used previously. The first term in (54) vanishes and the total
analogue mechanical energy of these solutions is simply given
by E[ui(x)] = T. Therefore, E is completely determined by the
projections of the orbits on each of the elliptic axes. For later use,
note that the composite Q-balls asymptotically leave the origin
(u, v) = (o0, 0) and travel away up to a turning point P; where
du 0, that is, f(u) 0. Thus, the maximum value of the
u-coordinate for these solutions is

dx
1 2
UM=4/T,=E as —

This value is independent of the family parameter y4. Subse-
quently, the orbit crosses through the focus (u,v) = (o, 0) of
the elliptic coordinates, reaches another turning point P, with
the same maximum value uy of the u-coordinate and finally
asymptotically goes back to the origin (u, v) = (o, 0). In sum, the
orbit of the composite Q-balls transverses four times the interval
u € [o, uy] and twice the interval v = [0, o’]. On the other hand,
the Bi(x; w)-orbit lies on the u-axis taking the values between
o and uy twice. The By(x; w)-orbit transverses the segment v €
[0, o] with u = o, crosses through the focus F = (o, o), follows
the segment u € [o, uy] with v = o fixed and subsequently goes
back to the origin in the reverse direction.

b2 _ wZ)
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Before computing the total energy of the composite Q-balls,
we shall prove the second of the statements, which says that
the sum of the Noether charges Q; + Q, is the same for all the
members of the B,(x; w, y1)-family. The definition (12) of the
Q;-charges allows us to write in the (u, v)-plane

o0
Q+Q= a)/ dx[u(x)z () — 02]
—00
00 u2(u2 _ 02) v2(02 _ UZ)
_ d [ ] _
w[mx u? — p? + u? — p2
N Xk+1 u du
= w - dx
;/Xk VI — R+ b — o2 dx‘
N Xk+1 v dv
+o *‘ =
§/Xk Vvt —a2v? £ b2 — o2 dX
N N
= > [l )1 = Wl + 3 [l )] = walv(xo)]
k=0 k=0
where
Wy(z) = % log[a2 — 222 274 — @222 £ b2 — a)z]

The first order differential Eqs. (56) have been used to find the
exact differential of the previous integrands that defines the
function W,(z). Therefore,

Qi[Ba(x; @, y1)] + Qa[Ba(x; @, ¥1)]
= AW, (uy) — 2Wu(o) — 2W,(0) =
= 2Wy(unm) — 2Wy(0) + 2W,(um) —
= Qi[Bi1(x; 0)] + Q[Bi(x; w)]

which justifies the sum rule between the Q;-charges. Finally, the
total energy of the composite Q-balls can be obtained as

2Wy(o)
(57)

E[Bo(x; w, y1)] = E[Ba(x; @, y1)]
+ o(Qi[Ba(X; @, ¥1)] + Qa[Ba(x; w, y1)]) =
= AW, (uy) — 2Wy(o) — 2W,(0)
+(Qi[Bax; @, y1)] + Q[Ba(x; @, y1)]) =
= 2W,(up) — 2W,(0) + » Q1 [B1(x; )]
+ 2Wy (um) — 2Wy(0) + © Qo[ Bi(x; )] =
= E[B1(x; )] + E[Bi(x; w)]

where we have used (55) and that W,(z) is an increasing function
in the interval z € (0, uy ). Note that 222 = 7./z4 — 222 + b2 — o? >
oin the previously mentioned interval.

4. Stability analysis of the Q-balls in the model

In this Section the stability of the Q-balls identified in Sec-
tion 3 will be studied following the now-standard approach on
this topic initially developed in [9]. In this seminal paper Fried-
berg, Lee and Sirlin analyze the classical stability of the Q-balls
with respect to field fluctuations that maintain the value of the
Noether charge Q constant. The model addressed in this paper
involves two complex scalar fields, so the solution at every point
can be perturbed in two different channels. Two different sub-
sections will be included below to discuss separately the stability
of the single and composite Q-balls. As previously mentioned we
will thoroughly follow the procedure introduced in [9]. Details
will only be provided to show some differences with respect to
the standard approach.
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4.1. Stability analysis of the single Q-balls

We shall begin analyzing the stability of the single Bi(x; w)
type Q-balls. The standard approach consists in analyzing the
behavior of the second variation of the energy functional E[f, f>]
when small fluctuations &f; and &f, are respectively applied on
each component of the solution B;(x; w). In this context, these
perturbations must preserve the conserved Noether charges Q
and Q, defined in (12). This relates the &f;-fluctuation to the
variation §w; of the internal rotational frequency w; in the form

Sw; / h fi(x)dx = —2aw; / h fi8f1dx

Recall that the second component of the solution Bi(x; @) van-
ishes and, consequently, Q;[B(x; )] = 0. In order to preserve
the value of Q, the fluctuations in the second component are as-
sumed to be static. If we substitute the fluctuation §F = (8f1, 8f>)"
into the energy functional E[f7, f>] the term which determines the
behavior of the functional at second order is given by

e8] 3 9]
SE@|q = / dx%((SF)f H[B1(x)] 6F + ZQﬂ(/ f18f1dx)2
—00 1 —00

where the second order small fluctuation operator #[B;(x)] reads

d22 927121 2 82U
_ dx of2 | 3f13f2 B
HIB1(X)] = oy |0 2l
of10f2 Bi(x) dX2 + dfz B1(x)
(58)
For our model we have
*U
a7 = b* — 6a*f2 + 15f} — 2d°f}
+18f2f7 + 3, + 20%F) (59)
9%U
oo —4d’fify + 12f2f, + 127 + 40*fife (60)
aZU 2 2¢2 4 2¢2 2¢2
W = b —2af1 +3f~1 _6af2 +18f1 2
2
+15f, — d?0? + 20%f + 126%fF + o* (61)

It can be checked that the expression (60) evaluated on the solu-
tion (21) is equal to zero. This means that the fluctuation operator
(58) is diagonal and the longitudinal and orthogonal perturba-
tions 8f; and 8f, to the B1(x; w) solution are decoupled and evolve
independently. The behavior of the longltudmal fluctuations are

characterized by the eigenfunctions 51 of the spectral problem

— =) =)
H _— 62
1né,(z)= a0 w1)$1( ) (62)
where Hq, = ﬁ H11[B1(x, w1)] is given by
1
= 92 N 1 3a?
n=—g5+--
izt 4 p +/a* — 4(b? — w?) coshz
15(b? — w?
+ (b — ) (63)
(a2 + ,/a* — 4(b? — w?) coshz)?
with z = 2,/b? — w? x. It can be checked that
— sinhz
Eo(z) = (64)

(@ + ,/a* — 4(b? — »?) coshz)?
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is a zero mode of #;; for any value of the internal rotation fre-
quency w1. The function (64) has a node. This implies that there
must be one and only one negative eigenvalue A_. In Fig. 7(left)
the eigenvalues A; of the operator #11[Bi(x, w)] (numerically
identified for the representative model parameters o 0.25,
a = 1.75, b = 2.0) have been depicted as a function of the
frequency wq. Note the presence of only one negative eigenvalue
A_, which tends to zero as the rotational frequency w; approaches
to the values w; and ;. The continuous spectrum in this case
emerges on the threshold value b* — 3.

At this point, the analysis of the stability of the B1(x; w) solu-
tions versus §f;-fluctuations is completely analogous to the study
carried out by Friedberg, Lee and Sirlin in [9]. Theorem 3 (stated
there) can be directly applied to this class of perturbations. The
necessary and sufficient conditions for Q-balls to be stable are:
(1) the operator #11[B1(x; )] must have only one negative eigen-
value and (2) the derivative of the Noether charge Q; with respect
to the internal rotational frequency w; must comply with the

relation Q%Z% < 0. It has been shown that these two conditions

are verified in this case. This implies that the B;(x)-type Q-balls
are stable with respect to longitudinal fluctuations.

On the other hand, the orthogonal eigenfluctuations 52 are
governed by the spectral problem

i —=(0)

=)
mgz (2)

ﬁzzéz( )

where Hy, = H2[B1(x; w1)] follows the expression

1
4(b?-w?)
02 b? — a*c?

+o? a* —o?
022

Ty = —
2 4b? — o)

a2+ ,/a* — 4(b? — w?) coshz
3(b* — w?)

a* — 4(b*> — w?) coshz)?

+ (65)

(@ +

Here, z = 2,/b% — a)f x and 7t; are the corresponding eigenvalues

of the original operator H,,[B1(X; w1)]. They have been numeri-
cally calculated for the particular model parameters considered in
this paper. In Fig. 7(right) these eigenvalues 7¢; have been plotted
as a function of the rotational frequency w;. For the smallest
values of w; there exist two discrete eigenvalues 1, and u;
whereas for large enough values of the frequency only one of
them remains. The continuous spectrum in this case emerges on
the threshold value b?> —o%(a®> —52). As we can see in Fig. 7(right)
there are no negative eigenvalues. In sum, the B;(x, @) solutions
for the model parameters o = 0.25, a = 1.75, b = 2.0 are stable
with respect to orthogonal perturbations. Given the form (65) it
is difficult to introduce a general analysis of the stability for any
value of the parameters. Despite this fact, it will be proved below
that the B;(x; w;) balls are always stable when the asymmetry
of the model is small enough. In order to do this, note that the
operator

5 32 b —d’o?+o* @
2="75 2 o
3z 4(b? — wy) a® + ,/a* — 4(b? — w?) coshz
3 b2 2
N (b° — 1) (66)
(a2 +/a* — 4(b? — w?) coshz)?

has a ground state

~ 1
&o(x)

(a2 + ,/a* — 4(b? — w?) coshz)?
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Fig. 8. Spectrum of the operator #[B,(x)] for the parameter values o = 0.25,
a=1.75, b =2.0 and w = 1.70 as a function of the family parameter y;.

with eigenvalue

~ ol —o?a®—o?)
Ho= T —wt)
which clearly is positive if o is small enough. It can be verified
that

(67)

02

Hoy = Hap +

a2+ ,/a* — 4(b? — w?) coshz

which means that the potential well of #,, is weaker than that
in H,,. As a consequence, the eigenvalue of the ground state
for the operator #H,; must be higher than iy in (67). Therefore,
the B1(x)-type Q-balls are also stable with respect to orthogonal
fluctuations for small values of o.

Using a completely analogous reasoning as before and the con-
tinuity of the eigenvalues with respect to the model parameters it
can be proved that the B;(x) solutions (the second type of single
Q-balls described in Section 3) are stable for small values of o.
Indeed, numerical analysis applied to the case 0 = 0.25,a = 1.75
and b = 2.0 leads to similar results to those found in Fig. 7.

4.2. Stability analysis of the composite Q-balls

The stability analysis is much more complicated for the com-
posite Q-balls, where the two complex components of the so-
lutions are non null. As before a deformation of the solution
Bi(x; w, y1) + (8f1, 8f2) which maintains the Q;-charges constant
is introduced into the energy functional E[fi, f>]. In this case,
the variations of the two internal frequencies §w; and w, must
comply with the constraints

20)2 00 2w2 (o]
—?1]/700)(13]9(1?( ., bwp = —Ez/ioofz(sfzdx

8(1)]
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Spectrum of the operators #1; (left) and Ha, (right) for the parameter values o = 0.25, a = 1.75, b = 2.0 as a function of the internal rotation frequency

If we substitute these fluctuations into the energy functional
E[f1, f>], the term at second order is given by

(o] 3 (o]
SE@|, = / dx%((SF)t HIBy(x)] SF + ZQﬁ( / f18f1dx)2
—00 1 —00

203 /[ 2
+ E([mfzafzdx)

o0 1 o0 ~ 2
/ de(SF)tH[Bz(x)] 8F + 2w3( / (8F) -Fdx)
—2/00 dXF'le] . /oc dXFz(sz

- ¢ F—(JfL
where §F = (§f1, sz) and F = (@’ 75
operator #H[B;(x)] in (68) reads

(68)

)t. The small fluctuation

d? 92U 2 22U
dx2 af? 1 f2 |5
H[Ba(x)] = Bzul Ba) 2 n 22U 2 )
- —= + == —w
0f10f2 By(x) dx? szz By(x) 2
(69)

It can be proved that now the existence of two negative eigen-
values in the spectrum of the operator (69) is not a sufficient
condition leading to the instability of the composite Q-balls be-
cause of the last term in (68). The argument becomes valid again
if three of these eigenstates are considered. Obviously, it is not
possible to analytically solve the spectrum of the matrix operator
(69). Despite this fact it can be proved that this operator has
two zero modes. Indeed, these eigenfunctions correspond to the
expressions 3'32(’5;”””1) and 882(3’“’1””’”. However, as far as we know,
there are no mathematical results relating the nodes of these
zero modes to the number of negative eigenvalues for matrix
operators of the form (69). Therefore, numerical analysis must
be necessarily applied to obtain this information. In Fig. 8 the
spectrum of the operator #[B(x)] as a function of the family
parameter y; has been depicted for the parameter values o =
0.25,a = 1.75, b = 2.0 and w = 1.70. It can be observed that
there are three negative eigenvalues, which from our previous
claim implies that the composite Q-balls are unstable in this
case although long-living. Similar numerical results have been
found for other values of the parameters. The analysis of these
instability channels could bring insight into the forces between
the two single Q -balls rotating in each components of the internal
space.

5. Conclusions and further comments

In this paper the existence of analytical solutions describing
Q-balls in a family of deformed O(4) sigma models in (1+1)
dimensions has been investigated. These models involve two
complex scalar fields whose coupling breaks the O(4) symmetry



A. Alonso-Izquierdo and C.G. Sdnchez

group to U(1) x U(1). This leads to the existence of two Noether
conserved Q;-charges. The model parameter o can be understood
as a measure of the deformation of the model with respect to
the rotationally invariant theory. It has been shown that there
are two types of single Q-balls rotating around each of the com-
ponents of the internal space and a one-parameter family of
composite Q-balls. All of these non-topological solitons have been
analytically identified. The composite solutions consist of two
single Q-balls (separated by a distance determined by the family
parameter) spinning around each complex field with the same
internal rotation frequency. Indeed, these solutions are formed
by two energy lumps. It has been checked that the single Q-
balls are linearly stable with respect to small fluctuations which
preserve the Q;-charges. The study of the stability for the com-
posite solutions is more complicated. Following the arguments
introduced in [9] it has been proved that in this context the
existence of three negative eigenvalues in the spectrum of the
second order small fluctuation operator is a sufficient condition
for proving the instability of these composite Q -balls. Numerical
analysis has been used to analyze the evolution of these solutions
when they are not initially perturbed. The results indicate that the
radiation emission rate is very low and that the Q-balls maintain
their shape for a long time in the simulations. However, the
numerical study of the Hessian operator (69) shows the presence
of three negative eigenvalues, which means that these solutions
are unstable states. In this context it has been found that some
perturbations make the two constituents of the Q-balls travel
away or approach each other while the synchronization of the
two internal rotation frequencies is lost. These results make evi-
dent the presence of forces between the different constituents of
the solutions, which makes the non-topological solutions depend
non-trivially on time.

The research introduced in the present work opens up some
possibilities for future work. The results point out that the in-
teraction between the single Q-balls described in Section 3 are
highly non-trivial. For this reason it is very interesting to tackle
the study of the scattering between these two types of solutions
following, for example, the scheme introduced in [43]. This could
allow us to understand the forces between these constituents and
the dependence of these forces with respect to the difference
between the internal rotation frequencies of these Q-balls. The
collision between excited Q-balls is also a future goal in order
to discern if structures similar to those found in [49,50] arise
in this context. Specifically, we are interested in determining if
the so called resonant energy transfer mechanism emerges in this
type of events, as in the case of the kink scattering. This mech-
anism allows the exchange of energy between the translational
and vibrational modes of the colliding solutions. As a fascinating
consequence, a fractal pattern can be found in the final versus
initial velocity diagram characterizing the scattering processes.
From our point of view this possibility is worth investigating in
the Q-ball context. From a physical point of view it seems feasible
that the Q-balls formed in the early universe had their vibrational
modes excited. The evolution of these objects could be affected by
this fact, which in turn could give rise to a different scenario in
the dark matter generation.

CRediT authorship contribution statement

A. Alonso-Izquierdo: Conception and design of study, Acqui-
sition of data, Analysis and/or interpretation of data, Writing —
original draft, Writing - review & editing. C. Garzéon Sanchez:
Conception and design of study, Acquisition of data, Analysis
and/or interpretation of data, Writing - original draft, Writing -
review & editing.

13

Physica D 449 (2023) 133764
Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgments

This research was funded by the Spanish Ministerio de Ciencia
e Innovacién (MCIN) with funding from the European Union
NextGenerationEU (PRTRC17.I11) and the Consejeria de Educacion,
Junta de Castilla y Le6n, Spain, through QCAYLE project, as well
as MCIN, Spain project PID2020-113406GB-100 MTM. All authors
approved the version of the manuscript to be published.

References

(1

[2]
3]
[4]
[5]
[6]
[7]

Y.M. Shnir, Topological and Non-Topological Solitons in Scalar Field
Theories, Cambridge University Press, 2018.

G.H. Derrick, J. Math. Phys. (N.Y.) 5 (1964) 1252.

T.D. Lee, Y. Pang, Phys. Rep. 221 (1992) 251.

M. Dine, A. Kusenko, Rev. Modern Phys. 76 (2003) 1.

M.I. Tsumagari, EJ. Copeland, P.M. Saffin, Phys. Rev. D 78 (2008) 065021.
A. Alonso-Izquierdo, J. Mateos Guilarte, Nonlinearity 20 (2007) 2691.

A. Alonso-Izquierdo, Commun. Nonlinear Sci. Numer. Simul. 85 (2020)
105251.

A. Alonso-Izquierdo, AJ. Balseyro Sebastian, M.A. Gonzalez Leon, ]. Mateos
Guilarte, Physica D 440 (2022) 133444.

R. Friedberg, T.D. Lee, A. Sirlin, Phys. Rev. D 13 (1976) 2739.

S. Coleman, Nuclear Phys. B 262 (1985) 263.

S. Coleman, Nuclear Phys. B 269 (1986) 744.

A. Kusenko, Phys. Lett. B 404 (1997) 285.

E.Y. Nugaev, M.N. Smolyakov, J. High Energy Phys. 07 (2014) 009.

K.M. Lee, J.A. Stein-Schabes, R. Watkinks, L.M. Widrow, Phys. Rev. D 39
(1989) 1665.

K.N. Anagnostopoulos, M. Axenides, E.G. Floratos, N. Tetradis, Phys. Rev. D
64 (2001) 125006.

X.Z. 1i, ].G. Hao, DJ. Liu, G. Chen, J. Phys. A 34 (2001) 1459.

A.G. Panin, M.N. Smolyakov, Eur. Phys. J. C 79 (2019) 150.

A.M. Safian, S.R. Coleman, M. Axenides, Nuclear Phys. B 297 (1988) 498.
A.M. Safian, Nuclear Phys. B 304 (1988) 392.

M. Axenides, E. Floratos, Kehagias, Phys. Lett. B 444 (1998) 190.

M. Deshaies-Jacques, R. MacKenzie, Phys. Rev. D 74 (2006) 025006.

T.S. Levi, M. Gleiser, Phys. Rev. D 66 (2002) 087701.

R. Friedberg, T.D. Lee, Phys. Rev. D 15 (1977) 1694.

R. Friedberg, T.D. Lee, Phys. Rev. D 16 (1977) 1096.

A. Cohen, S. Coleman, H. Georgi, A. Manohar, Nuclear Phys. B 272 (1986)
301.

T.D. Lee, Y. Pang, Phys. Rev. D 35 (1987) 3678.

B.W. Lynn, Nuclear Phys. B 321 (1989) 465.

A. Kusenko, M. Shaposhnikov, Phys. Lett. B. 418 (1998) 46.

K. Enqvist, A. Mazumdar, Phys. Rep. 380 (2003) 99.

M. Fujii, K. Hamaguchi, Phys. Rev. D 66 (2002) 083501.

M. Fujii, K. Hamaguchi, Phys. Lett. B 522 (2002) 143-149.

S. Kasuya, M. Kawasaki, Phys. Rev. D 64 (2001) 123515.

J. McDonald, ]. High Energy Phys. 03 (2001) 022.

D. Bazeia, M.A. Marques, R. Menezes, Eur. Phys. J. C 76 (2016) 241.

D. Bazeia, L. Losano, M.A. Marques, R. Menezes, R. Da Roucha, Phys. Lett.
B 758 (2016) 146.

D. Bazeia, L. Losano, M.A. Marques, R. Menezes, Phys. Lett. B 765 (2017)
359.

D. Bazeia, M.A. Marques, R. Menezes, Europhys. Lett. 127 (2019) 21001.
T. Shiromizu, Phys. Rev. D 58 (1998) 107301.

T. Shiromizu, T. Uesugi, M. Aoki, Phys. Rev. D 59 (1999) 125010.

M.S. Volkov, E. Wohnert, Phys. Rev. D 66 (2002) 085003.

A. Kovtun, E. Nugaev, A. Shkerin, Phys. Rev. D. 98 (2018) 096016.

R.A. Battye, P.M. Sutcliffe, Nuclear Phys. B 590 (2000) 329.

P. Bowcock, D. Foster, P. Sutcliffe, ]. Phys. A. 42 (2009) 085403.

AlY. Loginov, Phys. Lett. B. 777 (2018) 340.

Al. Loginov, V.V. Gauzshtein, Phys. Lett. B. 784 (2018) 112.

A.Y. Loginov, V.V. Gauzshtein, Phys. Rev. D. 99 (2019) 065011.

V. Loiko, L. Perapechka, Y. Shnir, Phys. Rev. D. 98 (2018) 045018.

Y. Shnir, J. Phys. A 44 (2011) 425202.

A. Alonso-Izquierdo, ]. Queiroga-Nunes, L.M. Nieto, Phys. Rev. D 103 (2021)
045003.

J.G.F. Campos, A. Mohammadi, J. High Energ. Phys. 2021 (2021) 67.

8

[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]

[36]

[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]

[50]


http://refhub.elsevier.com/S0167-2789(23)00118-5/sb1
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb1
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb1
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb2
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb3
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb4
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb5
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb6
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb7
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb7
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb7
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb8
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb8
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb8
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb9
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb10
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb11
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb12
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb13
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb14
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb14
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb14
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb15
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb15
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb15
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb16
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb17
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb18
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb19
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb20
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb21
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb22
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb23
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb24
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb25
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb25
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb25
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb26
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb27
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb28
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb29
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb30
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb31
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb32
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb33
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb34
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb35
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb35
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb35
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb36
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb36
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb36
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb37
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb38
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb39
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb40
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb41
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb42
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb43
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb44
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb45
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb46
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb47
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb48
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb49
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb49
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb49
http://refhub.elsevier.com/S0167-2789(23)00118-5/sb50

	Families of Q-balls in a deformed O(4) linear sigma model
	Introduction
	The model
	Families of Q-balls
	Single Q-balls
	Composite Q-Balls 

	Stability analysis of the Q-balls in the model
	Stability analysis of the single Q-balls
	Stability analysis of the composite Q-balls

	Conclusions and further comments
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	References


