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Abstract

An integrable two-component nonlinear Schrédinger equation in 2+ 1 di-
mensions is presented. The singular manifold method is applied in order to
obtain a three-component Lax pair. The Lie point symmetries of this Lax
pair are calculated in terms of nine arbitrary functions and one arbitrary
constant that yield a non-trivial infinite-dimensional Lie algebra. The main
non-trivial similarity reductions associated to these symmetries are identi-
fied. The spectral parameter of the reduced spectral problem appears as a
consequence of one of the symmetries.

1. Introduction

Invariance of a differential equation under a set of transformations is
equivalent to the existence of symmetries. The study of symmetries repre-
sents a fundamental aspect related to the analysis of integrability of differen-
tial equations, since this invariance property may be used to achieve partial
or complete integration of such equations [1].

The basis of the theory of Lie symmetries lies in the invariance of differen-
tial equations under one-parameter transformations of their variables. These
transformations form a local group of transformations (Lie (point) symme-
tries), which depend on a continuous parameter, and project any solution of
the equation into another solution. Groups of transformations are fully char-
acterized by their infinitesimal generators, which will form the corresponding



Lie algebra. This method has been extensively investigated. Classical refer-
ences about this subject are the textbooks [1], [2], [3], [4].

A standard method to find solutions of a PDE (partial differential equa-
tion) can be implemented by using Lie symmetries: each Lie symmetry leads
to a similarity reduction for the PDE which allows us to reduce by one the
number of independent variables. These procedures, as well as its numerous
applications, have been widely studied [5].

As it is well known, a PDE is considered integrable when it can be derived
through the Lax equation associated to a spectral problem [6]. As mentioned,
Lie symmetries for PDEs are very popular in literature, however, the identi-
fication of Lie symmetries of the associated spectral problem of an integrable
system is much less frequent [7], [8]. Nevertheless, the determination of the
symmetries of the Lax pair has the benefit that the reduction associated to
each symmetry of the Lax pair provides not only the reduction of the fields,
but also the reductions of the eigenfunctions and the spectral parameter.

A different problem is the determination of the integrability of a nonlin-
ear partial differential equation, as well as the derivation of its Lax pair in
the case of integrability. The Painlevé property and the singular manifold
method derived from such property are extremely useful procedures in order
to prove the integrability and to derive the Lax pair of an integrable system
[9], [10], [11], [12].

This paper is devoted to the study of a multi-component nonlinear
Schrodinger (NLS) Equation in 2 + 1 dimensions and its associated linear
problem. In Section 2 the model is presented. We shall prove that the
system has the Painlevé property. The singular manifold method is suc-
cessfully applied in order to derive the singular manifold equations and a
three-component Lax pair.

In Section 3 we shall apply the classical Lie method to find Lie point
symmetries for the system and the associated spectral problem. These sym-
metries contain many arbitrary functions that yield non-trivial commutation
relations among the associated generators. These commutation relations are
carefully described in Section 4. In Section 5 we shall study the reductions
that arise from the symmetries, obtaining three relevant similarity reductions
where the spectral parameter emerges naturally as a result of the Lie method.
Finally, we close with a section of conclusions.



2. The Singular manifold method

In this paper we will study a (2 4+ 1)-dimensional multi-component non-
linear Schrodinger equation

i+ Ay +2m, d =0,
—idl +al, +2mga’ =0, (1)
(my +0404T)x =0,
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where d(x,y,t) = < Z;Ei ‘z t% ) and @' is the complex conjugate of &.

Besides that, m(z,y,t) is a real scalar function related to the probability
density @ @' through the third of the equations (1).

The reduction = y of (1) yields the Manakov system [13], which is
often also called vector NLS system [14]. Integrability properties of this
Manakov system and its Painlevé property are described in references [15],
[16]. Different generalizations of this Manakov system and their solutions
have been recently studied in [10], [11].

Furthermore (1) is the multi-component generalization of a system that
has been discussed by several authors [17], [18], [19] and whose lump solutions
have been studied in [9], [20].

2.1. Painlevé Property

It is easy to check whether or not (1) has the Painlevé property. The
existence of such property requires that all the solutions of (1) are single-
valued in the initial conditions. This requirement means that the fields should
be expanded as

aj(z,y,t) [plz,y, ),
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(2,9, 8) = > bi(a,y,t) [o(,y, )P
7=0

m(,y,t) =Y ci(x,y, 1) [p(x,y, ), (2)
7=0

where ¢(z,y,t) = 0 is the manifold of movable singularities. Substitution of
(2) in (1) provides five polynomials in ¢ whose coefficients should be 0. It
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results in five recursion relations for the coefficients. The calculation can be
easily performed with the assistance of a symbolic package such as MAPLE.
We omit here the details for the benefit of the reader, but the result is that
the recursion relations present four resonances in 7 = 1,3,4,6, which are
identically satisfied. Therefore we can conclude that (1) has the Painlevé
property (PP).

The relation between integrability and Painlevé property is an extremely
interesting question. The existence of a Lax pair is usually considered as
the best proof of the integrability of a nonlinear PDE. The problem of the
identification of the Lax pair for a PDE which has the PP is a non-trivial
problem which can be approached through the singular manifold method
(SMM) [21]. The SMM is based on the truncation of equation (2) at the
constant level. It means that this truncation can be considered as an auto-
Backlund transformation of the form:

ozlzozl—l—/h%, d-{:OZI—FAI%,

042—042+A2%, dgzoz;—irA;%,
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where {1, ag, m} are the seed fields and {aq, 4o, m} the iterated ones. Be-
sides that, ¢ is the singular manifold for the seed solution. Truncation means
that A;, Ay and ¢ should obey some equations which are known as the sin-
gular manifold equations.

2.2. Singular manifold equations

Substitution of (3) in (1) yields five polynomials in ¢. Each coefficient of
these polynomials should be 0. The cumbersome calculations can be handled
with MAPLE and they allow us to write the seed fields in terms of the singular
manifold in the following form:

o — A, <(A1)x n v+zr>’

Ay 2
A ‘
ay = — A ((142)1: +v+2m“)7
2

1 v? 4 r?
mwz—1<v$+ 5 —l—/rtdx). (4)



We have introduced for convenience the useful definitions:

¢ww ¢t ¢y
v = ’ r=-— q= - 5
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whose cross-derivatives trivially yield
v = (ry +70),, (6a)
vy = (¢ +q0), - (6b)

Furthermore, the equations to be satisfied for Ay, A and ¢ can be listed as

) (A

= L b v+ 07y + 2my,

Ay Ay
. (fz)t - (Ajlim vy T+ 2my, (7)
and
qg= A Al + A, Al (8)
/ry dr = —qr+1 [(Al)x Al — 4y (AI)L]
4 [(Ag)xAg — A, (AQ)H . 9)
2.3. Lax pair

Equations (4) can be linearized through the introduction of three-complex
functions {¢, x,n} such that

A = % Ay = g (10a)
vl Y AN
UZE—FE, T_Z(E_J)' (10b)

Spatial part of the Lax pair
Substitution of the definitions (10a)-(10b) in equation (8) yields for ¢ the
expression

T T
— %, (11)
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and substitution of (10a)-(10b) in (4) trivially results in

Xx:_alq/) iX;:—aIWa (12&)
pr=—0gth = pl=—afyl (12b)
Furthermore, from equations (9) and (6b) we have
oy Xt ax b
— 4+ — 4o o~ tay— —ay— =0, 13
gr o T T e gty )
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1|l = —— 4+ S+ +a—+a,—| =0, 14
gf o Pegr e gty "

which can be combined in order to obtain
by=—alx—alp, Yl=—ax—apl (15)

Therefore, the spatial part of the Lax pair is

Oy 0 —ai —ag Y
dx|=1 -1 0 0 x|, (16)
33:P — Q2 0 0 1%

and its complex conjugate.

Temporal part of the Lax pair
Substitution of (10a)-(10b) in (4) and (6a) yields

! t I xrx
t f
%-%-@(%ﬁ%—mw):o, (18)
which can be combined as
e = —itae — 2imgtp, Yl =i, 4+ 2img Pt (19)
From (7), we have
Xe=—i (o), v+ionty,  xj=i(m)l ¢t —i(a)' ¢l (20a)
pr = —1 (Oéz)x Y+ i gy, PI =1 (az)L M —1 (%)T @;- (20b)



It allows us to write the temporal part of the Lax pair as

O —Ope —2my; 0 0 1)
x| =1 —0,a1+a10;, 0 0 x|, (21)
8t 1% —azag + Qi 8x 0 0 P

and its complex conjugate.

Equations (16) and (21) (and their complex conjugates) are a three-com-
ponent Lax pair for (1). The relation between the singular manifold ¢ and
the eigenfunctions {1, x,n} can be easily established by combining (5), (10b),
and (11) as the exact derivative:

do = pitde+ (XX +ppl) dy+i (ol —vie,) dt. (22)

3. Classical Lie symmetries

In this section, the Lie symmetry analysis is performed for the Lax pair
given in equations (16) and (21) by applying the classical Lie method [22],
23].

Let us consider a one-parameter Lie group of infinitesimal transformations
of the independent variables {z,y,t}, the three fields {ay,as, m} and the
eigenfunctions {1, x, p}, given by:

T ::L’—l—€§1(:U,y,t,041,(127m7¢7><ap)+O
j& = y+Efz(xayat>alaa27maw7)<7p) +O(€2 ’
t=t+e&(x,y,ta,az,mp, x,p) + O

ar = o +em(z,y,t,ay, a2, m Y, x, p) + O(?),
Qg = ap + ema(m, Y, t, a1, 0, m, Y, X, p) + O(e?), (23)
m=m+ens(z,y,t, a1, a0, m, ¥, X, p) + O(e?),

=1+ e,y t,an, a0, m, Y, X, p) + O(2),

X =X+eda(z,y, b, 1,00, m, 1, x, p) + O(e),
p=p+eds(z,y,t, a1, az,m ), x, p) + O(e?),

where ¢ is the group parameter and &;,n;, ¢;, ¢ = 1, ..., 3 are the components
of the related vector field

0 0 0 0 0 0 9,

X = 51 +§2 +§3 +7718 Jrﬁza +773a +¢ ¢+¢2 +¢3 o (24)



This infinitesimal transformation induces a well known one in the deriva-
tives of the fields [1], [3], and it must leave invariant the set of solutions of
(16)-(21). This procedure yields an overdetermined system of PDEs for the
infinitesimals called the determining equations, whose solutions (the calcula-
tions are routinary and have been handle with MAPLE) provide the desired
Lie symmetries. The result is:

£ = 4K (t) x + 2 Ky(t),

£ =2C(y),
53 = 8K1(t)7
= [2 <K1(t) 2 4 RKo(t) w + Ka(t) + Cz(?J)) — 2K, (t) - Ci(y)] ar,

T [Cily) +i Cs(y)] s, (252)
= [i (Ba(t) e + Ka(t) 2+ Ka(t) + Caly) ) = 2K () = ()| .

— [Caly) — i C5(y)] au,
ns = — 4K (t)m + %Kﬁ(t) z® + 1Kz(t) 2? + %K3(t) z+6(y,1),

4
and
61 = [—z (K‘l(z) 2+ Ka(t) z + Kg(t)> — 2K () + M v,
92 = [i Caly) — Ci(y) + N x + [Caly) +i Cs(y)] p. (25b)
¢3 = [iC5(y) — C1(y) + Al p — [Caly) — i C5(y)] x,
where we have used the convection "= % and ' = di.

y
These Lie symmetries depend on a set of nine arbitrary functions and one
arbitrary constant, listed as,

e Three arbitrary real functions K;(t), j = 1...3, which depend exclu-
sively on the temporal coordinate ¢.

e Five arbitrary real functions Cj(y), j = 1...5, which depend on the
coordinate y.

e An arbitrary real function §(y, t).

e Furthermore, these symmetries include an arbitrary constant A\. We
shall prove later that this constant which will play the role of the spec-
tral parameter in the (1 + 1)-reductions of the Lax pair.
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Lie symmetries for the Lax pair (16)-(21) generalize, extend and include all
the Lie symmetries obtained for the multi-component NLS (1). Symme-
tries given in (25a) can be analogously derived by implementing a similar
procedure over the starting system of PDEs (1), whereas symmetries (25b)
correspond to the transformation of the eigenfunctions of the Lax pair. It
is also worthwhile to remark that the only additional symmetry that corre-
sponds strictly to the Lax pair itself is the one associated with the arbitrary
constant .

4. Commutation relations

In this section, we will analyze the commutation relations among the
infinitesimal generators associated to the Lie symmetries for the Lax pair
obtained in the previous section.

The infinitesimal generators associated to each symmetry are listed below.

e We shall denote as Xg}{j O} j = 1...3, the generators associated to the
three arbitrary functions of ¢.

o Let Y{[gl W)} [ = 1...5, be the generators associated to the arbitrary func-
tions of y.

e The generators associated to the arbitrary function 0(y,t) is denoted
as Z{s(y)}-

e Finally, we have defined as Agy, the infinitesimal generator related to
the arbitrary constant .

With this notation, we have the following ten generators:



Fmy ~ " Mg day Doz O

+2K1<2xa——041%— %—2771%—@0%)%-81(1%,
5]@&»‘337”(23_““@(“l%*Qzaiz“”%)“KQ%’
X{[?;]{g’(t)}_%xKgaim—'—lKg (0418—1—1—0@%—1#%),
Y{[gl(y)}:—(]{(al%Jrag%er%er%)+2C’1%7
%[gQ(y)}:iCQ(m%er%),

8 9,9
Yicuwy =105 (0‘2 Doy P 3p) ’

w 9 9 9 9
Yicuwy = Ci (%aﬁ.q—alazﬂg—xa—p )

0

Zisway =05
o . 9 0
o= (05533 0
(26)

According to [1], symmetry generators of PDEs can be classified in two
classes, the ones associated to the arbitrary constants and the ones associated
to the arbitrary functions. While those of the first type will give rise to a
Lie algebra, the infinitesimal generators that depend on arbitrary functions
do not, since we are dealing with an infinite-dimensional basis of genera-
tors. Nonetheless, it can be proved that the commutator of two symmetry
generators is also a generator of a symmetry.

Commutations relations among these operators may be performed. The
convention used is that each {j,!}-element of the table corresponds to the

operation [X {[ﬁj}, X {[Ql}] , where X {[i]] } is the generator associated to a function

rk; of its characteristic independent variables. The results are presented in
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two different tables for greater usability for the reader, but they should not
be interpreted separately:

(1] (2] (3]
Xy Xk Xk Zy5)

] (1 2] [3] ,
X{Hl} X{8H1K1—8K1H1} X{8H1K2—4K2H1} X{8H1K3} Z{8H16¢(5)+45H1}
x 12 _ v . Bl ' 7 , 0

{H2} {8K1 Ho—4H3 K} {2Hs K> —2KoHs} {H2K3}

(3] 3 _ .

X{HB} X{8K1H3} Z{KZHJ} O 0

Zivy | —Ziskiam) i) 0 0 0

[1] [2] 3] [4] 5]
H Z{‘;} ‘ Y{Cl} ‘ Y{Cz} ‘ Y{Cs} ‘ Y{sz} ‘ Y{Cs} ‘

2 0 ~Z{2¢10,(2)} : ]0 : ]0 [ ]0 [ ]0

1] 1] 2 3 1 5
Y{Jl } 22, 0y(6)} Y{z,h C|—2C1 J} Y{2J1 cl} Y(2J1 i} Y(Q[J,]c;} Y{Hl Ci}

[2] [2] 5 1
Y{[sz} 0 —Yooun 0 0 _}?{{2 Cu} Y{J[i 5!

3 B 5
Y{[‘ﬁ} ’ o) r? [91 Tncy B o S
Y{[J?} 0 _Y{[z]clJ[l} Y{c['g]h} _}?{]cs Ja} - 0 - _Y{Q J4C5} + Y{2 JuCs}

5 5 4 4 3
Y 0 Yooy | Yiam | Yiesm | Yoo Yoo 0

Notice that the generator Ay = (¢ 9y + x 9y + p0,) commutes with all

other generators. Besides that, |X {[j[}(j(t)},}/t{[gl(y)} = 0 for every value of

7 =1..3,1=1...5. Indeed, it may be observed that every commutator of two
infinitesimal generators provides a non-trivial result, due to the presence of
arbitrary functions [3].

We should remark that, in general, these infinitesimal generators do not
form a Lie algebra, but it is possible to construct a finite-dimensional Lie
algebra by selecting special values for the arbitrary functions. Some relevant
works about this topic have been developed in [24], [25], where Kac-Moody
type algebras have been obtained through a polynomial dependence for the
arbitrary functions.

5. Similarity reductions
Similarity reductions may be achieved by solving the characteristic system

dog _dm _dp _dx _ dp (27)

de_dy _di_don
&1 ) &3 T T2 3 1 (05 ¢3'

11



In the following, we shall summarize the notation used for the reduced
variables, reduced fields and reduced eigenfunctions:

z,y,t =D, q,
ai(z,y,t) > F(p,q), o(z,y,t) > H(p,q), m(z,y,t) = N(p,q),
Y(r,y,t) = @(p,q),  x(z,y,t) = X q), plr,yt) = Qp,q).
(28)
The symmetries that will yield non-trivial reductions are those related to
the arbitrary functions K (t), K5(t) and Ci(y), present in the transformations
of the independent variables. The rest of the symmetries provide trivial
reductions. Several reductions may emerge for different values of K1, K, Cf,
raising three independent reductions.
We will introduce the following shorthand notation, which will be very
useful for the next calculations:

1 [ K(1) 1 [ K(t)? 1 Ky(t)3
o(t) = 1 AR 1(t) = 1] Ky dt, I(t)= 512 K03 dt

(29)

5.1, Ki(t) # 0, Ks(t) #0, Ciy) #0
By solving the characteristic system (27), the following results have been

obtained

e Reduced variables

o _ dy B dt
p_Kl(t)% To(®) 4 4/01(24) /Kl(t)‘ (30)

e Reduced fields

2F(p,q) (i[5 + 1280 nw]}

al('ruy?t): 1 T :
Ki(t)s Ci(y)2
o,y t) = — 21D (S [8Ge e n o]}
e (31)
’ 1 2 Ky(t
mie,y,t) = ——— [Kl(t)i} P 610}
24 K (1) wo32K(t): | Ki(t)? ],
z N(p,q) + L(t
_ —]1(75) (p q) l2( )7



where the subscript (-); denotes the derivative with respect to the co-
ordinate ?.

e Reduced eigenfunctions

w(may7 ) = Me{_%{gigg x2+§i8; m_ll(t)]—s_%f% 5
2K1(t)1
E(p7 Q) {Af dt
Xy t) = o et Ee), 3
Cl(y)%
p(x7y7t) - M@{%f K??t) .
Ol(y)§

e Reduced spectral problem

By substituting the reductions in the (2 + 1)-Lax pair (16)-(21) we
obtain the following (1 + 1)-Lax pair:

O, + <2Np—éA)<I>—iFTE—iHTQ:O,

S, + Fo =0, (33)
Q,+H® =0,

¢, + TS+ H Q=0,

A
Sy +i(F&,—F,@) - T8 =0, (34)

A
Q,+i(H®,— H,?) —gQ:().
e Reduced Equations

The compatibility condition between (33)-(34) will provide the reduced
equations (and its complex conjugate)

iFy — Fppy — 2FN, =0,
iHy — H,, —2HN, =0, (35)
(Ng+ FF'+ HH') =0,

which prove to be a nonlocal multi-component NLS Equation in 1+ 1
dimensions, expressed for the complex conjugate fields {FT, H} with
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density of probability /V,. This reduction corresponds to the Manakov
system [13], [14].

We may remark that the same reductions for the Lax pair and consequently,
for the equations, will be obtained by performing the similarity reductions
for the case with Ki(t) # 0, Ci(y) # 0, Ks(t) = 0, although the reductions
for the independent variables, fields and eigenfunctions are different.

Integration of (27) provides the following results

e Reduced variables

— (), q=y (36)

e Reduced fields

Fp.q) (3[R =+iGe-na]}

041(33,y,t) = me
ao(r.y. 1) = P9 (E[R5 58 en o]}
o o | (37)
m(z,y,t) = i [ ( )%} x’ Ks(t)
'Y 24K1(t)% o 32K ( )% K (t )%
_r 10 N(p,q) + (1)
32 1

e Reduced eigenfunctions

U(w,y,t) = @(p,ql) At [E e+ R - n 0] +3 ) =l )

Kl( )4

X(x,y,t) = { I ®® (38)

o) = )2 ),
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e Reduced spectral problem

@, + <2Np - %/\) o =0,

Y, + Fd =0, (39)
Q,+H® =0,

o, +FIY+ H'Q=0.
AL —8i(Fd,— F,®) =0, (40)
AQ—8i(H®, — H,®) =0.

The previous system of PDEs can be expressed equivalently to the
following scalar Lax pair in 1+ 1 dimensions

i
® 2N, — - A2 =0
pp+( p 8 ) ) <41>
A, —8i[(F'F,+ H'H,) ®+ N, ®,] = 0.

e Reduced Equations

The compatibility condition between (41) yield the reduced equations
(and its complex conjugate)

Fpp +2FN, =0,
H,, +2HN, =0, (42)
(Ny+ FF'+ HHT) =0.

5.3. Kg(t) 7é 0, C’l(y) 7A O, Kl(t) =0
The following reductions arise from the integration of (27),

e Reduced variables

T dy B dt
%0 ) Gy 17 ) Ko (43)

p:
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e Reduced fields

aq(z,y,t) = nga q) : e{i[%gﬁ; a:2+2p_q]}
Ky(t)z Ci(y)2
as(z,y,t) = ng’ q) . e{i[ﬁ;ﬁg 12+2p7q:|}
Ky(t)z Ci(y)?
_2® Ks(t) | N(p,g)
e =51 R R

e Reduced eigenfunctions

Sty = 229 {-i[fG -3 ol

Ks(t)z
X(a;,y’t): Ep ql) { fC1(y)'H }7
01(9)2
p7 ) {A +1 }
ple,y,t) = Ltz
Ci(y)?

e Reduced spectral problem
®,— (FTS+H'Q) Ao
p 2 )
S, + F®+ % N =0,

QP+H<I>+%Q:0,

2

A2 41
—i(FFT+HHT—2Np— Z)@:O,

A1
Eq—(z ; F—in>cI>—¢FFT2—¢FHTQ=0,

A1
Qq—(z i H-z’H,,)cb—z'HFTE—z‘HHTQ:o.

2
e Reduced Equations

16

A+ 1
HT>Q+<Z'FJ+Z i FT>2

(44)

(46)



The compatibility condition between (46)-(47) will provide the follow-
ing system of PDEs

iFy+ (Fp,+iF),+2FN, =0,
iHy+ (Hy,+iH),+2HN, =0, (48)
(N, = FFT —HHT) =0.

6. Conclusions

In this paper a multi-component Nonlinear Schrodinger Equation in 2+ 1
dimensions has been presented. This system constitutes a generalization of
the Manakov system to higher dimensions. The Painlevé test has been proved
to be a powerful technique to identify the integrability of this model. Fur-
thermore, the SMM has enabled us to derive a non-trivial three-component
Lax pair for this system.

We have determined the classical Lie symmetries for a multi-component
Nonlinear Schrédinger equation in 241 dimensions and its three-component
Lax pair. This procedure allows us to get the infinitesimals related to the
independent variables and fields, along with those associated to the eigen-
functions. The resulting symmetries include nine arbitrary functions of the
independent variables and a single arbitrary constant, which plays the role
of the spectral parameter when the spectral problem is reduced to 1 + 1
dimensions.

The commutation relations among the generators associated to each sym-
metry have been widely analyzed. Although the set of symmetries does not
form a Lie algebra (due to the presence of arbitrary functions), these rela-
tions are consistent and closed. Eventually, we could define the Lie algebra
associated to particular selections for the arbitrary functions.

Three non-trivial reductions to 1 + 1 dimensions have been derived. The
reduced equations and the reduced spectral problem have been simultane-
ously obtained. It is important to notice that the spectral parameter arises
naturally in the process of constructing the reductions, due to the symmetry
procedure itself.
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