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ABSTRACT: We show that, in the thin-wall regime, @Q-ball-anti-Q-ball collisions reveal chaotic
behaviour. This is explained by the resonant energy transfer mechanism triggered by the
internal modes hosted by the ()-balls and by the existence of ephemeral states, that is unstable,
sometimes even short-lived, field configurations that appear as intermediate states. The
most important examples of such states are the bubble of the false broken vacuum, which as
intermediate states govern the Q@* annihilation, and the charged oscillons.

The usually short-lived bubble can be dynamically temporarily stabilized, which explains
their importance in the dynamics of ()-balls. This happens due to the excitation of massless
Goldstone modes, which, exerting pressure on the bubble boundaries or being trapped as
bound modes, prevent the bubble from collapsing.
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1 Introduction

(-balls are nontopological solitons, that is, particle-like non-perturbative excitations, which
carry a non-zero value of a Noether charge arising from a global U(1) symmetry [1, 2]. This
charge corresponds to a target-space rotation of the complex field and can stabilize the
soliton against small perturbations.

@-balls have found applications in various areas of contemporary physics, especially in
the cosmological and astrophysical contexts, where they are considered as candidates for
dark matter [3-6]. Although not existing in the standard model, they do show up in its
supersymmetric extensions. Specifically, they can be produced by a fragmentation of Affleck-
Dine condensates, leading to a characteristic modification of the stochastic gravitational wave
background [7]. If coupled to gravity, the @-balls transmute into boson stars [6, 8]. With
some extension, they can also reproduce galactic rotation curves [9].

Understanding collisions of @) balls can be of fundamental importance for their cosmolog-
ical application. Once formed in the fragmentation of the homogeneous condensate of the
complex field, ()-balls collide. This may alter their final density and therefore affect their
application as a candidate for the dark matter content of the Universe.

However, although the properties of single @ balls are very well described (e.g., static
properties, stability [1, 2, 10, 11], and the spectrum of small perturbations [12]), their



dynamics are far from being fully understood. Contrary to the domain wall case, interactions
and, in particular, collisions of @)-balls have not yet been investigated in a comprehensive
manner, see [13-18] for pioneering works. Nevertheless, several very interesting effects have
been reported; see, for example, the charge-swapping phenomenon [19], superradiance [20, 21],
or chaotic patterns in the final state formation [22].

A generic source of the complexity of soliton dynamics is the resonant energy transfer
mechanism originating in the fact that solitons host bound modes [23, 24]. This is also the
case for ()-balls. However, the specific main reason for the plethora of scenarios in ()-ball
dynamics is the simultaneous existence of other soliton-like excitations. The first example
is an oscillon, that is, a quasi-periodic solitonic solution [25-27]. Such an oscillon can be
easily found in the real-field truncation of the complex field theory. Thus, it does not carry
the U(1) charge. It is not an ultimately stable state, but all the time emits (often extremely
little) radiation [28-34]. However, it is not the only oscillon in the complex scalar theory.

It is now well understood that @)-balls and oscillons are very closely related, with the
properties of one object anchored in the other [35] (also [36]). This relationship has a profound
impact on dynamics. E.g., it has recently been shown that the charge-swapping state is an
excited oscillon rather than a bound state of a single individual @-ball and anti-Q-ball [22].
In fact, there is a whole family of long-lived states, called polarized @Q-balls, which in a
smooth way join the @-ball solution with the oscillon solution, passing through excited
Q-balls and charged oscillons.

The second example is the bubble of the false vacuum. It is an unstable, fast-decaying
configuration with zero U(1) charge, which appears when the potential has an additional
local minimum at |¢| # 0. The bubble can be understood as a kink-antikink configuration
immersed in the complex field theory. It rapidly decays as a result of the pressure that arises
between the true vacuum (outside) and the false vacuum (inside).

The third soliton-like state is the sphaleron or Q-sphaleron. While the bubble is a region
of false vacuum within true vacuum, the sphaleron is a saddle-point solution comprising true
vacuum within the false vacuum. Once perturbed, it can decay, e.g., to an oscillon.

These three types of non-perturbative excitations can be gathered under the common
name of ephemeral states, that is, unstable, long- or even short-lived configurations that,
contrary to the ) balls, are absent in the final state of the evolution. Consequently, one
could think that they are not too important for the evolution of Q-balls. We show that
this is definitely not the case. The dynamics of ()-balls, and especially, the QQ* collisions,
is very strongly affected by the existence of such ephemeral states. This is related to the
fact that, during collisions, the ephemeral states are easily created and even those that are
unstable can be temporarily stabilized by hosting additional excitations such as massless
Goldstone modes in the case of the bubble.

2 Complex ¢°® model and Q-balls

We begin with the simplest model supporting @-balls and consider the complex ¢ theory
in (141) dimensions defined by the following Lagrange density

£ = B,00"6" — V(l4l), (2.1)



where the potential

V(el) =l - lo* + BloI° (2.2)

contains, after suitable rescaling, only one nontrivial free parameter 5. We assume that
B > 1/4, which guarantees that V(¢) > 0 with the vacuum at ¢ = 0. Importantly, there
are two qualitatively distinct regimes. For 5 > 1/3 the potential is a monotonic function of
the modulus. For g € (%, %) the potential has an additional local minimum, see figure 1,
a false vacuum at

1++/1-38

2
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B 5 (23)

for which the value of the potential is

1++/1-38)(1—-68++1-305
V (|¢min]) - ) 5 ). (2.4)
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At g = % the false vacuum becomes a second, degenerate true vacuum that spontaneously

breaks the U(1) symmetry, see figure 1.
The field equation reads

bt — Gzw + (1 —2[8)* + 3B|¢|")¢ = 0. (2.5)

Due to the global U(1) invariance, there is a conserved Noether charge
Q= [ fdu. Gu=i(@0u0— 90,0"). (2.6

which is interpreted as a particle number.
For B > 1/4, there exist localized, stationary solitonic-like solutions carrying a non-zero
amount of the U(1) charge, called @-balls. They are given in the following form

¢Q(x>t) = fwo (w)eiWOt> (27)

where f,,, is a profile associated with the internal rotation with frequency wy. Such stationary
states can be viewed as “static” solutions joining the zeros of the effective potential V,(f?)

Vioo (%) = =100 + V(10]) = (1 = wi) f2, — fioy + BF2, (2.8)

see figure 2, orange curve. The finite-energy condition imposes that f,,(z = £00) = 0. The
other zero of the Vg occurs at the center of the ()-ball. In this picture, the @-ball looks
like the real ¢% sphaleron stabilized by the field-space rotation.

Specifically, for our potential, the profile of the @-ball reads

V2e

fwo (JL‘) = ) (2'9)
\/1 + /1 — 48¢€? cosh(2ex)
where € = /1 —w?2. These Q-balls exist for wy € (Wmin, Wmax ), Where
1
min = [1= 15 (2.10)



" B=0.26 1 ' ' ' '
__ 03 ¢ s 1 — B —
E 0.2 t /l 1 1.25 r Sphaleron 7
g F /] Bubble
oS N Y S -4 —— Kink
0.0 E=Z . . - 1.00
' ~0.26
03 F - A
N < I L
< 02 F . NEEES 0.75
= , \. /
=~ 01 f o’
0.0 @ L . L 0.50 r
m% 0.25 r
-~
1 1 1 | 000 L 1 1 1 1 1
0.0 0.5 1.0 1.5 —10 -5 0 5 10

(]

Figure 1. The potential V' (dashed curve) for 8 = 0.26 for which the false vacuum exists together
with the charge-less states: the kink, sphaleron and bubble with a size parameter of a = 5. Two
arrows means that the solution goes there and back, e.g., for the bubble it starts and ends at the true
vacuum, reaching the false vacuum in between.

while wpax = 1, which equals the mass of small perturbations in the vacuum ¢, = 0.
Importantly, not all @-balls are stable — only those that obey the following condition

wo dQ

Q dwy
The others decay into stable counterparts with the same U(1) charge. Here, the energy
and the charge of the ()-balls are

 Awoe+ Q48 — 1+ 48w3)
B 8wo S

<0. (2.11)

E(wo)

VB

. Qwo) = @arc‘canh (1—;\;5@) . (212)

There are two qualitatively distinct regimes. The first is the so-called thick-wall regime
occurring for frequencies close to the mass threshold wpax. Such @-balls have small energy
and charge localized in their bulk. In this regime @-balls are weakly bound multi-particle
states of the mesons of the complex field. In fact, they are typically unstable due to quantum
corrections.

The second regime is the thin-wall regime. This happens when wy — wmin. Here, the
Q-balls are heavy and carry a large value of the charge. Importantly, the energy density is
localized at the surface. Thus, in (1+1) dimensions they reveal a non-trivial internal structure
with two peaks in the energy density concentrated in the vicinity of the surface. From the point
of view of the effective potential, the thin-wall regime corresponds to the appearance of two
degenerate minima at f =0 and f = ﬁ The profile of the @-ball looks like it is composed

of a kink of V,, (interpolating between f =0 and f = ﬁ) and an antikink (interpolating

1 _ . . . . _ 1
between f = T and f = 0), which are separated by an increasing plateau with f Werk
(Q-balls, as other solitons, host bound modes that can be found as solutions of the linear

perturbation problem. The consistency of the linear perturbation of the oscillating solution
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Figure 2. The effective potential V,,, for 8 = 0.26 and a few wy together with the charged states:
the @-ball, Q-kink and @-sphaleron.
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Figure 3. Modes in the power spectrum of a perturbed @-ball as a function of z = In (‘*f’:T“:n“n“),

such that z — —oo corresponds to thin-wall Q-balls and z — 0 to thick-wall Q-balls. The green
dashed line is w = wg, while the vertical white dashed lines are the mass threshold. Left: 8 = 0.26,
such that V'(|¢|) has a false vacuum and wpi, =~ 0.196. Right: 5 = 0.5, such that V(|¢|) is monotonic

and wpin = 1/ V2. wis the frequency in the power spectrum.

requires the inclusion of two components 7; 2 with frequencies wg + p. Thus, in the case
of a @-ball solution rotating with wy

do(z,t) = nl(w)ei(”ﬁp)t + nz(x)ei(wo_p)t. (2.13)

If the frequencies of both components are below the mass threshold, we find a genuine bound
mode. However, it is possible that one of these frequencies is above the mass threshold. This
leads to a half-bound mode, that is, a quasi-normal mode also referred to as the Feshbach
resonance. There is also a continuous family of scattering modes, where both wg £ p are
larger than the mass threshold.

Since the vibrational modes are known to play a distinguished role in solitonic collisions
due to their participation in the resonant energy transfer mechanism, it is important to know
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Figure 4. Modes in the power spectrum of a perturbed @Q-ball: a) § = 0.26 and wy = Wiy +0.001 =
0.197; b) 8 = 0.26 and wy = 0.95; ¢) B = 0.5 and wy = Win +0.001 = 0.708; d) 5 = 0.5 and wy = 0.95.

how the spectral structure varies with wy for different 8. This is plotted in figure 3, where
we present the modes visible in the power spectrum of perturbed (squeezed) Q-balls. To
implement the squeezing of a Q-ball, following [18], we start with a Q-ball solution and then
construct a new configuration (with the same charge)

oa(x,t) = VAfuy(Ax)  with A =1.05. (2.14)

To find the power spectrum we then perform an FFT of the evolved field for 7' = 1000. Then
we applied a gaussian window with 40 = T (in order to reduce the noise) to the field values
at the centre and performed the standard Fast Fourier Transform (FFT).

We found that in the thick-wall regime, the spectral structure is almost trivial. The
Q-balls do not host any well-pronounced bound modes as the fundamental frequency wy is
too close to the mass threshold. See also figure 4 where we plot the power spectrum of the
squeezed Q-ball for 5 = 0.26 and 8 = 0.5 with wg = 0.95. In the spectrum, we see only the
peak at w = wp and a small peak from one component of a quasinormal mode. This suggests
that in the thick-wall limit, there are no modes that could participate in the resonant energy
transfer, which would trigger chaotic behaviour in the collisions.

However, in the thin-wall regime, the )-balls reveal a very well-pronounced bound mode,
with both components below the mass threshold, see region with z < —10 in figure 3 and
figure 4, panels a) and c). Here z = In (%ﬂ) For wq closer to wmin and smaller S there

are more bound modes. Definitely, such @-balls should possess more complex dynamics with
a well-visible chaotic pattern in the final state formation.

In figure 3, left panel, we see a clearly visible region with intermediate wg, where there is
no main peak at wg. This corresponds to the unstable region of Q-balls.



3 The oscillons and polarized Q-balls

The complex ¢® model can be consistently reduced to a version where ¢ € R. Such a theory
is known to support oscillons, which are localized, time-dependent quasi-periodic solutions.
Although long-lived, the oscillons are not stable solutions. All the time, they emit radiation
and eventually decay to a vacuum. The real-valued oscillons have zero U(1) charge. Of
course, they can be trivially rotated by a constant phase to a complex solution.

Such a real-valued oscillon can easily be perturbed. If the perturbation probes the real
component of the field, we typically get a modulated oscillon, which can also be understood
as a pair of two fundamental, unperturbed oscillons forming a bound state [36]. If the
perturbation excites the imaginary component of the field, we find a charged oscillon, that
is, a state where the oscillon hosts some non-zero density of the U(1) charge. In fact, there
is a whole family of long-lived solutions, called polarized Q-balls, which, passing through
perturbed @-balls and charged oscillons, interpolate in a smooth way between ()-balls and
real-valued oscillons [35].

The existence of such charged oscillons is manifested in the charge-swapping solution [22].
This is another long-lived state in which the charge density quasi-periodically flows between
different spatial regions [19]. If the net charge vanishes, this solution eventually relaxes
to a real oscillon [19].

It is worth underlining that the charged oscillon, or in general the polarized @-ball, is
a very long-lived and very easy-to-excite state. This is because it is based on the @)-ball
(or the oscillon) and its (half-)bound modes. It is therefore plausible to expect them to
be created in collisions of the )-balls.

4 The @Q-kinks and Q-sphalerons

The thin-wall limit is directly related to the existence of another stationary solution, i.e.,
the @Q-kink (Q-antikink)

1 x iWinin
boK(x,t) = 2\/B\/l + tanh <2\/B) e ¢ (4.1)

This solution interpolates between the two degenerate minima of the effective potential V,,,

see figure 2, green curve. It rotates in field space with the single frequency wmin and carries
an infinite amount of energy and U(1) charge. However, when combined, the @-kink and
the @Q-antikink form a finite-energy solution that tends to the thin wall Q ball as wy — wmin
(similar solutions also exist in non-flat target spaces [37]). In other words, the @-ball in the
thin-wall regime can be treated as a bound state of a Q)-kink and @-antikink

oo(z,t) = ¢por (z + x0,t) + Pgak (x — zo,t) — \/gei“’t. (4.2)

To find this relation we compare the leading term of the profile for x — oo

N 1 ox T =X
’¢Q($vt)|~m p( 2\/B> (4.3)



with the expansion of the exact Q-ball profile
fo(x) =~ 2¢(1 - 4Be?) "1/ 4emem, (4.4)

Then, taking into account that around wg = wmpin

1

2\/3 2Wmm\/7 wmln (45>

we find that

\/1275 exp (2%) = 2¢(1 — 48~ 1/4 (4.6)

which after some algebra gives

2
zo ~ \/Blog (18564625> = Tﬂ log ((4,6’ —1)f(w — wmin)z) ) (4.7)

Note that we also neglected the O(wp — wpin) correction in the exponent.

The constant value of the field in the plateau region corresponds to the value of the
field at the second minimum of V.

In the limit where 8 = i, wmin = 0 and the @-kink solutions become the static kinks
of the (real) ¢® model, see figure 1, green curve.

oK (r) = 4/1 £ tanh (x). (4.8)

This is because the potential V' now has two degenerate vacua: the trivial one at |¢| = 0 and
the broken one at |¢| = /2. Obviously, the static kink can be multiplied by an arbitrary
constant phase factor. The energy of the kink is 1 and carries a zero amount of U(1) charge.

For g € ( 1 3> the broken-phase vacuum transforms into a local minimum. Thus, the
kink separates the true and the false vacua, and cannot any longer be a static solution. In
contrast, it starts to accelerate due to the static force triggered by the potential difference
between the true and false vacua.

Furthermore, it is known that the false vacuum of the potential V can support a
sphaleron (critical bubble), that is, a static unstable (saddle point) solution. In fact, there is a
constant phase sphaleron that interpolates between the false vacuum ¢ = ¢ (at * — £00)
and ¢ = ¢g (at x = 0). The value of the field at the center of the sphaleron, ¢y, is set
by the condition V(|¢g]) = V(|¢min|). Depending on the perturbation, the false vacuum
sphaleron decays into the true vacuum or into a false-vacuum oscillon for which the field
quasi-periodically moves around the false vacuum.

For w € (0,wmin), there is a stationary version of the sphaleron that we call Q-sphaleron (in
the literature it was also referred to as -hole or -bulge [38]). Now, the profile interpolates
of V,, (at * — £o0) and ¢ = ¢ at x = 0. Again,
V(1) = V(¢y0,). Similarly as in the case of the @Q-kink, the @-sphaleron has infinite energy

between the local minimum ¢;%,

if computed w.r.t. the true vacuum. Moreover, it carries an infinite amount of U(1) charge.
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Figure 5. Evolution of the bubble for a = 10. The first collapse is at ¢ = 19.13.
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100

5 The bubble

5.1 Kink-antikink configuration

Finally, in the regime where the potential possesses a local minimum, there is a configuration
in which the false (broken) vacuum is trapped inside the true (unbroken) vacuum. We
call it a bubble

65(230) = o Wt”g(f*“’wl‘m};(“))—wmm« 6.1)

It is formed by the static kink and antikink located at x = Fa respectively, each of them
interpolating between the true and the false minimum. This configuration is not even an
unstable static solution. The kinks immediately begin to attract each other. The force is
proportional to the value of the potential in the false vacuum. The attraction leads to a
sequence of bounces with the kinks re-created after each collision. This is a type of oscillon,
sometimes called the bion, now based on the true vacuum, see figure 5 where we plot the
time evolution of the real component of the field, the energy density and the value of the
real component of the field at origin. In this plot, and in the rest of this section, we assume
that 8 = 0.26, which is close to the critical value 1/4. In this case, the broken false vacuum
is very well pronounced and is not too high above the true vacuum. Consequently, the
attractive force between the kinks, that is, the bubble boundaries, is relatively small. The
resulting bion is a long-lived structure.

In the remaining part of this section, we will show that the unstable bubble structures
can be temporarily stabilized by small perturbations.



5.2 The false vacuum and the Goldstone modes

The existence of a symmetry-breaking vacuum (false or true as in the case of the Peccei-Quinn
Q@-balls [39, 40]) has some important consequences on the dynamics of the complex field
and, in particular, on the dynamics of the @-balls. This originates in the fact that the
broken-symmetry vacuum supports a massless Goldstone (phase) mode that, at linear order,
decouples from a massive (amplitude) mode.

To see this let us consider a small perturbation of a given static or stationary solution
O(x,t) = f(x)ewol,

Pz, t) = f(z)e™t + A¢(z,t), (5.2)

where the real parameter A is the amplitude of the small perturbation. We plug it into the
equation of motion and keep the linear terms in the amplitude

E—&"+ V(P + V(PP e+ V() e = 0. (53)
For oscillating modes, it is consistent to consider perturbations & of the form [12]
E(w,t) = "oty () 4 /0Py (). (5-4)

Thus we arrive at a coupled two-channel problem with two components 7; and 73

Bl

0 (wo—p)?] |»
where )
L= VS) 15;1 and D:—%—I-U—i—s. (5.6)
The potentials entering the spectral problem are
U=V'(fH=1-2f2+33f (5.7)

S = V(1) = (=2 +65f7).
Let us now consider a static solution for which wg = 0. The spectral problem reduces to

(2- %) [771] =0, (5.9)

2
which can be written in a decoupled form

2
—dd?—i—UG 0
2
0 —dd?—FUA

T g2 (T (5.10)
2 2

where 71 = m1 — 03 and 72 = 1 + 13 are the imaginary and real perturbations (modes),
respectively,

P(z,t) = f(x)e™0t + Aol {Re (ﬁgeipt) + iIm (ﬁleipt)} . (5.11)

,10,



We take these modes to have a unit L? norm. In addition,
Ug=U, Up=UH+2S (5.12)

are the new potentials that correspond to the Goldstone and amplitude excitations.

In the true vacuum, where f = 0, the potentials reduce to U(z) =1 and S(z) = 0. In
this limit, the decoupled equations for 7; and 7j» describe small perturbations with the mass
parameter mg = 1. Hence, both perturbations are massive.

In the broken vacuum, where f = |pmin| # 0, we get
2
Ur=0, Sf:%(1—3ﬁ+\/1—35), (5.13)

where Uy = U(f = |¢min|) and Sy = S(f = |¢min|). Clearly, 71 is a massless perturbation,
my = 0 which is a Goldstone mode, while 7j is still a massive perturbation with m3 = 29 I
This mass varies from mo = 2 for 5 = i to zero for 5 = %, where the false vacuum ceases to
exist. Note that for 8 € (0.32,1/3), ma < mg and even this mode is lighter than the mass
threshold. Finally, we underline that at linear order, these modes do not mix with each other.

Now, we move on to the bubble ¢p(x), which describes the false vacuum trapped inside
the true vacuum, and perform a linear perturbation around a fixed bubble configuration.
Of course, there is always an unstable negative energy mode, as the bubble is not a critical
point of the action. Note that this bubble is a time-independent configuration (however, it
is not a static solution) and the spectral problem can be written in diagonal form (5.10),
but with different potentials Ug and U4. We plot them in figure 6.

The qualitative picture is clear. The purely imaginary perturbation is the massless
Goldstone mode inside the bubble, while outside the bubble, it has a nonzero mass. Hence,
once excited inside the bubble, the imaginary perturbation exerts a positive radiation pressure
on the boundary of the bubble. If the imaginary mode is excited outside, it leads to negative
radiation pressure. Both scenarios can stabilize the bubble against collapse.

The real excitation, which always corresponds to a massive amplitude mode, has two
different regimes. For g < 0.32, its mass is larger in the broken vacuum inside the bubble.
Thus, if excited inside the bubble, it leads to negative radiation pressure, which brings the
boundaries of the bubble together. This acts like an additional attractive force that facilitates
the collapse of the bubble. On the other hand, for 0.32 < § < %, the amplitude mode has
a smaller mass in the false vacuum. Therefore, it helps stabilize the bubble in the same
way that the Goldstone mode does.

In figure 7 we show the evolution of the bubble for § = 0.26 and a = 10 while a real
perturbation, Ae‘”Q, is added. In the left panels, where A = —2 and o« = 1.1, the bion
survives the perturbation. In the right panels, where A = —1 and a = 0.5, the perturbation
creates an oscillon in the false vacuum that collides with the boundaries of the collapsing
bubble and eventually forms an oscillon in the true vacuum. Here, the bubble (or bion)
completely annihilates. As expected from the previous analysis, in both cases, the first
collapse occurs earlier than in the evolution of the pure bubble (figure 5). Specifically, it
occurs at t = 17.97 and t = 17.84.

An imaginary excitation acts differently. Namely, it stabilizes the bubble, see figure 8.
The perturbation clearly generates the Goldstone mode, a wave traveling at the speed of
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Figure 7. Evolution of the bubble for 8 = 0.26 and a = 10 with additional perturbation A exp(az?),
see further description in the text. The first collapse is at t = 17.97 (a,c) and at ¢t = 17.84 (b,d).

light, which bounces from the boundaries of the bubble. Now, the bubble does not collapse
for quite a long time. Note also that the imaginary perturbation adds a non-zero amount
of the U(1) charge. Hence, in this particular case, the resulting solution can be viewed
as a perturbed thin-wall @-ball. However, the bubble can also be stabilized by Goldstone
modes, which carry the zero total charge.

5.3 Trapped Goldstone modes and spectral walls

The stabilization of the bubble via some perturbations can also be understood as the excitation
of bound modes hosted in the potential wells Ug and U4, generated by the bubble solution,
see figure 6. These bound modes are simply the Goldstone modes of the false vacuum trapped
inside the bubble. Since they are trapped in the cavity, there is a finite number of discrete

— 12 —



T T T T T 0.75 I e 1.0

Q & 0.9
20 0.50 20 0.8
10 ~ 0.25 10 0.7
~ - - b : 0.6
s o B N » < 0 & 0 0.5
0.4
_10 | - —0.25 _10 o
—920 —0.50 —90 0.2
- 0.1
—30 . . § § —0.75 30 . . . . 0
0 25 50 75 100 0 25 50 75 100
t t
©) (@
20 ¢ AAAAAAAAAAAAAAAAAAAAA 15 ' i
re  ed
20 1.0 10 b _f;‘;(?d‘g)
10 0.5 05 F
o goor!: -
—10 —0.5 —05 F
—20 —-1.0 —1.0 F
—30 : : _ : —-15 ) / .
0 25 50 75 100 0 25 50 75 100

t t
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bound modes, standing waves, 7j;(a), whose frequencies wy and even number depend on the
size of the potential well, that is, the size of the bubble 2a.

In figure 9 we show how the frequencies of such trapped Goldstone modes vary with the
size of the bubble, for § = 0.26. As the size increases, the frequencies decrease and one by
one new modes appear. This has two important consequences.

First of all, it leads to the existence of a new mode generated repulsive force between the
kinks forming the boundaries of the bubble. This comes from the fact that in the leading order,
quadratic, approximation each mode contributes to the potential energy of the solution as

Eode = %Asz(a), (5.14)

where we assume that the mode has unit L? norm. Here, we have two degrees of freedom: the
amplitude A of a bubble-size-dependent oscillator and the size a of the bubble itself. Both
variables vary in time and, at leading order, constitute the following effective Lagrangian

1 1., 1
L[A,d] = 5M(a)a2 + 5A? — 5A%u?(a) —V(a). (5.15)
Here,

M(a) = /Oo (‘W>2 da (5.16)

—oo dx

is the mass (energy) of the bubble and

oo dx

o z;a)\?
v = [ |(*EE0) 4 o - ohta + o s Gan)

is a contribution to the potential energy from the attraction between the boundaries of the
bubble. V(a) has a single zero at a = 0 and increases monotonically with a.
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Figure 9. The flow of the spectral structure of the bubble with its size. We plot the odd and even
trapped Goldstone’s modes. Here, § = 0.26.

In the adiabatic approximation, where the velocity of the bubble boundaries is small,
a ~ O(e), the mode amplitude evolves as [41]

Alt) = W(Ca(t)) cos ( /0 tw(a(t’))dt’) , (5.18)

where C is an adiabatic invariant that remains constant despite the fact that the frequency
of the oscillator changes with the size of the bubble. Averaging A? over the period gives
(A%) = %%2 This leads to a reduced Lagrangian

1 1
L[A,a] = §M(a)d2 — 502w(a) —V{(a). (5.19)
Thus, the oscillator dynamics generates a potential energy that is linear in the frequency
L o
Eose = QC w(a). (5.20)

As w decreases with a, it is energetically preferred to increase the size of the bubble. Thus,
the repulsive force appears. This can stabilize the bubble. Of course, if frequencies of the
modes grow with the size of the bubble, then they contribute to an attractive force.

Secondly, as the size of the bubble decreases, the trapped Goldstone modes hit the mass
threshold one by one. Such a transition of a bound mode to the continuum spectrum triggers
the spectral wall phenomenon [42]. If such a mode, 7, is excited, then the bubble boundaries
experience an additional repulsive force once the bubble size is reduced to the critical value,
2a§’f3, at which the mode hits the mass threshold. At this point, the mode formally becomes
a non-normalizable threshold mode and apparently the soliton tries to avoid this possibility.
Thus, exactly for this size, the bubble can form a quite stable, long-lived state, provided the
mode is excited with a fine-tuned amplitude. In addition, passing through a spectral wall
leads to rather significant radiation bursts. For the example shown in figure 9 the positions
of the spectral walls are: aéB = 0.5392, aﬁ} = 2.0026, ag?{g = 3.5714, agt) = 5.1421, agi,) =
6.7128, a'%) = 8.2834, a'T) = 9.8541.
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Figure 10. Spectral wall in the bubble dynamics for 5 = 0.26. Initially, the bubble with a = 10 has
the third trapped mode excited with the amplitude A = 2.72. The dashed line denotes the position of
the corresponding spectral wall.

We can see the effect of spectral walls clearly in our numerics. In figure 10 we present
the evolution of the bubble with the third mode (second odd mode) excited. Initially, the
amplitude of this mode is A = 2.72 and its frequency is wy = 0.48007 as the half-separation
is a(t = 0) = 10. At the initial stage of the evolution, the attractive force between the bubble
boundaries wins, and the bubble shrinks. However, as a decreases, the frequency of the mode
approaches the mass threshold. At this stage, a relatively long-lived state is formed where
the bubble boundaries keep (approximately) at a fixed distance, which agrees very well with
the critical value ag?{g. Eventually, as the amplitude of the mode decreases due to radiation,
the configuration passes through the spectral wall. Then, the bubble collapses to the bion.
In the plot, we show the evolution of the charge density, energy density, real component of
the field, and real and imaginary components at the origin.

We found analogous spectral walls for the lower and higher modes. As always, this is a
selective phenomenon, which means that the system sees a particular spectral wall only if
the corresponding mode is sufficiently excited. It remains blind to all other spectral walls.
For lower modes, due to the rather strong attraction of the bubble boundaries, one needs
a higher amplitude, which, via nonlinearities of the model, leads to the excitation of other
modes. This makes the spectral wall picture less transparent.

6 QQ* collisions

Here we will consider the collision of QQ*. Thus, we assume that initially the well-separated
Q-balls are boosted toward each other with initial velocity v

d(z,t) = fu,(v(x + 20 — vt))e"wm(t*”“”’)ﬁ‘S + fuo (Y@ — 20 + vt))e’inV(H”), (6.1)
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where v = 1/v/1 —v? and § are the initial phase shift of one of the @-ball. The initial
separation x( is assumed to be large enough to treat the initial objects as independent.

In the previous sections, we have described the possible states that may participate
in collisions of the ()-balls. First of all, we have the stable solutions that are the Q-balls
themselves. They are true final states in the scatterings. They host bound modes that
may trigger the resonant energy transfer mechanism playing a crucial role in collisions of
topological solitons such as kinks and vortices. In a scattering process, two solitons can
temporarily transfer their kinetic energy into internal degrees of freedom, i.e. the internal
modes (bound modes or quasinormal modes). If there is an attractive static intersoliton
force, as in the case of a kink-antikink pair, or a mode generated force, as in the case of the
BPS vortices, after collision the solitons can have too little kinetic energy to overcome the
attraction. Hence, they collide again. This can lead to a complete annihilation of the solitons,
usually via the formation of a long-lived oscillon (bion). Sometimes, during the collision, a
sufficient amount of energy is returned to the kinetic motion for the solitons to eventually
escape to infinity as the final state. This mechanism amounts to a complicated and chaotic
pattern in the final state formation in 1+1 [23, 24, 43] and 2+1 dimensions [41, 44, 45], where
the annihilation regions, that is, the bion chimneys, are separated by the bounce windows
with the solitons recreated in the final states.

Importantly, in addition to the internal modes, there is another factor that has a great
impact on the collisions of the )-balls. This is the existence of the ephemeral states, i.e.,
the polarized @)-balls and the bubble. Through perturbation of the colliding ()-balls one
gets the whole family of polarized ()-balls, which includes not only ()-balls with the internal
modes excited but also charged, as well as zero-charge, oscillons. Note that the U(1) charge
can be smoothly deformed by such perturbations. This is an important modification, if
compared with the case of topological solitons, where the charge is quantized. Of course,
the polarized Q-balls (e.g., charged oscillons) are not ultimately stable but can be very
long-lived states that slowly decay via radiation to other @-balls (nonzero net charge) or the
vacuum (zero net charge). In any case, polarized Q-balls can easily show up in collisions
of the @-balls as intermediate (excited) states.

Finally, there is also the bubble, i.e., a zero-charge unstable configuration that exists
for the potentials with a false broken vacuum. Although short-lived, it can be very easily
stabilized by excitation of the Goldstone modes.

As we shall see in the rest of the paper, the internal modes and ephemeral states are
the main ingredients governing the QQ* collisions.

There are three obvious regimes that may lead to qualitatively different dynamics. They
arise from two regimes of the potential and two regimes of the (-balls. Namely, the potential
can be with (5 < 1/3) or without (8 > 1/3) the false vacuum, which results in the existence
or nonexistence of the bubble. The existence of a false vacuum will be especially important
when the @-ball probes the thin-wall regime, wg — wpin. In the thick-wall regime, wy — 1,
the existence of the second vacuum is less important since the field does not probe such
large field values. Thus, in this limit, the particularities of the potential are expected to
play a secondary role. Obviously, in the regime no false vacuum the complexity of the QQ*
collisions can be exclusively related to internal modes.
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Figure 11. Energy density at the origin (upper) and total charge at the semi-line z > 0 (lower) for
the QQ* scattering as a function of the initial velocity v and internal frequency wy of the scattered
Q-balls. The values are computed at the final time of the evolution ¢ = 200. Here 5 = 0.26.

These regimes are clearly visible in figure 11 where we show the energy density at
the origin and the total U(1) charge in the semiline = > 0 in the final stage of evolution,
ty = 200, where we considered a version of the model with the false vacuum 3 = 0.26. In the
thick-wall regime, where wy — 1, the collision has a fairly simple structure with a region of
back-scattering (smaller velocities) and passing through (higher velocities). Interestingly, the
Q-balls exist after the collisions, although in excited states. There is almost no annihilation.
As expected, as we move towards the thin-wall regime, we find a chaotic behaviour. In
particular, the characteristic spine structure of figure 11 can be associated with the existence
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Figure 12. Evolution of the energy density £(x = 0,t) and charge density at = 0.05 for different
values of the initial velocity of the @-ball. Here, § = 0.26 and incoming Q-balls are in the thick-wall
regime, wy = £0.708. Initial phase is 6 = 0.
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Figure 13. Evolution of the energy density £(z = 0,¢) in time for different values of the initial
velocity of the @-ball. Here, 5 = 0.5 and incoming @-balls are in the thin-wall regime, wg = +0.708.
Initial phase is § = 0. The right-hand plot shows a zoomed-in region of the left-hand plot.

of surface substructure of the @)-ball, and bear striking similarities with the kink-antikink
collisions in the Christ-Lee model [46].

6.1 Thick-wall regime

The QQ* collisions in the thick-wall limit have a very simple structure. Basically, there are
only two scenarios: at smaller velocities the @)-balls backscatter, while at higher velocities
they pass through each other. This does not depend on a particular form of the potential
and existence of the additional vacuum. This is because in this limit the ()-balls are rather
simple objects. They do not have an inner structure and do not host bound modes. Thus,
resonant energy transfer is suppressed and no chaotic pattern in the collision is observed,
see figure 12. This is consistent with the results known from scattering kinks, where the
existence of internal modes (localized on each kink [23, 24, 43] or on the two-soliton state [47])
is typically a necessary condition for chaotic behaviour in the kink-antikink collisions.

6.2 Thin-wall regime without false vacuum

In the thin-wall regime @-balls do possess vibrational modes that may trigger the resonant
transfer mechanism. We begin with 8 > 1/3, where there is no false vacuum, and the only
ephemeral states are oscillons and other members of the family of the polarized @Q-balls.
Importantly, there is no bubble.
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Figure 14. Charge density (right) and energy density of QQ* for § = 0.5 and wo = £0.708. Here
v = 0.04 (upper panels), v = 0.05 (central panels) and v = 0.5 (lower panels). The initial phase is 6 = 0.

In figure 13 we present the energy density at the origin, i.e., at the point of the collision,
for = 0.5 (i.e. Wmin = 1/v2) and wy = 0.708, and for initial velocity up to 0.7. This
gives some information about the formation of any localized structure, as e.g., a polarized
Q-ball state, at the origin (dark green) and about the ejection of perturbed @-balls to infinity
(white color at final t). Of course, one should be aware that both cases can occur in the
same scattering process.

There is a striking similarity to the corresponding plot for the kink-antikink collision
in the ¢* model [23, 24]. There are very well visible chaotic structures for v < 0.06, see
figure 13 right panel, where we present a zoomed version. Here are two scenarios, one-bounce
scatterings (one-bounce windows) and annihilation (bion chimneys), which are chaotically
immersed in one between the other.

In the one-bounce windows, the incoming @-balls collide once, and then reappear in the
final state. Interestingly, despite careful investigation, we did not find two-bounce scatterings.
Note that ejected solitons are typically perturbed polarized Q-balls. E.g., each of them can
be a charge-swapping state (each with non-zero total charge), see the top panels of figure 14.

In the second scenario, the Q-balls form a sort of bion-type solution, see also [13]. Here,
they never show up as independent polarized @)-balls but perform a huge number of bounces
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time for different values of the initial velocity of the @-ball. Here, 5 = 0.26 and incoming @Q-balls are
in the thin-wall regime, wy = 4+0.2. The initial phase is § = 0.
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Figure 16. Evolution of the energy density £(x = 0,t) (left) and charge density j°(x = 0.05,t) in
time for different values of the initial phase of the @Q-ball. Here, 8 = 0.26 and incoming Q-balls are in
the thin-wall regime, wy = £0.2. The initial velocity is v = 0.1.

and eventually, passing through an oscillon state, decay to the vacuum, see the central panels
of figure 14. These collisions are also very similar to scatterings of oscillons, where almost
identical structures are formed [48].

For v € [0.06,0.25] there is a large one-bounce scattering region with two polarized
(Q-balls in the final state. Although one may think this is a simple regime, that is not really
the case. We find various polarized charge-swapping solutions with different total charges.
As the initial velocity increases, v € [0.25,0.65], the third remnant of the collision emerges. It
is another polarized @-ball, here a charge-swapping state, created at the origin. For v > 0.65
there are four polarized Q-balls produced after the first collision. Finally, for v ~ 0.9 the
Q-balls pass through each other.

6.3 The bubble in @-ball dynamics

Now we consider the case where the potential has a false vacuum, and so has a bubble solution.
Specifically, we assume g = 0.26. In figure 15 we show the QQ* dynamics for the thin-wall
regime, wg = 0.2. We plot the time evolution of the energy density £ at the center of mass and
the time evolution of the charge density j° at = 0.05 (at = 0 the charge density is always
zero due to symmetry). In both cases, we scan over the initial velocity assuming that 6 = 0.

It is clearly visible that the QQ* collision reveals a chaotic, self-similar pattern, which,
however, differs significantly from the previous case, figure 13. The difference is due to the
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Figure 17. Examples of QQ* collisions where the bubble solution hosting the Goldstone waves is
produced. Here, 8 = 0.26, wp = 0.2. The initial conditions are v;, = 0.1 6 = 1.077 (a,b), 6 = L.1x
(c,d) and vy, = 0.16 0 = 1.257 (e,f).

appearance of the bubble as an intermediate state, which definitely contributes to a further
complexity of the scattering. Once again, there are single collision scenarios separated, in
a chaotic way, by regions where at the origin a long-lived charged state is formed. A very
similar pattern is shown in figure 16, where we fix the initial velocity, v = 0.1, but change
the relative phase of the incoming ()-balls.

Now we look closer at particular examples of the QQ* collisions and clarify the role
of the bubble. We found that the bubble very often appears as an intermediate state, see
figure 17. In fact, it is the first state that appears after the ()-balls meet for the first time
and temporarily annihilates. However, because each Q-ball has a nontrivial charge density,
the bubble is always produced in an excited state, that is, with the Goldstone modes. We can
see that the charge of each ()-ball delocalizes in the bubble in the form of “free” Goldstone
waves. As the waves scatter from the bubble boundaries, they blow the bubble up. Then,
depending on the particular conditions, the bubble can collapse or temporarily stabilize.

If the bubble collapses, the charge can be re-confined into localized objects. This is
presented in figure 17 in the top and central panels, where, after the collapse of the bubble, a
Q-ball and anti-Q-ball reappear, ejected with a relatively high velocity, approximately four

— 21 —



30 0.75 30 1.0
0 o I £ 0.9
20 W pw 0.50 20 0.8
10 o ol 0.25 10 0.7
v 0.6
& 0 0 0 0.5
0.4
—10 —0.25 —10 0.3
20 I —0.50 2 0.2
- 0.1
-30 : : —075 —30 : : 0
0 100 200 300 0 100 200 300
t t
c d
w 0.75 w o L0
0 I & 0.9
20 0.50 20 0.8
......... 0.7
1 25 1 e
0 0.25 0 T TLL 0.6
8 0 0 0 0.5
A ln:nq...,“ 0.4
—10 —0.25 10 0.3
0 I —0.50 —20 0.2
0.1
—30 _ . —0.75 30 ‘ ‘ 0
0 100 200 300 0 100 200 300
t t
30 D 30 ) 1.0
0.75 7 -
Q I & l/' 0.9
20 0.50 20 // 0.8
4 0.7
10 25 10 :
' 0-25 / 0.6
8 0 A 0 0 0.5
0.4
—10 —0.25 —10 \ \ 03
_ \ 0.2
—20 0.50 —20 \
I r ‘\\\ 0.1
—30 . . —0.75 —-30 . \ . 0
0 100 200 300 0 100 200 300
t t
Figure 18. No annihilation scenarios in the Q@Q* collisions. Here g = 0.26 and v;, = 0.1, wy = 0.2.

Upper panel: § = 1.217 and two charged oscillons in the final state. Central panel: § = 1.697 and two
excited @-balls. Lower panel: transition scenario with § = 1.13x.

times larger than the initial velocity. A significant fraction of the charge is annihilated during
the creation and collapse of the bubble. Hence, the final @-balls carry a smaller value of
the U(1) charge, that is, they rotate with higher internal frequency. For the upper panel,
the final Q-balls have wy ~ 0.94. Interestingly, there is another remnant of the collision, an
oscillon, staying at the center of mass. Typically, the oscillon is created in an excited state.
In figure 17 upper panel, the excitation concerns only the real component of the field and we
find a modulated oscillon which has zero U(1) charge. In figure 17 central panel, the oscillon
is excited in the imaginary component of the field, and therefore is a member of the polarized
Q@-ball family, which leads to the well-known Copeland-Saffin-Zhou (CSZ) charge-swapping
solution. Of course, these oscillons are not ultimately stable states. E.g., after a long time,
the charge-swapping solution decays to an oscillon with trivial charge density [19].

In some cases, the bubble has a smaller size and evolves in a more stable way. After
the initial intermediate stage, it stabilizes to a fixed size. This is a fairly long-lived solution
with a charge-swapping property, which is of a different origin from the CSZ charge-swapping.
It is triggered by the Goldstone wave trapped in the bubble, not by a perturbed oscillon,
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Figure 19. Example of the creation of the bubble in second bounce. Here 8 = 0.26, v, = 0.1,
wog=0.2and 6 = 1.377.

see figure 17 lower panels. Specifically, in this case, the Goldstone waves excite the first
trapped mode.

In the collision, the @-ball and anti-@Q-ball do not have to necessarily form the bubble.
They can keep their identity for the whole evolution. This leads to a more or less elastic
scattering or to a scenario in which the @)-balls pass through each other. The first possibility
is presented in figure 18, the upper and central panels. Specifically, in the upper panels
(vin = 0.1, wo = 0.2 and § = 1.21m) the colliding @Q-balls repel each other. This results in
a back-scattered pair of @-balls. Note that the collision excites the internal (vibrational)
modes of the @-balls. In the central panels (v, = 0.1, wg = 0.2 and 6 = 1.697) the repulsion
is weaker, which leads to a partial annihilation of the charge and to stronger excited @-balls.
Then, they very quickly relax to charged oscillons. Again, we expect that the oscillons
will eventually decay to stable @Q-balls. In figure 18, the lowest panel (v, = 0.1, wg = 0.2
and § = 1.137), the charge densities pass through each other. Here, after the collision, the
initial @-balls relax to perturbed charged oscillons. Their velocity is much larger than the
initial velocity of the @-balls. We note that the perturbed oscillon may also be in the CSZ
charge-swapping state. This occurs for § = 1.157.

Although bubbles most commonly form in the initial collision of Q-balls, they may also
form in the collision of the initially-created charged oscillons, see figure 19. Here, v, = 0.1,
wo = 0.2 and 6 = 1.377. This is not a surprising scenario since @-balls and oscillons (together
with their perturbed states) are members of the family of polarized states and therefore can
be smoothly transformed into the one another, if a suitable perturbation is added.

It is clear that QQ* collisions in the thin-wall regime in the ¢% model with a well-
pronounced false vacuum reveal a highly complex structure with a plethora of scenarios. The
actual evolution is extremely sensitive to the initial condition, e.g., the initial velocity and
phase. Even a tiny change in the initial data can lead to a drastic change in the actual
dynamics and in the final state formation. This gives further support for the existence of
chaos in such collisions.

6.4 The sphaleron in Q-ball dynamics

As we explained, the sphaleron exists as a stationary point for which the (real component
of the) field asymptotes to the false vacuum value. Therefore, it can emerge in the QQ*
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Figure 20. Example of QQ*-ball collision with the sphaleron as an intermediate state. Here
B =0.2501 and w = 0.02 and the initial velocity is v, = 0.3815.
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Figure 21. The real (orange) and imaginary (green) component of the field at ¢ = 20 and ¢ = 60
with the sphaleron dynamically formed at the origin. The pure sphaleron solution is plotted in blue.

collisions as an excitation inside of the bubble. Obviously, once S is closer to the critical
value 1/4, the sphaleron is more clearly visible. Once created, it can decay into the false
vacuum oscillon, the bubble, or into the true vacuum.

In figures 20 and 21 we present an example of the creation of the sphaleron in the QQ*
collision. Here, § = 0.2501 (i.e. wpin = 0.01996) and wy = 0.02. The initial velocity of the
(Q-balls is 0.3815. The sphaleron is formed twice, in the first and second collisions. The second
sphaleron lives for a relatively long time At ~ 50 which can be an effect of the excitation
of its mode [49, 50], see the wiggles in figure 20, right panel. Then, it decays into the false
vacuum oscillon inside the bubble full of Goldstone waves.

7 Collision of the Q-ball with the bubble

As we have seen, the bubble easily appears in QQ* collisions, whenever the potential possesses
a broken false vacuum. Such a bubble is created with a bunch of the excited Goldstone
modes and, in a more complicated multi-Q-ball environment, may further interact with
other ()-balls. Here we briefly study the simplest case, which is the interaction of a ()-ball
with an unexcited bubble.

The main characteristic feature of such collisions is the release of the U(1) charge density.
The charge, initially confined to the @-ball, delocalizes in the form of Goldstone waves in the
interior of the bubble, see figure 22 and figure 23. As we previously observed, the bubble can
be stabilized by Goldstone radiation or even grow significantly, see figure 22. Interestingly,
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Figure 23. Examples of @-ball bubble collisions.

t

(bottom). Initial velocity is vy, = 0.3.

Here 8 = 0.26 and w = 0.75 (top) and w = 0.2

the same happens in the so-called erasure processes, where a monopole or vortex collides

with a wall-antiwall bubble [51, 52]. It was verified that the topological charge of a unit

charge soliton dissolves inside the bubble. Both the topological and nontopological charges

can be re-confined in a small spatial region if the bubble collapses. In higher dimensions,

this happens in the case of a spherical bubble. Then, the localized solutions carrying a

non-zero charge can reappear. So, a monopole/vortex [53], as well as @Q-ball/oscillon, with

a nonzero value of the charge may be created.
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However, there are two scenarios that have not yet been reported in the dynamics of
topological solitons. First, in contrast to the unit charge monopole, the @-ball may survive
the collision with the bubble. Speaking precisely, Q-balls can be emitted if the Goldstone
wave hits the surface of the bubble. This we clearly see in figure 23 upper panels. This is
possible because the U(1) charge is not quantized and even its fraction can be confined inside
a Q-ball emitted from the bubble surface. Nevertheless, this process may have a counterpart
in the case of the monopole if the topological charge, and therefore the magnetic flux, is
very large. Then, while a significant amount of the charge is released in the bulk of the
wall-antiwall bubble, the rest could still escape in the form of a smaller charge monopole.
This might reduce the efficiency of the erasure mechanism [54].

Second, we observed a transmutation process, in which the charge of the emitted Q)
balls does not have the same sign as the absorbed @@ ball, see figure 23 upper panel. This
is because the absorption of a Q-ball by the bubble excites the Goldstone waves with both
negative and positive charge densities.

Third, it is also possible that not all the charge delocalizes. It happens when the @-ball,
after entering the bubble, transmutes into the oscillon in the false vacuum, see figure 22 lower
panels and figure 23 upper panels. Although almost the whole charge is released in terms of
the Goldstone waves, the false vacuum oscillon may still carry a small fraction of the charge
density. Then, the oscillon propagates inside the bubble and can reach its boundary, where it
finally disintegrates, figure 23 upper panels. It is not excluded that a flux-carrying oscillon
can be formed in the broken vacuum of a wall-antiwall bubble. Indeed, the abelian Higgs
model is known to support an oscillon with a nontrivial flux density [55].

In some cases, especially in the thin-wall regime, the Q-ball feels a repulsive force from
the bubble. Then, during the collision, only a part of the charge enters the interior of the
bubble, see figure 23 lower panels. The rest is backscattered in a charged oscillon as a
remnant of the initial @)-ball.

8 Summary

In this paper, we systematically studied the ingredients that govern the dynamics of ) balls.
Following the kink and vortex dynamics, we identified two main factors: the vibrational
modes and the ephemeral states, which are unstable, sometimes even short-lived states
such as the polarized @Q-balls (oscillons, charged oscillons, etc.), bubbles, and sphalerons.
While (charged) oscillons exist for any potential, the bubble and the sphaleron require an
additional symmetry-breaking vacuum.

Both factors have great impact on the QQ* collisions, leading to a huge complexity of
the scattering scenarios. The vibrational modes trigger the resonant transfer of energy and
lead to a chaotic, self-similar pattern in the final (and long-lived) state, which is qualitatively
very similar to the kink-antikink case. This occurs in the thin-wall regime and is basically a
potential independent feature. This should be contrasted with the thick-wall regime, where
(-balls do not host massive normal modes, and the collisions are much simpler.

The complexity of the scenarios increases further if the potential possesses a false vacuum.
Then, the typical intermediate state of the QQ* collision in the thin-wall regime is the
formation of the false vacuum bubble. This makes collisions even more sensitive to the initial
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data. Importantly, the bubble is temporarily stabilized by the Goldstone waves. They show
up due to the flat direction in the broken-symmetry vacuum and are formed from the release
of the charge density originally localized on the @Q-balls. The Goldstone waves exert pressure
on the bubble boundaries and prevent it from collapse. Sometimes, a very long-lived state is
formed with the Goldstone mode trapped in the bubble as a standing wave, i.e. a trapped
normal mode. This gives a charge-swapping state of a new origin. In addition, the trapped
Goldstone modes can trigger the spectral wall phenomenon, previously observed in domain
wall and vortex dynamics. The false vacuum also supports a sphaleron (critical bubble), which
can appear during the collision and, similar to kink scatterings [56], modify the outcome.

We note that the bubble is an example of a cavity-like bag solution. Interestingly, solutions
of this type have recently been found in the context of oscillons in gapless models [57]. The
evolution of such oscillons resembles the evolution of the unperturbed bubble. Probably, the
reported clean (dirty) regimes correspond to the bag with unexcited (excited) trapped modes.

The dynamics of @-balls can also be taken as a first step in understanding of dynamics of
oscillons in multi-component models [58-60]. This is because a Q)-ball theory is equivalent to a
model with two real scalars with the additional U(1) target space symmetry. Such a symmetry
is not present in a generic setup. Hence, generically, there are no stable time-dependent
stationary solutions (which would correspond to @-balls). Nevertheless, collisions of the
oscillons would present a similar complexity with a similar importance of the modes and the
ephemeral states. Of course, the dynamics of @)-balls in models with a more complicated
target space [1, 61-63] will be even more involved.

Of course, it would be very interesting to know how the interaction patterns are affected
by quantum corrections, [64-67]. Here, the most promising approach seems to be the
displacement operator framework, where the soliton is a squeezed coherent state [68]. Indeed,
several dynamical properties of quantum solitons have been computed, see e.g., [69-71].
Importantly, it has been suggested that oscillons, which are the main actors in the Q-ball
dynamics, may also be long-lived states at the quantum level [72].

In summary, the QQ* collisions reveal a significantly more complicated structure than
in the case of topological solitons in one and two spatial dimensions.
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