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ABSTRACT: A mixed finite element approximation is presented for a class of non-
linear reaction diffusion problems with a wide applicability. Some results about the
existence and uniqueness of weak solutions are resumed. Semidiscrete error estimates
are established assuming only Lipschitz regularity of the reactive term and nonde-
creasing of the diffusive term and demostrated with a new technique. The proofs
of this error estimates are described in detail, first in the dual norm, and then in
the L2norm. As an application, a model for numerically simulating wildland fires is
presented.
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1. INTRODUCTION

In this paper, we present a mixed finite element method for a nonlinear reaction

diffusion problem of the form,

u—AH (u) = f(u) in (0,T) x Q,
H(u)=0 on (0,T) x 09, (1)
u (0, ) = up (x) in Q.

We assume that H is continuous, piecewise smooth and satisfies the following

hypotheses,

H(0) =0,
O<a<H ) <p<oo foralfeR,

(2)

although for most of the numerical analysis of the semidiscrete scheme we only need

o< 00.

We also assume that f is continuous, piecewise smooth and satisfies a global

Lipschitz condition,

) —fl < Lgl€—nl forall&neR (3)



A mixed finite element approximation of a classical nonlinear reaction diffusion

problem, for example, a combustion process with radiation,
u — div (K (u) grad u) = f(u)

produces a system matrix dependent on the solution, so this matrix is different in each

time step with the resulting computational cost. Using the Kirchoff transformation,

H(w)= [ K(©)de
the problem to solve is (1) and the new system matrix is independent of the solution.

This work generalizes a previous paper due to J. F. Epperson (Epperson, 1984)
in two aspects, we study a more general nonlinear reaction-diffusion equations, with
a nonlinearity not only in the diffusive term but also in the reactive term, and we use
mixed instead of classical finite element methods. Mixed finite element methods and
related cell-centered finite difference methods have become popular in recent years
for modelling flow in porous media, due to their inherent conservation properties and
the fact that the methods provide flux approximations as part of the formulation, see,
for example, (Arbogast et al., 1996; Dawson & Kirby, 1999; Woodward & Dawson,
2000; Li Wu & Allen, 1999). In the particular application to wildland fires simulation
that we present in this paper, where there exists strong gaps in the temperature,
mixed finite element methods allow discontinuities in the temperature, preserving
the continuity of the flux through the inter-element boundaries. Beside the finite
differences methods, the lowest order mixed method used in this paper is easy to
generalize to higher order methods simply by using higher order Raviart-Thomas

elements.

The equations presented here have a wide applicability, not only to heat flow in
materials with a temperature dependent conductivity and flow in porous media, but
also to the Stefan problem, biological models (Ruuth, 1995), hydro-geological systems
(Yifeng Wang et al., 1994; Yutiang Wang et al., 1995), etc.

In section 2, we resume some results about the existence and uniqueness of a
weak solution of 1 based on the globally Lipschitz condition of the reaction term, and
the monotone property of the diffusion term. We also resume some results about the
existence of weak solutions of 4 based on the work of J. I. Diez and I. I. Vrabie (Diaz

& Vrabie, 1994).

In section 3 we fix the notation, we describe the spaces of functions, the finite

elements and the bilinear forms that we use along the next section. Section 4 is the



weighty section, where we establish and prove the main results with a new technique
using a discrete Laplacian operator. We prove first the semi-discrete error estimates in
the dual norm, and then using this previous estimation, we obtain the corresponding

error estimates in the norm L? (0,7; L? (Q2)) for u < co.

Finally, in section 5, we present an application to a numerical model of wild-
land fires that authors have recently developed (Asensio & Ferragut, 2002). The
mathematical modelling of reaction-diffusion processes usually involve more than one
unknown, in this combustion model, the unknowns are the average temperature

and the unburned solid fuel v, which is no diffusive,

u — AH (u) = f(u,v) in (0,T) x Q,
vy = g (u,v) in (0,7) x €,
H(u)=0 on (0,7T) x 09,
u(0) =ug, v(0) =vy in L.

2. ABOUT EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

First, let us consider the nonlinear diffusion equation,

u—AH (u) =f in (0,T) x Q,
H(u)=0 on (0,T) x 0, (5)
u(0,x) =up () in Q.

where H : 8 — R is continuous nondecreasing, H (0) = 0, f € L' (0,T; L' (Q)) and
ug € L' (). By a weak solution of (5) we mean a function u € C ([0,T]; L' (Q)) such
that H (u) € L' (0,T; L' (Q)) and which satisfies (5) in the sense of distributions over
(0,7) x 2.

It is well known that, for each ug € L' (Q) and f € L' (0,T; L' (Q)) the problem
(5) has a unique solution u, see (Brezis, & Crandall, 1979). Moreover, if ug € LP ()
and f € L'(0,T;L* (Q)) for some p € [0,00], the unique weak solution u of (5)

satisfies ,
e ®llopa < lollopa + [ 17 (5)lp0ds

for each t € [0,7], see (Benilan, 1972). Furthermore, if ug and f are bounded,
ug € L™ () and f € L™ (0,7; L>(Q2)), then

u € WR(0,T;H1(Q)) N L*(0,T; L () (6)
Hu) € L?(0,T;Hy' (Q))



If f depends on the solution, f = f(u), but is bounded, the existence and
uniqueness of a weak solution remains true. When f (u) is not bounded but globally
Lipschitz, the existence of a weak solution can be proved by standard fixed-point
arguments. Uniqueness is simple by the monotone property of H. If u; and uy are
two weak solutions of (1), taking into account that (v,w)y-1q = (v, (-=A)! w)

where (-, -) is the inner product of L?(Q), it follows

(w1 —wa)y ur — ) oy ) + (H (1) — H (ug) ,un — ug) =
= (f (u1) = f (uz) ;w1 — u2>H*1(Q) :

By the monotone property of H, (H (uy) — H (u2) ,u; — ug) > 0. Then, by Lipschitz
condition of f, it follows from above that V¢ € (0,7

d

7 (ur = u2) ()12 1. < L [ (w1 — u2) (D)7 1+

so Vt € (0,7)

t
I(ur = 2) ()1 -1 < (= w2) (0)[g-1(0) + Lf/o (x = z) (5) 7710 ds.

By Gronwall’s Lemma, being (u; — uz) (0) = 0, it concludes Vvt € (0,7

I = 2 DIy < Nlar — ) (0) 31 gy " = 0.

For the general case of the semi-diffusive system (4), with H : ® — R continuous
strictly increasing, H (0) = 0, f an upper-semicontinuous mapping from R? into
R, and g : R2 — R globally Lipschitz with respect to its second variable, we have
the existence of a weak solution using a result from (Diaz & Vrabie, 1994). By
a weak solution of (4) we mean a pair u,v € C([0,7];L*(Q)) such that H (u) €
L' (0, T; L' (©)) and which satisfies (4) in the sense of distributions over (0,7") x €.
If H, f and g verifies the mentioned conditions, then for each wug, vy € L™ (Q2) there
exists Ty € (0,7 such that (4) has at least one weak solution (u,v) satisfying (6).
This is a local existence result, but with additional hypothesis over f and g, (Diaz &
Vrabie, 1994) proof a global existence result.

3. APPROXIMATION

To fix notation, let 2 C R? be an open bounded domain with piecewise C' boundary

I, for instance polygonal. The letter C' will be used to denote a generic positive



constant, not always the same, depending only on €2, I", the data functions, etc. Only

when it is important will any dependence on parameter be made explicit.

In addition to the standard Sobolev spaces, H™ (£2) we consider for the vectorial
functions the space H (div; 2) defined by (Roberts & Thomas, 1991)

H (div; Q) = {q — (qna) € (L (@) :div g € L (Q)} ,
that is a Hilbert space with the norm

1
2 . 2 2
19l £raivi) = {HqHO,Q + || div qHO,F}Q ;

where |[|-]|, , denotes the usual scalar or vectorial norms. With the aid of the vectorial

trace theorem (Roberts & Thomas, 1991), we have the space
H (div;Q) = {q € H (div; Q) : g-n € L* (D)},

where n denotes the unit exterior normal vector to €2, which is a Hilbert space with

the norm

Nl

2 2
1934400y = {”qHH(div;Q) +lla- "Ho,ﬂ}

Let {7} :h € H} be a regular family of triangulations by triangles of €. For
each natural number k, Py (7) denotes the space of restrictions to 7 of polynomial
functions of degree k in two variables, and Zg‘:) the principal lattice of order k of
the triangle 7. So (7’, Py (1), ZQ“)) is the finite element of Lagrange of degree k. Let
E,(lk) be the corresponding Lagrangian interpolation operator, and Lgk) the space of

simplicial Lagrangian interpolants defined by

L;Lk) = {v eC® (Q) VT €T, vl € By (T)}

It is known (Raviart & Thomas, 1983) that for each positive integer k, there
exists a constant ', independent of h, such that,
k _ k
oo 0] o= 280 S O ;
for each v € H™ (Q), 1 <m <k

In the case of vectorial functions, for each natural number k£, we define the space

D, = (Pk—1)2 @ xP,_1. We associate to each triangle 7 € 7, the space Dy (1) of



restrictions to 7 of functions of Dy, and an interpolation operator £%) : H (div; T) —

Dy, (1) such that Vq € H (div; 7) the function £*q is the only one in Dy (1) verifying

[e0q rde = [q-rds e e (Ba (@)

/ EWg-nwdr = / q -n;wdr Yw € Py (') with 7 edge of T

where m, is the unit exterior normal to 07, constant on each edge 7’ of 7. The
mapping thus defined further satisfies div (5T(k)q) = 11 (div q) Yq € H (div;7),
where II%) denotes the orthogonal projection in L?(7) onto P,_; (7). Denoting by
H (div; T1,) the space defined by

H(divim) = {a e (12 (@) ¥r € Tl € H(divi )}

we define the equilibrium interpolation operator E}Ek) of order k on H (div;T},) con-
structed from operators £*) as follows, (S,(lk)q) |, =E&® (q|,) V7 € T4 This oper-

ator verifies

divg = 0= dwv (ST(k)q) =0 V7 €Ty Yq€H(div;T),

We denote E}(Lk) the finite-dimensional space of equilibrium interpolants,
E,(lk) ={q € H (div;Q) : V1 € T1,q|, € D (1)},

which is the space of functions ¢ € (L2 (€2))” for which the restriction g|, may be
identified with a function in Dy, (7) for each 7 € 7}, and for which q|,, -7, +q|-, -1, =
0 on 7’ for all 7/ = 7 N7y with 79, 75 € 7. It is known too (Roberts & Thomas, 1991)

that there exists a constant C', independent of h, such that,

Hq - &Ek)QHO,Q < CH |Q|l,Q 5
vge (H'(Q) , 1<I<F,
|div (g - 5,&‘“)(,,)“&Q < Ch|div ql 4,
Vq € (H (Q))? with divqe H'(Q), 1 <1<k

If {7, : h € H} is a regular family of ”triangulations” by rectangles having sides
parallel to the axes, we can construct approximations of order k, for each natural
number k, of functions in L? (Q) and functions in H (div; Q). For any two nonnegative
integers k and [, we denote by Py ; the space of polynomials in two variables, of degree
k in the first variable and of degree [ in the second variable, and by Py, (7) the space of

restrictions to 7 the rectangle of polynomials in Py ;. To a rectangle 7, and a positive



integer k, is associated the set Z(Tk) of points of the grid on 7 obtained subdividing each
edge of 7 into k equal parts. Let Egk) be the corresponding Lagrangian interpolation

operator, and L;Lk) the space of simplicial Lagrangian interpolants,

L = {v eC’ (Q) VT € Th,U|r € Pry (7-)} :

The error estimate for Lagrangian interpolation given by (7) remains valid when
the family of triangulations is a regular family of triangulations by rectangles. The

demonstrations for this case may be found for example in (Raviart & Thomas, 1983).

For the approximation of vector functions on a rectangle 7, we define the space
Dy, (1) to be the product space Py ;—1 (7) X Py_1 (7), and the corresponding equilib-

rium interpolant £*) of order k, k > 1 on 7, verifying,

/ST(k)q -rdr = /q crdr Vr € Py_gj1 (T) X Pyqj—2 (1)

/ EWg-nwdr = / q -n;wdr Yw € Py (') with 7" edge of T

As in the previous case, div (ET(k)q) = II%=Y (div q) Vq € H (div;T) where [I#~ is
the orthogonal L? projection on L? (Q) onto Py_1 41 (7). We define the interpolation
operator S,Ek) from H (div; ) N'H (div; T5) onto E,(Lk), where E,(Lk) is defined by

E]Sk) ={q € H (div;Q) : V7 € T1,,q|, € Dy (1)},

by requiring as before that S,Ek)q agree on 7 with £%) (g|,) for each 7 € 7. The error
estimate (8) remains valid in the rectangular case. For demonstration in dimension
2, see (Thomas, 1977).

We denote for simplicity M = L?(Q) and X = H (div;2), but maintain the
classical notation for norms to avoid confusion. In order to obtain the corresponding
mixed variational formulation of the problem (1) we introduce a new variable p =
grad H (u) . In a thermal problem, u denotes the temperature, p is the heat flow,

and p - n, n a unit vector normal to I', is the flux across I'.

Assuming the solution is sufficiently regular, the corresponding mixed variational
formulation of (1) is: find w (t) € M, such that V ¢t € (0,7

(ui (1), 0) = (div p (1) ,0) = (f (u(t)),0) VveM,

(p(t),q)+ (H (u(t),div q) =0 VqeX, (9)



with initial conditions u (0) = wuy.

We introduce the following bilinear forms, with (-,-) the corresponding scalar

product,
a(): XxX — R
p,q — a(pq)=(pq),
b(,): XxM — R
p, v — b(p,v) = (div p,v).

If X" and M’ are the corresponding dual spaces, and (-,-),, (-,-)y the duality
products, we have the following linear operators, A € £ (X, X’) and B € £ (X, M),

A X — X'
p — Ap suchthat (Ap,q) =a(p,q) VYqe X,

B: X — M
p — Bp such that (Bp,v),, =b(p,v) Yve M,
and the transpose operator,
B*: M — X'
v — B*v such that (B*v,q),, =b(q,v) Vge X.

Identifying M with M’, that is to say, identifying the duality product with the scalar

product in M, (9) can be written in the form
(e (t),0) — (Bp(t),v) = (f(u(®),v) VYveM (10)
(Ap(t),q)y + (B*H (u(t)),q)x =0 VqeX, (11)
finding p (t) = A~'B*H (u (t)) from (11) and replacing in (10),
(ue (t) ,v) = (BAT'B*H (u(t) ,v) = (f (u(t)),v)  VveM
s0, in the space of functions M ~ M’ is realized
up — BATB H (u () = f (u(t)),

where BA™!B* = —A is an operator from M onto M. Denoting D = (—A)~" as an
operator from M onto M, the continuous problem to solve is: find u (t) € M, such
that V't € (0,T),

Dug (t) — H (u(t)) = Df (u(t)),

12
u (0) = uo. (12)



Let M), = L;kal) C M and X, = E,(lk) C X the finite dimensional subspaces
described before, for any of the two kinds of triangulations mentioned. The corre-

sponding semidiscrete formulation of the problem (9) is: find uy (t) € My, such that
Vte (0,7)

(un,e () ,vn) — (div py, (t) ,on) = (f (un (1)) ,vn) ¥V vp € M,

(py (), q1) + (H (up (1)), div q;,) = 0 ¥, € Xu, (13)

with initial conditions up, (0) = ug, being ugpp an approximation of uy on M.

Remark. Functions f (uy) and H (up) have not to be in M, however, as divg,, €

M, Vg, € My, equations (13) can be written as follow

(unt (t) ,vn) — (div py, (t) ,vn) = (Prf (un (1)) ,vn) VY vp € My,
(P, (1), q) + (PnH (un (1)) ,div q,) =0 vV q, € Xy,

where P, is the orthogonal projection operator on M onto Mj,.

As in the continuous case, the corresponding linear operators are

.Ahl Xh — X}Il
Py — Awp, such that <Ahph7qh>Xh:(ph>qh) Vg, € X,

Bh : Xh — M}/l
q, — Bng, suchthat (Bngy,vn),, = (div gy, vn) Vo, € My,
and the transpose operator,

B, . M, — X
v — Byun such that (Bjvy, qy),, = (div q,,v) Vg, € Xp.

Identifying M), with M}, and proceeding as in the continuous case, it follows in M,

the equation

Un,g (t) = BuAy ' By PoH (up () = Puf (u(t)). (14)
We introduce now the operator D), defined as

Dhl M — Mh
¢ — v, ="Dpp

where vy, is the mixed finite element approximation of the solution to the problem

—Av = ¢ inQ, (15)

vp = 0 onT,



that is, vy, is the element from the pair (25, vp,) solution to the problem

(zn,qp) + (v, divg,) =0 Vq, € Xy,

. (16)
(divzp,wp) = — (@, wp)  Yw, € My,

these equations can be written using the notation of the discrete linear operators
described above,

Apzp +Bio, =0 in X,

Brzn = —Prp mn My,

SO vy, = (BhAngfl)_l Py, and we can write D), = (BhAngfl)_l Ph.

Remark. Observe that if ¢ € Mp,, then the orthogonal projection operator can
—1 —1
be removed, that is (BhAngZ) Pryp = (Bh.A,;lBZ) P.

Multiplying (14) by (BhAng}i)il and taking into account that u,, € My, the
semidiscrete problem to solve is: find wuy, (t) € My, such that V ¢ € (0,7)

Drupt — PrnH (up) = Dy f (up) ,

17
up (0) = ug . (17)

Remark. There is a particular case in which the orthogonal projection operator Py,
is not necessary. For k = 1 functions of M, are piecewise constants, so H (uy) € M,

and then PnH (up) = H (up).

3. SEMI-DISCRETE ERROR ESTIMATES

Equations of the mixed variational formulation of the auxiliary elliptic problem (15)

are
(z,9) — (v,div q) =0 VqeX,

(div z,w) + (p,w) =0 Y w e M. (18)

We introduce the space V= {q € X : b(q,w) =0 Yw € M}. It is clear that the
bilinear form a (-,-) is V-elliptic, and the bilinear form b (-,-) satisfies the ”inf-sup”
continuous condition of Babuska-Brezzi,

b(g, w)

38 >0: supg € X
”qHH(dw,Q)

> Bllwlloq  Yw e M, (19)
so the problem (18) has a unique solution.

For the corresponding equations of semi-discrete problem (16) associated to the

elliptic problem, we define V;, = {q,, € X} : b(qy, wn) = 0 Vwy, € My}. It is easy to



see that for the finite dimensional subspaces M) and X} described before, V}, C V,

so the bilinear application a (-, -) is Vj-elliptic.

Let be g’,(lk) the following continuous linear operator: given q € M, we define
Ay = divg, ¢|r = 0 and set g}gk) = E,Ek) (grady) . Such a linear operator g,(f) X —
X, verifies

- _ &) —

i) bla—¢&'a,v,) =0, Yo, €M,

i (k)

i) &) e < Clalliine - e € X

Then, the continuous ”inf-sup” condition (19) implies the discrete ”inf-sup” condition

of Babuska-Brezzi,

b (qiw wh)

38*>0: supg, € Xth ||
hll H (div:)

> Bllwnlloq Vene My, (20)

and so the problem (16) has a unique solution (Roberts & Thomas, 1991).

The error estimate for mixed finite element approximation of Laplace operator
gives the following result, with v = Dy and v, = Dpyp, and taking into account
the equivalence (Lions & Magenes, 1968; Brezis, 1983)) of the norms |[-[[,,, o and
[A-|l,_y.q in H* () N Hj (Q) for sufficient regular conditions on T

lemma 1 If D and Dy are the operators described before and k is a positive integer,

then for all p € M ezxists a constant C, independent of h, such that,

(D = Dr) ¢llpe < Ch* 10lli—10-

The discrete ”inf-sup” condition (20) verified by the auxiliary elliptic problem

allows us to proof the following results,

lemma 2 IfD and D), are the operators described before, then for all p € M

lello.o

HDhc}OHOQ S 72 )
’ (5*)

HD;%so - ||<P||*o,g
0,0 154

lemma 3 If Dy, is the operator described before, then for all ¢ € M

3 h—0
et
0,Q



Proof of lemma 2. From the characterization of the norm |||, , and the inequality

lanlloo < thHH(dz’v;Q), it follows

B (zfu qh)
||qhHH(diU;Q)

(zh7 qh)
thHH(div;Q)

(zhaqh)
gnllo.q

[znllg.q = sup g, € Xu >supg, € X, =supg, € X,

Using the discrete ”ins-sup” condition (20) and the first equation of (16) we have,

(d“} qp, Uh)

||qh”H(diU;Q)

—(zn, qyp)

=supgq,; € X
||qh||H(div;Q)

sup g, € Xy > B ||Uh||o,§z =p ||Dh90||o,9 :

Thus | Drellgq < ﬁ% [2nllgq- On the other hand,

(Drp, @) = (vn, ) = — (div zp,vp) = (24, 21),

so we get ”ZhHS,Q = (Dwp,0) < | Drelloq llellgg- Then, we have the first result
simplifying from
1Dusl < oz lolin < s IDwelo lellgn
(6 () ’ ’
Taking square roots in the following expression we obtain the second result,
1

) lellog -

12 1 1
HDiso o <D;390,Dﬁso) = (Drp, ») < IDréllog llllgn <

Proof of lemma 3. We have seen that HDﬁgp

2
= ||lzn||Z , Where, as being the
0,2 ’

solution of the auxiliary elliptic problem, it has ||z, ¢ el |z]lg.q- Then it suffices

to show that ||z]lo = [l¢ll_;q. By the definition of the norm of H~" (), dual of
H;j (Q), we have Vo € L*(Q) C H ' (Q)
<907w>H1 Q
lell_1= sup PRt
weHL(Q) Hw”Hg(Q)

But Vw € H} () we have (0, 0) ) = (9, w) = (grad v,grad w) where —Av = ¢
and v|r = 0. Thus,

(grad v, grad w)

loll 1o =" sup = llgrad vy = llzlloq-

weHL(R) ”wHHg(Q)

With these previous results we first establish a semidiscrete error estimate for
(17) in the norm

1
D} ()H , which is a discrete version of the dual norm ||-||_; o as
0,2 ’

Lemma 3 shown.



theorem 4 If u is a solution of (12) and uy is a solution of (17), there exist two
constants o and C' = C (u (0) , u, o, p, 5%), independents of h, such that ¥t € (0,T)

< ChFet.
0,2

D7 (u— ) (1)

Proof. Subtract (12) and (17), subtract and add Dyuy, Dy f (u (t)) and H (uy, (t))

then rearrange terms to get

Di (u— un), (t) + H (u(t)) = H (un (1)) = (D = Da) (f (u(t)) —
Dy (f (u(t) = f(un (1)) — (I —Pr) H

Multiply through by w (t) — uy, (t) and integrate over € to get

~—~

Dy (u—up), (t),u(t) —up (1) +

+(H (u(t) = H (un (), u (t) = un (1) =

= ((D=Dy) (f (u(t)) —ue (), u(t) —un(t) + (21)
+ (Dn (f (u () = f (un (£))) ,u (t) — un (1) —

— (I = Pn) H (un (1)), u(t) —un (1)) .

Properties of H give

(u(t)) — H (un (t)) ,u(t) —un (1) =

H (u B),u( 2 (22)
> 5 (1) — i (D + o [ (1)) — H (i ()]

From Lemma 1 for ¢ = f(u(t)) — u, (t), supposing sufficient regularity conditions,

yields

(D =Dy) (f (u(t)) —ue (), u(t) —un(t) <
< |[(D—Dn) (f (ult

)= (Nl () = us Bl < 3
< CRH I (u(8)) = e (Ol -y 0.8) = () <
< O () W 1) — s ()l < 52N 45 (1) = (1) -
Similarly, from Lemma 2 for ¢ = f (u (¢)) — f (up (t)) we have
Dy (f (v t» F (un () (6) = un (1) =
= (D7 (F w(®) = f (w (), DF (w =) (1) <
< %f<u» O] I A CERAIO! e
< I ) = S (an <»mQDEW—uw@] < 2

0,2

D; (u—uy) (1)

<
0,0

< 5t lu@) —un @)log
L2

g
2
a 2
< G llu ) —un ()lgq + W

D7 (u— ) (1)

0,Q



Using the properties of the orthogonal projection P, we have
(I —Pp) H (up (1) ,u(t) —up(t) = ((I —Pp) H (up (t)),u(t) —wy) Yw, € My,

As PrH (uy, (t)) is the element of Mj that minimizes distance to H (uy, (t)), it follows
that Ywy, € M,

(I = Pn) H (un (1)), (t) = un (1)) <
< (= Pn) H (un () llo.q [lu () = wnllgq <
< |[H (un (1)) = Ynlloq llu () — whlloq Vi, € M.

Particularly, choosing ¢, = Py H (up, (t)), adding and subtracting H (u (t)), and rear-
ranging we get Ywy, € M),

(1 =Pn) H (un (1)), u (t) —un (1)) <
< (11 (un (£) = H (w(@) g+ | H (w(£)) = PuH (un (0)lo0) 1w (6) = walloq
and finally taking w;, = Ppu,
((1 - h)H(uh (), u(t) —un (1)) <

< (IH (un (t)) — H (u (>>H09+6‘h’“IIH(u(t))Hk,Q)Ch‘“llu(t)Hk,QS (25)
< C3 (u

(I
c3 >h%&+1nHvM<» H (u (1) 20+ Cs () 1

Combination of (22)-(25) yields Vt € (0,T) with Cy (u, o, ) = Cl(u) + @ +C (u)

(Dp (u — up), (), u(t) —up () < % + —L— D,% (u —up) (¢) : (26)
a (B*) 0,0
Now, integrating (26) over (0,7"), and taking into account that
2 (Dn (= un), () 1 (5) — un () ds =
fg( p(u—up), ),Dﬁ(u—uh)(s))ds:
¢ (27)

= 305 i (D8 (=) (5). D7 (w =) () ds =

D} (w—u) ) — 2 |DF (=) )

_ 1

0,2 2

)

0,0

1
2

2

T
+ Qh%/ Cy (u, o, 1) ds +
0,2 0

HD%@—u@@)

203t
!

D,% (u—up) (s)|| ds.

Gronwall’s Lemma provides

\ =(p

2
2L%
f

2 T
(u—un) (O)H + 2h2’“/ Cy (u, o, 1) ds) ea !,
0,0 0

S o=

DF (u— ) (1)




Again from Lemma 2 with u, (0) = Lgkil)u (0) we have,
O (u(0)

HDE@—uwm> o

S = (0) = un O)llog <

and finally,

D3 (= wn) (1)

2 02 (u (0)) L3
AN 2 C d th a(ﬁ*)2
&Q_( () I 4“a‘”s> ’

which provides the desired error estimates taking square roots with,

1

2

02((-1—2/ C’4uoz,u)d> :

Omeumuﬁvz( o

and

Ca(p)

(28)

Small changes in the previous demonstration provides an error estimate in the

norm L?(0,7T; L? (Q)).

theorem 5 If u is a solution of (12) and uy, is a solution of (17), there exist a

constant C' = C (u(0) ,u, o, 3*, L), independent of h, such that ¥t € (0,T)

(/ot lu () = un ()l dt>§ < Ch*,

If i < oo then, there exist a constant C = C (u(0),u, o, 5%, p, Ly), independent

of h, such that ¥t € (0,T)

UWHW®%Jwam%ﬁfgcm

Proof. In order to keep the term ||lu (¢) — uy, (t)||y o, We can modify the expressions

(23), (24) and (25) in the following way,

((D Dn) (f (u(t)) — e (1)), u(t) —un (1)) <
L3 +102( )h2k + 4<L§‘+1) ||u (t) — Up (t)HaQ,

with the aid of Lipschitz condition (3),

(Do (f (w (1)) = f (un (1)), u (t) = un (1)) <

< ey I (®) = un (O + 5 [P (0 =) (0

2

Y

0,0



and finally,

(1 =Pn) H (un (1)) u (t) = up (1) <
< C3 (w) h**p+ 4 [|H (up () H (u ()0 + Cs (u) h**.

2
Then, Vt € (0,T) yields for Cs (u, a, 1, Ly) = %Cf (u) + C2 (u) p

(D (u = un), (t) () = uh( )+ § llu () = un (8o +
g 1M (un (8) = H (u (1) g <

12 2
(6*)

< Cs (w1, Ly) 1 D (u — up) (1)

0.0
Integrating over (0,7T), similarly to the previous proof, we get

1 2
[Di =) ® 50100 — un () st

+L 5 I (u(s)) = H (un (5))l[g o ds <

1 2
< |[DF - w) )+ 2m T CF g L) dst
07
o L3+l L 2
a(,B* E — L D7 (w—up) (B)|  dt.
0,0

Now, by Theorem 4,

2
S 02 (U, (O) , U, O ﬁ*a M) h2k7
0,Q

1 2 20t
D7 (u—wup) ()| dt <C?(u(0),a,u,*, ) h?Fe =L

)
0.0 20

D3 (= un) 0

Js

L2+1

so, denoting C' = C? (u (0) ,u, 5%, a) (1 + JL?— (eQUT — 1)) + QfOT C2 (u, o, i, Ly) dt,

we have
2

D @) @+ 50N (®) = un Ol de+
o Jo IHH (u (1) — H (up, (1) [lg, dt < Ch*.

Particularly,

( hete) = un )12, dtf - (20)% "

([ 100 - 1 @) a)” < )1

Q



4. EXAMPLE

We consider the following simplified model for wildland fires (Asensio & Ferragut,
2002)where u = u (¢, x) is the nondimensional average temperature and 5 = [ (¢, x)
is the nondimensional mass fraction of unburned solid fuel on each (¢, ) € (0,7") x 2,

YN 4Ry t et —
u — A (46 (14 cu) 4€> s (u)" Pet YU (29)

B, = —s(u)* -per=
q

with ¢ the nondimensional inverse of activation energy, ¢ the nondimensional reaction
heat (Bebernes & Eberly, 1989), ~ the nondimensional natural convection coefficient

and x the nondimensional inverse of thermal conductivity. The function,

1 if u> tyey
0 other

where u,.; is the nondimensional change-phase temperature, represents the change
from endothermic to exothermic phase which characterize wildland fires. The non-
linearity of diffusive term is due to radiation, that is the principal heat transfer
mechanism in this kind of combustion processes (Cox, 1995; Weber, 1989). The nat-
ural convection term represents the loss of heat due to the effect of gravity over the
different densities caused from the distinct temperatures. This simplification let us
to assume a two dimensional model. In this model, we do not consider the convective

effect of wind and slope. We denote,

H(u)= £ (1+eu)' — £,
f(u,B) =

S (U)+ 66ﬁ — U,

g (u, B) = —s (u)* £Ger.
Boundary and initial conditions are,

H(u)=0 on (0,T) x 0,
u(x,0) =uo(x) inQ,

Let Q = [0, L,] x [0, L,] the nondimensional domain and 7, a regular mesh of
rectangles 7 having sides parallel to the axis. We choose the finite subspaces of
functions described before for £ = 1, that is, LELO), the subspace of scalar functions
constants over each rectangle, and E,Sl), the subspace of vectorial functions ¢ = (q1, ¢2)

such that over each rectangle are incomplete polynomials, ¢; is a polynomial of degree



one in the first variable and zero in the second, and g5 is a polynomial of degree zero

in the first variable and one in the second. The basis functions for Lﬁlo)are,

( ) 1 if x €1y,
xr) =
o 0 other,

for k=1,..., L, where L = dim Lgo) is the number of elements of the mesh. So the
semidiscrete solution uy, (t) = Sk ug () o () and By (t) = Sk, Be (1) o (z). We
denote by U (t) = (uy (t),...,ur (t)) and B (t) = (u1 (t),...,ur (t)) the coordinate

vectors.
The basis functions for E,(ll) are ¢,, € E,(ll) for m =1,..., E defined by,

/ ¢m ' 'Ynds = 5m,n
In

where [, is the n'"* edge of the mesh and ~y, the unit normal to ¢,, with a prearranged
orientation, and F = dim E,(Ll) is equal to the number of edges of the mesh. So p,, (t) =
S P (t) @, (x) is the semidiscrete solution, and P (t) = (p1 (t),...,pe (t)) is the

coordinate vector.

The semidiscrete approximation of (29) can be reduced, using these bases func-

tions, to the following system of ODE’s,

IU' (t)- BP(t)=F (1),
AP (t)+ B'H (t) =0,
I8 (1) = G (1), (30)
U (0) = U,,
/6 (0) - ﬁO)
where,
Bmvj = fQ divd)m(ipjdm’ Am,n = fQ ¢m ’ d)ndma
I; = Jo pipjde, (H (t))j = Jo H (up) p;dz,

(F(t); = Jo f (un, Br) pjde,
(Uo),; = Jquopidz,

(G (1); = Jo g (un, Br) pjde,
(Bo); = Ja Bopide.

The symmetric positive-definite matrix A with a suitable numeration of elements
and edges is tridiagonal. Solving the corresponding tridiagonal linear system, the

ODE’s system to solve is,
IU (t)+ BA'B'H (t) = F (1),
Ig'(t) =G (1),
U (0) =U,,
/6 (0) = /807



which has a unique solution V¢ > 0 because the globally Lipschitz conditions that F'

and G verifies.

Computational cost are low enough to allow high order temporal schemes, al-
though low order temporal schemes give good results. A forward Euler method,
keeping implicit the linear terms, for the semidiscrete problem (30), involves for each

time step n > 1,
e to solve the linear system,

A‘Pnfl _ _BtHn—l

e to compute for each k =1,..., L,

uZ‘il

n— n— n— eun_I
ut = Uk 1 + areﬁka)<BP l)k + Atﬁk et
k 1+ Ata ’
e to compute for each k =1,..., L,
]?_1
6’? = unfl

k

14 Atge“e“z_l

Fig. 1 represents contour plots of the approximate nondimensional average tem-
perature and mass fraction of solid fuel for the following values of parameters, ¢ =
0.03, ¢ =25, «=0.01, kK = 2.5 and u,y = 15. The domain is a square of side 100,
the mesh has 1600 regular rectangles of sides parallel to the axes (h = 2.5) and time
step is 5 x 107°. Initial fuel is random between 0 and 1, and there is an initial fire

focus in the centre of the domain. We render instants ¢ = 0.1, t = 0.5 and ¢t = 0.9.

4. CONCLUDING REMARKS

The nonlinear reaction-diffusion equations studied in this paper has applications in

several areas. We use a mixed finite element method as opposed to standard Galerkin

finite elements, due to their inherent conservation properties and the fact that the

methods provide flux approximations as part of the formulation. The demonstration

technique of the expected semidiscrete errorlestimates is based on the idea of obtain-
D; ()

version of the dual norm ||-|| _; ;. This technique also could be applied to other spatial

ing first an error estimate in the norm , and shown that it is a discrete

discretization like classical finite elements or finite differences for which lemma 1 ver-

ifies. The computational example presented as an application, although is too simple



to allow comparisons with real physics, it provides a platform for a more sophisticated

wildland fire model. The mathematical analysis asses that the mathematical model

is well-posed.
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Figure 1: Nondimensional temperature and mass fraction of solid fuel.



