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Abstract

We present some total error estimates of mixed finite element methods for parabolic
problems with nonlinear diffusive and reactive terms. For the spatial discretization we
use a mesh of rectangular elements with sides parallel to the axes, and standard
Raviart-Thomas finite elements. Three temporal discrete schemes are studied, a
completely implicit Euler scheme, a semi-implicit Euler scheme, and a completely
explicit Euler scheme. As an application, we present some results of the explicit
scheme with lowest order Raviart-Thomas finite elements for a model of natural
combustion.
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1. INTRODUCTION

Nonlinear reaction-diffusion equations occur in numerous applications (Fife, 1979),
especially hydrologic and bio-geochemical phenomena (Huyakorn & Pinder, 1983;
Murray, 1993;), for example in biological systems (Ruuth, 1995), or hydro-geological
systems (Yifeng et al., 1994, Yutiang et al., 1995). We can find examples in very
different applications. The authors have developed a mathematical model for natural
combustion (Montenegro et al. 1997, Asensio & Ferragut, 2000) whose analysis has
given rise to the results presented in this paper.

The equations have the form

9 £ ufu)iu)= /) Q% (0.7) 1)
where Qs an open bounded domain in [J 2 with piecewise C ! boundary I, for example,
polygonal. We assume homogeneous Newmann boundary conditions, that is,

au)Ju Bi‘r =0 (2)
We also assume that the nonlinear reaction function is continuous, smooth and
satisfies a globally Lipschitz condition: there exists a positive constant L0 such that

|f(x) f(y} Lf|x- y| forall x,y 10 3)
We assume as well that the nonlinear diffusive function is continuous, smooth,
bounded, positive, and verifies a global Lipschitz condition, that is, there exist three
positive constants @, (1 L,>0, such that
|a(x)- a(y}: L,|x - y| forallx,y 00 4)
0<a: alx): p<« forallxOO (5)
Thus A(x)=(a(x))" is well defined, bounded and verifies a Lipschitz condition with
constant L, = La/a'2 .

In the natural combustion model mentioned before, the reaction function is an
exponential function of the form ¢/I"* where € is the nondimensional inverse of the
activation energy, and the diffusive term represents the radiation and conduction
phenomena.

Introducing the flux 7 = a(u)Cu as a new variable, the problem to solve is

W _fp=r6) max(r) (6)
Aw)p =0u inQx(0,7) (7)
phil. =0 onlx(0,7) (8)

with initial conditions u(0) =u,, and the corresponding initial condition for p obtained

from the equation (7).
In some applications it is important to approximate the flux p and u with

comparable accuracy. Moreover, we need to accommodate the nonlinear reaction term
in order to uncouple this nonlinearity. These reasons have moved us towards a mixed
finite-element scheme to discretize the system (6-8) in space.

For the temporal discretization we propose and analyse three different schemes: a
completely implicit Euler scheme, a semi-implicit Euler scheme, and a completely
explicit Euler scheme.



2. DESCRIPTION OF THE METHOD

Assuming the solution of (6), (7) and (8) is sufficiently regular, the mixed
variational problem to solve is to find u(f)0 I*(Q) and p(t) 0 H,(div; Q) such that for all

t0(0,7)
240 B ()= (1)) DL o

(@) pleka)+ (). 0G)=0 0G0 H,(din Q) (10)

with the corresponding initial conditions.
The space of functions for scalar functions is L*(Q), so we relax the conditions over
the solution u, but we increase the conditions over the flux p by imposing

plt)0 H,(div;Q), where

H,(div;Q)={G 0 H(div;Q):§ G =0enT}, (11)
with 7 normal unit exterior vector to the boundary ", and
H@m0)={70(Q) : DForE), (12)

Thus, the boundary condition (8) is implicit in p(t) 0 H,(div; Q).
For simplicity, we have used the scalar product notation to represent the
corresponding integrals,
(u,v) = J'qud)_c' Ou,v 0 I2(Q) (13)

(5.9) = [,Plgds  Up.q 0 Hy(div:Q) (14)

On a rectangular domain Q=(0,L,)x (0,L,), let A={0=xo<x1<...<xp=L.} be a grid on
the x-axis, and let A,={0=yo<)1<...<yn=L,} be a grid on the y-axis. Thus Ax A, is a grid
on Q of rectangles having sides parallel to the axes. If the mesh size of this rectangular
grid is &, we denote it by 4, and each rectangle of the grid by 7. Let {A;:A[H} be a
regular family of this kind of grids on Q.

We use standard Raviart-Thomas (Raviart & Thomas, 1977) approximation
subspaces for s=1, 5™ and Eéf,)l, for u and p respectively. The space 8™ consists of
scalar functions that are piecewise polynomials of degree s-1 on A, and on A,,

57 =y 0H'(Q): Or DA, OPy,(7) (15)

The space ES‘Z consists of vector-valued functions whose first components are

piecewise polynomials of degree s on A,, and piecewise polynomials of degree s-1 on
A,, and whose second components are piecewise polynomials of degree s-1 on A,, and
piecewise polynomials of degree s on A,,

E§) =1 D H(div;Q): 07 04,3, O B (1) % B, (T} (16)

We denote by <) the corresponding interpolation operator.

Given these spaces, we seek an approximate uh(t)DLgf_l) and an approximate
()0 ES) such that for all ¢0(0,7)

P B Q0= (l@hn) on 0 (17)

(4G ) P} ) + ) O G)=0 0g, OES) (18)



with initial conditions u, (0) = u 1 »» Where uy, is an approximation of #(0) on L™ Note
that u, (0) determines p, (0) by equation (16).

Using an implicit Euler scheme, the problem to solve, with the standard notation for
progressive and regressive differences, is to calculate u, and p, for n=1 verifying

0 w1, v)-CFrw)= (Fli)v) Ow oL (19)
(A(”Z)f’/?a %) + (”/7, O @h) =0 Ug, U Eéglz (20)
Note that equations (19) and (20) are coupled. To solve this system of equations we

n,y+1

use an algorithm of type Uzawa: let u’ =u]”', given u;”, we calculate u;”"" for

y=0,..,N, -1, verifying
(A( n’y)ﬁZ’ya qh) (UZ’V, 0 th) =0 Ug,U Eo(‘z (21)

@7 v,,H(m Bt = () ) O 0L 22)

and then u; =u, M By choosing N =1, we are actually using a semi-implicit scheme: to
calculate u, and p, for n=1 verifying
(a uZ,v,,) —(ﬁ EB,Z’_I,V,,) = (f(u,f)v,,) Ly, O Lgf_l) (23)
(46)52.3:)+ (.0 @)= 0 0g, DES) (24)
Applying a complete explicit Euler scheme, the problem to solve is to calculate u,
and p, for n=1, verifying
(a u,ﬁ’,v,,)—(ﬁ @Z_l,vh) = (f(u,f_ll vh) Ly, O Lgf_l) (25)
(46)pr.3.)+ .0 F,) =0 Og, O EE) 26)

3. SEMIDISCRETE ERROR ESTIMATES

We break down the semidiscrete error into the form (Thomée, 1984)

uy(t) ule) = (ule)- @)~ @0le)- ule)) =) o) (27)
p0) - PO = (p0) - B0)+ (B0 - ) = 20) + 70) (28)
(ﬁh(t), f)h(t)) being the elliptic projection on L§™xE§) of the exact solution (u(e), p())
defined by
Odpe) - 5:6).v)=0 Ov, 0L (29)
(1) (p0)- PrOh )+ ) -5 0). O @) =0 0g, DES) (30)
Lemma 1. If (u, [9) are sufficiently regular, then [ ¢ [ (0, T ) we have

o) < Clle

(1)
”’7 (t)”H(div;Q) s C(u(t))hs'

g

Proof.
As (u(t), p(t)) is solution of the continuous problem given by (9) and (10), we have

(AuE)BC)d)+ (1O G)=0 0g0H,(divQ) (32)



In particular, this is also true [g, DE&Z 0 Hy(div; Q), so (ﬁh(t), Eh(t)) verifies

O F.0).v)= O ) v,) Ov, 0I5 (33)

(4)7.0).3.)+ @0).0@)=0 0g,0E) (34)

Then, (ﬁh(t), ;:Jh(t)) is a solution of the following discrete elliptic problem for
f=00() and & =A(u(¢)), where by the properties of A(0),1/4 « k=A(u(): Va ,

(EI @/h(t); Vh) = (f, Vh) DVh U Lgf_l) (35)

(/(1:7;,@,@,)"'(7/7;”i Q]*h):() Ugy, DE&Z (36)
for which the corresponding continuous elliptic problem is

E30.v)=(rv) ovor()o (37)

(k50).4)+[().0%)=0 0g0H(div.Q) (38)

Obviously (u(t) p(t )) s a solutlon of this problem. Let us see that this problem
verifies the continuous "inf-sup" Babuska-Brezzi condition to prove the existence and
uniqueness of its solution. As p(t) 0 Ho(div; Q), by the divergence theorem, it follows

that f DLZ(Q)/ [J. We define the following space of functions

v =1G 0 HldivQ): [ v0G =0 Ov D 2(@)/ 0} (39)
The bilinear forms that define the continuous problem given by (37) and (38) are

a(p,q)= [,k P 0p,g 0 Ho(div: Q) (40)

blg,v) = [,vO@ OgOo Hy(div; Qv 0 X(Q)/ 0 (41)

which are trivially continuous, and a( D[) is V-elliptic.
We use the following auxiliary problem to prove the continuous "inf-sup" condition
via a standard technique (Roberts & Thomas, 1991): for each v DLZ(Q)/ O, let ¢, be

the unique element of H' (Q)/ U verifying

Ag,=v inQ (42)
O¢. G =0 onTl (43)
For a certain constant C, we have g S C||v||0’Q, and the "inf-sup" condition

follows for B = 1/(1 + Cz)%

sup b( ,V ) > ”V”(Z)Q ”"”
qox ”q” (dinQ) (Hi¢ Hz +¢ 39)}5 (l +C2y 00
vlo,0 vllo,

The space of functions V), = {(//h O Eé“,z :b(t//h, /Jh) =00, DL%H)} verifies V, OV, so
the bilinear form a(DE) is also Vj-elliptic. Moreover, the interpolation operator <)

(44)

satisfies
0G O Hy(div; Q), Dv,, 0 LE:‘”, [0 BG - <P, =0 (45)

Dq D HO( dtv Q C‘”q” dtv Q (46)

hence, the discrete "inf-sup" Babuska-Brezzi condition follows and this assures the
existence and uniqueness of the solution of the discrete elliptic problem given by (35)
and (36), and also the error bound (Roberts & Thomas, 1991)




Hﬁ (t) a 5 h (tX‘ H{div,Q) + ”u(t) b (t]|0,9 = C@:SEES’)T”ﬁ B qh”H(div;Q) + VhiDrllefl)”u a vh”o,Q@ (47)
On the other side, for p(t) sufficiently regular, we have
p6)= (), , < C'[5).

[Pdp0)- 50, < B0,
which gives a bound in the norm of H(div;Q),
[9)= 450,15 (0. P00, ) “9)
In the same way, for u(t) sufficiently regular, we have
Hu(t) - ®§f_l)u(t1‘0,g < Chsu(t}S’Q (50)
Then, we are dare by taking g, = = p(t) and v, = ®§f"l)u(t).

(48)

[ |
Lemma 2. If (i, p) are sufficiently regular, then [ ¢(0,7) we have
[6@), 0 < Clle)
(51)
|| ()” (@ivQ) (I/l(t))]/lY .
U

Proof.

The reasoning in this case is not so simple as in the previous lemma. Let us see the
corresponding elliptic problem in this case: differentiating (10) with respect to the time
variable, we have [ ¢[J (0, T ),

(46) 7013)+ (0.0 %)= {46) 50)3) 070 H,ain0) (52)
Differentiating (35) and (36) in the same way,

OFBE).v)= OB v D'LE;H) (53)

()50 )+ @00 )= AN 30.0.) 0,08 (54

Thus in this case the spaces of functions and the bilinear form b([J0) are the same,

but now f =0 p'(f) and we cannot be certain that it belongs to I*(Q)/ .

We are going to use the following general result (Brezzi and Fortin, 1991): let X
and M be two Hilbert spaces over [, and | ], their respective norms, X' and M'

X

the corresponding dual spaces, and ([)J, and (LI, the duality products. Let X, 0 X
and M, OM be certain finite-dimensional subspaces. Let H([0): X xM - O be a
continuous bilinear form. &0G(X,M") denotes the linear operator associated to this
bilinear form, and &.0®(X,,M}) the corresponding discrete operator. Given ¢ 0 X,
we define the afinne variety
Vh(%¢) :{ 7, Ux, :<%hy/h’/"h>M = <%¢aﬂh>M L, DMh} (55)
If it verifies the discrete "inf-sup" Babuska-Brezzi condition, that is, if there exists a
constant B >0 such that L4, OM,



bly h,|p N

sup
wox, W,

2 B, (56)

then

inf Jou =l < B+ it 1 -1, 657)

2,0, (4¢

In our particular case, we define the following afinne variety,
V0 ){@Da’@EMQ:@@@m)Dwﬂmﬂ (58)
For each z, U Vh(D P )), let w, = p;(¢) - Z,. It is clear that w, OV,

OG,.v)=OF,0).0)-03,.v)= 0 FEv)-OF)v)=0 (59)
Then, taking norms and using (52) and (54), it follows that

1 ||Wh|| /J (wh,wh) (AGe)in, 1) = ( A@(@)pi(e) Wh)‘ (AQ@)Es, 1) =
. —((A(u(t»)'f(f), 5 (A FE) - 2) 1)+ (0) 0 )< (60)
A, PO~ 0.0
Now, realigning, dividing by ||, , by the properties of A(u(t)), we have

il < AN,
n N = '6)-v,0
B o+ 150~ + sap 305

a ’ ’ SV, ”Sh”O,Q
Since w,0V,, we have ||, = Wl;(uq - S0 CE DVh(ﬁ @'(t)) and Cv,0M, it
follows that

<

0,Q°

)02, , + W O-20T)T

”Wh 0.0 O

(61)

” () (@iv:Q) Hp h (ZX‘ (dinQ) = Hp h H H(divQ) +”2” - Pl 1|H(div;9) =

= ||wh||H(div;Q) + ||Zh - ﬁ'(t1|H(div;Q) = (62)
UL, ~ ﬁ ,U@p (u'(f)_vh,ﬁ B:h)

< + )+
at e R s

Taking the minimum over the corresponding spaces, we have

”’7 ,(t]|H(div;Q) = /CJYL; |H div,Q) ﬁ+ £ @ ||p h”H(div;Q) *

+ pinf sup ¢/(0)-v,.OB,

M 5,0, ”Sh”H(div;Q)
Now, by the general result described before for this afinne variety Vh(i EB’(I)),
_ < ML, ( +H =
|| (1| dQO az l" dva % élg)f(‘ ||p Zh”H(diV;Q) + (64)
e inf @)= vl
Then, if /() and p(t) are sufficiently smooth, using the bound obtained for

(63)




7)., itam) i the previous lemma, taking Z, = <$)5'() and v, = &%/ (¢), we conclude

PO = GV O § o G Gl O 0900
+ i)~ x\ <l

In order to bound [0'(¢)|, , . from equations (52) and (54), it follows that

IIOQ :

(1)~ v 01 ) = A ) )~ (AT ), 31) - (.0 ) =
= ((A(u(t)))'(ﬁ(t) - 50). éh)+ (4O FO - 510).3)+ 6 6) -, O @)

As it verifies the discrete "inf-sup" condition, we can write

||1’7;l(t)_vh||09 —sup( (1)~ v’“D@h)
Ll ke S 7

{6y 60 - 50 ) FO - 50l 0 -v.0m)s

”u'(t) - vh”o,QHa @hHQQ E
- [ES
0.0 2 gy, ”qh”H(d[v;Q) H

ot MOy WOl

(66)

L sup 1 —
:[3 hDXh ||qh||H div;Q)
L
B

{;%

So, Lv, UM, we have

”p’(t)”(),ﬂ = ”1’7;!(0- u’(tmo,ﬂ : |N}:(t)- vh”o,Q ) ”vh ) ”'@Lm :
ﬁD 2 ||r( 1| H(div;Q) + ﬁ%”’_ﬂ(tMH(div;Q) + B + #Eﬂul(t) - vh”OQ

L
For u(t), p(t), «'(t) and p'(f) sufficiently smooth, taking v, = =g U'(t), by the
previous bounds, we conclude that C ¢ (0, 7)

1P, 2 7Ol 5 N B4 08500 =) 9)

220

(67)

(68)

4. TOTAL ERROR ESTIMATES

In order to estimate the total error for any of the three completely discrete schemes
described before, we break down the total error into the form

up —ulnk) =~y )+ @7 —ulpk))= 9" + p (70)

B - plok) = (51 = 51 )+ (Br - plak) = 2" + 7 (71)
with & =ii,(nk) and p = p,(nk), where (ﬁh(t), ;:Jh(t)) is the elliptic projection of the
exact solution at time ¢ given by (29) and (30). Then, for each time step ¢, = nk, (L?h”, ;:7,7 )
satisfies



(O dp(ne) - 57), vh)=0 Ov, DL (72)

(4u(i)) (5(ek) - B1). G0 )+ lenk) -7, 015, )= 0 Og, OES)  (73)

Since (u(t), ﬁ(t)) is the solutlon of the contmuous problem given by (9) and (10), for
each time step ¢, = nk, we have

(Alulk)p(k).3) + k). 0 @) =0 0 O H,(div; Q) (74)
This is also true [g, DEOh 0 Ho(div Q) SO (ﬁh”,ﬁ,f) verifies
©Brv)=0m.y) oy oL (75)
(Alnk )5, 6,)+ @O G) =0 Og, DES), (76)
Then, by lemma 1, it follows that
Pla S Clulnk))n* (77)
2 . Clu(nk)) n* (78)

So it just remains to bound £" and Z" for each of the three schemes.
Theorem 1. Under the appropriate regularity assumptions, the implicit Euler
scheme, for small enough k, verifies

”u 1‘ )(”u, h u’”og +h+ k) (79)
%Zﬂ\m pl) g C){frs =l + 17 + 1) (80)
[l
Proof.
The definition of 4" and Z" gives
(az“Z,Vh) = (azﬁn,Vh)"' (aﬂhn,Vh) (81)
O ) =0 v)+ 05, (82)

Since (u s ]3,’[) is the solution of the discrete parabolic problem, and (u(nk), p(nk))
is the solution of the continuous parabolic problem at time ¢,, from the equations (9) and

(19) it follows that
0. vi) = @ yv) + (£ lug). i) (83)
(u,(k). v,) = (O (o), vi )+ (£ (k) vi) (84)

realigning and taking into account the equations (33) and (34),
(5;9”, vh) = (ﬁ (z", vh) + (f(uZ) = flunk)), vh) + (u'(nk) -9, vh) (85)
On the other side, by equations (10) and (20),
() z.6,)+ (.03, = E(A(u(nk)) - Al )57.4.) (86)
Taking v, =&" in (85) and g, = Z" in (86),
0.9.9)=00"9)+ (£l)- 1), o)+ (k) -07;.9°) (87)
(ley)z",2)+ . O )= (k) - ;) 7. 27) (88)
and realigning,
(5ﬁ”,19”)+ (A(u”)é’”, Z”) = (f(uZ)— f(u(nk)),ﬁ”)+
+ (u'(nk) 0] ,19”) ((A( (nk)) - A(u,’:))fy,:’, 2”)

(89)



By the properties of A(x) and £ (), this becomes

( )z z)2 L (90)
9)

(f( ) = %L Huh _u nk HOQ 2”79 HOQ o1)
<15 um LS
k) -0 9')s 3uwek) -0, + 5197, ©2)
((A(u(nk))— A(u,’,’))]%},’,?”)s %H (A(u(nk)) A( ))thOQ 1 H HOQ <
) i 93)
2 2 ~ 2
e W e
Realigning and taking into account that (5;9”,19”) =5 oa +E 0, (2)’9, it
follows
2 ~
B s R e
(94)
W2, B+ S v+ 21
Simplifying, if 4[0,9" HQQ > (), we can write
—_ 2 ~
sl <32 + L ot
95)
k) -3, + 8 + ML, + w2,
By the definition of the regresive dlfference and denoting
2
C=r +HF +2 (96)
2 ~ J—
=0 + 2 5] o, + e -amf, o7
it follows that
IR
0= el e+ e ® %)

1 1 2%C k .
< <1+ < <
For k < 2C,Wehave = kC <1+2kC<e™ and e <2k, so we can write,

AT MR (99)

2 this becomes

o s Lo +2cy & (100)

It remains to study the different terms of R;:

and renaming C = e



) eGR)-am], , < )b +).

Effectively, we can expand the first term in the following way

u'(jk) -0,/ =u'(jk)— 0 u(jk)+ 0 u(jk) -0, =u'(jk)—0u(jk)+0 ,0 /

) o
() o (jk) = 0u(jk) = e (k) = () = u(j = 1)) =
:% i[ (7 — k" (s)ds

where,

Then,
(i) =0, , =

On the other side,

< Cluk

Y

(=D

Jk
@) 3.0 =1 [pls)s
(=1

%I s)ds

ii) Hp-’”o’g < C(u)#* by lemma 2.

iif) Hf)jHO’W’Q < C(u)

and by lemma 2, we have

sCu hs

0,0

(101)

(102)

(103)

(104)

(105)

Let 7., be the following interpolation operator over H(div;Q): as p = a(u)u , we

define g(u)=ﬁa({)d{ , so g(u) is differentiable almost everywhere in the domain,
g'() = a(u) and p =Og(u); we now define 7, such that 7.,p(jk)=0I,g(u(jk)) where

I, 1s a linear interpolation operator. This operator verifies

1GK) = T2 B (k) = | Oglulk)) - DLg (k)] , < Clulik)n

| 705(i8),. < CIPGHN
And we can reason as follows using lemma 1,
[Bi]... < [Pi = Tl g +1 7o) <

<O 5L~ TEA(R)], o+ 8o, o =
<o (|37 - 5Um,, +150K) T+ ABG . <
< ™ ([F()], o * Cl)r)+ CAP(R). < Cl)

All this together shows that R; < C(u) (hzs + kz), and then

(106)
(107)

(108)



2kCi R, < 2kCnC) (> + k7)< Clu) (0™ + 1)
Bi

Then, by lemma .1 ,
[0 < - O),, +e0) - =

= ””Lh _”1”(2),9 + Hpouz,g = ””Lh _”1”(2),9 + C(u)hzs

So this becomes

97,5 ) s =l #1744
Finally, by lemma 1 and the previous inequality (111), it follows that

i =ob <1 1 < O =+ +4)
On the other side, modifying slightly inequality (93), we can write

~ 2 ~
(o)~ A 2) < 222 (o, I N o+ S

SO,

g wu L, <+l Yot +
el el 2o,
C=p il +2

s W e e

0,0

+Hu (nk)-0,it uh

Denoting now,

and reasoning as before, for £ < 1/2C, and renaming C if necessary, we have

L, 23 He, sl ucS

S0,

> Moo s s g + 17 +47)

Finally, we conclude by lemma 1,

n ) 5 2
SR )

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

Theorem 2. Under the appropriate regularity assumptions, the semi-implicit Euler

scheme and the explicit Euler scheme verify for k « Ch®
Hu,’,’ —u(nk}‘m < C(u)(”u,,h _”1”0,9 +h+ k)

n 2
%Z Hpt = 50 B < C6) s =g+ + 1)

(119)

(120)
0



Proof.
Reasoning as in the grevious proof, we have for the explicit scheme,

(Etﬁn’ Vi) = (E ", Vh) + (f(”Z_l) - (u((n - l)k)), Vh) +
+ ( ((” l)k) -0, Vh)
(b )z.3,)+ 07.0,) = (a6l -0) - by VB a,) - (122

Taking, g, =z"" and v, =",

697+ b k2= () 1o - )o)

(121)

(123)
+ (- 1)) -9 9" )+ (Al = 1)) - by )y
As in the implicit scheme, inequalities (90) (91) (92) and (113) are also true.
On the other side, in this case it follows that
(0,97, ) (124)
Then,
ol LBl o f(\w-lui,; o)+
= 2 2 2 ~ 2 (125)
=00 -3i ]+ 2 (0L # o L)L
Let us write (121) with v, =d,9",
br37)= 0 00)s () so- Wb )
( ((” ly") 0 50 )
Taking norms and reasoning as before we obtain
09, <o, vap o, o[ ) e -w-az], a2

so we conclude

N e S U R Vel (s e -
(o e

On the other side, ”ﬁ @”_IH(Z)’Q < Ch"ZHE""IHz,Q, which allows us to balance the terms

+ (1 +4k) ' ((n ~ 1)) - 0,8,

in Z"" in the previous equation choosing ksh2/4/JC. Then, for this time step,

realigning in (128),
o, <brbrz v mff ] Jerazie o+
g+ L oL, b -af )+ (129)

4o, + -0 -0 )

Taking k small enough, we can assume k’<k. We have also proved that

HI:?Z H L= C(u). Then, denoting now,

C=2+50+ uL’gHﬁ;*Hl (130)



= st i o + -0l (131

we can write

0 s Pl 1 (132)
Reasoning as in the implicit case and renaming C if necessary, it follows that

Iol;, <, +kCiRj (133)
The only term of R, different from the implicit case is Hu —1)k)-0 i/ Hz . We

can expand this term in a similar way

u'(j —1k) - 0,7 =u'((j — 1)k) - 0u(jk)+ 0u(jk) -0 =

_ (134)
=u(j=1k)=0u((j - 1))+ 0,0"
By the definition of regressive dlfference one has
(G = 106) = 0u((j = ) = - (G = 1) = (i) = (- 1)e)} =
(135)

jk
-1
: _[(S Jky'(s)d
Then,

< Cluk (136)

0,Q

G -0~ = [

so again R; < C(u) (hz“' + kz), and we conclude for the explicit scheme
Hu,’,’ —u(nk}‘o’g < C(u)(“u,,h —u,||0’Q +hn' +k) (137)

Taking k < h*/8uC instead of k < h*/4uC, we can balance only a part of HE’HH;Q,

so it becomes

o, e, <ol i s
il oL, - -3

" O’Q)+ (138)
bz o[+ e - 00 -0 )

Reasoning as before, we obtain

n-1 ' n
\Wﬁp+£a;kkﬁﬂscwﬁg+k¢;Rj (139)

S0,
kWW ) —uff o + 7 +17) (140)

j

and with the boundary of H HO o given by lemma 1, we conclude for the explicit scheme

1
n 2
EEWm>ﬁ@ﬁp < ) —tu o + 7 +K) (141)



For the semi-implicit scheme, the equation (122) remains true , and the equation in
J" is obtained as in the previous cases,

(at’?na"h) = (i EHa"h)+ (f(”Z)_ f(“((” - l)k)), Vh)+

B (142)
+ (”'((n — 1)) -9, Vh)
Taking G, =Z"" in (122) and v, =" in (142), it follows that
b k)=o)
+ (o =1)0) = 9,77,9")+ (el = 106) - by i 27)
Reasoning as in the explicit case,
=l anll il 2 T " 2
S P g R W T (1 W
(144)

2 2 2 i~ 2
2 n-1 } n-1 =n-1
HL (‘ : H H‘ H )Hl H
0,Q 4 0,0 0,0/ lze

Writing the equation (143) for v, =0,", similarly to the explicit case, we obtain

+ H u'(n - 1k) -0,

the following bound for |0, |
P =0 o, A0,
which substituted in (144), gives as before, for k < R the following bound,
0,Q _2Hl9 _IHOQ 1+4k L2 Huh _u n ly( H
R A o R
Expanding it ~ull - ), <[], + o] O], retiming  and

reasoning as before we obtain

(146)

(1 - kC)" H <(+kC)s" H +kR, (147)

where, i 2 e
C = max|5L; .2 + uL’| py H } (148)
R, = f [P, oo # SEo o S o - 00) =B+ SLEPailak), (149)

Again, for k < %, and renaming C if necessary, we have
0 s A9, +2kCY B, (150)
=
Now, the only different term in R; is ||5tu(nk1|(2)Q < C(u(nk)), so here also,

”u,’f —u(nkX‘ < C(u(nk))(”u,ﬁ —u,”QQ +h+ k) (151)

0,0

R . . .
For the bound on H ! IH , we reason as in the explicit case and obtain

Z He, o < ) (s~ + 1 +4) (152)



and with the bound of |FF"

2 . . .
. given by lemma 1, we again obtain

" 2
> K- ﬁ(ﬂ\iﬂ < €)1l 7+ ) (153
/=1

5. APPLICATIONS

We now illustrate the schemes described in this paper with an example of the
natural combustion model developed by the authors. This simplified model is based on
conservation laws (Cox, 1995; Williams, 1985; Zeldovich et al., 1985) and
nondimensionalized in a rational manner in order to elucidate the significant parameters
(Bebernes and Eberly, 1989). Let Q=(0,L,)%(0,L,) be the rectangular nondimensional
domain, u(x,y,f) represents the nondimensional temperature and [x,y,f) the
nondimensional mass fraction of solid fuel,

94— () )= /. B) (154)
%L - o) (155)

where,
K@) =k(+eau) +1

£l B)= slu) B ~au (156)
)= ~Es(u) g

with € the nondimensional inverse of the activation energy, g the nondimensional
reation heat, kK the nondimensional inverse of the conductivity coefficient, a the
nondimensional natural convection coefficient and

) =il ) =5 o (157
otherwise
which represents the phase change from the endothermic to the exothermic phase at
nondimensional temperature u,.r (Asensio and Ferragut, 2000).
The initial conditions are u(x,y,0)=u/(x,y) and [Ax,7,0)=L/(x,y), and the boundary
condition is K (u)lu Bi‘r =0.
For this application we have chosen the finite subspaces described before for s=1,
that is, the lowest order Raviart-Thomas finite element, LE,O) and E(% Thus the discrete

solution is not continuous on the edges of the rectangles of the mesh, but the
approximation of the heat flux is continuous on the inter-elements boundaries.

The base functions chosen for the space LY are
oo O ifxtn

(%)= %) .
if other

where k=0,...,L-1, with L=dim Lg?) equal to the number of rectangles of the mesh.

(158)



are qZL(X) for n=0,...,E,, verifying
f @) J,ds =0,,, nm=0,...,E (159)
with /, the n-th edge of the mesh, J, the unit normal vector to the m-th edge with the

The base functions chosen for the space Eélzl

prearranged orientation shown in figure 1, and Ey=dim Eélgl
interior edges of the mesh.

equal to the number of the

A
i A—S4—4 4
€“ o > e P o —P> —mimimmem > . —>
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Figure 1. Mesh and normal vectors.

The equations of the corresponding semidiscrete variational mixed problem, using
the base functions described before, are

Zi@ ¢,,¢j)—21pz(t)(i@,¢j): (f(.B.).8;) j=0...L (160)
sz ( Ku,) @%%Zu, O@.0@)0 m=o0...E-1 (161
leﬁ()(¢”¢j) (¢lw B).8,) j=0..,L-1 (162)

where u;(f), B(¢f) and p,(¢) are the coordinates of the approximate solution u,(f), B,(¢) and
Pi(t) on the base functions described. Initial conditions u,, and £, , for i=0,..., L-1, are

the coordinates of uh(O) =u;, and ,Eh(O) = [, on the base functions chosen, where u, ,
and f,, are an approximation of u, and 5, on LS?). Notice that u, (0) determines
Dy (0) by equation (161).

We  define by

P{) = (pole).... pe,- )’

() = (uo(e).....

the

u(0))'

coordinates,.

BO)=(Ble)..... - 0))

i,j=0,..,L-1 y

and

vector For



I,m=0,...,E,- 1, the system matrices are
=(p.¢))=[,4@)9 ()ax
=00 U?M’_/):_[ H(x) ¢, (¥)dx (163)
AU)., = (K6 .0.)= [ (<) 600, @)

and the vectors,

F(U(t)’ B(t)) (f uh’ :3/1 ) I uha x
G(U(t) B( )) (g ”ha ﬁh ) I uh’ x

With this notation, the problem to solve is
|£-U()-B () = FUG). B)
AU () +B W) =0 (165)

|- B) = GUE)BE))

Before the application of tlme discretization, we analyse some of the terms of the
equations, taking into account the space discretization chosen.

(¢ia¢j) ZIQ ¢i(f)¢j(f)df = zfrk ¢i(f)¢j(f)df = area(r,-)d-,j (166)

Since u;, and [, are constants over each rectangle of the mesh, we have, for both
reactive terms, fand g,

(f(uhaﬁh)¢j) :.[Q f(uhalgh )¢J(X)dx zzj.gf(uh,ﬁh)%(f)df =

(164)

(167)

;J— uh:ﬁh x—area( ) (/’ﬁ/)

The equations for the semi- imphclt scheme are

au 6.9) Zp ©@.e,)= (. 8)8,) j=0...L
sz( @) a9, )z "(6.0@,)=0 m=0,...,E~1 (168)
3, B'8.9,)=cli. B)9)) =0, 11

Thus we have to solve a linear system with matrix coefficients depending on time
via the temperature, but the nonlinearity of the reactive term remains uncoupled, so we
have to solve for each time step and over each rectangle of the mesh the corresponding
nonlinear equation for the temperature. Notice that the equation of the mass fraction of
solid fuel is linear in this variable. The mixed finite element method allows the
uncoupling of the nonlinearity of the reactive term and adapting the algorithm for
parallel computers.

If we recover the two ordinary differential equations of nondimensional temperature
and mass fraction of solid fuel over each rectangle 7, of the mesh and each time interval

[tn—I’ tn] 4



dur) __ 1 BP"), +au, () = B,(1) e, ()

dt  area(r) (169)
%(t) =-£ £l (0)

n-1

given u,(t,)=u/" and B,(,_)= 5", we want to calculate u,(¢,) and f,(t,) verifying
(169). To solve this system of ordinary differential equations we can use an adaptive
method, that is, beginning with an initial time step At =¢ - ¢ _, and reducing it only in

the necessary elements.
The equations to solve for the explicit scheme are

S 8u0.6)-3 i (0G.0)= (b 5)8) =011
Eﬁ@@ﬁ%@%iﬁ@i@}m "
S 0.86.9)=(elt.5)9) /=0

In order to improve the stability of the scheme, we can maintain implicit all the
linear terms of f'and g. For each time step #=1, this scheme involves:
1°) to solve the following linear system of dimension E,,,

0,...,Ep-1 (170)

Alu™)p =-pur (171)
2°) to calculate for each j =0,...,L- 1,
n o— 1 n-1 Al n-1 n-1 n-1
“Yi T T+ Ma @f * area(r)(BP )f thp e(uj )ﬁ (172)
3°) to calculate for each j =0,...,L- 1,
n—1
E n
1+ At g e(uj)

The results of figure 2 correspond to a square domain of side 100, and a regular
mesh of 1600 elements, so the size of the linear system given by (171) is 3120. The time
step in this example is 10, The value of the parameters justified by their physical
meaning are £€=0.03, ¢=2.5, a =5, Kk =2.5, u,, =2. The initial nondimensional

mass fraction of solid fuel has a random distribution, black colour means no fuel and
clear green means maximum of fuel. We assume one initial focus of high temperature at
the centre of the domain. The fire front spread has the expected form, depending on the
density of the fuel. The nonlinear diffusive term in the temperature equation represents
the heat transfer by radiation and allows the fire front to pass through areas with no fuel.



6. CONCLUSIONS

Different numerical schemes for solving nonlinear reaction-diffusion problems have

been presented. A mixed finite element technique allows to uncouple the nonlinearity of
the reactive term and this makes the adapting of the algorithms for parallel computers
possible. Total error estimates for three different temporal schemes and Raviart-Thomas
finite elements have been obtained.

As an application we have presented some results from the mathematical model of

natural combustion developed by the authors.
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Figure 2. Nondimensional temperature and nondimensional mass fraction of solid
fuel at t=0.1, 0.3 and 0.5.





