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Abstract 
We present some total error estimates of mixed finite element methods for parabolic 
problems with nonlinear diffusive and reactive terms. For the spatial discretization we 
use a mesh of rectangular elements with sides parallel to the axes, and standard 
Raviart-Thomas finite elements. Three temporal discrete schemes are studied, a 
completely implicit Euler scheme, a semi-implicit Euler scheme, and a completely 
explicit Euler scheme. As an application, we present some results of the explicit 
scheme with lowest order Raviart-Thomas finite elements for a model of natural 
combustion. 
Keywords - Error estimates, mixed finite element methods, reaction-diffusion 
equations. 
  



 

1. INTRODUCTION 

Nonlinear reaction-diffusion equations occur in numerous applications (Fife, 1979), 
especially hydrologic and bio-geochemical phenomena (Huyakorn & Pinder, 1983; 
Murray, 1993;), for example in biological systems (Ruuth, 1995), or hydro-geological 
systems (Yifeng et al., 1994, Yutiang et al., 1995). We can find examples in very 
different applications. The authors have developed a mathematical model for natural 
combustion (Montenegro et al. 1997, Asensio & Ferragut, 2000) whose analysis has 
given rise to the results presented in this paper. 

The equations have the form 

( )( ) ( ) ( )Tinufuuat
u ,0×Ω=∇⋅∇−∂

∂ ��

   (1) 

where Ω is an open bounded domain in ℜ 2 with piecewise C1 boundary Γ , for example, 
polygonal. We assume homogeneous Newmann boundary conditions, that is, 

( ) 0=⋅∇
Γ

nuua �

�

     (2) 
We also assume that the nonlinear reaction function is continuous, smooth and 

satisfies a globally Lipschitz condition: there exists a positive constant Lf>0 such that 
( ) ( ) ℜ∈−≤− yxallforyxLyfxf f ,    (3) 

We assume as well that the nonlinear diffusive function is continuous, smooth, 
bounded, positive, and verifies a global Lipschitz condition, that is, there exist three 
positive constants α, µ, La>0, such that 

( ) ( ) ℜ∈−≤− yxallforyxLyaxa a ,    (4) 
( ) ℜ∈∞<≤≤< xallforxa µα0     (5) 

Thus A(x)=(a(x))-1 is well defined, bounded and verifies a Lipschitz condition with 
constant 2αaA LL = . 

In the natural combustion model mentioned before, the reaction function is an 
exponential function of the form eu/1+εu, where ε is the nondimensional inverse of the 
activation energy, and the diffusive term represents the radiation and conduction 
phenomena. 

Introducing the flux ( ) uuap ∇=
�

�  as a new variable, the problem to solve is 

( ) ( )Tinufpt
u ,0×Ω=⋅∇−∂

∂ �

�

    (6) 

( ) ( )TinupuA ,0×Ω∇=
�

�      (7) 
( )Tonnp ,00 ×Γ=⋅ Γ

��      (8) 
with initial conditions ( ) Iuu =0 , and the corresponding initial condition for p�  obtained 
from the equation (7). 

In some applications it is important to approximate the flux p�  and u with 
comparable accuracy. Moreover, we need to accommodate the nonlinear reaction term 
in order to uncouple this nonlinearity. These reasons have moved us towards a mixed 
finite-element scheme to discretize the system (6-8) in space. 

For the temporal discretization we propose and analyse three different schemes: a 
completely implicit Euler scheme, a semi-implicit Euler scheme, and a completely 
explicit Euler scheme. 



 

2. DESCRIPTION OF THE METHOD 

Assuming the solution of (6), (7) and (8) is sufficiently regular, the mixed 
variational problem to solve is to find ( ) ( )Ω∈ 2Ltu  and ( ) ( )Ω∈ ;0 divHtp�  such that for all 

( )Tt ,0∈  
( ) ( )( ) ( )( )( ) ( )Ω∈∀=⋅∇−



∂
∂ 2,,, Lvvtufvtpvt

tu �

�

   (9) 

( )( ) ( )( ) ( )( ) ( )Ω∈∀=⋅∇+ ;0,, 0 divHqqtuqtptuA ��

�

��    (10) 
with the corresponding initial conditions. 

The space of functions for scalar functions is ( )Ω2L , so we relax the conditions over 
the solution u, but we increase the conditions over the flux p�  by imposing 
( ) ( )Ω∈ ;0 divHtp� , where 

( ) ( ){ }Γ=⋅Ω∈=Ω ennqdivHqdivH 0:;;0
��� ,    (11) 

with n�  normal unit exterior vector to the boundary Γ , and 
( ) ( )( ) ( ){ }Ω∈⋅∇Ω∈=Ω 22 :; LqLqdivH d �

�

� .    (12) 
Thus, the boundary condition (8) is implicit in ( ) ( )Ω∈ ;0 divHtp� . 

For simplicity, we have used the scalar product notation to represent the 
corresponding integrals, 

( ) ( ).,, 2 Ω∈∀= ∫Ω Lvuxuvdvu �      (13) 

( ) ( )..;,, 0 Ω∈∀⋅= ∫Ω divHqpxdqpqp �������     (14) 

On a rectangular domain Ω=(0,Lx)× (0,Ly), let ∆x={0=x0<x1<...<xN=Lx} be a grid on 
the x-axis, and let ∆y={0=y0<y1<...<yN=Ly} be a grid on the y-axis. Thus ∆x×∆y is a grid 
on Ω of rectangles having sides parallel to the axes. If the mesh size of this rectangular 
grid is h, we denote it by ∆h, and each rectangle of the grid by τ . Let {∆h:h∈Η} be a 
regular family of this kind of grids on Ω. 

We use standard Raviart-Thomas (Raviart & Thomas, 1977) approximation 
subspaces for s≥1, ( )1−s

hL  and ( )s
hE ,0 , for u and p�  respectively. The space ( )1−s

hL  consists of 
scalar functions that are piecewise polynomials of degree s-1 on ∆x and on ∆y, 

( ) ( ) ( ){ }ττ τ 1,1
11 ,: −−

− ∈∆∈∀Ω∈= ssh
s
h PvHvL     (15) 

The space ( )s
hE ,0  consists of vector-valued functions whose first components are 

piecewise polynomials of degree s on ∆x, and piecewise polynomials of degree s-1 on 
∆y, and whose second components are piecewise polynomials of degree s-1 on ∆x, and 
piecewise polynomials of degree s on ∆y, 

( ) ( ) ( ) ( ){ }τττ τ ssssh
s
h PPqdivHqE ,11,0,0 ,:; −− ×∈∆∈∀Ω∈= ��   (16) 

We denote by ( )s
h�  the corresponding interpolation operator. 

Given these spaces, we seek an approximate ( ) ( )1−∈ s
hh Ltu  and an approximate 

( ) ( )s
hh Etp ,0∈�  such that for all t∈ (0,T) 

( ) ( )( ) ( )( )( ) ( )1,,, −∈∀=⋅∇−



∂

∂ s
hhhhhhh

h Lvvtufvtpvt
tu �

�

  (17) 

( )( ) ( )( ) ( )( ) ( )s
hhhhhhh EqqtuqtptuA ,00,, ∈∀=⋅∇+ ��

�

��    (18) 



 

with initial conditions ( ) hIh uu ,0 = , where uI,h is an approximation of u(0) on ( )1−s
hL . Note 

that ( )0hu  determines ( )0hp�  by equation (16). 
Using an implicit Euler scheme, the problem to solve, with the standard notation for 

progressive and regressive differences, is to calculate n
hu  and n

hp�  for n≥1 verifying 
( ) ( ) ( )( ) ( )1,,, −∈∀=⋅∇−∂ s

hhh
n
hh

n
hh

n
ht Lvvufvpvu �

�

   (19) 
( )( ) ( ) ( )s

hhh
n
hh

n
h

n
h EqquqpuA ,00,, ∈∀=⋅∇+ ��

�

��     (20) 
Note that equations (19) and (20) are coupled. To solve this system of equations we 

use an algorithm of type Uzawa: let 10, −= n
h

n
h uu , given γ,n

hu , we calculate 1, +γn
hu  for 

1,,0 −= γγ N� , verifying 

( )( ) ( ) ( )s
hhh

n
hh

n
h

n
h EqquqpuA ,0

,,, 0,, ∈∀=⋅∇+ ��

�

�� γγγ    (21) 

( ) ( )( ) ( )11,,
11,

,,, −+
−+

∈∀=⋅∇−




 − s

hhh
n
hh

n
hh

n
h

n
h Lvvufvpvk

uu γγ
γ

�

�

  (22) 

and then γNn
h

n
h uu ,= . By choosing Nγ=1, we are actually using a semi-implicit scheme: to 

calculate n
hu  and n

hp�  for n≥1 verifying 
( ) ( ) ( )( ) ( )11 ,,, −− ∈∀=⋅∇−∂ s

hhh
n
hh

n
hh

n
ht Lvvufvpvu �

�

   (23) 
( )( ) ( ) ( )s

hhh
n
hh

n
h

n
h EqquqpuA ,00,, ∈∀=⋅∇+ ��

�

��     (24) 
Applying a complete explicit Euler scheme, the problem to solve is to calculate n

hu  
and n

hp�  for n≥1, verifying 
( ) ( ) ( )( ) ( )111 ,,, −−− ∈∀=⋅∇−∂ s

hhh
n
hh

n
hh

n
ht Lvvufvpvu �

�

   (25) 
( )( ) ( ) ( )s

hhh
n
hh

n
h

n
h EqquqpuA ,00,, ∈∀=⋅∇+ ��

�

��     (26) 

3. SEMIDISCRETE ERROR ESTIMATES 

We break down the semidiscrete error into the form (Thomée, 1984) 
( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )tttutututututu hhhh ρϑ +=−+−=− ~~    (27) 
( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )trtztptptptptptp hhhh

�������� +=−+−=− ~~   (28) 
( ) ( )( )tptu hh

~,~ �  being the elliptic projection on ( ) ( )s
h

s
h EL ,0

1 ×−  of the exact solution ( ) ( )( )tptu �,  
defined by 

( ) ( )( )( ) ( )10,~ −∈∀=−⋅∇ s
hhhh Lvvtptp ��

�

     (29) 
( ) ( ) ( )( )( ) ( ) ( )( ) ( )s

hhhhhh EqqtutuqtptpuA ,00,~,~ ∈∀=⋅∇−+− ��

�

���   (30) 
Lemma 1. If ( )pu �,  are sufficiently regular, then ( )Tt ,0∈∀  we have 

( ) ( )( )

( ) ( ) ( )( ) .

,

;

,0

s
divH

s

htuCtr

htuCt

≤

≤

Ω

Ω

�

ρ
       (31) 

❑  

Proof.  
As ( ) ( )( )tptu �,  is solution of the continuous problem given by (9) and (10), we have 

( )( ) ( )( ) ( )( ) ( )Ω∈∀=⋅∇+ ;0,, 0 divHqqtuqtptuA ��

�

��    (32) 



 

In particular, this is also true ( ) ( )Ω⊂∈∀ ;0,0 divHEq s
hh

� , so ( ) ( )( )tptu hh
~,~ �  verifies 

( )( ) ( )( ) ( )1,,~ −∈∀⋅∇=⋅∇ s
hhhhh Lvvtpvtp �

�

�

�

    (33) 
( )( ) ( )( ) ( )( ) ( )s

hhhhhh EqqtuqtptuA ,00,~,~ ∈∀=⋅∇+ ��

�

��    (34) 
Then, ( ) ( )( )tptu hh

~,~ �  is a solution of the following discrete elliptic problem for 
( )tpf �

�

⋅∇=  and ( )( )tuA=κ , where by the properties of A(⋅ ), ( )( ) ακµ 11 ≤=≤ tuA , 
( )( ) ( ) ( )1,,~ −∈∀=⋅∇ s

hhhhh Lvvfvtp�
�

     (35) 
( )( ) ( ) ( )s

hhhhhh Eqquqtp ,00,~,~ ∈∀=⋅∇+ ��

�

��κ     (36) 
for which the corresponding continuous elliptic problem is 

( )( ) ( ) ( ) ℜΩ∈∀=⋅∇ /,,~ 2Lvvfvtp�
�

     (37) 
( )( ) ( )( ) ( )Ω∈∀=⋅∇+ ;0,~,~

0 divHqqtuqtp ��

�

��κ     (38) 
Obviously ( ) ( )( )tptu �,  is a solution of this problem. Let us see that this problem 

verifies the continuous "inf-sup" Babuska-Brezzi condition to prove the existence and 
uniqueness of its solution. As ( ) ( )Ω∈ ;0 divHtp� , by the divergence theorem, it follows 
that ( ) ℜΩ∈ /2Lf . We define the following space of functions 

( ) ( ){ }ℜΩ∈∀=⋅∇Ω∈= ∫Ω /0:; 2
0 LvqvdivHqV �

�

�    (39) 

The bilinear forms that define the continuous problem given by (37) and (38) are 
( ) ( )Ω∈∀⋅= ∫Ω ;,, 0 divHqpqpqpa ������ κ     (40) 

( ) ( ) ( ) ℜΩ∈Ω∈∀⋅∇= ∫Ω /,;, 2
0 LvdivHqqvvqb ��

�

�    (41) 

which are trivially continuous, and ( )⋅⋅,a  is V-elliptic. 
We use the following auxiliary problem to prove the continuous "inf-sup" condition 

via a standard technique (Roberts & Thomas, 1991): for each ( ) ℜΩ∈ /2Lv , let vϕ  be 
the unique element of ( ) ℜΩ /1H  verifying 

Ω=∆ invvϕ       (42) 
Γ=⋅∇

Γ
onnv 0�

�

ϕ       (43) 

For a certain constant C, we have ΩΩ
≤∇ ,0,0

vCvϕ
�

, and the "inf-sup" condition 

follows for ( ) 2
1211 C+=β  

( )
( ) ( ) ( ) Ω

ΩΩ

Ω

Ω∈ +
≥

+∇
≥ ,022

1
2
,0

2

,0

2
,0

;
2

1

1
1,sup v
C

v
q

vqb

vv
divHXq ϕϕ

�

�

�

�

   (44) 

The space of functions ( ) ( ) ( ){ }1
,0 0,: −∈∀=∈= s

hhhh
s
hhh LbEV µµψψ  verifies VVh ⊂ , so 

the bilinear form ( )⋅⋅,a  is also Vh-elliptic. Moreover, the interpolation operator ( )s
h�  

satisfies 
( ) ( ) ( )( ) 0,,; 1

0 =−∇∈∀Ω∈∀ ∫Ω
−

h
s

h
s
hh vqqLvdivHq ��

�

�

�    (45) 

( ) ( )
( ) ( )ΩΩ

≤Ω∈∀ ;;0 ,; divHdivH
s

h qCqdivHq ���

�     (46) 

hence, the discrete "inf-sup" Babuska-Brezzi condition follows and this assures the 
existence and uniqueness of the solution of the discrete elliptic problem given by (35) 
and (36), and also the error bound (Roberts & Thomas, 1991) 



 

( ) ( )
( )

( ) ( )
( ) ( ) ( ) 






 −+−≤−+− Ω∈Ω∈ΩΩ − ,0;,0; 1

,0

infinf~~
h

LvdivHh
Eq

hdivHh vuqpCtututptp
s

hh
s
hh

����

�

 (47) 

On the other side, for ( )tp�  sufficiently regular, we have 
( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )
ΩΩ

ΩΩ

⋅∇≤−⋅∇

≤−

,,0

,,0

s
ss

h

s
ss

h

tpChtptp

tpChtptp

�

�

��

�

���

�

�

   (48) 

which gives a bound in the norm of ( )Ω;divH , 
( ) ( ) ( )

( )
( ) ( )( )

ΩΩΩ
⋅∇+≤−

,,, ss
s

divH
s

h tptpChtptp �

�

���

�    (49) 

In the same way, for ( )tu  sufficiently regular, we have 
( ) ( ) ( ) ( ) ΩΩ

− ≤− ,,0
1

s
ss

h tuChtutu �     (50) 

Then, we are dare by taking ( ) ( )tpq s
hh
��

�=  and ( ) ( )tuv s
hh

1−=� . 
■  

Lemma 2. If ( )pu �,  are sufficiently regular, then ( )Tt ,0∈∀  we have 
( ) ( )( )

( ) ( ) ( )( ) .

,

;

,0

s
divH

s

htuCtr

htuCt

≤′

≤′

Ω

Ω

�

ρ
     (51) 

❑  

Proof. 
The reasoning in this case is not so simple as in the previous lemma. Let us see the 

corresponding elliptic problem in this case: differentiating (10) with respect to the time 
variable, we have ( )Tt ,0∈∀ , 

( )( ) ( )( ) ( )( ) ( )( )( ) ( )( ) ( )Ω∈∀′−=⋅∇′+′ ;,,, 0 divHqqtptuAqtuqtptuA ����

�

��   (52) 
Differentiating (35) and (36) in the same way, 

( )( ) ( )( ) ( )1,,~ −∈∀′⋅∇=′⋅∇ s
hhhhh Lvvtpvtp �

�

�

�

    (53) 

( )( ) ( )( ) ( )( ) ( )( )( ) ( )( ) ( )s
hhhhhhhh EqqtptuAqtuqtptuA ∈∀′−=⋅∇′+′ ����

�

�� ,~,~,~   (54) 
Thus in this case the spaces of functions and the bilinear form ( )⋅⋅,b  are the same, 

but now ( )tpf ′⋅∇= �

�

 and we cannot be certain that it belongs to ( ) ℜΩ /2L . 
We are going to use the following general result (Brezzi and Fortin, 1991): let X 

and M be two Hilbert spaces over ℜ , X⋅  and M⋅  their respective norms, X' and M' 
the corresponding dual spaces, and X⋅⋅,  and M⋅⋅,  the duality products. Let XX h ⊂  
and MM h ⊂  be certain finite-dimensional subspaces. Let ( ) ℜ→×⋅⋅ MXb :,  be a 
continuous bilinear form. ( )MX ′∈ ,��  denotes the linear operator associated to this 
bilinear form, and ( )hh MX ′∈ ,��

�
 the corresponding discrete operator. Given X∈ϕ , 

we define the afinne variety 
( ) { }hhMhMhhhhhh MµµΨXΨV ∈∀=∈= ,,: ϕµϕ ���   (55) 

If it verifies the discrete "inf-sup" Babuska-Brezzi condition, that is, if there exists a 
constant 0>∗β  such that hh M∈∀ µ  



 

( )
Mh

Xh

hh

X

b
hh

µβ
ψ

µψ
ψ

∗

∈
≥

,
sup     (56) 

then 

( ) XhXzXhVz
zbz

hhhh

ϕ
β

ϕ
ϕ

−




 +≤−

∈∗∈
inf1inf

�

   (57) 

In our particular case, we define the following afinne variety, 
( )( ) ( ) ( ) ( )( ) ( ){ }1,,: −∈∀′⋅∇=⋅∇∈=′⋅∇ s

hhhhh
s

hhh LvvtpvzEztpV �

�

�

�

��

�

  (58) 
For each ( )( )tpVz hh ′⋅∇∈ �

�

� , let ( ) hhh ztpw ��� −′= ~ . It is clear that hh Vw ∈� , 
( ) ( )( ) ( ) ( )( ) ( )( ) 0,,,,~, =′⋅∇−′⋅∇=⋅∇−′⋅∇=⋅∇ hhhhhhhh vtpvtpvzvtpvw �

�

�

�

�

�

�

�

�

�

  (59) 
Then, taking norms and using (52) and (54), it follows that 

( ) ( )( )( ) ( )( ) ( )( ) ( )( )( )

( )( )( ) ( )( ) ( )( ) ( )( )( ) ( )( )
( )( )( ) ( ) ( )( ) ( )( ) ( )( )hhhhh

hhhhh

hhhhhhhhh

wvtuwztptuAwtrtuA

wvtuwztptuAwtrtuA

wztuAwtptuAwwtuAwww

�

�

�����

�

�

�����

���������

⋅∇−′+−′+′≤

≤⋅∇−′+−′+′−=

=−′=≤=

ΩΩΩ
Ω

Ω

,

,,,

,,~,,11

,0,0,0
,0

2
,0 µγµ

 (60) 

Now, realigning, dividing by Ω,0hw� , by the properties of ( )( )tuA , we have 

( )( )( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( )
Ω∈

ΩΩ

Ω
Ω

Ω
Ω

⋅∇−′+−′+

≤






 ⋅∇−′+−′+′≤

,0
,0,02

,0
,0

,0
,0

,sup

,

h

hh

Vs
h

a

h

hh
hh

s
svtuztptrL

w
wvtuztpuAtrtuAw

hh

�

�

�

���

�

�

�

����

�

µα
µ

α
µ

µ

 (61) 

Since hh Vw ∈� , we have ( )ΩΩ = ;,0 divHhh ww �� , so ( )( )tpVz hh ′⋅∇∈∀ �

�

�  and hh Mv ∈∀  it 
follows that 

( ) ( ) ( ) ( )
( )

( )
( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )
( )( )

( )Ω∈
ΩΩ

ΩΩ

ΩΩΩΩ

⋅∇−′+−′


 ++≤

≤′−+=

=′−+−′≤′−′=′

;
;;2

;;

;;;;

,sup1
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divHh

hh

Vs
divHhdivH

a

divHhdivHh

divHhdivHhhdivHhdivH

s
svtuztptrL

tpzw

tpzztptptptr

hh
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�

�

���

���

�������

�

µα
µ

α
µ

 (62) 

Taking the minimum over the corresponding spaces, we have 

( ) ( ) ( ) ( ) ( )
( ) ( )

( )( )
( )Ω∈∈

Ω′⋅∇∈ΩΩ

⋅∇−′+

+−′


 ++≤′

;

;;2;

,supinf

inf1

divHh

hh

VsMv

divHh
pVzdivH

a
divH

s
svtu

ztptrLtr

hhhh

hh
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�

����
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�

�

�

µ

α
µ

α
µ

  (63) 

Now, by the general result described before for this afinne variety ( )( )tpVh ′⋅∇ �

�

, 

( ) ( ) ( ) ( ) ( ) ( )

( ) Ω∈

Ω∈∗ΩΩ

−′+

+−′




 +


 ++≤′

,0

;;2;

inf

inf111

h
Mv

divHh
XzdivH

a
divH

vtu

ztptrLtr

hh

hh

µ

βα
µ

α
µ ����

�

 (64) 

Then, if ( )tu′  and ( )tp′�  are sufficiently smooth, using the bound obtained for 



 

( ) ( )Ω;divHtr�  in the previous lemma, taking ( ) ( )tpz s
hh ′= ��

,0�  and ( ) ( )tuv s
hh ′= −1

� , we conclude 

( ) ( ) ( ) ( ) ( ) ( ) ( )
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( ) ( ) ( ) ( )( ) ss
h

divH
s
hdivH

a
divH

htuCtutu

tptptrLtr

≤′−′+

′−′




 +


 ++≤′

−

Ω∗ΩΩ

1

;,0;2;
111
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µ

βα
µ

α
µ ����

  (65) 

In order to bound ( ) Ω
′

,0tρ , from equations (52) and (54), it follows that 
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As it verifies the discrete "inf-sup" condition, we can write 
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So, hh Mv ∈∀  we have 
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For ( )tu , ( )tp� , ( )tu′  and ( )tp′�  sufficiently smooth, taking ( ) ( )tuv s
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previous bounds, we conclude that ( )Tt ,0∈∀  
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4. TOTAL ERROR ESTIMATES 

In order to estimate the total error for any of the three completely discrete schemes 
described before, we break down the total error into the form 

( ) ( ) ( )( ) nnn
h

n
h

n
h

n
h nkuuuunkuu ρϑ +=−+−=− ~~    (70) 

( ) ( ) ( )( ) nnn
h

n
h

n
h

n
h rznkppppnkpp �������� +=−+−=− ~~    (71) 
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Since ( ) ( )( )tptu �,  is the solution of the continuous problem given by (9) and (10), for 
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So it just remains to bound nϑ  and nz�  for each of the three schemes. 
Theorem 1. Under the appropriate regularity assumptions, the implicit Euler 
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Proof. 
The definition of nϑ  and nz�  gives 
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By the properties of ( )uA  and ( )uf , this becomes 
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Realigning and taking into account that ( ) 2
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Simplifying, if 0
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By the definition of the regresive difference, and denoting 
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It remains to study the different terms of jR : 
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All this together shows that ( )( )22 khuCR s
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Then, by lemma 1, 
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So this becomes 
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Denoting now, 

( ) ( ) 2

,0

2

,0

2

,,0
22

2

,,0
22

~~

2~

ΩΩΩ∞

Ω∞

∂−′++=

++=

n
ht

nn
hAfn

n
hAf

unkupLLR

pLLC

ρµ

µ

�

�

  (115) 

and reasoning as before, for Ck 21≤ , and renaming C  if necessary, we have 
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Finally, we conclude by lemma 1, 
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Theorem 2. Under the appropriate regularity assumptions, the semi-implicit Euler 
scheme and the explicit Euler scheme verify for 2Chk ≤  
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Proof. 
Reasoning as in the previous proof, we have for the explicit scheme, 
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As in the implicit scheme, inequalities (90) (91) (92) and (113) are also true. 
On the other side, in this case it follows that 
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Let us write (121) with n
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Taking norms and reasoning as before we obtain 
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so we conclude 
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On the other side, 
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Taking k small enough, we can assume kk ≤2 . We have also proved that 
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we can write 
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Reasoning as in the implicit case and renaming C if necessary, it follows that 
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The only term of jR  different from the implicit case is ( )( ) 2
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By the definition of regressive difference, one has 
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so again ( )( )22 khuCR s
j +≤ , and we conclude for the explicit scheme 
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Taking Chk µ82≤  instead of Chk µ42≤ , we can balance only a part of 
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Reasoning as before, we obtain 

∑∑
=

Ω

−

=
ΩΩ

+≤+
n

j
j

n

j

jn RkCCzk
1

2

,0
0

1

1

2

,0

2

,0 2
1 ϑµϑ �    (139) 
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and with the boundary of 
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For the semi-implicit scheme, the equation (122) remains true , and the equation in 
nϑ  is obtained as in the previous cases, 
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Taking 1−= n
h zq ��  in (122) and 1−= n
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Reasoning as in the explicit case, 
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Writing the equation (143) for n
thv ϑ∂= , similarly to the explicit case, we obtain 
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which substituted in (144), gives as before, for C
hk γ4
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≤ , the following bound, 
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Expanding ( )( ) ( )
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Again, for 
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1≤ , and renaming C if necessary, we have 
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Now, the only different term in jR  is ( ) ( )( )nkuCnkut ≤∂
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and with the bound of 
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5. APPLICATIONS 

We now illustrate the schemes described in this paper with an example of the 
natural combustion model developed by the authors. This simplified model is based on 
conservation laws (Cox, 1995; Williams, 1985; Zeldovich et al., 1985) and 
nondimensionalized in a rational manner in order to elucidate the significant parameters 
(Bebernes and Eberly, 1989). Let Ω=(0,Lx)× (0,Ly) be the rectangular nondimensional 
domain, u(x,y,t) represents the nondimensional temperature and β(x,y,t) the 
nondimensional mass fraction of solid fuel, 
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with ε the nondimensional inverse of the activation energy, q the nondimensional 
reation heat, κ the nondimensional inverse of the conductivity coefficient, α the 
nondimensional natural convection coefficient and 
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which represents the phase change from the endothermic to the exothermic phase at 
nondimensional temperature uref (Asensio and Ferragut, 2000). 

The initial conditions are u(x,y,0)=uI(x,y) and β(x,t,0)=βI(x,y), and the boundary 
condition is ( ) 0=⋅∇

Γ
nuuK �

�

. 
For this application we have chosen the finite subspaces described before for s=1, 

that is, the lowest order Raviart-Thomas finite element, ( )0
hL  and ( )1

,0 hE . Thus the discrete 
solution is not continuous on the edges of the rectangles of the mesh, but the 
approximation of the heat flux is continuous on the inter-elements boundaries. 

The base functions chosen for the space ( )0
hL  are 
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where k=0,...,L-1, with L=dim ( )0
hL  equal to the number of rectangles of the mesh. 



 

The base functions chosen for the space ( )1
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with ln the n-th edge of the mesh, mγ
�  the unit normal vector to the m-th edge with the 

prearranged orientation shown in figure 1, and E0=dim ( )1
,0 hE  equal to the number of the 

interior edges of the mesh. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Mesh and normal vectors. 

The equations of the corresponding semidiscrete variational mixed problem, using 
the base functions described before, are 
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where ui(t), βi(t) and pi(t) are the coordinates of the approximate solution uh(t), βh(t) and 
( )tph

�  on the base functions described. Initial conditions iIu ,  and iI ,β  for i=0,..., L-1, are 
the coordinates of ( ) hIh uu ,0 =  and ( ) hIh ,0 ββ =  on the base functions chosen, where hIu ,  

and hI ,β  are an approximation of Iu  and Iβ  on ( )0
hL . Notice that ( )0hu  determines 

( )0hp�  by equation (161). 
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1,,0, 0 −= Eml � , the system matrices are 

( ) ( ) ( )

( ) ( ) ( )

( )( ) ( )( )( ) ( )( ) ( ) ( )∫
∫

∫

Ω

−−

Ω

Ω

==

⋅∇=⋅∇=

==

xdxxuKuKt

xdxx

xdxx

mlhmlhml

jljljl

jijiji

��

�

�

���

���

����

���

φφφφ

ϕφϕφ

ϕϕϕϕ

11
,

,

,

,

,

,

UA

B

I

  (163) 

and the vectors, 
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With this notation, the problem to solve is 
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Before the application of time discretization, we analyse some of the terms of the 
equations, taking into account the space discretization chosen. 
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Since uh and βh are constants over each rectangle of the mesh, we have, for both 
reactive terms, f and g, 

( )( ) ( ) ( ) ( ) ( )

( ) ( ) ( )jjj

L

k
hh

L

k
jhhjhhjhh

ufareaxduf

xdxufxdxufuf

j
βτβ

ϕβϕβϕβ

τ
,,

,,,,

1

0

1

0

==

===

∑∫

∑∫∫
−

=

−

=
ΩΩ

�

����

 (167) 

The equations for the semi-implicit scheme are 
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Thus we have to solve a linear system with matrix coefficients depending on time 
via the temperature, but the nonlinearity of the reactive term remains uncoupled, so we 
have to solve for each time step and over each rectangle of the mesh the corresponding 
nonlinear equation for the temperature. Notice that the equation of the mass fraction of 
solid fuel is linear in this variable. The mixed finite element method allows the 
uncoupling of the nonlinearity of the reactive term and adapting the algorithm for 
parallel computers. 

If we recover the two ordinary differential equations of nondimensional temperature 
and mass fraction of solid fuel over each rectangle kτ  of the mesh and each time interval 
[ ]nn tt ,1− , 
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given ( ) 1
1

−
− = n

knk utu  and ( ) 1
1

−
− = n

knk t ββ , we want to calculate ( )nk tu  and ( )nk tβ  verifying 
(169). To solve this system of ordinary differential equations we can use an adaptive 
method, that is, beginning with an initial time step 1−−=∆ nn ttt  and reducing it only in 
the necessary elements. 

The equations to solve for the explicit scheme are 
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In order to improve the stability of the scheme, we can maintain implicit all the 
linear terms of f and g. For each time step n≥1, this scheme involves: 

1º) to solve the following linear system of dimension 0E , 
( ) 111 UBPUA −−− −= ntnn     (171) 

2º) to calculate for each 1,,0 −= Lj � , 
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3º) to calculate for each 1,,0 −= Lj � , 
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The results of figure 2 correspond to a square domain of side 100, and a regular 
mesh of 1600 elements, so the size of the linear system given by (171) is 3120. The time 
step in this example is 10-4. The value of the parameters justified by their physical 
meaning are 03.0=ε , 5.2=q , 5=α , 5.2=κ , 2=refu . The initial nondimensional 
mass fraction of solid fuel has a random distribution, black colour means no fuel and 
clear green means maximum of fuel. We assume one initial focus of high temperature at 
the centre of the domain. The fire front spread has the expected form, depending on the 
density of the fuel. The nonlinear diffusive term in the temperature equation represents 
the heat transfer by radiation and allows the fire front to pass through areas with no fuel. 

 
 
 
 
 
 
 
 
 



 

6. CONCLUSIONS 

Different numerical schemes for solving nonlinear reaction-diffusion problems have 
been presented. A mixed finite element technique allows to uncouple the nonlinearity of 
the reactive term and this makes the adapting of the algorithms for parallel computers 
possible. Total error estimates for three different temporal schemes and Raviart-Thomas 
finite elements have been obtained. 

As an application we have presented some results from the mathematical model of 
natural combustion developed by the authors. 
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Figure 2. Nondimensional temperature and nondimensional mass fraction of solid 

fuel at t=0.1, 0.3 and 0.5. 




