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−σ(ω)ρz � ��� g��
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Densidad del gas
ρ=

Luz
intensidad I(0)
frecuencia ω

Luz
intensidad I(l)
frecuencia ω0 z l
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σ(ω) ∝ ω δ(ωfi − ω)
∣
∣
∣〈Ψf |e · d̂|Ψi〉

∣
∣
∣
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?_�NQUrR+n�Lr]�I -8X$UfV^]3N�R+nKUOLr]&MkMcNQP(R�UOR�noL2U3UcVEV^]&I
J(H[UcS"UkMkUW] V^]mn�UkJ(L�l^]zS+UfZ[UOLKnoX"LKHs]�MONQJ(RsUkI\S"UfZ+L�N�_aUrLqJ(L�S"UORtC

7 %?#�=8%�'*�+��0�1q=8%&�+³A79=?!+=?1

�t] UkMOXs]�McNQP�R S"U �AM2�+L98AS+N�R$y8UOL�S"UrZ[UORsS�NQUOR�n�U¯S"UcV3nKNQUr_uZ[J Zs]@Lr] V^]�I��^X"RsMONQJ(RsUkIuS"U
J(R$S$]'-8XsUWS"UkIKMrL�N�H[UOR V^]zUO��J?V�XsMONQP(R�S"UcVtIoNQIon�Ur_�]m_aJ?VQUcMOX$V^]kL�IoN�R�Z[UOL�noX+LKHp]kL,


|Ψ(Q,q; t)〉



UkI 

[

i~
∂

∂t
− Ĥ(Q,q)

]

|Ψ(Q,q; t)〉 = 0
� ��� v��

S+J(RsS+UaUcV`J(Z[UOLr]&S"J�L �q]k_�NEVEn�J(R"N^]@R$J�_�J?VQUkMOX"V^]@L
Ĥ(Q,q)

N�RsMcV�X"ª�Uun�JAS+J8IzVQJ8Imy?L2]�S+J8I S"U
VEN�H[UOLKn2]�SmRAX$McVQU@]kL2UkI �;: � ª UOVQUkMcnoL2P�R$NQMkJ8I ��< �rC ��NQUOR�noL2]�I RsJfUc�ANQIon�U Z[UOL�n�X"LKHs]�McNQP�RuUO��nKUOLKRp]�

Ĥ

UkI�N�RsS"UrZ[UORsS�NQUOR�n�U\S+UcVsnKNQUO_<Z[J�
(ª Z[J(L VQJWn2]kR�n�J
|Ψ(Q,q; t)〉

IKUxZ"X$UkS"UeIoUOZp]kLr]kL`UORuX+Rp]
Zs]@L�nKUWN�RsS+UOZ[UOR$S+NQUOR�n�UWS"UcV²nKNQUO_uZ[J5ª�X"RT�6]&Mcn�J�LqS+Uf�´]�IKUmS"UOZ[UOR$S+NQUOR�n�UWS"UcV²nKNQUO_<Z[J

|Ψα(Q,q; t)〉 = e−iEαt/~
|Ψα(Q,q)〉

� ��� � �

|Ψα(Q,q)〉
L2UkI�X$UcVE��U¬V^]qUkMOXs]�McNQP�R>S"Ue�AM2�+L98AS+N�R"y�UOL�N�RsS+UOZ[UORsS�NQUOR�n�U�S"UcV+nKNQUO_uZ[J3MkJ�R<�(]@VQJ(L

Z+L2J(Z$NQJ
Eα

[Ĥ(Q,q)−Eα]Ψα(Q,q) = 0
� ���*�	�

��=�> 9V$ >H?&' $&U�)+W�> ,/.�9V$&4-.�U�1�$&U�)+?�>/.�4 4;.�1Q';)+9+)?>�$&%*:
q ≡ r1, r2, · · · rN @ Q ≡ R1,R2, · · ·RM

X
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��X+Z[J(R$NQUOR$S"J -8XsU¯UcVfUkI�Z[UcMcnoL2JGS+U
Ĥ

IKU@] S+NQIKMOL�Ucn�J�
¬V^]&I�� X+RsMcNQJ(R$UkIuZ"L�J(Z$N^]&I
|Ψα〉

IKJ(R
RsJ(Lo_�]@VENEY&]@H"VQUkI�
�J(L�nKJ?y�J(Rs]&VQUkI`ª�MOX+_uZ$VQUrRTV^]mL2UOV^]�McNQP�R�S"UmMONQUOLKL2U

〈Ψα|Ψα′〉 = δαα′

� ��� }��
∑

α

|Ψα〉〈Ψα| = 1
� � �*�	�

F`S"UO_a�I�
��´J�LK_�]kRTX+Rp]zHp]&IKUzMkJ�_uZ$VQUOn2]zUOR®UcV/UkI�Zp]&McNQJ
(Q,q)

C

�¬Xs]@R$S"J�MkJ�RsIoNQS+UOLr]k_aJ8IxUcV²�s]&YmS"UmV�X"Y�
"UOV/J(Z[UOL2]�S+J(L9�q]k_�NEVEnKJ(R$N^]kRsJzn�J(n2]&V
H

UkI

H(t) = Ĥ + Ĥ(1)(t)
� � � « �

S"J(R$S"U�V^]�Z[UOLKnoX"LKHs]�MONQP(R
Ĥ(1)(t)

L2UOZ"L�UkIKUOR�n2]TV^]�N�R+nKUOLr]&MkMcNQP(R S"UOZ[UrRsS+NQUrR+nKUTS+UcV`nKNQUO_uZ[J
S"UcV�M@]k_uZ[J�UcVQUkMcnoL�J(_�]@y?RsbOnKNQMkJuMcJ(R V^]<_aJ?VQbkMrX$V^]�C²��]kLr]<L2UkIoJ?VE��UOLW]k�sJ(L2]aV^]�UcMOXp]&McNQP(R S"U
��M��"L98AS�N�R$y�UOL�S+UOZ[UOR$S+NQUOR�n�U S"UOVfnoNQUO_uZ[J N�R$McV�X$ª8UORsS+J�V^] Z[UOL�n�X"LKHs]�McNQP�R-
`V^] �^X"RsMONQP(R S"U
J(RsS"] _�J?VQUkMOX"V^]@LxIKUWS"UkIK]@LKL�J?VEV^]zUOR�� X+RsMcNQP(RTS+U

|Ψα(Q,q)〉

|Ψ(Q,q; t)〉 =
∑

α

aα(t) |Ψα(Q,q)〉 e−iEαt/~
� ��� ���

S"J(R$S"U�VQJ8I5MkJAUO�sMONQUOR�n�UkI
aα(t)

IoJ(R�V^]&I N�RsMkP(y?R$NEn2]&IcC�FxVxIKUOL<V^]�Hs]�IKUTS"U�V^]�I
|Ψα(Q,q)〉MkJ(_<Z$VQUcn2]�
 ∑

α |aα(t)|2 = 1
ª UOVeMOXp]&S�L2]�S+JGS"U M@]&S$] MkJAUO�sMONQUOR�n�U

|aα(t)|2
R$J8I�S"] V^]

Z"L2J�Hp]kH$NEVENQS$]&S�S"UmUrRsMkJ(R�noL2]@Le] noNQUO_uZ[J
t
V^]m_aJ?VQbcMOX$V^]mUrRTX+R¯UkIon�]�S+J

|Ψα〉
C

�q]&McNQUOR$S"JeXsIKJfS"U`V^]�I���McIcC � B+C .� ] � B+C �� 
�ªmnoLr]&I�McNQUOLKn2]�I/_a]@R"N�Z"X$V^]&McNQJ(R$UkI�
�IKU�J(H$noNQUORsU
UcV/McJ(R 4�X"R�n�J>S"UWUkMOXp]&McNQJ(R$UkI\S�N��´UrL2UORsMON^]&VQUkI¬S+UWZ"LKN�_aUOL\J(L2S+UOR¯]&MkJ(Z"V^]�S"]�I

i~
d

dt
aα(t) =

∑

α′

Ĥ
(1)
αα′(t)aα′(t)eiωαα′ t

� � � gc¨��
S"J(R$S"U V^]5_a]&n�L�NEY S"UOV�J�Z[UOLr]&S"J(LfS+U Z[UrL�noX"LoHp]&McNQP(R UkIon�<MkJ(R$IonKNEnoX"lQS$] Z[J(LfVQJ8IqIoNEy?X"NQUOR�n�UkI
UcVQUO_�UOR�n�J8I

Ĥ
(1)
αα′(t) = 〈Ψα|Ĥ

(1)(t)|Ψα′〉

� � � g(g��
-8XsU ]�McJ(Z$V^]kR UcV3UkIon�]�S+J

|Ψα〉
McJ(R n�JAS"J?I�VQJ?IaJ?noL2J8IaUcIon2]&S"J8I

|Ψα′〉

C���R V^] ��M?C � B�CQD���
]@Zs]@L�UkMkUOR®V^]�I`� L2UcMOXsUOR$McN^]&IxS+UWnoLr]kRsI�NQMcNQP(R-
"-8XsUmIoUmS"Ur�"RsUrR¯MkJ(_�J

ωαα′ = (Eα −Eα′)/~
� � � gk�	�
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��VjMkJ(R 4�X"R�n�J<S"U UkMrXp]&McNQJ(RsUcIq]&MkJ(Z$V^]&S$]&I � B+CED����S+UkIKMOLKN�H[UzV^]5UO��J?V�XsMONQP(RTS"UcVjIoNQI�n�UO_�]
_�J?VQUkMOX"V^]@L Hs] 4KJ V^]TZ[UrL�noX"LoHp]&McNQP(R

Ĥ(1)(t)
C �t]®L2UkIKJ?V�X$McNQP(R�S+U®UkIon�]�I<UkMOXp]&McNQJ(R$UkI>S"UOH[U

Zs]@L�noN�LfS"U V^]�IeMcJ(RsS�NQMcNQJ(RsUcI\N�R$NQMcN^]@VQUkI
ai(0) = 1

ª
aα6=i(0) = 0

Zp]kLr]<X+Rp]<_aJ(VQbkMOX$V^]'-8XsU
N�R"NQMcN^]&V�_�UOR�n�UqIKUWUORsMrXsUOR�noLr] UORTX"R®UkIon2]&S"J

|Ψi〉
C

�����o08�6=8%&%�'*)"�u!A0<!"';³"��7*��087 %(%&����'*%&�

�eUOR�noL�J�S"U V^]
£@���(���*6 ¥G£s¤ 6���¦ ¡s¢ ¡6Q� ���´�©¢5���&¤�  � 62¤&� QDk~,� 
¬UOR UcV3Mk]�IKJ S"U®X"Rs]
Lr]&S+N^]&McNQP(R�_�J(RsJAMOL2J�_�@nKNQM@]�
�V^]mZ[UOLKnoX"LKHs]�MONQP(R®�ANQUOR$UWS"]�S"]5Z[J(L

Ĥ(1)(t) = d̂ · E0 cos (ωt)
� � � gcv��

S+J(RsS+U
E0

UkIWUcV��8UkMcn�J(LWS+UcV M@]k_uZ[JTUcVQbkMcn�L�NQMkJaS"UOV��p]@YaS+U<V�X$Y?C �t]�IzMcJ(R�noL�N�H"X$McNQJ(R$UkI3S"U
J(L�S"UOR�I�X"Z[UOLKNQJ(L�]eV^]fUOR$UOL�y8l^]eS+U\N�R�n�UOLr]&MkMcNQP(R<IKJ�Ray�UOR$UOLr]@V�_aUOR�n�U¬_5XsM��sJf_a�I�Z[U -8XsU$'s]�I�

ª�Z[J(LuVQJ¯n2]@R�n�J S"UkI�Z"L2UkMON^]�S"]�IcC F�!"R _�&I�
 V^]&I<S�N�_aUOR$IoNQJ(R$UkI5_�J?VQUkMOX"V^]@L�UkI5IKJ(R�_5X$M2�$J
_a�IzZ[U -8XsU�'p]&I -8XsUaV^]TVQJ(R"y8NEnoXsSGS+U�J(RsS"] S"UcV`�´J(n�P(R-
�]&Iol -8X$U�UOV\M@]k_uZ[J UcVQbcMcnoL�NQMkJTUkI
]kZ"L2J&�AN�_�]&S$]k_aUOR�n�U3MkJ�RsIon2]kR�n�UmUrR¯UcV[Lr]@R"y�JuS+UWV^]W_�J?VQbkMOX"V^]AC

��N I�XsI�nKNEnoX$N�_�J8I`V^]5��M?C � B�CQDk~� UOR®V^]z��M?C �6B+CQD8D��¬J(H"n�UORsUr_aJ8I

Ĥ
(1)
αα′(t) = dαα′ cos (ωt)

� � � gO� �
S+J(RsS+Uf�sUr_aJ8IxS"UO�+R$NQS"J>VQJ8I�UcVQUO_aUrR+nKJ8I`S"UW_a]&noLKNEYfN�R$S"UOZ[UrRsS+NQUrR+nKUkIqS"UOVtnKNQUO_<Z[J<McJ(_aJ

dαα′ = 〈Ψα|E0 · d̂|Ψα′〉 = E0〈Ψα|e · d̂|Ψα′〉

� ��� gc���
MkJ�R

E0 = E0 · e
Cp�`J(R®nKJ�S+J<UcIon�J�
+V^]5��M?C � B�CQD��� -8XsUkS"]

i~
d

dt
aα(t) =

∑

α′

dαα′aα′(t) cos (ωt) eiωαα′ t
� ��� gO} �

��Ion2]TUcMOXp]&McNQP(R�UkI Uc�+]�MOn2] 
 N�R$S"UOZ[UrRsS+NQUrR+nKUO_aUOR�n�U<S"U�V^]aN�R�n�UORsI�NQS$]&S²Cj��]@L2]�Lr]&S+N^]&McNQJ(R$UkI
Z[JAMkJeN�R�n�UOR$I�]�I VQJ8I UOVQUO_aUOR�n�J?I/S"U�]&MkJ(Z$V^]k_�NQUrR+nKJ

dαα′

IKJ�R Z[U -8XsU$'$J8I�
�V^]\��M?C � B+CQD 0 �[Z"XsUcS"U
L2UcIKJ?VE��UOL�IKU`MkJ(R>X"RanoL2]&n2]k_�NQUrR+nKJ3Z[UOLKnoX"LKHs]&noNE��JmS+UxZ"L�N�_�UOL�J(L2S"UrR! 8VQJ8I�MkJAUO�$McNQUOR�n�UkI

aα′(t)IKU<I�XsI�nKNEnoX$ª8UOR Z[J�L VQJ8I3�?]@VQJ(L2UcIfN�R"NQMcN^]&VQUcIW]
t = 0

C-�/]�Uc��J(V�XsMcNQP(R¯S"U�M@]&S$]�UkIon�]�S+J��"Rs]&V
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�
f 6= i

�`IKUfLKNEy�UqZ[J(LeV^]zUkMOXs]�MONQP(RTR$J�]&MkJ(Z"V^]�S"]

i~
d

dt
af (t) = dfi cos (ωt) eiωfit

� � � g@�#�
��J(R�UkIon2]T]@Z+L2J&��N�_a]�MONQP(R IKU�I�X+Z[J(RsU -8XsUuV^]&ImZ"L�J(Hp]kH$NEVENQS"]�S+UkI

|aα|
2 RsJT�?]kL�l^]kR IoNEy?R"N��"�

M@]kR+nKUO_aUOR�n�Uq_uNQUOR�noLr]&Ix]&Mcn"!s] UcV[�s]&YmS"UfV�X$Y�
�UkIxS"UkMcN�L
|ai(t)|

2
∝ 1

ª ∑
f 6=i |af (t)|2 � 1

C
��J(RGUkIon2]&ImL2UkIon�L�NQMkMcNQJ(R$UkImMk]�S"]®UkIon2]&S"J®_�J?VQUkMOX"V^]@L

|Ψf 〉
IKU�]&MkJ(Z"V^]TIKP(VQJ®MkJ(RGUcV¬UkIon�]�S+J

N�R$NQMcN^]@V
|Ψi〉

C

�/]5��M?C � B+CQD 0 � Z+XsUkS+UzIKUOL\N�R+nKUcy?Lr]&S$]WZs]@Lr]5J(H"n�UORsUrL

af (t) =
dfi

2~

[
1− ei(ωfi+ω)t

ωfi + ω
+

1− ei(ωfi−ω)t

ωfi − ω

] � � � gc«��
��]@Lr]

ωfi > 0
� ]kHsIKJ(L�McNQP(R � UcV�Z"L�N�_�UOL�n�bOLK_uN�RsJeUkIj_>X$M2�$Jq_�&I�Z[U -8XsU�'sJ -8X$U\UcV+IKUcy?X+RsS+J�


ªTZ+XsUkS+U<IKUrLmS+UkI�Z+L2UkMcN^]&S"J"C[�jR UOV�Mk]�IKJ�MkJ�R+n�Lr]@LKNQJuZp]kLr]
ωfi < 0

�´UO_�NQIoNQP�R¯UkIonoN�_>X"V^]�S"] �
UkIq]@VtL2UO��bkIcC

�������� � ����4 � ��� ����� �����2�!�(63+

��]@L�noNQUORsS+JmS"UxV^]f]kZ"L�J��AN�_�]&McNQP(R>S+U\V^]e��M?C � B+CQD�� ��
(V^]\Z+L2J(Hp]kH$NEVENQS"]�S<S"UOZ[UrRsS+NQUrR+nKU\S"UOV
nKNQUO_<Z[J3Zs]@Lr]qX"Rs]3n�Lr]@R$IoNQMcNQP(R<S+UkIKS"U�X"RuUkIon2]&S"JmN�R"NQMcN^]@V

|Ψi〉
]qX"RuUkIon2]&S"Jf�"Rp]@V

|Ψf 〉
Hp] 4�J

V^]zN�R"2"X$UORsMON^]5S+UfX+R®��J?n�P(RTS"U3� L�UkMOXsUrRsMcN^]
ω

UcI

Pfi(t) = |af (t)|2 =

(
dfi

~

)2
sen2 [(ωfi − ω)t/2]

(ωfi − ω)2
� � � gc���

�/]u��M?C � B�CQD����n�]@_5H$NQbrR®RsJ?IeS$]<V^]zZ"L2J�Hp]kH$NEVENQS$]&S S+U'-�X$U5UcV UkIon�]�S+Ja�+Rp]@V
|Ψf 〉

UkIon�b
Z[J(H$V^]&S"JTUOR X"R nKNQUO_uZ[J

t
C²FxV�Z[JAMkJTS"U<]@Zs]@L�UkMkUOLmV^]<Z[UOL�noX+LKHp]&McNQP(R 
/n�JAS"J8I3VQJ8IfUkIon2]&S"J?I

_aJ?VQUcMOX$V^]kL2UkIfIKUuZ"X$UOH$V^]kR/C���N�RGUO_5Hs]@L�y8J�
 MkJ(_�JTUOV`M@]@_<Z[J UcVQbkMOnoL�NQMkJ�_�]kR�nKNQUOR$UuI�XG�^L2UO�
MOXsUrRsMcN^] MkJ(R$Ion2]kR�n�U

ω

sIoP?VQJ>V^]znoL2]@R$IoNQMcNQP(R�L2UkIKJ�Rp]kR+nKU

ωfi ≈ ω
Z+L2Uc�(]@VQUkMkU 
�_�NQUOR�noLr]&I -8X$U

V^]�I�Z"L2J(Hs]@H"NEVENQS$]&S"UkIxS"UmV^]&I\noL2]@R$IoNQMcNQJ(R$UkI�R$J>L2UkIoJ(Rp]kR�n�UkIqIKUf_�]kR+noNQUORsUOR�_5X$ªaZ[U -8XsU�'p]&IcC
�/]5��M?C � B+CQD�� ��Z+XsUkS+UWL2UkUcIKMOL�N�H"N�L2IKU3UOR¯UOVtVEl�_�NEnKUeUOR UOV!-8XsU

t
nKNQUOR$S"UW]5N�R+�"R$NEnKJ<MkJ�_aJ

Pfi(t) =
π

2

(
dfi

~

)2

t δ(ωfi − ω)
� � � ��¨��
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δ(ωfi − ω) =
2

π
ĺım

t→∞

sen2 [(ωfi − ω)t/2]

(ωfi − ω)2t

� ���*��g��
Zs]@Lr] V^]W�^X"RsMONQP(R S+UcVEn2]zS+U �qN�Lr]&M?C

�t]5��UOVQJ�MONQS$]&SaS"UWZ[J(H"V^]�MONQP(RTS"UcVtUkIon2]&S"J<�+Rp]@V
|Ψf 〉

UkI�
sUOR�n�J�RsMkUkI QDO�	�

kfi =
d

dt
Pfi =

π

2

(
dfi

~

)2

δ(ωfi − ω)
� ���*���	�
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Z[J(LxX"R"NQS$]&S®S"UfnKNQUO_<Z[J�
$J5��UcVQJAMcNQS"]�S�S"UfnoLr]kRsIoNQMONQP(R-


kfi
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�`Rp] �8UcY -8XsUTn�UORsUr_aJ8IuV^] ��M(C � B+C9B?B��
��$UO_aJ?I�S"U McJ(R���UOL�nKN�LKV^]®UOR
X+Rp] UO�AZ+L2UkIoNQP�R
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∣
∣
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∣
∣
∣
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ρπI

~ε0c
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∣
∣
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/N�R+�"R"NEn2]@_�UOR�n�U>UkIonoL2UcM2�s]�I�
tMkJ(R
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∇
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∇
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S+UTV^]®_�NQI�_a]¯IoN�_aUcn�L�l^] UOR V^] L�Ucy8NQP(R S"UOVeUkI�Zs]�McNQJ S"U�V^]�I�McJ�J�L2S"UORs]�S"]�I>R�X$McVQU@]kL2UkI<S"U
N�R�n�UOL�bkIcC@��Ion�U`UkIj]�_�UORAXsS"JeUOVAM@]�IoJfS+U V^]xI�X+Z[UOLK�$McNQUkIjS"U`UOR$UOL�y8l^] Z[J?n�UOR$McN^]@V8� X+RsS$]k_aUrR+n�]&V
S+U¬M@]�S"]qIoN�_aUOnoL�l^]�
cZ[UOL2JqZ"X$UkS"U R$JfS"]@L�IKU �6&McNEV�_aUrR+nKU�UOR>UcVAMk]�IKJ3S+U�I�X"Z[UOLK�$McNQUkIjUc��McNEn2]&S$]&I
-8XsU`IKJ�R<]�MkMcUkIoN�H$VQUcI UOR>UkI�Z[UkMOnoL2JAMkJ(Z"N^]\UcVQUkMcn�L2P(R$NQMk]¬ªf�´J(n�JAS+NQIKJAMcN^]&McNQP(Rf_aJ?VQUcMOX$V^]kL@C���N"UkI�n�J
UkI`]&Iol 
AUkI�R$UkMkUkIK]@L�NQJfL2Ucn�J(_a]@L¬UcVsnoLr]@n2]k_�NQUOR�n�JW_a�I¬UO�"]&Mcn�J QD?D��pHp]&I�]&S"J>UORaV^]3��M?C � B+C9~8~ ��

MkJ�_aJ5IKUmS�NQIKMOX"nKN�Lr UOR®UcVj��]@Z"lEnoX$VQJ<~+C



�(� ��� �M�*��	��&��� � 	��*� � � 	�� �	� � � �� �
	 � 	�� 	 �H���M	 �*� ���
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��V J�Z[UOLr]&S"J(L9�\]@_uNEVEn�J(R"N^]@R$J>S+UmV^] ��M?C � B+C/.�¬MkJ(R+_5X$n2] MkJ(R®VQJ8I�J(Z[UOLr]&S"J(L�UkIqS"Uf_aJ(�
_aUOR�n�JW]kR$y?X"V^]@L

J2 ª
Jz


?ªzZ[J(L�VQJfn�]@R�n�JfVQJ8I�UcIon2]&S"J8IjZ"L2J(Z"NQJ8I�_�J?VQUkMOX"V^]@L�UkI
|Ψn〉

Z"X$UkS"UOR
UcnKN -8XsUOn2]@L�IKUWMcJ(R®VQJ?I`R !"_�UOL2J8I

J
ª
M

|Ψn〉 ≡ |nJnMn〉
� � � v8�#�

��V�J(Z[UOL2]�S+J(LWS"UcV _aJ�_aUOR�n�J�S�N�Z[J?V^]kL
d̂

S"U V^]u��M(C � B+C9B?B�xUkIqX"R J(Z[UrLr]�S+J(Lf��UkMcnKJ(L�N^]@V MkJ(R
noL2UkIaMcJ(_uZ[J(R$UOR�n�UkIaM@]kL�n�UcIoN^]@Rs]�I$


d̂p
�
p � x, y, z).

�jUOL2J Zs]@Lr] n�Lr]@Hs] 4�]kLTN�R�n�UrL2UkI�] UcV
U -8X$NE�(]@VQUOR�n�U UkI���bOL�NQMcJ

d̄
S"U

d̂

�-8XsU IKU S+UO�"R$U S+U¯_a]@R$UOLr]�]kRp@VQJ?yA] ] VQJ8I�]kLK_aP(R"NQMkJ8I

UkI���bOL�NQMkJ?I
d̄+1 = −

1
√

2
(dx + idy)

d̄0 = dz

� � � v(«��
d̄−1 = +

1
√

2
(dx − idy)

�/]�noLr]kRsI��´J(Lo_�]&McNQP(R Hp] 4KJ�V^] L�J?n2]&McNQP(R S"U VQJ8I�U 4KUkI�S"U McJ�J�L2S"UORs]�S"]�ITUkIa_>X$M2�$J�_�&I
MkJ(R���UOR"NQUOR�n�U3UORTV^]�IxMkJ(_uZ[J�RsUOR�n�UkI

d̄
-8X$UmUORTV^]�I

d̂

d̄′ =
1∑

k=−1

d̄kD
1
km(φ, θ, χ)

� � � v(���
S"J(R$S"U

D1
km(φ, θ, χ)

IKJ(R<VQJ8I�UcVQUO_�UOR�n�J8I S"U�V^]\_�]@noL�NEY�S"U`L2J?n2]&McNQP(R>S+U ��NEy?RsUOL�ª
(φ, θ, χ)VQJ8Ix@R"y?X$VQJ8IxS"UW��X$VQUrL QD 1,� C

�/]e��M(C � B+C9~ �� N�_<Z$VENQM@]�-8XsU`VQJ8I�UcIon2]&S"J8I
d̄m|iJiMi〉

��J(LK_a]@R5X+Rp]\Hp]&IKUxZs]@Lr]qV^]xL2UrZ"L2UO�
IKUOR�n2]&McNQP(R>S+UcV�Z"L2JAS�X$Mcn�JfS+N�L2UcMcn�J

Γ1×ΓJi

S"UcV�y?LKX+Z[JWS+U L2J?n2]&McNQP(RtC��²J8IjUkIon2]&S"J?I
|fJfMf 〉�´J�LK_�]kRaX"Rs] Hs]�IKUeZp]kLr]zV^]WL2UOZ+L2UkIKUrRp]&McNQP(R

ΓJf


+ª<Z[J(L\VQJ n2]kR�n�J n�JAS"J8I�VQJ8I`UcVQUO_�UOR�n�J8I¬S"U
_�]@noL�NEYTS"U®V^] ��J(LK_�]

〈fJfMf |d̄m|iJiMi〉
IoUOLrkR MkUOL�J Z[J(L�I�N�_aUcnoLKl^] 
�] _�UORsJ8I -8XsU UcV

Z"L2JASAXsMcn�J�S�N�L2UkMcn�J
ΓJf
× Γ1 × ΓJi

McJ(R�n�UOR$y�]>V^]5L�UOZ"L2UcIKUOR�n2]&McNQP(R¯n�J(n2]&V�_�UOR�n�UzIoN�_�bcnoL�NQMk]
Γ0


"VQJ5MOXs]&VtIKP?VQJ5IKUfS$] IoN QD��#� � ] �
Ji ≥ 1

ª
Jf = Ji

P
Ji ± 1


"J>IoN ��H �
Ji = 0

ª
Jf = 1

C
F\Iol�IKU5J(H"nKNQUORsU UrR+nKJ(RsMkUcI3V^]5L2Ucy8V^]5y�UORsUrLr]&V�S+U>IoUcVQUkMkMcNQP�R®L2J?n�]�McNQJ�Rp]@V/Zp]kLr]�noLr]kRsIoNQMcNQJ�RsUkI
S"UWS+N�Z[J?VQJ>UcVQbkMcn�L�NQMkJ

∆J = 0,±1 (J = 0 = J = 0)
� � � �?¨��



��� ��� � �!	 �Q� �����
�M�9��� � 	�� 	 �Q� ��	��*� ��� ��v

�jR UOV�Mk]�IKJ�S+UcV�R !+_aUOL2JaMrXpkR+noNQMkJ�S"UzZ"L2J&ª�UkMcMcNQP(R
M


pV^]&IqL2Ucy8V^]&I3S"U5IKUcVQUkMcMcNQP(R¯McJ(�
LKL�UkI�Z[J(R$S+NQUOR�n�UkIfIKU<J(H$nKNQUrRsUOR ]kZ$VENQM@]kRsS+J®UcV�n�UkJ�L2UO_�]<S"U ��NEy?R$UOLK� ��M2�?]kL�n QD 1�
�D��#�`]uVQJ8I
UcVQUr_aUOR�n�J8I`S+Uf_�]@noL�NEYfS+UcV J(Z[UOL2]�S+J(Lqn�UrRsIKJ(LqUkI���bOL�NQMkJ

d̄

〈fJfMf |d̄m|iJiMi〉 = 〈JfMf |Ji1Mim〉〈fJf ||d̄||iJi〉
� ��� ��g��

S+J(RsS+U

〈fJf ||d̄||iJi〉 =
∑

Mim

〈JfMf |Ji1Mim〉〈fJfMf |d̄m|iJiMi〉
� ��� �?���

�t]�N�R�n�UOLKZ+L2Ucn2]&McNQP(R � lQIoNQM@]aS"U�UcIon�Uun�UcJ(L2UO_a]�UkI -�X$UaUcV¬UcVQUr_aUOR�n�J�S"Uu_a]&noLKNEY�UORGV^]
��M?C � B+C �pD��fUcI UcV Z"L2JASAXsMcn�J S+UaS"J8Im�´]�MOn�J(L2UkI  tX"R�MkJAUO�$McNQUOR�n�U<S"UcVx]&MkJ(Z$V^]k_�NQUrR+nKJTS+U�VQJ8I
��UcMcn�J(L2UcI

〈JfMf |Ji1Mim〉
-8XsUTN�RsMcV�X"ª�UaV^] I�N�_aUcnoLKl^]TL2J?n2]&McNQJ(Rs]&VxS"UcVxZ"L2J(H"VQUO_�]�
�ª X+R

UcVQUr_aUOR�n�J S+UWV^]m_�]@noL�NEY3L2UkSAXsMcNQS"]
〈fJf ||d̄||iJi〉

-8X$UmMkJ(R�nKNQUrRsU3V^]zS+N�Rpk_�NQMk] QD 1 
jD �#� C

�jR�UcV�M@]&IKJaZp]kL�nKNQMOX"V^]@LWUOR UcV -8XsUuUOV���UcMcn�J(L ��S"UcV�M@]k_uZ[J�UcVQbkMcnoLKNQMkJ�S"U5V^]uV�X$Y>IKUk]
Zs]@Lr]@VQUcVQJ>]@V U 4KU

z
S"UOV/V^]@H[J�Lr]&nKJ(L�NQJ�
+UcV/UOVQUO_aUOR�n�J S+UWV^]m_�]@noL�NEYWS+N�Z[J(V^]@L\UkI

〈fJfMf |dz|iJiMi〉 = 〈JfMf |Ji1Mi0〉〈fJf ||d̄||iJi〉
� ��� �(v �

-8XsU�RsJ8I S"]xn2]kR+nKJ\V^]¬L�Ucy8V^]`S"U¬IKUcVQUcMkMcNQP(RWS"U
J

S+U�V^]x��M?C � B�C �
��pMkJ(_aJ�V^]¬L�Ucy8V^]`S"U¬IKUcVQUcMkMcNQP(R
S+U

M

∆M = 0
� ��� ��� �

�t]�IxL�Ucy8V^]&I\S"UmIKUcVQUkMkMONQP(RTS"U
M

Zs]@L2]<J?noL2]�IxZ[J(V^]@L�NEY@]�McNQJ�RsUkI¬Z"X$UkS"UOR¯J(H$n�UrRsUOL2IoU ] Zs]@LKnKN�L
S+UWV^]z��M(C � B+C �sD��`McJ(R®V^]5]cª�XsS"]>S+UWV^]&I\��MkIcC � B�C9~ ��`] �6B+C �AB�2C

�t]�L2Ucy?V^]�S+U�IKUcVQUkMcMcNQP(R IKJ(H"L�U
J

S"U�V^]���M?C � B+C �
� �fIKUuZ+XsUkS+UT]@noL�N�H+X$N�L ]�V^]TMcJ(RsIKUrLK�
�(]&McNQP(RTS"UcV[_aJ(_�UOR�n�J<]@R"y?X$V^]kL,
$McJ(RTX+R®��J?n�P(RTS+UWV�X$Y�-8XsUzMcJ(R�noL�N�H"X"ª�U3MkJ(R�X"Rs] X+R$NQS$]&S
]@V¬_aJ(_�UOR�n�J¯]kR$y?X"V^]@LuS"UaV^]�_�J?VQbkMOX"V^]AC/��I5n2]@_5H"NQbOR�X"Rs] N�R+nKUOLKZ"L�Ucn2]&McNQP(R Rp]@noX"Lr]@VqS+UcV
MkJAUO�$McNQUOR�n�U3S"UOVt��UkMOn�J(L\S"Uz]&MkJ(Z"V^]@_uNQUOR�n�J

〈JfMf |Ji1Mi0〉
S+UWV^] ��M?C � B+C �A~ �rC
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����� �� � ����4 �)0 ���30 �!4 � * *,+ �/. �!4 � * "%� �/.�+ * �

�AN�IKUmN�R�noL�J�SAXsMkUWV^]u]kZ"L2J&�AN�_�]&McNQP(RT�`J(LKR"���eZ"Z[UrR"�sUON�_aUOL3S+UzV^]>��M?C � B�C9~(� �xUrR¯V^]>UO�A�
Z"L2UcIoNQP(R®S"UcVtUcVQUO_aUrR+nKJ>S+UWV^]W_a]&noLKNEYmS�N�Z[J?V^]@LqIKUWnoNQUORsU

〈Ψf |d̂|Ψi〉 = 〈ψf (q;Q)ϕf (Q)|d̂|ψi(q;Q)ϕi(Q)〉

S"J(R$S"U

d̂(q,Q) = d̂e(q) + d̂n(Q)
� � � �8�	�

�AN
|ψi(q;Q)〉

ª
|ψf (q;Q)〉

IKJ�R NEy?Xp]@VQUkI�
$R$Ja�s]cª noLr]kRsI�NQMcNQP(R UcVQUcMcnoL2P(R"NQM@]�
$ª IoN�IKJ�R
S+N���UOL2UOR�n�UcI�
/MkJ�_aJ�UORGUkI�Z[UkMcnoL2J?IKMkJ(Z"N^]�UcVQUcMcnoL2P(R"NQM@]�
tIKU>Z"XsUcS"U<�s]�MkUrL XsIKJ S+UcV��$UkM2�$J S"U
-8XsUmIoJ(R¯J(LKn�J?y�J(Rs]&VQUcI�
�Zp]kLr]>UcIKMOL�N�H"N�L\V^]z��M?C � B+C �*.�¬MkJ(_aJ

〈Ψf |d̂|Ψi〉 = 〈ϕf (Q)|µfi(Q)|ϕi(Q)〉Q
� � � �?}��

S"J(R$S"U

µfi(Q) = 〈ψf (q;Q)|d̂e(q)|ψi(q;Q)〉q
� � � ���#�

UkI>UcV\UOVQUO_aUOR�n�J¯S+UTV^]�_a]&n�L�NEY�S"UTn�Lr]@R$IoNQMcNQP(R�S+U®S�N�Z[J?VQJ UcVQbkMcnoLKNQMkJTZp]kLr] V^]®noLr]kRsI�NQMcNQP(R
UcVQUkMcn�L2P(R$NQMk]5McJ(RsIoNQS+UOLr]&S$]�Ct��Ion�U5UcVQUO_�UOR�n�JuS+U V^]5_�]@noL�NEY5S+U noLr]kRsIoNQMcNQP�R UkI3UcVjJ(L�NEy8UOR S"U
V^]�I`L2Ucy8V^]&I�S"UmIoUcVQUkMkMcNQP�R�UcVQUkMcnoL�P(R$NQM@]&IcC

��J(R$IoNQS"UrL2UO_aJ?I�
?Z[J(L`U�4�UO_<Z$VQJ�
(UcVsMk]�IKJ S+UxX"Rs]3_�J?VQbkMOX"V^]qS+N^]@n�P(_�NQMk]q�$Ucn�UOL�J(RAXsMcVQU@]kL@C
��V\J(Z[UOLr]&S"J(LuS"UOVx_aJ�_aUOR�n�J¯S�N�Z[J?V^]@L

d̂e(q)
n�UORsSALr®X"Rs] McJ(_uZ[J(R$UOR�n�UaZp]kLr]&VQUOV^]¯]&V\U 4�U

N�R�n�UOLKRAXsMOVQU@]@L
(Σ)

ªaS"J?I\MkJ(_<Z[J(RsUrR+nKUkIxS+Ucy�UOR$UOLr]&S$]&IxZ[UOLKZ[UrRsS+NQMrX$V^]kL2UkIq]@V/U�4�U
(Π)


"ªaV^]&I
� X+RsMcNQJ�RsUkI S+U¬J(RsS"]\UcVQUkMcn�L2P(R$NQMk]�I[N�R$NQMcN^]@V

|ψi(q;Q)〉
ª3�"Rp]@V

|ψf (q;Q)〉
IoUOLrkR Hp]&IKUkI�S"U V^]&I

L2UOZ+L2UkIKUOR�n2]&McNQJ(R$UkI`N�LKL2UkSAXsMcN�H"VQUkI
Γe

i

ª
Γe

f

S"U
C∞v

C��`Rp] noLr]kRsIoNQMONQP(R�UcVQUkMcn�L2P(R$NQMk]3Zp]kLr]@VQUcV^]
UkIon2]kLr UOR�n�J(R$MkUkI Z"L�J(�$N�H"NQS$] ]m_aUOR$J8I�-�X$UWUOV[Z+L2JAS�XsMOn�J<S�N�L2UkMcnKJ

Γe
f ×Σ× Γe

i = Γe
f × Γe

iMkJ(R�n�UOR"yA]>V^] L2UOZ+L2UkIKUOR�n2]&McNQP(R n�J?n2]@V�_aUOR�n�UmIoN�_abcn�L�NQM@]
Σ

C[��Ion�JaN�_<Z$VENQM@]kL�l^]'-8XsU
Γe

f = Γe
i



VQJ<MrXp]@VtRsJ8IxS$] V^]WL2Ucy8V^]zS+UmIKUOVQUkMkMcNQP(R�UOVQUkMcnoL2P�R$NQM@]

∆Λ = 0 (µfi ‖ Q)
� � � �?«��



��� ��� � �!	 �Q� �����
�M�9��� � 	�� 	 �Q� ��	��*� ��� �(�

Zs]@Lr]qX"Rs]fnoL2]@R$IoNQMcNQP(R>Zp]kLr]@VQUcV^]eUOR<X+Rp]fS+N^]@n�P(_�NQMk]x�sUcn�UrL2J(RAXsMcVQUk]@L@C �/]qL2Ucy8V^]qS+UqIKUcVQUcMkMcNQP(R
UOR®UcVtM@]�IoJuS"U3X"Rs]5noL2]@R$IoNQMcNQP(R�Z[UOLKZ[UrRsS+NQMrX$V^]kL

∆Λ = ±1 (µfi ⊥ Q)
� ��� �(���

I�X+L�y�UWS"Uf_a]@R$UOLr] IoN�_uNEV^]@LxS"UOVtZ"L2JASAXsMcn�J<S+N�L2UcMcn�J
Γe

f ×Π× Γe
i

C

�������  �2�)* "�������0��!+ '!���!*,+-�/.)�&4 ��01����� ���&.)*�� 
�� �/.!���/.

��NpIKUxZp]kL�n�UeS+U -8XsUqIKUeMcJ(RsJAMkUOR
µfi(Q)



V e

f (Q)
ª
V e

i (Q)

��(]@_�J8I`]3n�Lr]&n�]@L`V^]qZp]kL�n�U

UcVQUcMcnoL2P(R"NQM@]mS+UcV/Z"L2J�H$VQUO_a]AC"��R¯V^]5��M?C � B+C �*0 ��

|ϕi(Q)〉

ª
|ϕf (Q)〉

IKJ(R¯V^]&Ix�^X"RsMONQJ(RsUkIxS"U
J(R$S$]¬L2J(�6�AN�H"L2]�McNQJ�Rp]@VQUkItN�R$NQMON^]&V 
rªfZs]@L2]qUcVAM@]&IKJ\Zp]kL�nKNQMOX"V^]@L S"U�X"Rs]\noLr]kRsIoNQMONQP(R UcVQUcMcnoL2P(R"NQM@]
1Σ↔1Σ

UOR¯_aJ?VQbcMOX$V^]&I\S�N^]&n�P�_�NQM@]&I�
pUkIon�]�Iq�^X"RsMONQJ(RsUkIeIoUmZ"XsUcS"UOR UkIKMrL�N�H$N�LqUc�+]�Mcn�]@_�UOR�n�U
MkJ�_aJ5UcV²Z+L2JAS�X$Mcn�J�S+UfX"Rs] �^X"R$McNQP(R��AN�H"Lr]&McNQJ(Rs]&V[Z[J(L\X+Rp]zL2J?n2]&McNQJ(Rs]&V� 

|ϕi(Q)〉 = |ϕviJi
(Q)YJiMi

(Q̂)〉
� ���*�&¨��

|ϕf (Q)〉 = |ϕvf Jf
(Q)YJf Mf

(Q̂)〉
� ���*��g��

���I\],!+R-
"MkJ(_aJ
∆Λ = 0

Zs]@L2]zX+Rp]znoLr]kRsI�NQMcNQP(R
Σ↔ Σ


"I�]kH[UO_�J8I�Z[J(LxV^]m��M?C � B+C �
��
-8XsUWUcV/UOVQUO_aUOR�n�J S+UmV^]W_�]@noL�NEYWS"UfnoLr]kRsIoNQMONQP(RTS+N�Z[J?V^]kL

µfi(Q)
IKUOL2zZs]@L2]&VQUcVQJ<] :

µfi(Q) = µfi(Q)Q̂
� ���*�����

�6S+J(RsS+U
µfi(Q)

UkIaV^] VQJ(R"y8NEnoX$S
S"UcVf��UkMOn�J(L
µfi(Q)

�rC���VWUcVQUO_aUrR+nKJ S"U¯_�]@noL�NEY UrR V^]
��M?C � B+C �*0�uIKU �´]�McnKJ(L�NEY&] UOR�n�J(RsMcUkI�UOR X"R Z"L2JASAXsMcn�J�S"U UcVQUr_aUOR�n�J8IaS+U _�]@noL�NEY �AN�H"Lr]k�
McNQJ�Rp]@VQUkI¬ª�L2J?n2]&McNQJ(Rs]&VQUkI

〈Ψf |d̂|Ψi〉 = 〈ϕvf Jf
(Q)|µfi(Q)|ϕviJi

(Q)〉Q × 〈YJf Mf
(Q̂)|Q̂|YJiMi

(Q̂)〉
Q̂

� ���*�&v �
UcV`Z"LKN�_aUOL2J S+UTVQJ8I5MOXs]&VQUkI<MkJ(R�nKNQUOR$U�V^]¯S+N�Rpk_�NQMk]T�AN�H"Lr]&McNQJ(Rs]&VxS"U�V^]®noLr]kRsIoNQMcNQP�R-
�ª UcV
IKUOy?X"R$S"JuUcI�L2UkI�Z[J(RsI�]kH$VQUmS"UmV^]&I�L2UOy8V^]�I�S"UWIKUcVQUkMcMcNQP(RaL2J?n�]�McNQJ�Rp]@VQUkIcC

� Xp]kRsS"JTUcV���UkMcn�J�LfS"UcV�M@]k_uZ[J�UcVQbkMcnoLKNQMkJuS+U>V^]uV�X"Y<UcI3Zs]@Lr]@VQUcVQJ�]@V�U�4�U
z

S"UOV�V^]kH[J(�
Lr]@n�J(LKNQJ�


Q̂ · e = cos θ

jUOV¬UcVQUO_�UOR�n�J®S+UuV^]�_�]@noL�NEYuL2J(n2]�MONQJ(Rp]@V¬UOR V^]���M?C � B+C .8~�3Z+XsUkS+U
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J(H$nKUORsUOL�IKUa]kRp]@VElEnKNQM@]k_aUOR�n�U ª¯RsJ8ImS$]�V^]&IWL2UOVEyA]�IWS"U�IoUcVQUkMkMcNQP�R¯L2J?n2]&McNQJ(Rs]&V
∆J = ±1

ª
∆M = 0

C/��N�IoU<I�]@nKNQI��´]&MkUOR UkIon2]&IeL2Ucy8V^]&IeS"U>IKUcVQUkMcMcNQP(R-
$UcV�UOVQUO_aUOR�n�JuS"Uz_�]@noL�NEY>UkI3IKP?VQJ
X"RTR�!+_aUOL�J

fJf JiMi
= 〈YJf Mf

(Q̂)|Q̂ · e|YJiMi
(Q̂)〉

Q̂

� � � �&� �
IoNQUOR$S"JuUOV²_�NQI�_aJzZp]kLr] n�JAS$]&I\V^]�I`Hp]kRsS"]�Ie�AN�H"Lr]&McNQJ(Rs]&VQUcI

vf
C

�/]mZp]kL�n�UfS"U3N�R�n�UOL2bcI�S+UfV^]W��M?C �6B+C/.8~� UkI�UcV[UcVQUO_�UOR�n�J S"Ue_�]@noL�NEYe�AN�H+Lr]�MONQJ(Rp]@V6C���Ion�J
IKUeZ"XsUcS"UfIoN�_uZ"VEN��sM@]kLxIoN²nKUORsUO_�J8I`UORTMOXsUrR+n�] -�X$UfV^]&I¬� X+RsMcNQJ(R$UkI�S"UfJ(RsS"]m��N�H+Lr]&McNQJ(Rp]@VQUkI
|ϕviJi

(Q)〉
ª
|ϕvf Jf

(Q)〉
] _�UORAXsS"J S+UOZ[UORsS+UOLrkRiIKP(VQJGS"bOH"NEV�_aUOR�n�U¯S+U VQJ?IaR !+_aUOL2J?I

MOXpkR�nKNQMkJ8I�L2J?n2]&McNQJ(Rs]&VQUkI
Ji

ª
Jf


�ª -8XsUeUcVsUOVQUO_aUOR�n�JfS"UqV^]q_�]@noL�NEY\S"UcVpS�N�Z[J?VQJmS+UqnoLr]kRsIoN��
McNQP(R

µfi(Q)
] _�UORAXsS+J�IKUOLrzX"Rs]5�^X"R$McNQP(R®S"U

R
-�X$Um�(]@LKN^]@Lr VQUOR�n2]k_aUOR�n�UfUOR®V^]zL�Ucy8NQP(R

R ' Qe

$S"J�RsS"U

|ϕviJi
(Q)〉

UkI\I�NEy?R$N��$M@]@R�n�U(C
��R�n�J(R$MkUkI`Z[J�S+UO_aJ?Ix�p]&MkUOL\V^]�I\]@Z+L2J��AN�_a]�McNQJ�RsUkI`S"UW{+Lr]kRsM��A����J(R$S"J(R QD��,�

|ϕviJi
(Q)〉 ' |ϕvi0(Q)〉

� � � �(�	�
|ϕvf Jf

(Q)〉 ' |ϕvf 0(Q)〉
� � � ��}��

µfi(Q) ' µfi(Qe)
� � � �?�#�

-8XsUfL�UkS�X$MkUWV^] ��M(C � B+C/.?~��]

dfi · e ' µfi(Qe)〈ϕvf 0(Q)|ϕvi0(Q)〉fJf JiMi

� � � ��«��
ª�Z[J(LqVQJ5n2]kR�n�J

|dfi · e|
2
' |µfi(Qe)|

2
|〈ϕvf 0(Q)|ϕvi0(Q)〉|2|fJf JiMi

|

2 � � � �����

�/]eN�R�n�UORsI�NQS$]&S>S+UxV^]qnoLr]kRsI�NQMcNQP(R>S"UcIKS"UxX+Rp]3UkIon2]&S"JfN�R$NQMcN^]@V
i
]@VsUkI�n2]�S+Jf�+Rp]@V

f
UcI ]&Iol

Z"L2J�Z[J(L2McNQJ(Rs]&Vs]3noL�UkI��6]&Mcn�J�L2UkI�
�X"RsJ UOVQUkMcnoL2P�R$NQMkJ�
@X+RsJz�AN�H"Lr]&McNQJ(Rs]&V+ª X"RsJmL�J?n2]&McNQJ(Rp]@V6C �eU
UkIon�J?I�
/IKP(VQJ�UOV��´]�McnKJ(Lm�AN�H+Lr]�MONQJ(Rp]@V�{�Lr]@R$M2�A���`J(RsS+J(R

|〈ϕvf 0(Q)|ϕvi0(Q)〉|2
S+UOZ[UORsS+U�S"UOV

R !"_aUrL2J3MOXpkR�nKNQMkJq�AN�H"Lr]&McNQJ(Rs]&V��+Rp]@V
vf


&ª UkI�n�U �6]&Mcn�J(L�UkI Z[J(L�VQJqn2]kR+nKJWUcV�L2UcI�Z[J(RsIK]@H"VQU\S"U
V^]�IeS�N��´UrL2UOR�n�UkIqN�R�n�UOR$IoNQS$]&S"UcIeS"U V^]�I3S�NQIonKN�R�n2]&I\Hp]kRsS$]&IW�AN�H+Lr]�MONQJ(Rp]@VQUkIcC % J8IKJ?n�L2J8IeJ(H"n�UOR"�
S�L�l^]k_aJ?I�UrR+nKJ(RsMkUcI`X+Rp]mL2UOZ+L2UkIKUOR�n2]&McNQP(R�UcIon2kRsS$]kL3S+UWUkI�Z[UkMcnoL2J?IKMkJ(Z"N^]mUcVQUkMcn�L2P(R$NQMk]WUOR�V^]
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{ NEy$C9B�CQD�
�UOR�V^]mMrXp]@V/UcVsZ"LKN�RsMcN�Z"NQJ S"Uf{+Lr]kRsM�������J(R$S"J(R�ªaUOVpZ+L�N�RsMON�Z$NQJ S"Um��J�LKL2UkI�Z[J�RsS"UrR"�
McN^]<IKU5MkJ(_5H$N�Rs]@R¯Zs]@Lr]aUc��Z"VENQM@]@L3V^]<UkIonoLKX$McnoX+Lr]u�AN�H"Lr]&McNQJ(Rs]&V�J(H$IKUOL��(]&S$]aUOR UcV�UkI�Z[UkMcn�L2J
UcVQUcMcnoL2P(R"NQMkJzS+Uz]kHsIKJ(L�McNQP(R QD��#� Cs��U3Z"XsUcS"UWVEVQUOyA]@L\]mX"RTL2UkI�X"VEn2]&S"J>IoN�_�NEV^]kLxUOR UOVtM@]&IKJ<S"U
_�J?VQbkMOX"V^]�IxZ[J(VEN^]&n�P�_�NQM@]&IqMkJ(R$IoNQS"UrLr]@R$S"JaX"Rs]�IKUOZp]kLr]&McNQP(R ]&S+N^]kHp@nKNQM@]�S+U5�AN�H+Lr]�MONQJ(RsUkIqª
L2J(n2]�MONQJ(RsUkIOC

�
	�N
	 O � ��� ! � ��� �"!QP � � �1! #&�&.*�&� - ������� !�#�!�� � � ���"� � -

��N/n�J(_a]@_�J8IxMcJ(_aJ5U 4KUO_uZ"VQJzR�X$UkIonoL�JuIoNQIonKUO_�] S"UWUkIonoX$S+NQJ�
"UcVj�9�\{ − 
$n�UrRsUO_�J8I

OHF−(2Π) + ~ω → OHF ∗ + e −→ O(3P,1D) +HF (1Σ+) + e

−→ F (2P ) +OH(2Π) + e.

��V�noL2]&n2]k_�NQUrR+nKJa�s]@H"NEnoXp]@V UrR UcIon�U5nKN�Z[JTS+U5Z+L2JAMkUkIKJ?IfN�R$McV�X$ª�UzX+Rp]aIKUOL�NQU5S+Uu]kZ"L2J&�AN�_�]k�
McNQJ�RsUkIH��V^]e_�&I`MkJ(_ !"R�S+U3UcVEV^]�I 9B � 
+B$D#
"B?B	�pZp]kL�n�U3S"UeV^]WS�N��´UrL2UORsMON^]fUc�ANQIonKUOR�n�UeUOR�noL2U\V^]&I
UkIoM@]&V^]&I S"U�noNQUO_uZ[JTS"U�V^]TS�N�Rpk_�NQM@]�S"UOV`UcVQUkMcnoL�P(RG]kLKLr]kRsMk]�S+J ª V^]TS+U�VQJ8IW�^Lr]@y?_aUOR�n�J?I
R$UOX$noL�J8IcC���V _�J��AN�_�NQUrR+nKJTS+UcV`UcVQUkMcn�L2P(RGUcI _5X$M2�"lQIoN�_aJa_�&IzLr@Z"NQS"J�
jª IKU�Z"X$UkS"U�MkJ(R+�
IoNQS+UOLr]kL -8XsUaIKU>_�]kL2M2�s]TMkJ�_aJ�X+Rp]�J(RsS"]

s

tZ[J(L5VQJ -8XsUaIKUaI�X+Z[J(RsU -8XsU>RsJ ]k�´UkMOn2]T]@V
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I�X"H$IoNQIon�Ur_�]zRsUOX"noL2J"C"��J�LqJ?n�L2J V^]�S+J�
"V^]zMkJ�RsIKUOLK�?]&McNQP(RTS+UWV^] UORsUrL�y8l^]Wn�J(n2]&V
Etot

N�_<Z[J(RsU
Etot = EOHF− + ~ω = ε+E

� ��� }�¨ �
S"J(R$S"U

ε
UcI�V^]mUrRsUOL�y?l^]mMcN�RsbOnKNQM@]WS+UcV²UcVQUkMcnoL�P(R-


E
UkI�V^]WUORsUOLKy8l^]Wn�J?n�]&V[S"U3VQJ8I �^Lr]&y(_aUOR�n�J8I

RsUOX"noL2J8If�9�\{�
sª
EOHF−

UkIqV^]>UORsUOLKy8l^]>S+UcVjUkIon�]�S+JT]kR$NQP�R$NQMkJ<S"UzZp]kL�nKNQS"]ACt�AN V^] _5XsUkI��
noLr]aS"UOV¬Uc��Z[UOL�N�_�UOR�n�J�S"U<��J?n�JAUcVEN�_uN�Rp]&McNQP(R¯UOVQUkMcnoL2P�R$NQM@]5nKNQUORsU _aJ(VQbkMOX$V^]&IfUOR�S�N��´UrL2UOR�n�UkI
UkIon2]&S"J?ITN�R$NQMON^]&VQUkI � Z[J(L U�4�UO_<Z$VQJ�
�S+J8ITUcIon2]&S"J8ITUcVQUkMcnoL�P(R$NQMkJ?I�J��(]kL�NQJ8IaR$NE��UOVQUkIa��N�H+L2J(�
L2J?n2]&McNQJ(Rs]&VQUcIWS+UcV`UkIon2]&S"J®UcVQUkMcnoL�P(R$NQMkJ��^X"R$S$]k_aUOR�n2]@V �WIKU�J�HsIKUOLK�?]kLrkR�X"Rs]TIKUrL�NQUuS+U �6Z$N��
MkJ8I��xMcJ(LKL2UkI�Z[J(RsS�NQUOR�n�UkI�]eVQJ?I�UcVQUcMcnoL2J(R$UkI�]@LoLr]@R$M@]&S"J8I¬MkJ�RuS�N��´UrL2UOR�n�UkI�UORsUrL�y8l^]&I�McN�R$bcnKNQM@]&I�
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²VQJ
�p]kLrkR�S"U�VQJ8I�UcIon2]&S"J8I S+U�_a�I�Hs] 4�]3UORsUOLKy8l^]AC(���+]k_�N�Rs]@R$S"JmUOVsUkI�Zs]�McN^]&S"JWUOR�noL2U`VQJ8I Z$NQMkJ8I
IKUfZ+XsUkS+UzUc�AnoLr]&UOL\N�R"��J(LK_�]&McNQP(RT]&MkUOL�M@] S"UcV²V^]5IoUOZp]kLr]&McNQP(R®UOR�noL2UWVQJ?I`R"NE��UcVQUkI�S"UWUORsUOLKy8l^]
S"UfV^]�IxUkI�Z[UkMcNQUcIxN�R$NQMON^]&VQUkI -8X$UW�p]kR®Z[UOL�S+NQS"J<UcV/UOVQUkMcnoL2P�R/C
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Z+XsUkS+U J(HsIKUrL��(]@LeX+Rp]>Z+L2J?y?L2UcIoNQP(R¯S�NQIonKN�R�n2]5S"UmZ"NQMkJ8IcCp�jR UkIon�UmM@]�IoJ�
pVQJ8IqUcVQUkMOnoL2J(R$UkI\MkJ�R
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�t]®��UOR�n2] 42]�S"UaV^]®UkI�Z[UcMcnoL2J8IoMkJ(Z$N^]�S"U����t�A c��¡s¢� c£s¤(�"¥G¢&¦j fL�UkI�Z[UkMcnKJ ]�X"R Uc��Z[UO�
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²UOR V^]�J�H$n�UOR$McNQP(R S"UOV MkJ(_<Z$VQU 4KJ�RsUOX"noL2J�
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S+UcV�S�N�Z[J?VQJaUcVQbkMOnoL�NQMkJ

∆J �
��ª
±

D�
[IKU<UO��NEn�]>V^]uI�X+_�]aIKJ(H+L2U �(]@L�N^]&IfJ(RsS"]�I3Zp]kL2McN^]@VQUkI�

-8XsUWIol ]kZp]kL2UkMcUzUOR®UcV/M@]&IKJ<S"UmMcJ?VENQIoNQJ(R$UkI L2U@]&McnKNE�(]�IOC

�t]fUkI�Z[UkMcnoL2J?IKMkJ(Z"N^]x�´J?nKJ�UOVQUkMcnoL2P�R$NQM@]¬Z"L2J(Z[J�L2McNQJ(Rs]qX+Ru_�J�S+JWS�N�L2UkMcnKJWS+U�_aUcS+N�L�S+N���UO�
L2UrRsMcN^]&I3S"U>UORsUOLKy8l^]<UOR�noL�U>UcIon2]&S"J8IW]@R"NQP(R$NQMcJ8IeªTRsUrX$noL2J?I�
/J�RsUrX$noL2J?Ifª®M@]&noNQP(R$NQMkJ?I�
$Z[J(L
VQJ n2]kR�n�JuUkI`X"RT_abcn�JAS+J5Zs]@Lr]5S"UOn�UOLK_uN�Rp]kLe]k�"R"NQS$]&S"UkIeUcVQUcMcnoL2P(R"NQM@]&I �6F\��I
�`_aJ(VQUkMOX$V^]kL2UkI
ª Z[J(n�UORsMON^]&VQUkI5S+UTNQJ(R"NEY&]�MONQP(R �6� �´I
�rC�F�n�Lr]c��bkI>S"UcVxn�UkJ(L�UO_�]®S+U���JAJ(Z"_a]@R$I�
 V^]&I<Fx��I



v(¨ ��� �M�*��	��&��� � 	��*� � � 	�� �	� � � �� �
	 � 	�� 	 �H���M	 �*� ���

ª�VQJ8I5� ��IuIKUaL2UcV^]&McNQJ(Rs]@R�MkJ�R V^]&I>UORsUOLKy8l^]�I>J(LKH"NEn2]@VQUkI�
�MkJ(R�VQJ MOXp]@V\V^]TUkI�Z[UkMcn�L2J8IKMkJ�Z$N^]
�´J(n�JAUcVQUkMcnoL�P(R$NQM@]¬Z"X$UkS"U\�8UOL2IKUxMkJ(_aJeX"R�M@]k_�N�RsJeZp]kLr]e_aUkS�N�L UOR$UOL�y8l^]&I�J�LKH$NEn2]@VQUkIcC��/]&I¬UkI��
noLKX$McnoX"L2]�I���N�H+Lr]&McNQJ(Rp]@VQUkIjn2]k_>H"NQbOR L2UkI�X$VEn2]kR<X+RuH+XsUOR>_aJAS"J3Zp]kLr]eUkIonoX$S+N^]kL¬UcV"UkI�Zs]�McN^]&S"J
UORsUrL�y�bcnKNQMcJ UOR�noL2UWVQJ?I`R"NE��UcVQUkI¬�AN�H"Lr]&McNQJ(Rs]&VQUcI�
+ªaV^]&I��^XsUrL�Y&]&I\S"UmUOR$V^]&MkU?C

�������� � � ��� ������������������	�
����������
����

�tJ -8XsU>S+N���UOL2UOR$McN^] V^]uUkI�Z[UkMOnoL2J8IKMcJ(Z$N^]>S"U ���t�A c��¡s¢� c£s¤(�"¥G¢�¦j xS"U V^]uS+Uz�´J?nKJ�S�NQIKJ(�
McN^]&McNQP(R y�UORsUrLr]&V UkIzUkIKUuUcVQUkMcnoL�P(RG]kLKLr]kRsMk]�S+J¯S"UcV`UkI�n2]�S+J N�R$NQMcN^]@V6C �/]�nKUkJ(L�l^]uHp&IoNQM@]�S"UOV
���t�A c��¡s¢� c£s¤(�"¥G¢&¦j 5_�J?VQUkMOX"V^]@L�]kZp]kL2UkMkU noL2]&n2]&S$] MkJ(R�Z+L2J(�^X"R$S+NQS$]&S UOR _>X"VEnKNEnoX$S�S"U
JAM@]�I�NQJ(RsUkI�9B8~�
pB���
[B . 
pB 0 
pB 1�
[B �,� 
"_�]cª�J�L�NEn2]kL�N^]@_�UOR�n�UqZp]kLr]<UOV M@]&IKJ�S"Um_�J?VQbkMOX"V^]�I�S+N��
]&nKP(_�NQM@]&I�
AZ[UOL2J5�p]cªT]&VEy(X"Rp] S�NQIKMOXsI�NQP(R UrRTZ+L2J(�^X"RsS�NQS$]&S�Zs]@Lr]>UcV/Mk]�IKJ<S"U3Z[J?VEN^]&nKP(_�NQM@]&I
9B �#� C �eUOR�noL2JfS"U`V^]e]kZ"L2J&�AN�_�]&McNQP(R5S+UcV$S�N�Z[J?VQJ3UcVQbkMcnoLKNQMkJ�
kV^]&I�IoUkMkMcNQP(R>Ur�sM@]@YqS+U`���t�A c��¡s¢5�
 c£s¤(�"¥G¢&¦j ��ANQUOR$UWS"]�S"]5Z[J(L+9B8~�
$B .	�

dσ

dk̂
(Ψi → Ψf ) =

8π3e2ω

c

∣
∣
∣
∣
∣
〈εΨf |

∑

s

e · rs|Ψi〉

∣
∣
∣
∣
∣

2 � � � }�g��
S"J(R$S"U

|Ψi〉
UkImV^]u�^X"RsMONQP(R�S+U�J(R$S$]TS+UcV NQJ(R RsUOyA]&noNE��JTS+UcV¬UkI�n2]�S+J®N�R$NQMON^]&V 


|εΨf 〉
UkImV^]

� X+RsMcNQP�R5S"U¬J(R$S$]\S+UcV�UkIon2]&S"J\�+Rp]@V 
(]�IKJAMcN^]&S$]\]�X"R>UcVQUcMcnoL2P(RmMkJ(R UORsUOLKy8l^]
ε = ~

2k2/2me
ª

X"Rs]5UcI�Z[UkMcNQUeRsUOX"noLr]�

e

UkIxUcV²�8UkMcn�J(LxS+U3Z[J?V^]kL�NEY&]&McNQP(R 

rs

UkI`V^]zMkJAJ(L2S"UrRp]&S$] UcVQUkMcn�L2P(R$NQMk]
Zp]kLr] UcV�UcVQUkMOnoL2P(R

s


ω

UkI>V^]a� L�UkMOXsUrRsMcN^]�S"UcV¬��J?n�P(R 
 ª
k̂

UkI V^]®S�N�L2UkMkMONQP(R�S+UcVxUcVQUkMcnoL�P(R
I�]@VENQUOR�n�U?C(��RaUOV$M@]&IKJmS+Ux���t�A c��¡s¢� c£s¤(�t¢&¥G¢&¦j j]eX+RaUkI�n2]�S+Jf�+Rp]@V$_aJ?VQUkMrX$V^]kL�S�NQIKJAMcN^]@nKNE��J
�p]cª S"J8I5MkJ�R+noN�R�X$J8I�
[X"RsJ Zs]@Lr]TUcV`UcVQUkMcn�L2P(R ª J?n�L2JTZp]kLr]TVQJ?IWR !sMcVQUkJ?IcC ��I�n�U !$VEnKN�_�J®IKU
I�X"Z+L�N�_�N�L2zUOR V^]zS�NQIKMOXsI�NQP(RT_a�I\]�S+UcV^]kR+nKU?C

�/]aMkJ(R$S+NQMcNQP�R VEl�_�NEn�U S+U>V^]u�^X"RsMONQP(R S"U>J(RsS"]�S+UcV UcVQUcMcnoL2P(R���]@LoLr]@R$M@]&S"J���]&IoN�R�n�P?nKN��
M@]k_aUOR�n�UfMkJ(LKL�UkI�Z[J(R$S"U ]zX"Rs]<J(R$S$]zZ$V^]kRp]5I�]&VENQUrR+nKU

eik·r UOR®V^]5S�N�L2UkMkMONQP(R
k̂
Cs��Ion�]>J(R$S$]

Z$V^]kRp]zZ"X$UkS"UzS+UkI�]kLKL2J?VEV^]kL2IKUfUOR®J(RsS"]�I�Zp]kL2McN^]@VQUkI�
"VQJ -8XsUmMkJ(RsSAXsMkUm]

|εΨf 〉 =
∑

l,m

ilY ∗
lm(k̂)|εlmΨf 〉

� � � }?�	�
S"J(R$S"U

|εlmΨf〉
UkI/X"Rp]xIKJ?V�XsMONQP(R S+U¬J(RsS"]�Zp]kL2McN^]@V -�X$U`]�I�N�R+nKP?nKNQM@]k_aUOR�n�U�IKU L2UkSAXsMkU`]�X+Rp]



����� � �M�*��	��&�����	 �*� � � 	�� �	� � � �� �
	 � 	�� 	 �H���M	 �*� ��� v�g

J(R$S$] UkI���bOL�NQMk]zI�]&VENQUrR+nKU
ei(kr−lπ/2) UOR¯UOV/M@]kRp]@V

Ψf
_�&I\V^]&I�Zp]kL�n�UcIqS"UWJ(RsS"]>UOR�noL2]@R�n�UkIOC

F
_aUrR�X$S"J>IKP?VQJmX+Rp]&IxZ[JAM@]�IxS"U3V^]�I�J(R$S$]&I�Zp]kL2McN^]@VQUkI`UOR�V^]z��M(C � B+C/0?B� MkJ(R�noL�N�H+X$ª�UOR
S+U�_�]kRsUrLr]fI�NEy?R$N��$M@]&noNE�?]qUrR�V^]qN�R�n�UORsI�NQS$]&S<S+UcVsUkI�Z[UcMcnoL2JzS+U����t�A c��¡s¢� c£s¤(�t¢&¥G¢&¦j KCA��I�n�J
UkIjUkI�Z[UkMcN^]@V�_aUOR�n�U¬McNQUrL�n�JqMkUrL2M@]\S+UcV�X+_5H"Lr]@V"S+UcVj¡s¢( O£s¤?�"¥G¢&¦j  
&ªA] -8X$U¬�s]cªmX"R5Z[J?nKUORsMcN^]@V
MkUrR+n�L�l�� X"y�J Zs]@Lr]

l 6= 0
-8XsU¯_�]kR+noNQUORsU¯UcVWUcVQUkMOnoL2P(R � X$UOLr]�S"U¯V^] N�R�n�UrLr]�McMcNQP(R MkJ�R V^]

_�J?VQbkMOX"V^]AC�FxVEy?X+RsJ8I>noLr]@n2]k_�NQUOR�n�J8I<S"UT���t�A O��¡s¢( O£s¤?�"¥G¢&¦j z�s]@R ]&I�X"_uNQS"J+-8X$U
l = 0UOR®UcV UcIon2]&S"J<�+Rp]@V 9B 1#� 
+VQJuMOXs]&V I�N�_uZ$VEN��$M@]WHp]&Ion2]kR�n�UzV^] S"UkIoMOL�N�Z[McNQP(R®S"UOVj]�McJ(Z$V^]k_�NQUOR�n�J

UOR�noL�U
l
ª�UcV[_aJ(_�UOR�n�J>]@R"y?X$V^]kLf]&IKJAMcN^]&S"J�]@V²�^Lr]@y?_aUrR+nKJ -8XsUWIKUz]kLKLr]kRsMk]AC

�²J8IWUO�AZ[UrL�N�_aUOR�n�J?IeS"U ���t�A c��¡s¢� c£s¤(�"¥G¢�¦j \S"UcV�UkIon2]&S"J�S"U5noLr]kRsI�NQMcNQP(R¯Z"L�J(Z[J(L2McNQJ��
Rs]@R5Z[JAM@]qN�R"��J(LK_a]�McNQP�R5]&MkUOL2M@]xS"UcV+UcVQUkMcn�L2P(R>]kLKLr]kRsM@]&S"J 
�]kZp]kL�n�U�S"U�I�X<UORsUOLKy8l^] 
&ªfR$N�R$y(X"�
Rs]qIKJ(H"L�UxVQJ8IjUkIon�]�S+J8I�L2J(n2]�MONQJ(Rp]@VQUkI S"U`VQJ8I � L2]&y?_�UOR�n�J8IcC���IjZ[J(L UkIon�J9-8XsUxUOR>V^]q��M?C � B+C/0$D �
IKUmI�XsUcVQUrR¯I�X+Z[J(RsUOL3�(@VENQS$]&IqV^]�Iq]@Z+L2J��AN�_a]�McNQJ�RsUkI�S"U �`J(LKR+���eZ+Z[UOR"�$UcN�_aUrLqª�V^]>S+U5��J�R"�
S+J(R 9B � 
�~ ��
�~$D#
�~8B#� 
 ª�] -8XsUaUcV`UOVQUO_aUOR�n�J�S"U�V^]a_�]@noL�NEYuS"UcV�S+N�Z[J(VQJ®UORGV^]���M?C � B+C/0$D �
IKU�L2UcS�XsMcUT]@V`Z"L2JAS�X$Mcn�J S"U�X+R�UOVQUO_aUOR�n�J®S"U�_�]@noL�NEY�UcVQUcMcnoL2P(R"NQMkJTª X"R IKJ?V^]kZp]k_�NQUrR+nKJ
RAXsMOVQU@]@L�
�S+U®]&MOX$UOL2S"J MkJ(R V^] ��M?C � B+C �*0�rC���J�R�UcIon�J�
�IoNqIoUTS+UkI�Z"L�UkMcN^] UcV\]�McJ(Z$V^]k_�NQUOR�n�J
UOR�noL�UzVQJ8I\_aJ(_�UOR�n�J8I3]kR$y?X"V^]@L�UkIqR�X$McVQU@]kLfª UcVQUkMOnoL2P(R"NQMkJuUOR VQJ?IeUkIon2]&S"J8I3N�R$NQMON^]&V ª��"Rp]@V 

UcV[IKJ(V^]@Zs]@_uNQUOR�n�JWRAXsMcVQUk]@LxUkI`S+N^]@y�J(Rs]&V²UOR�UcVp_aJ�_aUOR�n�J ]kR$y(X$V^]kLxnKJ?n2]@V

J

AªuIKUfVEVQUOyA]W]mV^]

Uc��Z+L2UkIoNQP(R

dσif =
8π3ν

c
SfF,iI

� ��� }�v �
S+J(RsS+U

SfF,iI
�ANQUOR$UWS"]�S+J<Z[J(L

SfF,iI =
∣
∣
∣〈ϕJ−

fF |µfi · e|ϕ
J
iI 〉

∣
∣
∣

2 � ��� }&���
ª
µfi

UcI<UcV\UcVQUO_�UOR�n�J S"U�_�]@noL�NEY�UcVQUkMOnoL2P(R"NQMkJ�
/N�R$McV�X$ª�UrRsS"J UcV\S"UkIK]@LKL�J?VEVQJ¯S"U�V^] J(RsS"]
Zs]@L2MON^]&V²S"U3V^]z��M?C � B+C/08B ��


ϕJ
iI

ª
ϕJ−

fF

IKJ(R�VQJ8I�UkIon2]&S"J?I�L2J&�AN�H"Lr]&McNQJ(Rs]&VQUkI�S"UcV²NQJ(RaRsUcy�]&nKNE�8J
N�R"NQMcN^]&Vxª�S"UcVqR$UOX$noL�J �"Rp]@VfS"UkI�Z"L2UOR$S+NQS+J�
¬ª�UOV

−

S"U
ϕJ−

fF

L�UkMOXsUrL2S$]¯V^]�IaMcJ(RsS�NQMcNQJ(RsUcI
VEl�_uNEn�UmS+U>J�RsS$]�IK]&VENQUOR�n�U'-8X$U5noNQUORsUOR -8X$U>McJ(RsIoNQS+UOLr]kL2IKU?C

i
ª
f

UcnKN -8X$Ucn2]kR¯VQJ8IqR !"_aUrL2J8I
MOXs@R�nKNQMcJ8I`UcVQUkMcnoL�P(R$NQMkJ?I�S"U3VQJ8I`UkIon�]�S+J8I�N�R"NQMcN^]@Vsªu�"Rs]&V 
A_�NQUOR�noL2]�I�-8XsU

I
ª
F

IKU3L�UO�sUOL�UOR
]5V^]5Zp]kL�n�UmRAX$McVQU@]kL@CpF�-�X"ljIKUm�p]5�sUkM��sJuX$IKJaS"UzV^]<]@Z+L2J��AN�_a]�McNQP�R �`J(LKR+���eZ+Z[UOR"�$UcN�_aUrL,




v?� ��� �M�*��	��&��� � 	��*� � � 	�� �	� � � �� �
	 � 	�� 	 �H���M	 �*� ���

��M?C � B+C9~(�*��
kZ[UOL2JeUOR>UOV+Mk]�IKJ3S+U �?]kL�N^]&IjI�X"Z[UOLo�sMcNQUkI�]&MkJ(Z$V^]&S$]&I�
(UOR V^]\��M?C � B�C/0(� �t]kZp]kL2UkMcUOL�l^]
X"R I�X"_a]&n�J�L�NQJ<IoJ(H"L2UfVQJ8I�UkIon2]&S"J8I��"Rp]@VQUkIxUcVQUkMcnoL�P(R$NQMkJ?I�


f
C

��J(_�J
µfi

S+UOZ[UOR$S"U�S"U�V^]TUrRsUOL�y?l^]�McN�R$bcnKNQM@]�S"UOVxUOVQUkMcnoL2P�R-
tn�]@_5H$NQbrR S"UOZ[UrRsS"U�S"U
V^]aUORsUOLKy8l^]�n�J?n2]@V

E
S"U<VQJ8I3�^Lr]@y?_aUrR+nKJ8IfR$UOX$noL�J8IcC ��]kLr]�NEy(RsJ(Lr]kLWV^]�S+UOZ[UOR$S"UOR$McN^]TS+U

EZ[J(L\Zs]@LKn�UzS"U
µfi


"ª�Z[JAS"UOLeMkJ(RsI�NQS"UOLr]kL -8X$UWV^] S"UOZ[UrRsS"UrRsMcN^]5S"U
E

UOR
σfi

UkIon2 UOR�n�UrLr]@�
_aUOR�n�U3S+Ucn�UOLK_uN�Rp]&S$]mZ[J(L\UcV/IoJ?V^]@Zs]@_uNQUOR�n�JzRAXsMcVQU@]kL,
�UkI`RsUkMkUcI�]@LKNQJ -8X$UmUcVpZ"L2JAMkUcIKJ<UrR UcV
-8XsUfIKUf]@LKL2]@R$M@] UcVtUOVQUkMcnoL2P�R�IKU@]zS�N�L2UkMcn�J+C+�AN²I�X"Z[J(R$UO_aJ?I\UkIonKJ�
�UcV[Z+L2JAMkUkIKJ5S+U3���t�A c��¡s¢5�
 c£s¤(�"¥G¢&¦j xIoU Z+XsUkS+U<noL2]&n2]kLWMkJ(R IoNj� X$UOLr]>X+Rp]u��J?n�JAS+NQIKJAMcN^]&McNQP(R 
sUOR V^] -8XsU V^]>�^X"R$McNQP(R
S"U>J(RsS"]aUcVQUkMcnoL�P(R$NQM@] �"Rs]&V¬IoU5Z+XsUkS+U>�´]�McnKJ(L�NEY&]kLfMkJ(_�J�UOV�Z+L2JAS�XsMOn�J®S+U5X+Rp]u� X+RsMcNQP�R

sZp]kLr]zUcVpUcVQUcMcnoL2P(Ra]@LoLr]@R$M@]&S"Jz_5X$VEnKN�Z"VENQM@]�S"]eZ[J�L`V^]mS"UcV[IoNQI�n�UO_�]eRsUOX"noL2JmL2UcI�X$VEn2]kR�n�U?C"�AN[IKU
MkJ(R$IoNQS"UOL2] -�X$UWV^]W�^X"R$McNQP(RTS"UWJ(RsS"]zRAX$McVQU@]kLqUkI�N�RsS+UOZ[UORsS�NQUOR�n�UfS"UcVtUcVQUkMcnoL�P(R&-8XsUfIKUW�(]�

σfi

IKU Uc��Z"L�UkI�]<Mk]�IoN�MkJ�_aJuI�N�IoUznoLr]@n2]@L2]<S"UmX+R¯Z"L2JAMkUcIKJ�S"Um��J?n�JAS�NQIKJAMcN^]�MONQP(R/C��/]>N�R 2"X+�
UORsMON^]WS"UOVpUcVQUkMcnoL�P(RaIKU\L�UkS�X$MkUf]@�$J(Lr]m]fVQJ8I�_aJ(_�UOR�n�J8I�S+N�Z[J?V^]kL2UkI¬S+U3n�Lr]@R$IoNQMcNQP(R 
?Z[UOL2J5IKU
Z"X$UkS"UWI�X"Z[J(R$UOL9-8XsUWIKJ(RTN�RsS+UOZ[UORsS�NQUOR�n�UkI�S"UfV^]zUORsUOLKy8l^]zMcN�RsbOnKNQM@]mS+Um] -8XsbcV6C"F\Iol 


σfi
UkI

MkJ(_<Z$VQUcn2]k_aUrR+nKUWU -8X"NE�?]@VQUOR�n�Um]<V^]>S+UmX"R Z+L2JAMkUkIKJaS+Um�´J(n�JAS+NQIKJAMcN^]&McNQP(R�RsJ�LK_�]@V 
sS"UrH$NQS"J
]5V^]zS�N�Rpk_�NQM@]m_5XsM��sJ _�&IxLrkZ$NQS"]>S+UcV/UOVQUkMcnoL2P�R�L�UkI�Z[UkMcnKJ�]@V²L2UkI�n�JuS+UmVQJ8I¬� Lr]@y?_�UOR�n�J8IcC
��I Z[J(LuUkIon�J -8XsU�UOR V^]¯�AUkMkMcNQP(R�I�NEy?X$NQUOR�n�UuIKU�n�Lr]&n�]@LrkR�MkJ(RG_�]cª8J(L Z"L2J�� X+RsS+NQS"]�S VQJ8I
Z"L2JAMkUcIKJ8I\S+Uf��J?n�JAS+NQIoJ�MON^]�McNQP�R/C

�
	�� 	 � ! ����� - �+! P � � �����4��������-��������

��R UkI�Z[UkMOnoL2J8IKMcJ(Z$N^]uS+U5��J?n�J�� Lr]@y?_�UOR�n2]�MONQP(R-
"IKU<MrLKX$Y&]kR X"R Lr]cª�Ju_�J?VQUkMOX"V^]@L3ª®X+Rp]
Lr]cª�J�V^�IoUOL@C �t]aLr]&S+N^]&McN^]&McNQP(R V^&IKUOLmZ+L2J&��JAM@]uV^]u�´J?nKJ�S�NQIKJAMcN^]&McNQP(R S"U<V^]�I3_aJ?VQbkMrX$V^]&I�-8XsU
MkJ(R$IonKNEnoX"ª�UOR>UcVALr]cª�J\_�J?VQUkMOX"V^]@L,
@ªmV^]�I�S+NQIon�L�N�H"X$McNQJ(RsUcItL2UkI�X"VEn2]@R�n�UcI�]kR$y?X"V^]@L�UkI�
(S"U`��UcVQJAMcN��
S$]&S"UkIfJ�S"U5UkIon�]�S+J8IfN�R�n�UrLKRsJ8I$
²S+U VQJ8I\� L2]&y?_�UOR�n�J8I�
$Z+XsUkS+UOR IKUOLm]kRp]@VENEY&]�S"]�IeX$noNEVENEY&]@R$S"J
X"Rs]�]@_<Z$VEN^] �(]@L�NQUcS$]&S¯S"Uzn�bkMrR$NQM@]&IcCp��V/Z+L2JAMkUkIKJaS+Um�´J(n�JAS+NQIKJAMcN^]&McNQP(R®UOR Iol Z+XsUkS+Uz��UOL2IKU
MkJ(_�JTX"Rs]®IKUO_uNQMkJ?VENQIoNQP(R ���t£�� ���c¤&����� 6���62��¦ �rC �²J8Iz� Lr]@y?_�UOR�n�J8ImIoU�IoUOZp]kLr]kR-
�S"UkI�Z+XsbkI>S"U
�p]kH[UOL¬UcIon2]&S"JeX"R$NQS+J8I�
�RsJeZ[J(L�X+Rp]eMkJ?VENQI�NQP(R �6MkJ�_aJeUOR5X"RuUc��Z[UOL�N�_�UOR�n�JeS"U¬�p]&MkUkI�MOLKX"Y&]@�
S"J8I���
pIoN�RsJ>Z[J(LeX"Rs]<noLr]kRsIoNQMONQP(R P�Z$nKNQM@]5S"UcIKS"UmX+R UkIon2]&S"Ju_�J?VQUkMOX"V^]@L\UkIon�]@H"VQU?C ��NQUrR+n�Lr]�I



��� ����	2����� �'�	 �*� � �*��� ����8� �� �
	 � v(v

-8XsUzV^]<S+N�Rpk_�NQMk] Hs�IoNQMk]�UkIeIoN�_�NEV^]kLf]<V^]>S"UzX"Rs]uMkJ?VENQI�NQP(R-
sUcIon�UznKN�Z[JaS+U>UO�AZ[UrL�N�_aUOR�n�J?I
nKNQUrRsU��(]@LKN^]�I ��UOR�n2] 4�]�I  jV^]aZ[J8IoN�H$NEVENQS"]�SGS+Ua�?]kL�N^]kL>V^]�Iz�^XsUOR�n�UkI S+UcV�V^�IKUrL,
 -8XsUaZ[UOLK_�NEnKU
-8XsU3V^]zUOR$UOL�y8l^]mS+UcVpZ"L2JAMkUkIoJ5Z+XsUkS"]>IKUrL\�(]kL�N^]�S"] S"UeX"Rp]z_�]kRsUrLr]zMkJ(R�nKN�RAXp]mª�Uc�+]�Mcn�] 
"UcV
-8XsUWUkI�_a�IxIKUOR$McNEVEVQJ>]@Rs]&VENEY&]kL\UkIon�UfnKN�Z[JuS+UmUc��Z[UOL�N�_�UOR�n�J8I�-8XsUWVQJ?IxS+Uf�p]&MkUkI\MOLKX$Y@]�S+J8I�

]&S"UO_a�I`S+U3-8X$U3VQJ?I¬UO�´UcMcn�J8I S+UcVsZ"L2J�_aUkS�N^]�S+JzN�R+n�L�l�RsIKUcMkJWZ"X$UkS"UrR®IoUOL�UcVEN�_�N�Rs]�S+J8I MkJ�R�UcV
X$IKJuS+UWV�X$YfZ[J?V^]kL�NEY&]&S$]�C

�t]ey(Lr]@R<M@]kR�nKNQS$]&S>S"U\S"]&nKJ8I�Uc��Z[UOLKN�_aUOR�n2]@VQUkIj]@VEn2]@_�UOR�n�U`S"Ucn�]&VEV^]&S"J8I -8XsUxIKU`Z+XsUkS+UOR
J(H"n�UOR$UOL5]aZp]kL�nKN�L5S+U�UkIon�U<nKN�Z[J®S+U�Uc��Z[UOL�N�_�UOR�n�J8IfL�U -8X$NQUOL2UrR X+R�]�S+UkMOXs]�S+J¯S"UkI�]kLKL2J(VEVQJ
n�UcP(L�NQMkJ®Zs]@Lr]¯I�X N�R�n�UOLKZ+L2Ucn2]&McNQP(RtC��/]&I�S$]@n�J8I<Uc��Z[UOL�N�_aUrR+n�]&VQUkI5MkJ�R+noNQUORsUOR N�R+�´J�LK_�]&McNQP(R
IKJ�H"L2UzV^]&IeI�X"Z[UrLK�sMcNQUcIfS+U5UORsUOLKy8l^] Z[J(n�UORsMON^]&V ªTVQJ8Ix_aJ�_aUOR�n�J8I\S+N�Z[J?V^]kL2UkIeS+UznoLr]kRsIoNQMcNQP�R
UcVQbcMcnoL�NQM@]zS+UcVjIoNQIonKUO_�]�
sª®IoP?VQJa]>n�Lr]c��bkIqS+UmX"Rs]<n�UkJ(LKl^]>MOXs@R�nKNQMk]<MkJ(LoL2UkMcn2] S+UcV Z"L2JAMkUkIoJ�

IKU3Z"X$UkS"UzUcI�Z[UOLr]kLeUc�AnoL2]�UOLqUkIon2]zN�R+�´J(Lo_�]&McNQP(Ra_aJ(VQUkMOX$V^]kL@C

�AU5�(]�]<I�X"Z[J(R$UOL -�X$U5UcV�M@]@_<Z[J�S"U V^]5Lr]&S+N^]&McNQP(R¯UkI3I�X"�$McNQUOR�n�UO_�UOR�n�UzS"brH$NEV�MkJ(_�J
Zs]@Lr] Z[UOLK_uNEnKN�LeUcV/X$IKJaS"UzV^] n�UkJ�L�l^] Z[UrL�noX"LoHp]@nKNE�(]uS"UmZ+L�N�_aUOLqJ(L2S+UOR Zp]kLr]uUOV M@@VQMOX$VQJ<S"U
V^]&I�Z+L2J(Hp]kH$NEVENQS"]�S+UkI\S+UWnoL2]@R$IoNQMcNQP(RTUcVQUkMOnoL2P(R"NQM@] 
�IKUOy !"RTVQJ<UO�AZ+XsUkI�n�JuUOR®V^]5��UkMcMcNQP(R®B+CQD(C

�� � ��� ��� * *,+-��. ��01� �	* �!* ��0

�$0(%�%�'*)+�u0��s%&=	�z' �8�K0�
+� =87"������=�7

��N+IoU�McJ(RsIoNQS+UOLr]`V^]�N�R�n�UOLr]&MkMcNQP�R S"U V^]¬Lr]&S+N^]&McNQP(R5MkJ�R V^]�_�]@n�UOLKN^]¬Hs] 4KJqX"R5noLr]@n2]k_�NQUOR+�
n�J3Z[UOL�noX+LKHp]@nKNE��J 
8IKUO_uNQMcV^&IoNQMkJ 9~8~�
8~(��� 
?ª5MkJ(R�V^]3]kZ"L2J&�AN�_�]&McNQP(R>S�N�Z[J?V^]@L*9~ .#� 
?V^]3IoUkMkMcNQP(R
UO�$M@]@Y®S+U®]kHsIKJ�L2McNQP(R Zp]kLr]¯V^] UORsUrL�y8l^]Tn�J(n2]&V`Z"X$UkS"UTUkIKMOLKN�H$N�L2IKU�S+UTV^] IoNEy?X"NQUOR�n�Uu��J(LK_�]
9~ 0�
p~ 1,�

σtot(E) =
2π2ω

cε0

∑

f

∫

dk̂ | 〈Ψf | e · d | Ψi〉 |
2 � ��� }(���



v�� ��� �M�*��	��&��� � 	��*� � � 	�� �	� � � �� �
	 � 	�� 	 �H���M	 �*� ���

S"J(R$S"U
|Ψi〉

]kRsS
|Ψf 〉

IoJ(R V^]&Ia�^X"R$McNQJ(R$UkI�S"U J(R$S$] McJ(LKL2UkI�Z[J(RsS�NQUOR�n�UkIa] VQJ?I�UkIon2]&S"J?I
N�R$NQMcN^]@Vpª��"Rs]&V/L2UcI�Z[UkMcnKNE�(]k_aUOR�n�U(C��t]>IKUcMkMcNQP(RTUO�$M@]&YmIKUmS+UO�"R$UzMkJ(_�J V^]zL�UcV^]�MONQP(R

σtot(E) =

UORsUOLKy8l^]WLr]&S+N^]@nKNE�(]>]kHsIoJ(LKH$NQS"] Z[J�LeIKUcy(X"RsS+J
2+X 4KJuS"UWUORsUrL�y8l^]WLr]&S+N^]@nKNE�(]zN�RsMcNQS+UOR�n�U � � � }(}��

ªanKNQUOR$U3X+R$NQS$]&S"UcIqS"U kL2U@]�C
���������
	�������������
����������	��������������

��R¯X+R Z"L2JAMkUcIKJaS"Um��J?n�JAS+NQIoJ�MON^]�McNQP�R-
�V^] �^X"R$McNQP(R S+U J(RsS"]<S"UOVjUkIon2]&S"Ju�+Rp]@V�UkI\X+Rp]
� X+RsMcNQP�R5S"U`J(R$S$]qS"UOV"MkJ�R+noN�R�X$J�
kªf�p]qS"U`UkI�n2]@LjR$J(LK_�]@VENEY&]&S$]\McJ(LKL2UkMOn2]@_�UOR�n�U�UrR5V^]\UkIKM@]@V^]
S"U¬UOR$UOL�y8l^]�C % J?IKJ?noL2J?I²RsJ8I/�(]k_aJ8I�]�MkUOR�noLr]kL�UOR5UcVAMk]�IKJeS+U �´J?nKJ�S�NQIKJAMcN^]&McNQP(RWS"U _aJ(VQbkMOX$V^]&I
noL�N^]@n�P(_uNQM@]�IeZp]kLr]a�´J(Lo_�]kLmX"RG&nKJ(_aJ�_�&IWX"Rs]�_aJ?VQbcMOX$V^]uS�N^]&nKP(_�NQM@]�
²R"N�R$y?X+RsJ S+UuVQJ8I
MOXp]@VQUkI�nKNQUORsUe_aJ�_aUOR�n�J>]kR$y?X"V^]@LqUcVQUkMcnoL�P(R$NQMkJ+C �tJ8I`R�!+_aUOL�J<MOXs@R�nKNQMcJ8I\S+UcV/UkI�n2]�S+J>�+Rp]@V 

f

sIKJ(R¯UOR�n�J(RsMcUkI\VQJ8IxR !+_aUOL2JuMOXpkR�nKNQMkJ8I���N�H+L2J(�´L�J?n2]&McNQJ(Rp]@VQUkI�S"UcV/�^Lr]@y?_aUrR+nKJuS+N^]@n�P(_uNQMkJ

(v, j)

Aª5RsJ?n�]@L2Ur_aJ8I¬MkJ�R ∣∣

∣Ψ−
vjmj

(q,Q; k̂, E)
〉 UkI�n2]f�^X"RsMONQP(RaS+UfJ�RsS$]WS"UcVpMkJ�R+noN�R�X$J�
-8XsU

MkJ(LKL�UkI�Z[J(R$S"UOL�l^]f]
|Ψf 〉

UORaV^]3��M?C �6B+C/0 .�2C��/]fMkJ(RsS�NQMcNQP(R<VEl�_�NEn�U`S+UeUkIon2]e� X+RsMcNQP(R�S"UeJ(R$S$]
UkIxX+Rp]5J(RsS"]<I�]@VENQUOR�n�UeZ"X"L2]>S+J(RsS+UzUcVt�^Lr]@y?_aUOR�n�J>S+N^]@n�P(_uNQMkJ nKNQUOR$U3R !"_�UOL2J8I\MOXpkR�nKNQMkJ8I
�AN�H"L2J(��L2J?n2]&McNQJ(Rs]&VQUkI

(v, j)
ª UkIon2 ]&IKJAMcN^]�S"] ] V^]®�^X"RsMONQP(R
S+U®J(R$S$]

χvj(r)Yjmj
(r̂)

C¬��V
_aJ(_�UOR�n�J¯]kR$y?X"V^]@LuIKU�MkJ(R$IKUOL��(]�
�ª V^]�� X+RsMcNQP�R S"U�J(RsS"]®N�R$NQMcN^]@V

|Ψi〉
S"UaV^]®��M?C � B�C/0 .�

nKNQUOR$U<X"R _aJ�_aUOR�n�J®]@R"y?X$V^]kL>n�J?n2]@V`S"UO�+R$NQS+J"C���I N�R�n�UOL2UkIK]@R�n�UaUc��Z+L2UkI�]kL>V^]��^X"RsMONQP(R S"U
J(RsS"] S+UcV3UkIon2]&S"J �"Rp]@VfUOR
�^X"R$McNQP(R�S"U®X"Rs] Hs]�IKU¯S+U®� X+RsMcNQJ�RsUkIa]kR$y(X$V^]kL2UkI -8XsU¯IoU@]@R
� X+RsMcNQJ�RsUkI<Z+L2J(Z"N^]�I�S+UcV\_�J(_aUOR�n�J ]kR$y?X"V^]@L�n�J(n2]&V

J
ª�I�X MkJ(_<Z[J(RsUrR+nKU

M
C¬h�]k_>H"NQbOR

MkJ(R��ANQUORsUxnoLr]kHp] 42]kLqUrRaX"RTIoNQIon�Ur_�]WS+U3MkJAJ(L2S"UrRp]&S$]&I�� 4KJ UOR�UcV[MOX$UOLKZ[J �6�eC*{¬C 
�S"UOV[N�R"y8VQbkI
5(��¡��! �p¢&¡ �j_aU�4�J(L -8XsU\UOR<X+RsJW��4�JfUOR�UcV$UkI�Zp]&McNQJ ���sC*{¬C 
8S+UcV$N�R"y8VQbkI �2� £s¤&¢" �p¢&¡ �rC��`Rp]
��UcYe�sUcM2�s] V^]mn�Lr]@R$I���J(LK_�]&McNQP(R QD 1�
"~ 1 
"~ �#�tV^]W� X+RsMcNQP(RTS+UWJ(R$S$] S"UOV/MkJ(R�nKN�RAX$J>IoU3Z+XsUkS+U
UkIKMOLKN�H$N�LxMkJ(_�J
∣
∣
∣Ψ−

vjmj
(q,Q; k̂, E)

〉

=
∑

JM

∑

lmlp

Y ∗
lml

(k̂)(jlJM |jmj lml)
� � � }8�#�

×

J∑

Ω=λ

(Jjl0|JΩj − Ω)

J∑

Ω′=λ

Φ−JvjΩp
Ω′ (r, R, γ;E)WJp

MΩ′ (φ, θ, χ)



��� ����	2����� �'�	 �*� � �*��� ����8� �� �
	 � v?�

S+J(RsS+U
∣
∣
∣Φ

−JvjΩp
Ω′ (r, R, γ;E)

〉

=

(
µkvj

~2(2π)3

)1/2

4π
∑

v′j′

{

2(−1)j−Ω

√
2(1 + δ0,Ω)

}

×

Φ
(JvjΩp)
v′j′Ω′ (R)

R
Θj′Ω′(θ)χv′j′ (r)

� ��� }�«��
ª
W

Jp
MΩ

IKJ(R �^X"R$McNQJ(R$UkI²Z"L�J(Z$N^]&IjS"UcV�_aJ�_aUOR�n�J\]@R"y?X$V^]kLjn�J?n2]@V
J

]�S"]@Z"n2]&S$]&I ]xV^] Zp]kL�NQS$]&S��
MkJ�R MkJ(_uZ[J�RsUOR�n�UkI

z M
���pC*{¬C ��ª

Ω
�6�eC*{¬C �rC ∣∣

∣Φ
−JvjΩp
Ω′ (r, R, γ;E)

〉 UcI�X+Rp] � X+RsMcNQP�R
S+U�J�RsS$] �eC*{¬C�MkJ(R�V^]�I>MkJ(R$S+NQMcNQJ(R$UkImVEl�_uNEn�U�]&S"UkMrXp]&S$]&I 9~ 1�� 


(Jjl0|JΩj − Ω)
IKJ(R VQJ8I

MkJAUO�$McNQUOR�n�UkIeS+U�]&MkJ(Z"V^]@_uNQUOR�n�J�S"U5_aJ(_�UOR�n�J�]kR$y?X"V^]@L �`VQUOH$IKM����3J(L2S"]@R QD 1 
/~ �#��ª V^]&I
MkJAJ(L�S"UORs]�S"]�I

r, R, γ
IKJ(R®V^]�IxMkJAJ(L2S"UrRp]&S$]&IqS"U��?]�McJ(H$Nt�3C {`C

�t]a��J(LK_a]�S+UuV^]u� X+RsMcNQP�R�S+U�J(RsS"]�S+U ��¤&£A K c¢�� 6 ¦���IoU<�p]�L2UOZ+L2UkIKUOR�n2]&S"J®UOR�n�J(RsMcUkI
MkJ�_aJ<X+R¯Z"L2JAS�X$Mcn�J�S"UmX+Rp]<�^X"R$McNQP(R UOR McJ�J�L2S"UORs]�S"]�If�eC*{¬C ∣∣

∣Φ
−JvjΩp
Ω′ (r, R, γ;E)

〉 
sV^]&I
�^X"R$McNQJ(RsUcIeZ+L2J(Z"N^]�I3S"UOV�_�J(_aUOR�n�J�]@R"y?X$V^]kLmnKJ?n2]@V ]&S$]kZ$n2]&S$]&I ]uV^]>Zs]@LKNQS$]&S

W

Jp
MΩ

ªTVQJ8I
MkJAUO�$McNQUOR�n�UkI`S+Uz]&MkJ(Z$V^]k_�NQUrR+nKJ>S+UWVQJ8I`_aJ(_�UOR�n�J8I�]kR$y?X"V^]@L2UcIcC
��� �����
	��� � ��� ���
��� ��� ��	������

�t]q�^X"R$McNQP(R<S"U�J(R$S$]qN�R$NQMcN^]@V 

|Ψi〉


(S"U�V^]q��M?C � B+C/0 . � UcI�n2]k_5H$NQbOR X+Rp]q� X+RsMcNQP(R5Z+L2J(Z$N^]
S+UcV¬_aJ(_�UOR�n�J¯]kR$y?X"V^]@L<n�J?n2]@V

J

�S"U�I�X MkJ(_<Z[J(RsUrR+nKU

M
IKJ�H"L2U�UcV�U 4KU

z
�pC {`CjªGS+UaV^]

Zs]@L�NQS"]�S ���rD�� J+Ω+p Cp�AUWZ"X$UkS"UWUkIKMOL�N�H"N�L

|Ψi〉 ≡ ΨJiMipi

i (r, R, γ, ω) =

Ji∑

Ω=λ

ΨJiΩipi(r, R, γ)WJipi

MiΩi
(φ, θ, χ)

� ��� }����
S+J(RsS+U

λ
UcI �5IoN

pi = (−1)Ji

+ª DWIoN

pi 6= (−1)Ji
C

�$0(%�%�'*�+��0�1q0��s%&=8%@0(1f';�8�K0�
"�6=�7 0�1W³A=��6%�'*=�7 0(1

�t]qIKUkMkMcNQP�R5UO�sMk]&Y�S"Ux]kHsIKJ(L�McNQP(R5n�J?n�]&V 
&��M?C � B+C 0 .��
@RsJ?I�S"]\X"Rp]x_�UkS+NQS"]\S"U`V^]�Z+L2J(Hp]k�
H"NEVENQS$]&Szn�J?n2]@V"S+U -8X$U`X+Rp]\_aJ?VQbcMOX$V^]x]@H$IKJ(LKHs]qL2]�S�N^]�McNQP�R5ª IKU�S+NQIKJAMcNQU?C��jUOL2Jen2]k_5H$NQbOR R$J8I
� =�4*';$&4�� 1/>/U�)+?�>/.�4@4*. ,H.�T/>/)+%;:&> .�> 9V$ =�U�X
	��/X
���� ,/. 7 $&>/.�%;$ 7 :&4<U�?�78"/9+.!' $HC )+>HU�9+1 @ .�>H,/? 9V$ "�$&%('*. .�9+.�U��
'*%*W�>H)+UD$HX



v(} ��� �M�*��	��&��� � 	��*� � � 	�� �	� � � �� �
	 � 	�� 	 �H���M	 �*� ���

N�R�n�UOL2UkIK]<MkJ(R$JAMkUOLfV^]5Z+L2J(Hp]kH$NEVENQS"]�S¯S+U -8X$U>IoU ��J(LK_�UOR S�NQIonKN�R�n�J8IeUkI�n2]�S+J8IfMOXpkR�nKNQMkJ8I3S"U
Z"L2JASAXsMcn�J?I�
pª®UkI�n2]5Z+L2J(Hp]kH$NEVENQS"]�ST��NQUrRsUzS"]�S"]>Z[J(L3V^] ��¢&¤&¤ 6 ��¦ ¢  5¤&£���� £���¤ 6r£��

σf (E)
C

��U3Z"XsUcS"UzUkIoMOL�N�H$N�LxMkJ�_aJ

σf (E) =
2π2ω

cε0

∫

dk̂ |
〈

Ψf | e · d̂ | Ψi

〉

|

2 � � �*�&¨��

�/]�IKUcMkMcNQP(R Ur�sM@]@YuS+Uz�´J?nKJ�S�NQIKJAMcN^]&McNQP(R nKJ?n2]@V 
²��M?C � B�C/0 .�\UkIeX"Rs]aI�X"_a]�IKJ(H"L�U5nKJ�S"]�IfV^]�I
IKUkMkMONQJ(RsUkI�UO�$M@]�McUkI\S+Uf��J?n�JAS+NQIKJAMcN^]&McNQP(RaZs]@L�McN^]&VQUcI

σtot(E) =
∑

f

σf (E)
� � �*��g��

���� ��� � � ��� �������!���!.!��+-�!. "�� ���!4 "5+-�!6 ���

��]@Lr]uZ[JAS"UrL Uc��Z"L�UkI�]kLzV^]�IKUkMcMcNQP(R UO�$M@]&Y>N�R�n�Ucy?L2]&V 
p��M?C � B+C 0 .��
²UOR � X+RsMcNQP�R S+U<Mk]@R+�
nKNQS$]&S"UcI>S+UOZ[UOR$S+NQUOR�n�UkI>S"UOV�noNQUO_uZ[J®�s]cª+-8XsUan�UOR$UOL>UOR�MOX$UOR�n2]7-8XsUaV^]&Iz� X+RsMcNQJ(R$UkI S"UOV
MkJ(R�nKN�RAXsJ ∣∣

∣Ψ−
vjmj

(q,Q; k̂, E)
〉 �´J(Lo_�]kRuX"Rs]3Hs]�IKUeMcJ(_uZ"VQUcn2]\Zp]kLr]WUOVsUkI�Zs]�McNQJWS"U\V^]&I��^X"R+�

McNQJ(R$UkIxMcJ(R UrRsUOL�y?l^]
E

C"��IonKJuIKU3Z"XsUcS"UzUc��Z+L2UkI�]kL3S"UfV^]zIoNEy?X"NQUOR�n�U3_a]@R$UOLr]

∑

vjmj

∫

dk̂
∣
∣
∣Ψ−

vjmj
(q,Q; k̂, E)

〉〈

Ψ−
vjmj

(q,Q; k̂, E)
∣
∣
∣ = δ(Ĥ −E )̂I

� � �*���	�

�/]W�^X"R$McNQP(R�S"UOVEn2]WS+U��qN�Lr]&MqZ"X$UkS"UeL2UOZ+L2UkIKUOR�n2]kL2IKU3MkJ�_aJmX"Rs]mnoLr]kRsI���J(LK_a]�S"]zS"Uf{$J(X+L�NQUOL
IKJ(H+L2UmUcV²nKNQUO_<Z[J

δ(Ĥ −E) =
1

2π~

∫ ∞

−∞

dt exp

[

−i(Ĥ −E)t

~

] � � �*�&v��

�AN[]k�sJ(L2]fUORuV^]fUO�AZ+L2UkIoNQP�R<Zs]@Lr]3V^]eIKUkMkMcNQP�R�UO�$M@]@YeS"U\V^]3��M(C � B+C/0 .�jI�XsIonKNEn�X$l�_aJ?I
|Ψf 〉

Z[J(L
V^]W�´J�LK_�]mS+UfV^]z��M?C � B�C/0 1��ª�V^]zI�X+_�]zIKJ�H"L2UfVQJ8I`UkIon2]&S"J8I`�"Rs]&VQUkI

f
Z[J�L\X"Rs] I�X"_a]5IoJ(H"L2U

v′, j′
ª
mj′

MkJ(R�X"Rs] N�R�n�Ucy(Lr]�MONQP(R�IKJ(H+L2UTn�JAS+J8I<VQJ8I<M@]kRp]@VQUkIuS+UcVqMkJ�R+noN�R�X$J�
jZ[J�S+UO_aJ?I
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UkIoMOL�N�H$N�L
σtot(E) =

2π2ω

cε0

∑

v′j′mj′

∫

dk̂
∣
∣
∣

〈

Ψ−
v′j′mj′

(q,Q; k̂, E) | e · d̂ | Ψi

〉∣
∣
∣

2

=
2π2ω

cε0

∑

v′j′mj′

∫

dk̂
〈

Ψi | e · d̂ | Ψ
−
v′j′mj′

(q,Q; k̂, E)
〉

×

〈

Ψ−
v′j′mj′

(q,Q; k̂, E) | e · d̂ | Ψi

〉

=
2π2ω

cε0

∑

v′j′mj′

∫

dk̂ < Ψi|e · d̂
{∣
∣
∣Ψ−

v′j′mj′
(q,Q; k̂, E)〉

×〈Ψ−
v′j′mj′

(q,Q; k̂, E)
∣
∣
∣

}

e · d̂ | Ψi〉
� ���9�k���

��NtN�R�noL2JAS�X$McN�_aJ?I�V^]&I\��MkIcC � B�C/18B� ª � B+C/1?~�`UrR®V^]z��M?C � B+C 1(� �¬IKUmJ(H"nKNQUOR$U

σtot(E) =
πω

cε0~
〈Ψi | e · d̂ |

{
∫ ∞

−∞

dt exp

[

−i(Ĥ −E)t

~

]}

| e · d̂ | Ψi〉
� ���9�&���

��Ntn�J(_a]@_�J8I�UcV²Zs]�-8XsUOn�UmN�R$NQMON^]&V[MkJ(_�J
|Φi(q,Q, t = 0)〉 = e · d̂ | Ψi〉

� ���9�@} �
IKUfZ"XsUcS"U Uc��Z"L�UkI�]kL3V^]>IKUcMkMcNQP(R®UO�sMk]&Y5S+UW�´J(n�JAS+NQIKJAMcN^]&McNQP(R�n�J?n�]&V S+UOZ[UOR$S+NQUOR�n�U S+UmV^]>UrR"�
UOLKy8l^] 
+��M(C � B+C/1 .��
+MkJ(_aJ

σtot(E) =
πω

cε0~
〈Φi(q,Q, t = 0) |

{
∫ ∞

−∞

dt exp

[

−i(Ĥ −E)t

~

]}

|Φi(q,Q, t = 0)〉

=
πω

cε0~

∫ ∞

−∞

dt exp

[
iEt

~

]

〈Φi(q,Q, t = 0) | exp

[

−iĤt

~

]

|Φi(q,Q, t = 0)〉
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�t]>UkMrXp]&McNQP(RTS"Uz��M��"L98AS+N�R"y�UOL\S"UOZ[UrRsS+NQUrR+nKUzS"UcV²nKNQUO_<Z[J<UkI
i~
∂Φ(t)

∂t
= ĤΦ(t)

� ���9�@«��
��NmUcV��q]k_�NEVEnKJ(R$N^]kRsJ

Ĥ
R$J S+UOZ[UOR$S"U S+UcVmnoNQUO_uZ[J�
�UkI�n2]�UkMOXs]�McNQP�R nKNQUORsU¯V^]�IKJ(V�XsMcNQP(R

]kRp]@VElEnKNQM@]
Φ(t) = exp

[

−iĤt

~

]

Φ(t = 0)
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σtot(E) =
πω

cε0~

∫ ∞

−∞

dt exp

[
iEt

~

]

〈Φi(q,Q, t = 0) | Φ(q,Q, t)〉

=
πω

cε0~

∫ ∞

−∞

dt exp

[
iEt

~

]

C(t)
� � � «(¨��
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 -8XsU UkI/V^]¬N�R�n�Ucy?L2]&V
IKJ(H+L2Uan�JAS"J UcV�UkI�Zs]�McNQJ S+UcV¬Z"L2JAS�X$Mcn�J S"UcV¬Zs]�-8XsUOn�U�N�R"NQMcN^]@V`MkJ(R�UcV¬Zp] -8XsUcnKUT]®noNQUO_uZ[J
t
CqF`S"Ur_�&I�
xV^] n�Lr]@R$I���J(LK_�]&S$] S"U {$J(X+L�NQUOLTIKJ(H+L2U UcVmnKNQUr_uZ[J UOR V^]���M?C �6B+C � ��<Z+XsUkS+U

L2UkUO_<Z$V^]@Y&]kL2IKUeZ[J(LqV^] IKUO_uNEnoLr]kRsI���J(LK_a]�S"] S"Um{"J(X"L�NQUrL�9~ �#� 
$J�H$n�UOR"NQUORsS+J

σtot(E) =
2πω

cε0~

∫ ∞

0

dt exp

[
iEt

~

]

C(t)
� � � «�g��

��Ion�]3UcMOXp]&McNQP(R<Uc��Z"L�UkI�]qV^]qIKUkMkMONQP(R>UO�sMk]&Y�n�J?n2]@V+S"Uq]kHsIoJ(L2McNQP(R<MkJ�_aJeV^]qIKUO_uNEnoLr]kRsI���J(LK_a]@�
S$]eS"U�{$J(X+L�NQUOL�S+U�V^]x�^X"R$McNQP(R>S"U\]@X"n�JAMkJ(LKL�UcV^]�MONQP(R

C(t)

?S"J(R$S"U`VQJ8I/Zp]kL2bOR�n�UkI�NQI�]kR$y?X"V^]@L�UkI

N�RsS�NQM@]@RTN�R�n�Ucy?L2]�McNQP�R�IKJ(H+L2UWn�JAS"]�IqV^]&I\MkJAJ(L�S"UORs]�S"]�IqUcI�Zp]&McN^]@VQUkIcC
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fi e Vf
e

Vi
e

Φi (t)(0)

region FC coordenada de disociacion R
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Φ

Ψ

µ

E

��� �7���M	K�� ���6B�9=�)9�/7!8��9��4!2� �"!�#%$�/�!��)&"�E���K36� ��� ��$1��!8���)&4*,�;*?9%$�9�/�!�*?&"$���!�9=$6�=�ML



��� ����	2����� �'�	 �*� � �*��� ����8� �� �
	 � v(�

�`J(RsIoNQS+UOL2UO_�J8I>UcVeM@]&IKJ S+UTX"Rs] ��J?n�JAS+NQIoJ�MON^]�McNQP�R�S+N�L2UkMOn2] 
���UOL�{jNEy"C9B+C � 
�S+J(RsS+U¯UcV
Zs]�-8XsUOn�U S"U5J(R$S$]&IW]kHp]kRsS+J(Rp]�V^] L2Ucy8NQP(R {+Lr]kR"�A���`J(RsS+J(R-
pªTIKU5S+NQIKJAMcN^]�C �/]>�^X"R$McNQP(R S"U
]kX$n�JAMkJ�LKL2UcV^]&McNQP(R®S"UzV^]5��M?C � B+C � � �xS"UkMk]�UOL2<I�Xs]c��UO_aUrR+nKUzS"UkIoS"U I�X �(]@VQJ(LeN�R$NQMON^]&V

C(0) =

〈Φi|Φi〉
]zMkUrL2J"C���IonKUWMkJ�_uZ[J(L�n�]@_uNQUOR�n�JmZ"X$UkS"UfIKUOL�_aJAS"UOVENEY&]�S+J�
�Z[J(L\U 4�Ur_uZ$VQJ 
AMkJ(RaX"Rs]

�^X"R$McNQP(R �W]kXsIKI�N^]@Rs]<MkJ(_<Z$VQU 4�]

C(t) = 〈Φi(t = 0)|Φi(t = 0)〉e−t2/(e∆t2)−iE0t/~
� ��� «(���

-8XsU�N�_uZ$VENQMk]�S"J8ItZs]@L2@_�UcnoL2J8I
∆t

ª
E0

�6MkJ�LKL2UkI�Z[J�RsS+NQUrR+nKUkI�
cL2UcI�Z[UkMcnKNE�(]k_aUOR�n�U�
@]¬V^]�UkIoM@]&V^]
S+UfnKNQUr_uZ[J5M@]kLr]�MOn�UOL�lQIonoNQM@]mS"UOV/S"UcM@]&N�_uNQUOR�n�J�
�ª�]zV^]mUrRsUOL�y?l^]WZ"L2J(_�UkS+NQJ McJ(R�n�UOR$NQS"]zUOR®UcV
Zs]�-8XsUOn�UxS+UxJ�RsS$]\N�R"NQMcN^]@V �rC@����Z+L2UkI�]kRsS+JmS"U�UkIon�]x_�]kRsUOLr]\V^]x�^X"R$McNQP(R>S+Ux]kX$nKJ�McJ(LKL2UcV^]&McNQP(R
C(t)


8V^]3n�Lr]@R$I���J(LK_�]&McNQP(R<S+Uq{$J(X+L�NQUOL�UkI S+N�L�UkMcn2]�
?ª>IKUqJ�H$nKNQUOR$U\UcV"UkI�Z[UkMOnoL2JzS+Ue]@H$IKJ(L2MONQP(R
MkJ�RTV^] IoNEy(X$NQUOR�n�Uq��J(LK_�]

σ(E) =
1

√

2π∆E2
〈Φi(t = 0)|Φi(t = 0)〉e−(E−E0)

2/2(∆E)2 � ��� «�v �
S+J(RsS+U

∆E = ~/∆t
Ct��V�UcI�Z[UkMcnoL�JTS+Uu]kHsIKJ�L2McNQP(R¯Zs]@Lr]�V^]<��J?n�JAS+NQIoJ�MON^]�McNQP�R¯S+N�L�UkMcn2]uIoUOLr

UOR�n�J�RsMkUkI`X"Rs]>IoN�_<Z$VQUWMOX"L��(]>]@R$M2�s] 
$MkUOR�noLr]&S$]5UOR¯UOV/�(]&VQJ(L�Z"L�J(_aUkS�NQJ<S+UmV^] UORsUrL�y8l^]
E0MkJ�RTX+Rp]u]kRsM��AX"Lr] -8XsUWL2U 2sU 4�]@L2>UcV²nKNQUO_<Z[J -8XsUmVQUfVEVQUc�(] ]&V/Zs]�-8X$Ucn�UzS+UzJ(RsS"]�IeS+U 4�]@LeV^]

L2UOy8NQP(R�S"UW{+Lr]kR"�A���`J(RsS+J(R/C

�jR UcVjJ?noL2JuUc�AnoL2UO_�J�
sMkJ(R$IoNQS"UrL2UO_aJ?I\V^]<UkI�Z[UkMcnoL2J?IKMkJ(Z"N^]<UcVQUkMOnoL2P(R"NQM@] UOR�noL2U S"J?IeUkI��
n2]&S"J?I�VENEy�]�S+J8I�
 -8XsU¯�ANQUOR$UTL2UOZ+L2UkIKUOR�n2]&S$] Z[J�L�V^] { NEy$C9B+CED(C¬��VfUkI�Z[UkMcnoL2JGS+U ]@H$IKJ(L2McNQP�R
Zs]@Lr]�UkIonKUuM@]&IKJT�ANQUOR$UuS"]�S+JTZ[J(LzV^]a��M?C � B+C*B8B��
tMkJ(_aJaX"Rs]�IoUOL�NQU>S"UuVEl�R$U@]�IfUkIKMk]@LKZs]�S"]�I
UOR$I�]kRsM��p]&S$]&I\Z[J(LeVQJ8I¬�6]&Mcn�J�L2UkI�S"Um{�Lr]@R+�A����J(R$S"J(R

|〈Φi|Ψf 〉|
2

σ(E) =
∑

f

〈|Φi|Ψf 〉|
2δ(E −Ef )

� ��� «&���
�t] n�Lr]@R$I���J(LK_�]&McNQP(RTN�R���UOL2IK]zS"Uz{$J�X"L�NQUOLxS+UmUkIon�]>UkMrXp]&McNQP(R�RsJ8IxS$] V^]z�^X"R$McNQP(R®S"Um]@X"n�J(�
MkJ�LKL2UcV^]&McNQP(R

C(t)
MkJ(_�J

C(t) =

∫ ∞

−∞

e−iEt/~σ(E)dE =
∑

f

〈|Φi|Ψf 〉|
2e−iωf t � ��� «(���

S+J(RsS+U
ωf = Ef/~

UcI3V^] � L�UkMOXsUrRsMcN^]>]@R"y?X$V^]kLm]�IoJ�MON^]�S"]�]&V R"NE��UcVjS"U5UOR$UOL�y8lQ] �+Rp]@V�L2J&�AN��
H+Lr]�MONQJ(Rp]@V

Ef
C��jJ(L>VQJ n2]kR�n�J�


|C(t)|
_�]kR�n�UOR$S�Lr UcV`_�NQI�_aJ¯J(L2S+UOR S"Ua_�]@y?R$NEn�XsS$-8XsU
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I�X �(]&VQJ(L3N�R"NQMcN^]@V
|〈Φi|Φi〉|

Zp]kLr]un�JAS"JaUcVjnKNQUr_uZ[J�
sª�Z"L2UkIoUOR�n2]@L2<X"R MkJ(_<Z$VENQM@]&S"J>_aJAS"UO�
VQJ�S"U J?IKMcNEV^]&McNQJ(RsUcI -8XsUmL2U 2sU 4�]>V^]&IqN�R�n�UOLK��UOL2UOR$McN^]&I\UOR�noL2UzVQJ?IqS+N���UOL2UOR�n�UcI\n�bOLK_uN�RsJ8I\S"UzV^]
��M?C � B+C � . ��
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�jJ(LxJ?noL2J V^]&S"J�
�IKUOLKl^]W�6&McNEVs�ANQI�Xp]@VENEY&]kLxUcV[MkJ(_uZ[J�L�n2]k_�NQUOR�n�Jzn2]kR�n�J5S"U
C(t)

MkJ(_aJ5S+U
σ(E)

Zp]kLr]�UcV M@]&IKJTS"U<X+Rp]��´J?nKJ�S�NQIKJAMcN^]&McNQP(R N�RsS�N�L2UkMcn�]AC²F�-�X"l V^]u_�]cª�J�LWZs]@L�nKUuS"UOV�Zp]k�
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(Z[UOL2JmX+Rp]
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C(t)
Ct��V�UkI�Z[UkMOnoL2J�S"U<]@H$IKJ(L2MONQP(R L2UkI�X"VEn2]@R�n�U5S+UOZ[UORsS+UuS+U

V^] �^XsUrL�Y&]<S+UzV^]�I\L�UkMOX"LoL2UORsMON^]�IcCp�AN�bkIon2]&IeIKJ(R¯�^XsUrL�n�UkI�
$UcVjUkI�Z[UkMOnoL2JaS"U5]kHsIoJ(L2McNQP(R UkIon2]kLr
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+IoN²V^]�I`L2UkMOX+LKL2UOR$McN^]�I�IKJ(R S"bOH"NEVQUkI�
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x = D,T,Q, 5, 6
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Ĥe =

N∑

i

{

−

~
2

2µi

(
2

ri

∂

∂ri
+

∂2

∂r2i

)

+
`
2
i

2µir2i

}

−

~
2

mA +mB

N∑

i<j

∇i · ∇j

+e2




ZAZB

R
+

N∑

i<j

1

rij
−

N∑

i

ZA

rAi
−

N∑

i

ZB

rBi




� v�� gk�	�



�%� � � �M�9��� � � � 	�� � �����8� � 
/��� ����� ��v

��Ion2] UkMOXs]�McNQP�R®S+UOZ[UOR$S"UWZs]@Lr]k_abOnoL�NQM@]k_aUOR�n�U3S+UWV^] S+NQIon�]@R$McN^]mN�R�n�UOLKRAXsMOVQU@]@L
R

S"UOH"NQS"J<]
VQJ8IWn�bOLK_uN�RsJ8IWS"UcV Z[J?nKUORsMcN^]@V6Cj��V¬nKbOLK_�N�R$J®McN�R$bcnKNQMkJaRAXsMcVQUk]@L,


T̂n 
 -8X$UaS"UOZ[UOR$S"U�S"U�V^]&I
MkJAJ(L�S"UORs]�S"]�IxRAX$McVQU@]kL2UkI`ª�UcVQUkMcnoL�P(R$NQM@]&I�
�n�J(_a]mV^]z��J(LK_a]

T̂n(R, θ, φ, {γi, χi}) = −

~
2

2µ

(
2

R

∂

∂R
+

∂2

∂R2

)

+ T̂Rot

� v � gOv �

MkJ�R

T̂Rot =
1

2µR2



J2 +

N∑

i,k

`i · `k − 2

N∑

i

`i · J



 .
� v � gr���

�t]�I`]kX$n�J�� X+RsMcNQJ(R$UkI�

|ψα〉

S"U
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MΛψ
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α DJ∗

MΛ′

〉
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~
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2µR2

[
J(J + 1)− Λ2
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MΛ(φ, θ, 0) + p(−1)JDJ∗
M−Λ(φ, θ, 0)
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α

ϕJMpΛσi
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ϕJMpΛσi
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~
2

2µ

∂2

∂R2
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~
2
[
J(J + 1)− Λ2

]
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α (R)−E
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McN^]&I��"R$NEn�]�I`UkIon�@RTUcVpS+Uf�jUcn�L2J(R$y8J?VQJ�¢� 5£���C /.(�#�/]3Zp]kL�nKN�LxS+UeS"UkI�]kLKL2J(VEVQJ8I S"UeN�R�n�UOL2]�MkMONQP(R
S"U MkJ�R"�$y(X"Lr]&McNQJ(R$UkI �������\J(H$n�UrR$NQS$]&I3S"UcV/_�bcn�JAS"J ��w �f��� /. .#��ªTUcVjS"U ��]@R �qNQI��sJAUkM��
¢� �£���C 
 /. 0,� 
 -8XsU5n�J(_a]

D

(2)
αα′

UOR I�X ��J(LK_a]<S+U5V^]<��M?C �6~+CQD����� -�X$U5IKP?VQJaUkIfUc�+]�MOn2]>Zp]kLr]
X"R MkJ�R 4�X"R�n�JaMkJ(_<Z$VQUcnKJuS"U5UkI�n2]�S+J8I
�rC[��]kLr]>�^X"RsMONQJ(RsUkIeS+U J(RsS"] £"5 6 ¦,6� 862� 
 �²UOR$y�I��sUcVQS
¢� �£��EC&/. 1�
�. � 
�. �,�/�p]kR UO_<Z$VQU@]&S"J5_abcn�JAS+J8Ie]kRp]@VElEnKNQMkJ8I�S"UzS+UOL�NE�(]&S$]&I�
�-8XsUW�´]�MONEVENEn2]@RTUcV
M@@VQMOX$VQJfS"UqVQJ8I�UcVQUO_�UOR�n�J8I�S"Ux_a]&noLKNEYqUORaV^]e��M?C � ~+CED 1��
(ªuUc�(]@V !p]

D

(1)
αα′

UrR�V^]qZ"L2J&�AN�_�NQS$]&S
S"UcV  ����aS+UzV^]5N�R�n�UOL�IKUkMkMcNQP�R MkP�R$NQM@]�Cs��L�Uc�AN^]@_�UOR�n�Uzh/LKX"�"V^]@La¢� a£���C�/0 �#� �s]@H"l^]@R UkIon�XsS+N��
]�S+J S+N�Rs@_uNQM@]�S"U>_>X"VEnKNQI�X+Z[UOLK�sMONQUkIWMcJ(RG]kZ"L�J��AN�_�]&McNQP(R S+UunoLr]cª8UkMcn�J(LKN^]�IqXsIK]@R$S"J

D

(1)
αα′S"UcnKUOLK_�N�Rs]�S+J8I\McJ(R�V^]>]kZ"L�J��AN�_�]&McNQP(R&� � � ���qN^]@n�J(_uNQMO�6N�R+� ��J(VQUkMOX$VQUcI
�rC

�tJ8I\UcVQUO_aUrR+nKJ8I¬S"UW_a]&n�L�NEY
D

(1)
αα′

IoP?VQJu]&MkJ(Z"V^]@R¯������S+Uz]&MOXsUOL�S"JuMcJ(R®V^] ��M?C � ~+CED����

_�NQUOR�noL2]�I,-8XsU`UcV�UO��UkMcnKJqS"U

D

(2)
αα′

UcI�S+J(H$VQU  &Zs]@L2]
α = α′
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′

λ′
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α
λ′ 〈Dλ′ |Dλ〉+

∑

λλ′

(cαλ′)
∗ cαλ′ 〈Dλ′ |∇Q|Dλ〉

� v �*�&v �
ª5IoN"IKUxX"nKNEVENEY&]�X+Ru_�NQI�_aJ3MkJ(R�4oX+R+nKJmS"UxJ(LKH"NEn2]&VQUcIj_�J?VQUkMOX"V^]@L2UcI�J�L�n�J?y�J�Rp]@VQUkI�
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∑
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� v�� �Ag��
ª�
8UrR<Zs]@L�noNQMOX$V^]kL,
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L2UO��UOL2UOR$McN^]5IKJ(H"L�U UkI�]<VEl�R$U@] 
$M

1 �
�<Zp]kLr]<VQJ8I\UcVQUO_aUrR+nKJ8IqS+N^]@y�J(Rs]&VQUcI
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H̃d(Qx, Qy) =

(

a1Qx + b1Qy a0

a0 a2Qx + b2Qy
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S"J(R$S"U3n�J(_a]@L2Ur_aJ8I
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∆H = Ĥ11 − Ĥ22 = 0
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Qy = − [(a2 − a1)/(b2 − b1)]Qx = −(a/b)Qx
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SAL2J �$N�Z[UOLoH[P?VENQMkJ�J(LKNQUOR�n2]�S+JG] VQJ�V^]kL�y�J�S+UcVe�$VQJ"C`��VfI�]&VEnKJGS"U UORsUrL�y8l^] ]�S�N^]@Hs&nKNQMk] IKU
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|ψj〉

IKUu��XsUOVE��UuS+Ucy�UOR$UOLr]&S$]�UOR
]@VEy !"R�Z+X"R�n�J :
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(
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∣
∣
∣
∣
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∣
∣
∣
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∣
∣
∣

(
∂H

∂Qy

)

Q0

∣
∣
∣
∣
∣
A1

〉

Qy

� v �*�&} �

F`�sJ(Lr]�
�]@Z"VENQM@]@_�J8IzVQJ8I5]kL�y?X+_aUOR�n�J8I5S+U�V^]�n�UkJ(L�l^]�S"Uay?LKX+Z[J8I�
�MkJ(R VQJ -8XsU�UOR V^]&I
�^X"R$McNQJ(RsUcIqUcVQUkMcn�L2P(R$NQMk]�I\]�S�N^]@Hs&nKNQMk]�I

C2v
UOVtZ"L2JASAXsMcn�J

A1 · A1
IKUznoLr]kRsI��´J(Lo_�]<McJ(_aJuV^]

MkJAJ(L�S"UORs]�S"]
Qx

Z[UOL2JWR$JmMkJ(_�JWV^]
Qy


�MkJ(R<VQJmMrXp]@VpUcV+Z+L�N�_aUOL�n�bOLK_uN�RsJfUkI�R$JWRAX$VQJ�
�Z[UOL2J
UcV�IKUcy(X"RsS+J®UkIWMkUOL2J+CthjUOR$UO_aJ8I3UOR�n�J�RsMkUkI3-8XsU

Ĥ11(Qx, Qy) = F ′
xQx

C²��L2JAMkUcS+NQUOR$S"J�S"U
_�J�S+J\IoN�_uNEV^]@LtMkJ(RmVQJ8I/J?n�L2J8ItUOVQUO_aUOR�n�J?I²S+U�_�]@noL�NEY�
OVEVQUcyA]k_aJ8I²]@V8�p]k_�NEVEn�J(R"N^]@R$JxS�N^]@Hs&noNQMkJ
S+UfZ"LKN�_aUOL\J(L2S+UOR¯]&S"UcMOXp]&S"J<Zs]@L2]5V^]mN�R�n�UOL�IKUkMkMcNQP�R�MkP(R$NQMk]

H̃d(Qx, Qy) =

(

F ′
xQx (Fy/2)Qy

(Fy/2)Qy F ′′
xQx

) � v �*�(�	�

�`J(_aJqZ"L�Uc�AN^]@_�UOR�n�U �$NQMcN�_�J8I/Zp]kLr]fUOV"M@]&IKJWS"U�MOLKXsMcUkI�Uc�ANEn2]&S"J?I�ª S+U � £��"¦ ����¢5����¢�� 

Z[JAS"Ur_aJ8IfJ(H$nKUORsUOL3_5XsM��p]>N�R"��J(LK_�]&McNQP(R¯S"U V^]u��M(C � ~+C �.�rC[��Ion�]@_�J8IWUcI�Z[UkMcN^]@V�_aUOR�n�UzN�R+�
n�UrL2UkI�]&S"J8IxUORTV^]z��J(LK_a]zS"UfV^]�IxI�X"Z[UOLo�sMcNQUkI\S+N^]kHp@nKNQM@]&Ixª�S"UOVt�$VQJ"C+F�-8X$l/UcIon2kR

V e
± = (1/2)aQx ± (1/2)(F 2

xQ
2
x + F 2

yQ
2
y)

1/2 � v �*�&« �
IoNQUrRsS"J

a = F ′′
x + F ′

x

ª
Fx = F ′′

x − F
′
x

Cp��I�X"Rp]5�´J(Lo_�] IoN�_�NEV^]kL,
AZ[UOL2JuVENEy8UOLr]k_aUOR�n�Uq_�&I
MkJ�_uZ$VENQMk]�S+J -8XsUqV^]f��M?C �6~+C/. .�2C�eU\�sUkM��sJ 
�V^]WUkMOXs]�MONQP(R�UkI V^]fS"U\X"R�McJ(RsJ S+J(H$VQUqUOVEl�Z$nKNQMkJ
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IoN�R®IoN�_aUcn�L�l^]mS"U3L2Uc��J(V�XsMcNQP(R�ª�MkJ(R�X"Rs]>S�NQIKMkJ(R�nKN�RAX$NQS"]�S�UOR
Qx = Qy = 0

C"��V²�AXsUcMkJuS+U
UORsUrL�y8l^]f]�S�N^]@Hs&nKNQMcJzUkI

∆V = ±2K(Q2
x +Q2

y)
1/2 CA��V$�"VQJ UkI V^]3VEl�R$U@]

Qx = 0
C �/]e_�]cª�J(L

MkJ(_<Z$VQU 4oNQS$]&S®n2]k_5H$NQbOR IoU>noL2]�IoV^]&S$]a]@V�@R"y?X$VQJ�S"U _aUOY@McV^]
λ

[Z[UrL2JTUOV�Mk]@_5H$NQJaS+U<I�NEy?RsJ

]&V²L2U@]@VENEY&]@L`X+R y8N�L2J5MkJ�_uZ$VQUOn�J>]&V�L2UcS"UkS+J(LqS+U
Q0

Z[UrLK_�]kRsUkMcUW�(&VENQS+J"C

�������� � +-�&')� "5+�	 �!*,+��/.�� � � "��/��� ��� � 63+ " �

�/]qL2UkIKJ(V�XsMcNQP(R<S+UcVsIoNQIonKUO_�]eS"U\UkMOXp]&McNQJ(R$UkI ]&MkJ(Z"V^]�S"]�I$
���M?C � ~+CQD 0 ��
8UkI�UOR�V^]\Z+Lr�MOnKNQM@]
Hp]&Ion2]kR�n�U3MkJ(_uZ"VENQM@]&S$]�
?Z"L�N�R$McN�Zp]@V�_aUrR+nKU�Z[J(L
-8X$U3VQJ?I¬]�McJ(Z$V^]k_�NQUOR�n�J?I�Lr]&S+N^]@VQUkI¬S$]&S"J?I`Z[J(L
D

(1)
αα′

ª
D

(2)
αα′

UkIon2kR�_5X$ª5VQJAM@]@VENEY&]�S+J8I�
(UkI�Z[UkMON^]&V�_�UOR�n�U\UORuV^]�I YkJ(Rp]&I S"UeMrLKXsMkUcI Uc�ANEn2]&S"J8IcC
��J(_�J�U 4KUO_uZ"VQJ�
sUOR UOV�Mk]�IKJ�S+U _�J?VQbkMOX"V^]�I\S+N^]@n�P(_�NQMk]�I�
pI�N�S+UkI�Z+L2UkMcN^]k_aJ8IqVQJ?Iqn�bOLK_uN�RsJ8I
RsJ5S+N^]@y�J(Rs]&VQUcI�S+Uf]�MkJ�Z$V^]k_�NQUOR�n�JzS+Uz�`J(L�NQJ?VENQI���
AV^]m��M?C � ~+CED 0��IKUfIoN�_uZ"VEN��sM@]�
�n�J(_a]@R$S"J V^]
�´J�LK_�]

{

−

~
2

2µ

∂2

∂R2
+Wα(R)−E

}

ϕα(R) =
~

2

2µ

∑

α′

(

D

(2)
αα′ + 2D

(1)
αα′

∂

∂R

)

ϕα′(R)
� v�� �����

S"J(R$S"U 
+Zp]kLr]>I�N�_uZ$VEN��$M@]kL,
"IoUf�p]5S"Ur�"R$NQS+J

Wα(R) = V e
α (R) +

〈

DJ∗
MΛψα|T̂Rot|ψαD

J∗
MΛ

〉

.
� v�� }(¨��

�eUO�"Rs]@_�J8I�
`]k�sJ�Lr] 
�V^]®Hp]&IKU�¡62£"5	�A 862¤&£ MkJ(_aJ X+Rp] R�X$Uc�(]®Hp]&IKU UcVQUkMOnoL2P(R"NQM@]���J(LK�
_�]&S$]TZ[J(L5�^X"R$McNQJ(RsUcI ∣∣

∣ψ̃a

〉 McJ(RsIon�LKX$lQS"]�I5MkJ(_�J¯MkJ(_5H$N�Rs]�MONQP(R�VEN�R$U@]&V`S+UaV^]�Iz�^X"RsMONQJ(RsUkI
UcVQUkMcn�L2P(R$NQMk]�I

|ψα〉
] noLr]c��bcIuS"U�X"Rp] noLr]kRsI���J(LK_a]�McNQP�R X+R$NEn2]kL�N^] /1 ��
 � �#� �6MkJ�_aJ UrR
V^]

��M?C � ~+C �*0 ���
∣
∣
∣ψ̃a

〉

=
∑

α

Taα(R) |ψα〉 y viceversa |ψα〉 =
∑

a

T+
αa(R)

∣
∣
∣ψ̃a

〉 � v�� }�g��

S"J(R$S"U V^]5_a]&n�L�NEY
Taα

S+U5V^]5noLr]kRsI���J(LK_a]�MONQP(R S"UrZ[UORsS+U 
tUrR y�UORsUrLr]&V 
pS+U
R

C �/]>�^X"R$McNQP(R
� 	

JMpβ
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Λ, σ, i
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Ψβ(R, {Ri}) =

√

2J + 1

4π

∑

a′

ϕ̃a′(R)

R � v � }(���
×

[

DJ∗
M,Λ(ψ, θ, 0)ψ̃a′ + p(−1)JDJ∗

M,−Λ(ψ, θ, 0)ψ̃a′

]

S+J(RsS+U ]&V²RsJ�MkJ�RsIoNQS+UOLr]kLeVQJ8IxnKbOLK_�N�R$J8I�S"U5�`J(L�NQJ?VENQI�-8XsU ]&MkJ(Z"V^]@R S+N���UOL2UOR�n�UcI��(]@VQJ(L2UkIxS"U
Λ

+V^] I�X+_�]5IKUfL2UcIonoL�N�R"y�Um]mX+R !"R"NQMkJ<�(]@VQJ(L\S"U

Λ

$McJ(R

ϕα(R) =
∑

a

ϕ̃a(R)Taα(R) y viceversa ϕ̃a(R) =
∑

α

ϕα(R)T+
αa(R)

� v � }�v��
� R�noL�J�SAXsMcNQUrRsS"J>UkIon�] !"VEnKN�_�]zUkMrXp]&McNQP(RTUORTV^]5��M?C � ~�C/. ���
AL2UkI�X$VEn2]'-8XsU

∑

a

{

−

~
2

2µ

(
∂2Taα

∂R2
ϕ̃a +

∂2ϕ̃α

∂R2
Taα + 2

∂ϕ̃α

∂R

∂Taα

∂R

)

+ (Wα(R)−E)Taαϕ̃a

}

� v � }&���
=

~
2

2µ

∑

a

∑

α′

{

D

(2)
αα′Taα′ + 2D

(1)
αα′

(
∂Taα′

∂R
+ Taα′

∂

∂R

)}

ϕ̃a

ª�L2Uk]&y?LoX"Zp]kRsS+Jun�bOLo_�N�RsJ?I
∑

a

Taα

(

−

~
2

2µ

∂2

∂R2
+Wα(R)−E

)

ϕ̃a(R)

−

~
2

µ

∑

a

(

∂Taα

∂R
+
∑

α′

Taα′D

(1)
αα′

)

∂

∂R
ϕ̃a(R)

� v � }(�	�

−

~
2

2µ

∑

a

(

∂2Taα

∂R2
+
∑

α′

D

(2)
αα′Taα′ + 2

∑

α′

D

(1)
αα′

∂Taα′

∂R

)

ϕ̃a(R) = 0

��]&VE��J Z[J�L I�X X+R$NEn2]kL�NQUkS"]�S 
xV^] _a]&noLKNEY
T̃

UkI�n2G],!+R N�R$S"UO�+R$NQS"]ACx��]@Lr]�S+UO�"R"N�L�V^]�
xN�_<�
Z[J(R$UO_aJ?I�
s]k�sJ(L2] 
 -8X$UmI�]@nKNQI��´]&y�] V^] UkMrXp]&McNQP(R /1 �#�

∂Taα

∂R
= −

∑

α′

Taα′D

(1)
αα′ =

∑

α′

Taα′D

(1)
α′α

� v � }�} �
UOR�n�J�RsMkUkI
∂

∂R

(

∂Taα

∂R
+
∑

α′

Taα′D

(1)
αα′

)

=
∂2Taα

∂R2
+
∑

α′

D

(2)
αα′Taα′ + 2

∑

α′

D

(1)
αα′

∂Taα′

∂R
= 0

� v � }?�#�
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∑

a

Taα

(

−

~
2

2µ

∂2

∂R2
+Wα(R)−E

)

ϕ̃a = 0
� v�� }(«��

{ N�Rp]@V�_aUOR�n�U 
�_5X$VEnoN�Z$VENQM@]kRsS+JmZ[J(L
T+

αa′

ª�I�X"_�]kRsS+J�IKJ(H+L2U
α

IKUmJ�H$nKNQUOR$U��
(

−

~
2

2µ

∂2

∂R2
−E

)

ϕ̃a′ = −
∑

a

Wa′a(R)ϕ̃a

� v��*�&¨��

S"J(R$S"U

Wa′a(R) =
∑

α

TaαWα(R)T+
αa′

� v��*��g��

��RzUkIon2] L2UOZ+L2UkIKUOR�n2]&McNQP(RWS�N^]@Hs&nKNQMk] 
kVQJ?It]&MkJ(Z"V^]@_uNQUOR�n�J8I -�X$U ]kZp]kL2UkMkUrR UORmV^]�I²��MkIcC � ~+C/1 � �
ª$� ~+C/1"D��qIKJ(R S"UOH"NQS"J8Im]&V�Z[J?n�UOR$McN^]&V�ª®RsJ®]�n�bOLK_uN�RsJ8IfMcN�RsbOnKNQMkJ8I�
pUrR�MkJ�R+n�Lr]�S"U>VQJ -8XsU
JAMOX"LKL�U¯UOR V^]�IuL�UOZ"L2UcIKUOR�n2]&McNQJ(RsUcI�]�S�N^]@Hs&nKNQMk]�I�
`��UrL���MkIcC � ~+CQD 0 ��
 � ~+CQD 1�>ª � ~+C/. � �rC �tJ8I
]�McJ(Z$V^]k_�NQUOR�n�J?ImLr]�S�N^]&VQUcI>UrR V^]�Hp]&IKU®S�N^]@Hs&nKNQMk] 
�S"UO�+R$NQS"] Z[J�L���MkIcC � ~�C/0$D��mª �6~+C/0 0�zIKU
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pS"U S"J�RsS"UmIKU S"UkSAXsMkU'-8X$UmV^]�I�R�X$Uc�(]�Iq�^X"R$McNQJ(RsUcI\S"UmHs]�IoU

ψ̃a
RsJaS+UOZ[UORsS+UOR S"U

V^]�S+NQIon�]@R$McN^]�UOR�noL2U VQJ8IqR !sMcVQUcJ8IcC²��]kLr]�S+UO_aJ8I�noLr]kL�VQJ�S"UOL�NE�(]k_aJ8IeV^]���M?C � ~+C 0$D��qS"U _aJAS"J
-8XsU

∂ψ̃a

∂R
=
∑

α

[(
∂Taα

∂R

)

ψα + Taα

(
∂ψα

∂R

)] � v��*���	�

ª ]@V N�R�noL2JAS�X$McN�LeV^]5MkJ(R$S+NQMcNQP(R7-8XsU S+UOH[U I�]@nKNQI��´]�MkUrL3V^]5noL2]@R$I��´J�LK_�]&McNQP(R
Taα


p��M?C � ~+C 0 0��

J(H$nKUORsUO_�J8I

∂ψ̃a

∂R
= −

∑

α

∑

α′

Taα′D

(1)
αα′ψα +

∑

α

Taα

(
∂ψα

∂R

) � v��*�&v��

ª¯Z"L2UO_5X"VEnKN�Z$VENQM@]kRsS+J�Z[J(L
ψ̃a′ =

∑

α′′ Ta′α′′ψα′′

UuN�R�n�Ucy?L2]@R$S"J�IKJ(H"L�UuV^]�ImMkJAJ(L2S"UrRp]&S$]&I
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';?�B�?�>/$&9+)+,�$&,

X

a

TαaTaβ = δαβ
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UcVQUcMcnoL2P(R"NQM@]&I`�8UO_aJ8I�-8XsUmUkIq]&Iol
〈

ψ̃a′

∣
∣
∣
∣
∣

∂ψ̃a

∂R

〉

= −

∑

α

∑

α′

∑

α′′

Taα′T ∗
a′α′′D

(1)
αα′ 〈ψα′′ |ψα〉

+
∑

α

∑

α′′

TaαT
∗
a′α′′

〈

ψα′′ |

∂ψα

∂R

〉 � v �9�k���

= −

∑

α

∑

α′

Taα′T ∗
a′αD

(1)
αα′ +

∑

α

∑

α′

Taα′T ∗
a′αD

(1)
αα′ = 0
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+R$JuUkI !"R"NQM@]AC
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ĺım
R→∞

Taα(R) = δaα

� v �9�&���

±²0(12��7;#A%�'*)+���+#�: %?� '9%&=
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∂2

r2

]

ΦJMp
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ψ(x) =
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∫ ∞
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∫ ∞
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∫ ∞
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L =

Rmax −Rmin

+ª -8XsUz]&S"Ur_�&IqUkIon�J?I�Z"X+R�n�J8IqUkI�n2@R U -8X$NQUkI�Zp]&McN^]�S+J8I\UrR®V^]m_�]@VEV^]

Rj = Rmin + jL/(N + 1) con 1 ≤ j ≤ N
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��N IKUz]kZ$VENQMk]zX+Rp]5noLr]kRsI���J(LK_a]�S"]<S"UW{$J(X+L�NQUOL\S+NQIKMOL�Ucn2]5]5VQJ?I
N

Z"X+R�n�J8IeS"UfV^]m_�]@VEV^]�I�
"IKU
J(H"nKNQUOR$UfX"Rs]>L2UOZ+L2UkIKUrR+n�]�McNQP�R S�NQIKMOL2Ucn�]>S+UcV/_aJ(_�UOR�n�JuUrR¯UcVjUkI�Zp]&McNQJ�S"UWVQJ8Ix_aJ�_aUOR�n�J8I$

n2]k_5H$NQbORTU -8X"NQUkI�Zp]&McN^]&S$]�
$IKUOy !"R®V^]5UO�AZ+L2UkIoNQP�R®I�NEy?X$NQUOR�n�U

Kj = 2πj/L con −N/2 + 1 ≤ j ≤ N/2

�jR UkI�n�UmM@]&IKJ�
+V^]�I`� X+RsMcNQJ�RsUkIxJ(L�n�J?y8J(Rp]@VQUkI
φi(x)

S+UWV^] ��M(C �´�$C9B"D��`IoUWn�J(_a]@RTn2]@VQUkI -8X$U
φi(x) = ei2πnx/L, n = −(N/2− 1), . . . , 0, . . . , N/2

� ��� v�¨ �
S+J(RsS+UWV^] MkJ(_<Z[J(RsUOR�n�UfS"UOV²_aJ�_aUOR�n�J

−kR~
]@Z+X"R�n2]z�p]&McN^]zV^]zL�Ucy8NQP(R�S+UmN�R�n�UOLr]&MkMcNQP(RtC

�jR¯UkIon�]�I`_�]@VEV^]�IxS+NQIKMOL�Ucn2]&I�
"V^]&I\��MkIcC �´�"C9B 0� ª �´�$C9B 1� L�UkI�X$VEn�]@R®UOR�n�J(R$MkUkI

ΦJMp
ΩΛ (r,Kj , t) =

1
√

2π

N∑

j′=1

exp[−2iπ(j − 1)(j′ − 1)]ΦJMp
ΩΛ (r, Rj′ , t)

� ��� vAg��
ª

ΦJMp
ΩΛ (r, Rj , t) =

1
√

2π

N/2
∑

j′=−N/2+1

exp[−2iπ(j − 1)(j′ − 1)]ΦJMp
ΩΛ (r,Kj′ , t)

� ��� v(���
� ]�I�l 
"V^] ]&MkMcNQP(RTS"UOV/n�bOLK_uN�RsJ5McN�R$bcnKNQMkJzLr]&S+N^]@V/S+UmV^]z��M?C �´�$C9B � �`UkI
{

−

~
2

2µ

∂2

∂R2
ΦJMp

ΩΛ (r, R, t)

}

R=Rj

≡

~
2

2µ

1

2π

N/2
∑

j′=−N/2+1

K2
j′ exp[−2iπ(j − 1)(j′ − 1)]

� ��� v�v �
×

N∑

j′′=1

exp[2iπ(j′′ − 1)(j′ − 1)]ΦJMp
ΩΛ (r, Rj′′ , t)

�qXsU�IKU�Z+XsUkS+UqUc��Z"L2UcI�]@L UOR>RsJ?n2]&McNQP(R5_a]&noLKNQMcN^]&V�MkJ�_aJ3V^]x_>X"VEnKN�Z$VENQMk]�McNQP�R S"U`X"Rs]e_a]&noLKNEY
Z[J(LxX"R®��UkMcn�J�L,
�S"UcV I�NEy?X$NQUOR�n�Uq_�J�S+J

{

−

~
2

2µ

∂2

∂R2
ΦJMp

ΩΛ (r, R, t)

}

R=Rj

≡

N∑

j′′=1

Aj,j′′ ΦJMp
ΩΛ (r, Rj′′ , t)

� ��� v&���
MkJ�R

Aj,j′′ =
~

2

2µ

1

2π

N/2
∑

j′=−N/2+1

K2
j′ exp[−2iπ(j − 1)(j′ − 1)] exp[2iπ(j′′ − 1)(j′ − 1)]

� ��� v(���
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N2 J(Z[UrLr]�MONQJ(RsUkI$
cZ[UOL2JqI�N

IKU�UO_uZ"VQU@]qUcVA_abcn�JAS+JW{j{jhGIKU\J�Z$nKN�_uNEY&]xUcV+M@@VQMOX$VQJ+C(�jR�UcIon�U¬_abcn�JAS+J�
(V^]x_5X"VEnKN�Z$VENQM@]&McNQP(R
S"U3X"Rp]z_�]@noL�NEY3Z[J(LqX+R®�8UkMcn�J(L\IKUWI�XsIonoNEnoX$ª�U3Z[J(LeUOV²Z"L�J�McUkS+N�_uNQUOR�n�J5IoNEy?X$NQUrR+nKU

D(C �AUfnoL2]@R$I��´J�LK_�]mV^]W�^X"R$McNQP(R-
"]znoLr]c��bcI¬X+Rp]5{j{�h S�N�L2UkMcn�] 
+S"UkIoS"UWV^]WL�UOZ"L2UcIKUOR�n2]&McNQP(R
S+UcV/UkI�Zp]&McNQJu] V^]zS"Uf_aJ(_�UOR�n�J8I  

N logN
J(Z[UOL2]�McNQJ�RsUkIcC

B+C �AU<_5X$VEnKN�Z"VENQM@]>V^]�� X+RsMcNQP�R�UOR V^]aL�UOZ"L2UcIKUOR�n2]&McNQP(R S"U<_�J(_aUOR�n�J?I3Z[J(L
K2  N J(Z"�

UOL2]�McNQJ�RsUkIcC

~+C { N�Rp]@V�_aUrR+nKU 
8IKUq��X$UcVE��Ue]3noLr]kRsI���J(LK_a]@L`V^]e� X+RsMcNQP(R 
A]WV^]qL2UOZ+L2UkIKUOR�n2]&McNQP(R�S"UcV[UkI�Zp]k�
McNQJ 
A_�UkS+N^]kR�n�UeX"Rp]>{j{�h N�R���UOL�I�]* 

N logN
J(Z[UOL2]�McNQJ�RsUkIcC

�[X$Ucy�J5UcVpR�!+_aUOL�J5nKJ?n2]@V²S+UWJ�Z[UOLr]&McNQJ(RsUcI�UcI
2N logN +N


�_5XsM��p]&I¬_aUOR$J8I�-�X$UfV^]&I
N2

RsUkMcUkI�]kL�N^]�I`Zp]kLr] V^]z_5X"VEnKN�Z$VENQM@]&McNQP(R�J(L�NEy8N�Rs]&V[S+UfX"Rs]5_a]&noLKNEYfZ[J(LxX"R®��UkMcn�J�L@C

� %8��:<';����1e=A�	
$#A7*=��60�1

��]@Lr]�V^]TMkJAJ(L2S+UORp]&S$]
γ

 n�J(_a]@L�UO_aJ8ImMkJ(_aJ�_�]@VEV^]aVQJ8ImZ"X+R+nKJ8I S"U�MOXs]�SALr]&n�X"Lr] S+U

�W]kXsIKI�� �tUcy8UORsSAL2U 
`MkJ(R�I�X$IaMkJ(LKL2UcI�Z[J(RsS�NQUOR�n�UkI5Z[UkIKJ8I
ωn

C¬��I�n2]¯_a]&VEV^]¯UkI�n2¯_5X"ª�H$NQUOR
]�S"]@Z"n2]&S$]qZp]kLr]qV^]\N�R+nKUcy?Lr]&McNQP(Rmn2]@R�n�JfS"U¬Z[J?VEN�R$J(_�NQJ8I S+U �²Ucy�UOR$S�L2U�
?MkJ�_aJeS"Ux]kLK_aP(R"NQMkJ8I
UkI���bOL�NQMkJ?IcCt��J(_�J�Z[J?VEN�R$J(_�NQJ?IeJ(L�n�J?y8J(Rp]@VQUkI�
[IKU>n�J(_�]kLrkR VQJ8I3Z[J(VEN�RsJ(_uNQJ8If]�IKJAMcN^]&S"J?ImS"U
�tUcy8UORsSAL2UWRsJ�LK_�]@VENEY&]&S"J8I�
�-�X$UzS"UrRsJ?n2]kL2UO_�J8IxZ[J(L

YjΩ−Λ(γ, 0)
QD 1�
�D8D��#� C$��J�Lqn2]kR�n�J�
sV^]&I

� X+RsMcNQJ�RsUkIxS"UmUcIon2]mL2UOZ+L2UkIKUOR�n2]&McNQP(R���UrRsS�L2@R S$]&S$]&I\Z[J(L

Y

J,M,p
jΩΛ (φ, θ, χ, γ) = W

Jp
MΩΛ(φ, θ, χ)YjΩ−Λ(γ, 0)

� � � v(}��

S"J(R$S"U
W

Jp
MΩΛ(φ, θ, χ)

IKUxS"UO�+R$l^]3UORuV^]e��M?C �´�$CED���rC(��R�UkIon2]\Hp]&IKUqS+U��^X"R$McNQJ(RsUcI�
?VEV^]k_�]&S$]
{j��w �6S"UOV/N�R$y8VQbcI � 6 ¦,6� c¢�
>£���6�� �z¢2���(¢���¢&¦j c£A 862��¦ ��
sVQJ8I\UcVQUO_aUrR+nKJ8IxS+Um_�]@noL�NEYmS"UzVQJ8I
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J(Z[UrLr]�S+J(L2UkI\]@R"y?X$V^]kL2UkI
j2

ª
l2

n�J(_a]@RTV^]W��J(LK_�]

〈Y

JMp
jΩΛ |j

2
|Y

JMp
jΩ′Λ′〉 = δΩΩ′δΛΛ′~

2 [j(j + 1)]
� � � v8�#�

〈Y

JMp
jΩΛ |l

2
|Y

JMp
jΩ′Λ′〉 = δΩΩ′δΛΛ′~

2[J(J + 1) + j(j + 1)− 2Ω(Ω− Λ)− Λ2]

− δΩ,Ω′±1δΛΛ′~
2
√

1 + δΩ,0 + δΩ′,0

� ��� v�« �
×

√

J(J + 1)− ΩΩ′
√

j(j + 1)− ΩΩ′

S+J(RsS+UWIKUq�s]@R®S"UkI�Z"L2UkMON^]�S+J5VQJ?Ix]&MkJ(Z"V^]@_uNQUOR�n�J8I S+Uz�`J(L�NQJ?VENQI�UcVQUkMcn�L2P(R$NQMcJ8I�ª�IoU3�s] ]@Z+L2J(�
�AN�_�]&S"J

j2e ≈ ~
2Λ2 C

�t]x]kZ$VENQM@]&McNQP(RWS+U�VQJ8I[J(Z[UOLr]&S"J(L�UkI
〈W

Jp
MΩΛ|j

2
|W

Jp
MΩ′Λ′〉

ª
〈W

Jp
MΩΛ|l

2
|W

Jp
MΩ′Λ′〉

IKJ(H+L2U
ΦJMp

Ω′Λ′ (R, r, γ, t)

"UOR®V^]z��M?C �´�"C9B ��¬IKUWVEVQUO�?] ]5M@]kH[JuUORTnoL2UcI�Zp]&IKJ8I

D�C �tJ8I3Zp] -8XsUcn�UcImS"U>J(R$S$]�]@R"y?X$V^]kL2UkIWIKU5noLr]kRsI���J(LK_a]@R�]<X"Rs]�Hs]�IoU�S"U5V^]���M?C �´�$C9~ 0 �
XsI�]kRsS+J�V^]mnoLr]kRsI���J(LK_a]�MONQP(R

ΘΩ
j (γ)


+_�UkS+N^]kR�n�UeX"Rp] noLr]kRsI��´J(Lo_�]&McNQP(R � �\w

TΩΛ
nj =

√

wn YjΩ−Λ(γn, 0)
� ��� v����

B�C �tJ8I\UcVQUO_aUrR+nKJ8IxS+Uf_a]&noLKNEYzS"UWVQJ8IxJ�Z[UOLr]&S"J(L2UcIqS"UcV²_aJ(_�UOR�n�Ju]kR$y(X$V^]kL3IKUzUc�(]@V !p]kR
UORTV^]�I`Hp]&IKUkI\XsIK]@R$S"JuV^]&I\��MkIcC �´�"C9~ 1� ª �´�$C9~ � �rC

~�C ��VsZp]&IKJ �"Rs]&VtMkJ(RsI�NQIon�UeUOR���J(VE��UOL�]Wn�Lr]@R$I���J(LK_�]kL�V^]f�^X"RsMONQP(R�L2UkI�X$VEn2]kR�n�Uq�p]&McNQUORsS+J
XsIKJuS"UWV^]mn�Lr]@R$I���J(LK_�]&McNQP(RTJ(LKn�J?y�J(Rs]&VtS"UfV^]z��M?C ���$C9~ ��

�`J(_aJzUrR�UcV[M@]�IoJ<]kR�n�UOL�NQJ�L,
AUkIon2]&I¬noL2UkI`J(Z[UrLr]�MONQJ(RsUkI�Z+XsUkS+UOR��p]&MkUOL2IoUfS+UqX"Rp]m�8UcYq_aUkS�N��
]kR�n�U>V^]5_>X"VEnKN�Z$VENQMk]�McNQP�R S+U5X+Rp]u_�]@noL�NEY Z[J(LWX"R ��UkMcnKJ(L@C �eUkIoy?L2]�McN^]&S$]k_aUrR+nKU R$J®Uc�ANQIonKU
Z[J8I�N�H$NEVENQS$]&S 
�Zp]kLr] V^]&IaS"UOLKNE�?]&S$]&I�]@R"y?X$V^]kL2UkI$
`S"U®L2UkSAXsMcN�LaUcV\R !"_�UOL2J�S+U¯J(Z[UOLr]&McNQJ(R$UkI
R$UkMkUkI�]kL�N^]&I\MkJ�_aJzZp]kLr] V^]�IxS"UOL�NE�(]&S$]&IxLr]&S+N^]@VQUkI�
$]5noL2]c��bkI�S"UcVj]@VEy�J(LKNEno_aJ {j{jhWC
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Z"L2JAMkUcIKJ S+U ���t�A c��¡s¢� c£s¤(�"¥G¢&¦j aMkJ�_aJ UcV�-�X$U UkI�n2]@_�J8I�UkIonoX$S+N^]kRsS"J 
eUOR UcVzMrXp]@VmV^]
]@H$IKJ(L2MONQP(R Z[J(L�Zp]kL�n�UTS"UcV\IoNQIon�Ur_�]¯S"U�VQJ8I5��J?n�J�RsUkI Z"L2JAMkUcS"UOR�n�UkI<S"U�V^] �^XsUrR+nKUTS+UTV�X$Y
�p]&MkU -8XsU�IKU�]@LoLr]@R�-8XsUOR�UcVQUkMcn�L2J(RsUcI�
jMOX$ª�]®UORsUrL�y8l^]TMON�RsbcnKNQMk]�UkI5UOR�n�J�RsMkUkIm_�UkS+NQS"]AC���V
UkIon2]&S"J5VENEyA]&S"JmN�R"NQMcN^]@VpUkI

ΨJiMipi

i

S"U3UOR$UOL�y8l^]
Ei


+McJ(Ra_aJ(_�UOR�n�J ]kR$y?X"V^]@L�H$NQUrR�S"UO�+R$NQS"J
Ji
�´IoNQUORsS+J

Mi
V^]xZ"L�J�ª�UcMkMcNQP(RzIKJ(H"L�U\UcV+U 4KU

Z
�pC {`C/� ªzZs]@L�NQS"]�S

pi
L�UkI�Z[UkMcnKJm]qV^]\N�R���UOL2I�NQP(R

S"UmV^]&IqMkJAJ(L�S"UORs]�S"]�I3UkI�Zs]�MON^]&VQUkI��6UOR V^]>�AUkMkMcNQP(RT�$C ��IKUzS"UOn2]&VEV^]5UcVt_�bcn�JAS"J<S"UzMk&VQMOX"VQJ*�rC
��IonKUmUkIon�]�S+JuN�R$NQMcN^]@V[IKUfZ+XsUkS+UzS"UcI�]@LoL2J?VEV^]kLqUOR�X"R MkJ(R�4oX+R+nKJ5Hs]�IKUmMkJ(_aJ

ΨJiMipi

i =
∑

vsj

∑

ΛiΩ≥0

AJi,pi,i
vsjΩ Y

JiMipi

jΩΛi
(φ, θ, χ, γ)

ϕv(r)

r

φs(R)

R

� � � �?¨��

S"J(R$S"U
ϕv(r)

IKJ�RuV^]&I��^X"R$McNQJ(RsUcI�Z"L�J(Z$N^]&I��AN�H"L2]�McNQJ�Rp]@VQUkI�S+UcV+�^Lr]@y?_aUrR+nKJWS�N^]&n�P�_�NQMkJ3]@NQIoV^]k�
S"J �6McJ(R��(]&VQJ(L�Z"L2J(Z"NQJ

Ev
��

φs(R)

IKJ(R�V^]&I��^X"RsMONQJ(RsUkI �AN�H+Lr]�MONQJ(Rp]@VQUkI J(H"n�UOR"NQS$]&I¬RAX+_abOL�N��
M@]k_aUOR�n�U<L�UkIKJ?VE�ANQUOR$S"J�X+Rp] UkMrXp]&McNQP(RGS+U���M��"L98AS�N�R$y�UOLm_aJ(R$J�S�N�_aUOR$IoNQJ(Rs]&V`MkJ�R X"RGZ[J��
n�UOR$McN^]&V�S+U L�UO�´UrL2UORsMON^] 
sªTV^]�Ie� X+RsMcNQJ�RsUkI3]kR$y?X"V^]@L�UkIWS+UzZp]kL�NQS$]&S S+UO�"R"NQS$]u�ANQUOR$UOR S$]&S$]&I
Z[J(LqV^] ��M?C �´�$C*~ 0�rC

�eU�]&MOXsUrL2S"JTMkJ(R n�JAS"J®UOV S"UcI�]@LoL2J?VEVQJ�S"UcV¬�x]kZ$lEnoX"VQJ®B�
/UcV�J(Z[UOLr]&S"J�L5S"UcV�_aJ(_�UOR�n�J
S+N�Z[J?V^]kL®UcVQbkMcnoLKNQMkJ�S"U noLr]kRsI�NQMcNQP(R �ANQUORsU S$]&S"J Z[J(L

d · e

xª ]@Vz]&McnoXs]@L bkIon�U IKJ(H+L2U UOV

UkIon2]&S"J VENEy�]�S+JTN�R$NQMON^]&V 
²J(H$nKUORsUO_�J8ImUOV Zp] -�X$Ucn�U�N�R"NQMcN^]&V6C²��V`J�Z[UOLr]&S"J(L>S+UunoLr]kRsIoNQMONQP(RGUkI
UcV Z"L2JASAXsMcn�J�UkIKMk]&V^]kLWS"U5S"J8IfJ(Z[UOL2]�S+J(L2UkI3��UkMcnKJ(L�N^]@VQUkI�
�-8X$U<IKUzZ+XsUkS+UOR�UO�AZ+L2UkI�]kLWUOR V^]�I
MkJ(_<Z[J(RsUOR�n�UcIjnKUORsIKJ�L�N^]&VQUcI�J3M@]kL�n�UcIoN^]@Rs]�I�UOR<UcV+IoNQIon�Ur_�]e�sC*{¬C��AUcy !"RuIKU¬�ANQJ3UOR>V^]e��UkMcMcNQP(R
B+C9B+C*B 
"IoUmnKNQUOR$U

d · e = dx · ex + dy · ey + dz · ez =
∑

p

(−q)pdp(dx, dy, dz)(e)−p

� � � �+g��

F��$J(Lr]zH$NQUOR 
$V^]�IxMkJ(_<Z[J(RsUOR�n�UcIqS"UcV²_aJ(_�UOR�n�J5S+N�Z[J?V^]kL3IKUzUO�?]@V !p]kR¯UrR¯UcV I�NQIon�UO_a]5�eC*{¬C 

S"U3�´J(Lo_�] -8XsU

dp =
∑

q D
1
pqdq


"L2UkI�X"VEn2]kRsS"J

d · e =
∑

pq

(−1)p(e)−pD
1∗
pq(φ, θ, χ)dq(R, r, γ)

� ��� �?���
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S+J(RsS+U
dq

IKJ�R V^]&ImMkJ�_uZ[J(R$UOR�n�UkIfS"UcV�_�J(_aUrR+nKJaS+N�Z[J?V^]kL UcVQbcMcnoL�NQMkJuUORGUcV�IoNQIonKUO_�]a�eC*{¬C
F�Vq]&McnoXs]@LuUcVxJ(Z[UOLr]&S"J(LuS"U�noLr]kRsI�NQMcNQP(R�UOR�V^]T�^X"RsMONQP(R�S"U�J(RsS"] N�R$NQMcN^]@V 
 ��M(C �´�$C � ���
�IKU
J(H"nKNQUOR$UeUcVsZp] -�X$Ucn�U3N�R$NQMcN^]@VpUc��Z"L�UkI�]&S"J>MkJ(_aJmX+Rp]zI�X+Z[UOLKZ[J8I�NQMcNQP(RTS"U3S+N���UOL2UrR+nKUkI �(]&VQJ(L�UkI
S+U

J

"-8XsUeZ"XsUcS"UOR�Z"L2J�Zp]@yA]@L�IKUfZ[J(LqIKUOZs]@Lr]&S"J+C[�ANtMkJ(RsI�NQS"UOLr]k_aJ?I`V^]mn�Lr]@R$IoNQMcNQP(R

Ji → J



UcV[Zp] -8XsUcn�UfN�R$NQMcN^]@V²UOR®V^]WZ+L2J(Zs]&yA]&McNQP(R®IKUOL2 V^]mZ+L2J�ª8UkMkMcNQP(R�S+UcV²Zs]�-8X$Ucn�U
d · e

∣
∣
∣Ψ

JiMipi

i

〉

IKJ�H"L2UWUcV/I�X+H[UkI�Zs]�McNQJuS"Uf_�J(_aUrR+nKJ<]kR$y(X$V^]kL
J

sS+UcV/I�NEy?X$NQUOR�n�Uq_�J�S+J

∣
∣ΨJMp(t = 0)

〉
=
∑

ΩΛ

∣
∣
∣W

Jp
MΩΛ

〉〈

W

Jp
MΩΛ|d · e|Ψ

JiMipi

i

〉 � ��� �(v �

hjUOR"NQUORsS+J�UOR¯MrXsUOR�n2]5V^]�Ie��MkIcC �´�"C �
���
 �´�$C �pD �`ª �´�$C �A~ ��
$IKUzVEVQUOyA]5]&VjIoNEy(X$NQUOR�n�UWS"UkI�]k�
LKL�J?VEVQJ S"UfVQJ8IxMcJ�Ur�sMcNQUOR�n�UcIxS+UcV²Zs]�-8XsUOn�UmN�R$NQMON^]&V

ΦJMp
ΩΛ (R, r, γ, t = 0) = (−1)Ω(1− ppi)F

JJi

MMi
(e)

∑

jΩ′≥0

∑

qΛi

[(

Ji 1 J

Ω′ q −Ω

)

+

(

Ji 1 J

Ω′ q Ω

)

pσ(−1)J+Ω

] � ��� �����

×

PjΩ′ (cos γ)〈Λ|dq(R, r, γ)|Λi〉

2
√

(1 + δΩ,0)(1 + δΩ′,0)

∑

vn

AJi,pi,i
vsjΩ′ ϕv(r)φs(R)

S+J(RsS+U
〈Λ|dq(R, r, γ)|Λi〉

IKJ(R�VQJ8I¬UcVQUr_aUOR�n�J8I�S"U\_a]&noLKNEYeS"UcV[J(Z[UrLr]�S+J(LxS+N�Z[J?V^]kL�UcVQbkMOnoL�NQMkJ
UOR�noL�UfVQJ8I�UkIon�]�S+J8IqUcVQUkMOnoL2P(R"NQMkJ8I N�R$NQMON^]&Vpª��"Rs]&V 


Λ = Λi + q
C
F JJi

MMi
(e)

IKUWS"UO�+RsU QD 1,�

F JJi

MMi
(e) =

∑

p

(−1)Mi(e)−p

√

(2J + 1)(2Ji + 1)

(

Ji 1 J

Mi p −M

) � ��� �?���

S+J(RsS+U
p = 0

Zp]kLr]3V�X"Y�Z[J(V^]@L�NEY@]�S"]eVEN�R$U@]@V�_aUOR�n�U �6McJ(R�UOV$U 4KU
Z

�sC*{¬C�]qVQJfV^]kL�y�JfS"UOV"��UkMOn�J(L
S+UfZ[J?V^]kL�NEY&]&McNQP(R�S+UcV²��J?n�P(R�N�R$McNQS"UOR�n�U��¬J

p = ±1
Zp]kLr] V�X$Y3Z[J?V^]@LKNEY&]�S"] McN�L2MOX"V^]@LK_�UOR�n�U3]

V^]5NEY�-8X$NQUOL2S"] ��S"UOL2UcM2�s] �6McJ(R UcV�U 4KU
Z

�pC*{¬Ct]<VQJ�V^]kL�y�J�S+U5V^]<S+N�L2UkMcMcNQP(R¯S+UzZ"L2J(Zs]&y�]�McNQP�R
S+UcVt��UcMcn�J(L�N�RsMONQS"UOR�n�U �2C
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��X+Z[J(R$yA]k_aJ?I\X"R�Z"L2J(H"VQUO_�]zy�UrRsbOL�NQMcJ>S+UW�(]@VQJ(L2UkI¬Z"L2J�Z$NQJ8I
(

Ĥ −En

)

Ψn = 0
� � � �?}��

�AN/V^]&I��^X"R$McNQJ(R$UkI`Z+L2J(Z"N^]�IxUc�+]�Mcn�]�IqIoUmS"UcI�]@LoL2J?VEV^]kR UOR�X"Rs] Hs]�IoUzS"U3� X+RsMcNQJ(R$UkI\McJ(_aJ

Ψn =
∑

i

ciψi

� � � ���#�
ª�IKUmI�XsIonKNEn�X$ª�UWUkIon2]5Uc��Z"L2UcIoNQP(RTUORTV^]5��M?C �´�"C �*0��
+IKUWJ(H$nKNQUrRsU

∑

i

(

Ĥ −En

)

ciψi = 0
� � � �?«��

ª�
+Z+L2J&ª�UkMcn2]kRsS+Ju]k�sJ�Lr]>IoJ(H"L2UfV^]mHp]&IKUmMkJ�RsIoNQS+UOLr]&S$]�
sIKUWVEVQUOyA] ]zV^]5UO�AZ+L2UkIoNQP�R
(
∑

i

〈ψj |Ĥ |ψi〉 −En

)

ci = 0
� � � �?���

-8XsUmUrRT��J(LK_a]W_�]@noL�NQMcN^]@VtIoUOL�l^]
(

H̃ −E �
)

C̃ = 0
� � � ��¨��

FxV�L2UkIKJ?VE�8UOL>UkIon2]¯UkMrXp]&McNQP(R IKUkMOX"V^]@L�J(H$nKUORsSAL�l^]@_�J8I5VQJ8I>�(]@VQJ(L2UkI Z"L�J(Z$NQJ8I$
 -8XsUTIKJ(R V^]�I
UORsUrL�y8l^]&I/S"U¬VQJ8I/UcIon2]&S"J8I VENEyA]&S"J8I$
kªWVQJ?It��UkMcnKJ(L2UkI²Z+L2J(Z"NQJ8I�
 -8XsU¬IKJ�R5V^]�It�^X"R$McNQJ(RsUcItZ"L2J(Z"N^]�I
S"UzS�NQM2�$J8I�UkIon2]&S"J8IOC �/]z�´J(Lo_�]zS"UOV,�q]k_�NEVEn�J�R$N^]kRsJ>UkIxV^] S+NQIoMOX$nKNQS"]>UrR®V^]>��UcMkMcNQP(RT�$C9B 
+ª
V^]m� X+RsMcNQP(RTS+UmJ(R$S$]5Uc�+]�Mcn�] -8X$UmIKU ]kZ"L�J��AN�_�]zUrR®V^]z��M?C �´�$C �*1��
+UkI\V^]z��M?C �´�$CED���rC

�eUcV�\]@_uNEVEn�J(R$N^]kRsJ¬n�J(n2]&V 
c��M?C �´�$C/1� 
cIKU�Z"XsUcS"UORzIKUOZp]kLr]kLjV^]�IpZp]kL�n�UkI[Lr]�S�N^]&VQUcI[_aJ�RsJAS+N��
_aUOR$IoNQJ(Rs]&VQUkI¬Zp]kLr]5J(H$nKUORsUOLqMkJ(R®UcVEV^]&I`V^]&I��^X"R$McNQJ(R$UkI�Z+L2J(Z$N^]&Ix�AN�H+Lr]�MONQJ(Rp]@VQUkI�MkJ(LKL2UcI�Z[J(R"�
S+NQUOR�n�UcIcC&��N�MkJ(R$IoNQS"UOL2]@_�J8I²VQJ8IsZ[J?n�UrRsMcN^]@VQUkI[_�J(RsJAS�N�_aUOR$IoNQJ(Rp]@VQUkI

V (R)
ª
V (r)


&J�H$n�UOR"NQS"J8I
� 4�]@R$S"JGn�JAS$]&IaV^]�I��(]kL�N^]kH$VQUkIu_�UORsJ8IuX+Rp]�
`n�UORsSAL2UO_�J8I�VQJ8I�IoNEy(X$NQUOR�n�UkI �q]k_�NEVEn�J(R"N^]@R$J8I
_aJ(R$JAS+N�_aUrRsIoNQJ(Rs]&VQUcI

ĤR = −

~
2

2µR

∂2

∂R2
+ V (R) = T̂R + V (R)

� � � �Ag��

Ĥr = −

~
2

2mr

∂2

∂r2
+ V (r) = T̂r + V (r)

� � � �(�	�
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�`J(R VQJ8I -8XsU IKU J(H$noNQUORsUOR V^]&Ia� X+RsMcNQJ(R$UkIuZ"L�J(Z$N^]&I
ϕv(r)

ª
φs(R)

CxF MkJ(R�nKN�RAXp]&McNQP(R 

S+UkI�]kLKL2J?VEV^]kL2UO_�J8I²VQJ8I UOVQUO_aUOR�n�J?I/S"U _�]@noL�NEY

H̃
S+UcV �q]k_�NEVEn�J(R"N^]@R$J�


〈ψj |Ĥ |ψi〉

@RsUkMkUcI�]@LKNQJ8I

Zs]@Lr]5J(H"n�UORsUrL\VQJ8I��(]&VQJ(L�UkI�ªa�8UkMcn�J(L�UkI`Z+L2J(Z"NQJ8IcC

�xI�]@R$S"J\V^]��´]�MOn�J(L�NEY&]&McNQP(RfS+UcV�\]@_uNEVEn�J(R$N^]kRsJ`S+U�V^]&I/��MkIOC �´�$C/1 �pª'�´�$C���pªeV^]&It��MkIcC �´�"C/.$D��
ª �´�"C/.8B��
�VQJ8I�UcVQUO_�UOR�n�J8I`S"U3_�]@noL�NEY3L2UkI�X"VEn2]@R

[

T̃R

]

v′s′j′Ω′Λ′,vsjΩΛ
=

〈

φs′(R)

∣
∣
∣
∣
−

~
2

2µR

∂2

∂R2

∣
∣
∣
∣
φs(R)

〉

δv′vδj′jδΩ′ΩδΛ′Λ

� ���*�&v �

[

T̃r

]

v′s′j′Ω′Λ′,vsjΩΛ
=

〈

ϕv′(r)

∣
∣
∣
∣
−

~
2

2mr

∂2

∂r2

∣
∣
∣
∣
ϕv(r)

〉

δs′sδj′jδΩ′ΩδΛ′Λ

� ���*�@���

[

L̃

]

v′s′j′Ω′Λ′,vsjΩΛ
=

〈

φs′(R)

∣
∣
∣
∣

1

2µR2

∣
∣
∣
∣
φs(R)

〉〈

Y

J′M ′p′

j′Ω′ |l2|Y
JMp′

jΩ

〉

[

J̃

]

v′s′j′Ω′Λ′,vsjΩΛ
=

〈

ϕv′(r)

∣
∣
∣
∣

1

2mr2

∣
∣
∣
∣
ϕv(r)

〉〈

Y

J′M ′p′

j′Ω′ |j2|Y
JMp′

jΩ

〉

��V �q]k_�NEVEn�J�R$N^]kRsJfUcVQUkMcnoL�P(R$NQMkJ
H̃e

Z+XsUkS+UeS"UkI�]kLKL2J(VEV^]@L2IoU\UOR<� X+RsMcNQJ(R$UkI¬]&IKJAMcN^]&S$]&I¬S"U
�²Ucy�UOR$S�L2UeRsJ(Lo_�]@VENEY&]�S"]�I$


Yk,Λ−Λ′ (γ, 0)
QD 1�
 D?D��#� 
"S"UcVtIoNEy?X$NQUrR+nKUe_�JAS"J

〈Λ|H̃e|Λ
′
〉 =

∑

k

vΛ−Λ′

k (r, R)YkΛ−Λ′ (γ, 0)
� ���*���	�

MkJ�RTVQJ -8XsUfVQJ8I\UcVQUr_aUOR�n�J8I`S+UWV^]W_�]@noL�NEY�-8XsU3RsJ8Ix�´]@VEn2]@Hs]@R®IKJ(R
[

H̃e

]

v′s′j′Ω′Λ′,vsjΩΛ
=

∑

k

〈

ϕv(r)φs(R)
∣
∣
∣vΛ−Λ′

k (r, R)
∣
∣
∣ϕv(r)φs(R)

〉

×〈Yj′Ω′(γ, 0)|YkΛ−Λ′ (γ, 0)|YjΩ(γ, 0)〉 δΩ′Ω

� ���*�&} �
=

∑

k

〈ϕv(r)φs(R) |vk(r, R)|ϕv(r)φs(R)〉

×

√

(2j′ + 1)(2k + 1)(2j + 1)

2

×

(

j′ k j

−(Ω′ + Λ′) Λ− Λ′ Ω− Λ

)(

j′ k j

0 0 0

)

δΩ′Ω

�`Rp]��8UcYaMkJ(R$IonoLKX"NQS$]�V^]a_a]&noLKNEY�S"UOV��q]k_�NEVEn�J(R"N^]@R$JTn�J(n2]&V 
[Zp]kLr]®J(H"n�UOR$UOL V^]&Im� X+R"�
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Hp]&I�]&S"J¯UOR UcV¬]@VEy�J(LKNEno_aJaS+U �/]kRsMcYkJ8I QDkB ��
¬DcB$D � C ��J(R UkIon�Uu]&VEy8J(L�NEno_�JaIKU�J(H"nKNQUORsU X"R
MkJ(R�4oX+R+nKJaS"U ��UkMcnKJ(L2UkIeJ(LKn�J(RsJ�LK_�]@VQUkIxZs]@Lr]uVQJ?IeMOXp]@VQUkIeV^]>_�]@noL�NEYzS"UcV �q]k_�NEVEn�J�R$N^]kRsJ�UkI
noL�NQS�N^]&y�J�Rp]@V 
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L�NEno_�J>S+U��t]@R$McY@J8IxZs]@L2]>M@]&S$] NEn�UOL2]�McNQP�R�UkI

u0 = ψ(0)

β0u1 =
[

Ĥ − α1

]

u0

· · ·

βiui+1 =
[

Ĥ − αi

]

ui − βi−1ui−1

� � � �?�#�
S"J(R$S"U

αi = 〈ui|Ĥ |ui〉

βi = 〈ui+1|Ĥ |ui〉
� � � ��«��

��V�MkJ(R�4oX+R+nKJaS"U5��UkMcn�J�L2UkIeJ(L�nKJ?y�J(Rs]&VQUkI
U = ui

UcI3n�]&V -8XsU
UT ĤU = Q


pª VQJ?I3�(]@VQJ(L2UkI
Z"L2J�Z$NQJ8I�S"UmV^]W_a]&n�L�NEY

Q
VQJ<IKJ�R S+UWV^]m_�]@noL�NEY

Ĥ
C

�jJ(L J(noL2JeV^]�S+J�
&V^]�I �^X"RsMONQJ(RsUkI Z"L�J(Z$N^]&I�IoU\J(H"nKNQUORsUrR5NEn�UOLr]@nKNE�(]@_�UOR�n�U¬MkJ(R5X+R<_�bcn�JAS"J
S"U�y?Lr]&S+NQUOR�n�UxMkJ(R 4�X$y�]�S+J QDkB8B�
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ªA] -8XsUT]®Zp]kL�nKN�L<S"U�V^]TNEn�UOLr]&McNQP(R�S+UcV�y?Lr]&S+NQUOR�n�U�MkJ(R�4oX"yA]&S"J IKU�Z+XsUkS+U�L2UcMkJ(RsI�noLKX$N�L<UcV
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sª���NQMcUc��UOL2IK]AC"��Ion�Uf_abcn�JAS+J QDkB(�#��MkJ(R$IoNQIon�UWUOR X"R ]&VEy�J�L�NEno_aJ -8XsU
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L2UkIonKJ8I MkJ(LoL2UkI�Z[J(R$S+NQUOR�n�UcI ]fV^]&I�NEn�UrLr]�MONQJ(RsUkI$
(ª H"X$IKM@]mS�N�L2UkMkMONQJ(RsUkI�UORuV^]�I MrXp]@VQUkI�_aU�4�J(L2]@L
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S"UWJ(L�n�J?y8J(Rp]@VENQS$]&S²C

�/] ]kZ"L2J&�AN�_�]&McNQP(R
z(i) IKU®]�MOnoXp]@VENEY&]®UOR�M@]&S$] NEn�UOL2]�McNQP�R MkJ(R X"R�_ !$VEnKN�Z"VQJ

ai
S"UOV

��UkMcnKJ(L
p(i) S+UWV^] S+N�L�UkMkMcNQP(R�S+UfH !sI�-8XsUcS$]

z(i) = z(i−1) + aip
(i) � � � �����
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r(i) = b−Az(i) IKUz]&McnoXs]&VENEY&]kR®MkJ(_aJ

r(i) = r(i−1)
− aiq

(i) � ��� }�¨ �
S+J(RsS+U

q(i) = Ap(i) C �t] UcVQUkMcMcNQP(R S"U
ai

IKU �p]&MkUGS+U _aJAS"J -8XsU IKU �p]@yA]�_ul�R$N�_aJ
r(i)∗A−1r(i)

C��/]&IqS+N�L�UkMkMcNQJ(R$UkI`S"U3H�!sI8-�X$UkS$]>IKU ]&McnoXs]&VENEY&]kR®]5n�Lr]c��bkI�S"UfVQJ8I�L2UcIon�J8I

p(i) = r(i) + bi−1p
(i−1) � ��� }Ag��

S+J(RsS+U
bi = r(i)∗r(i)/r(i−1)∗r(i−1) ]&IKUcy?X+Lr] -8X$U

p(i) ª
Ap(i−1) IoJ(R J�L�n�J?y�J�Rp]@VQUkIcC
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+IKUWL2UcMkJ(RsI�noLKX$ª8UfV^]m�^X"RsMONQP(R S+UzJ(R$S$]>]

nKNQUr_uZ[J
tf

UOR®UcVtUkI�Zp]&McNQJ>S"UcV²_aJ(_�UOR�n�J5S"UWV^] IoNEy(X$NQUOR�n�Uq_�]kRsUrLr]

Ψ(tf , pj) =
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∣
∣
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∣
∣
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Ĥ



n2]@V!-8X$UfZp]kLr]zX"R M@]@Rs]&V/S"UzUOR�noL2]�S"]
α

S"UcnKUOLK_�N�Rs]�S+J>nKUORsUO_�J8I

Ĥ
∣
∣Ψ+

α (x,E)
〉

= E
∣
∣Ψ+

α (x,E)
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|Ψ+

α (x,E)〉
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∣
∣Ψ+

α (x,E)
〉 Rα→∞

= −

i

2

√

1

2π~2

{√
µα

kα
exp (−ikαRα)|α〉

−

∑

β

Sαβ(E)

√
µβ

kβ
exp (ikβRβ)|β〉
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Hα
0 exp (ikαRα)|α〉 =

(
~

2k2
α

2µα
+Eα

)

exp (ikαRα)|α〉
� � � «?�	�

��R�V^] ��M?C �´�$C��(� ��

|β〉


`�
β

IKJ(R�V^]�I5� X+RsMcNQJ�RsUkI<Z+L2J(Z"N^]�IuªG�(]@VQJ(L2UkI5Z"L2J�Z$NQJ8I�S+U
H0

MkJ(�
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√

2µβ(E −Eβ)
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〈

Ψ+
α (x,E)|Ψ+

β (x,E′)
〉

= δαβδ(E −E
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� = δ(x− x′) =
∑

α

∫

dE|Ψ+
α (x,E)〉〈Ψ+
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F̂
∣
∣Ψ+

α (x,E)
〉
∣
∣
∣
∣
|β>,R∞

β

= −

i~

2µβ

[〈

Ψ+
α (x,E)∗|

∂

∂Rβ
|Ψ+

α (x,E)

〉

−

〈

Ψ+
α (x,E)|

∂

∂Rβ
|Ψ+

α (x,E)∗
〉] ∣
∣
∣
∣
|β>,R∞

β

=
~

µβ
Im

[〈

Ψ+
α (x,E)∗|

∂Ψ+
α (x,E)

∂Rβ

〉] ∣
∣
∣
∣
|β>,R∞

β

=
~

µβ
Im

[

〈β|Ψ+
α (x,E)〉∗

∂〈β|Ψ+
α (x,E)〉

∂Rβ

] ∣
∣
∣
∣
R∞

β

=
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|Sαβ|
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∣
∣Ψ+

α (x, t = 0)
〉

=
∑

β

∫

dE
〈

Ψ+
β (x,E)|Ψ+

α (x, t = 0)
〉

|Ψ+
β (x,E)〉

=
∑

β

∫

dEδαβaα(E)|Ψ+
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∣
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α (x, t)
〉

= exp
−iHt

~

∣
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α (x, t = 0)
〉
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∫
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α (x,E)〉

=
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−iEt

~
|Ψ+

α (x,E)〉
� ��� �Ag��

��N/UORTV^] IoNEy?X$NQUrR+nKU3N�R�n�UOy?Lr]@VtI�X$IonKNEnoX"l�_aJ8IxUcV²L�UkI�X$VEn�]�S+JuS"UfV^]z��M?C �´�$C �$D �¬n�UrRsUO_�J8I
∫

dt exp
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dE
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−iEt

~
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α (x,E)〉

=

∫

dE aα(E)|Ψ+
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1

2π~

1

aα(E)
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iEt

~
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∂

∂Rβ
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∣
∣
∣
∣
R∞
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=
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2π~

1
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dt exp
iEt

~

∂
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α (x,E)〉
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∣
∣
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√

1
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√
µβ

kβ
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=
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√

1
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∣
∣
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∣
∣
∣
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1
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∣
∣
∣
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∣
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Ψ−(x, t = 0) =
∑

β

∫

dE
〈

Ψ−
β (x,E)|Ψ−(x, t = 0)

〉

︸ ︷︷ ︸

aβ(E)

|Ψ−
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∑

β
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dEaβ(E) exp
−iEt
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〈α|Ψ−
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∣
∣
∣
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=
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1
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dt exp
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∣
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∣
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α
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= −

i

2

√

1
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∣
∣
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√
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∣
∣
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α
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√

2π~2

√

kα
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1
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exp (−ikαRα)
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~

〈
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〉
∣
∣
∣
∣
R∞
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∣
〈
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∣
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α (x,E)
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~

〈

Ψ−(x, t = 0)| exp
−iHt

~
|Ψ−

α (x,E′)
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∣
〈
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dt exp
iEt
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〈

Ψ−(x, t = 0)| exp
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~
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〉 � ��� g�gc¨��

=
1

2π~

∫
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iEt
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Pα(E) =
σα(E)

σ(E)
= ĺım

t→∞

|〈Ψ−
α (x,E)|Ψ−(x, t = 0)〉|

2

∑

α

∣
∣
〈Ψ−

α (x,E)|Ψ−(x, t = 0)〉
∣
∣
2

= ĺım
t→∞

|〈Ψ−
α (x,E)|Ψ−(x, t = 0)〉|

2

∑

α |aα(E)|
2
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α
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2 CA��Ion�]mS+NQIon�L�N�H"X$McNQP(RaUrRsUOL�y8bcnKNQM@]
S+UcV²Zs]�-8XsUOn�U 
$U -�X"NE�(]&VQUOR�n�Uf]zV^]WZ"L�J(Hp]kH$NEVENQS"]�S�S"Um]@H$IKJ(L2MONQP(R�Z[J(L\X+R$NQS$]&S®S+UmUOR$UOL�y8l^]�
�UkI
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E = Ei + ~ω
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∑

α

|a(E)|
2

=
1

2π~

∫ ∞

−∞

dt exp
iEt

~
〈Ψ−(x, t = 0)|Ψ−(x, t)〉
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Energía cinética del electrón, ε /eV

a)13 A’’
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�{ NEy$C/.+C��+C ��R�Mk]�S"] MOLKXsMcUuZp]kL�n�U�S"U�V^]�Z+L2J(Hs]@H"NEVENQS$]&S�IKU�Z"X$UkS"U�H$N��^X"L�M@]@L>UrR+n�L2U
VQJ8I�S+NQI�nKN�R�n�J8I\UcIon2]&S"J8IeUcVQUcMcnoL2P(R"NQMkJ8I�
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��UOL�N�L2IoUa]&VEy(X"Rp]TZ+L2J(Hs]@H"NEVENQS$]&S ]&V`� X+RsS"]@_�UOR�n2]&V 
�ª Z[J�L�J?n�L2J�
 V^]&I5L2UcIKJ(Rp]kRsMON^]�IzZ[JAS�L�l^]kR
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M@@VQMOX"VQJ8IjH"NQS+N�_�UORsIoNQJ�Rp]@VQUkI�_�J8IonoLr]&S"J?I UOR�V^]3{ NEy$C/.+CEDkBfUrRaMkJ(R+�$y?X+Lr]&McNQP(RuMkJ?VEN�RsUk]&V"IKUx�p]kR
�$UkM2�$JWUrR�V^]&I�I�X+Z[UOLK�sMONQUkI S+N^]kHp@nKNQM@]&I 3Π

ª 3Σ− S"UOV$IoNQIonKUO_�]�CA��N�R�UO_5Hs]@L�y8J�
8IoN+n�J(_a]@_�J8I
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Energía OHF, E /eV 

b) 23 A’’
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Energía cinética del electrón, ε /eV

a) 13 A’’
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V^]�I�I�X"Z[UOLo�sMcNQUkI`]&S+N^]kHp@nKNQM@]&I noL�NQS�N�_aUOR$IoNQJ(Rs]&VQUkIjª>V^]�I<� MkJ(R$y8UcV^]@_�J8I��xUOR�I�X�MkJ�R"�$y(X"Lr]&McNQP(R
MkJ?VEN�R$U@]&V 
tJ(H$nKUORsUO_�J8ImX"Rs]T_aUcYkMcV^]�S+UaVQJ8I UkIon2]&S"J?I<S�N^]@Hs&nKNQMcJ8I�
jS"U���J(LK_a] -8XsU�UcV �^X"R+�
S$]k_aUOR�n2]@VjnKNQUOR$UmV^] Hs]@LoL2UOLr]>Hs] 4�]&�´S"UcV 3Π

�xª�VQJ8IqS+J8IqZ[J?Y@J8I �6S+UcV 3Σ− �2C �tJ8I3UkI�Z[UcMcnoL2J8I
]�S�N^]@Hs&noNQMkJ8Ie]&I��QJ(H"n�UOR$NQS+J8I�
s{ NEy$C .+C9~ 1 
�IKUfZ"XsUcS"UOR MkJ�_uZp]kLr]kLeMkJ�R VQJ8I8��S+N^]kHp@nKNQMkJ8I��zS+UmV^]
{ NEy$C/.+CQDcB+C ��R�]k_5H[J8I V^]Ty�UkJ(_�UcnoL�l^]�UkI5MkJ?VEN�R$U@]@V 
/ªG]@V�Z[UrL�n�UOR$UkMkUOLu]TL2UOZ+L2UkIKUrR+n�]�McNQJ�RsUkI
N�LKL2UkSAXsMcN�H"VQUkI�S+N���UOL2UOR�n�UkI`RsJu�s]cª®]&MkJ(Z"V^]@_uNQUOR�n�J>UOR�noL2UzUcVEVQJ?IcC"��VjUkI�Z[UkMOnoL2J�S+UmV^]>I�X"Z[UOLK�+�
McNQU5]&S+N^]kHp@nKNQM@]¯D 3A′ nKNQUrRsUzy?Lr]kR IoN�_�NEVENEn�XsS®McJ(R UcV6��S+N^]kHp@nKNQMkJ � 3Π
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UOR¯V^]>{jNEy"C/.+C9~ ��
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Z[J(L�VQJmn2]kR�n�J�
�UcVpUkI�Z[UcMcnoL2J -8XsUeIKU3J(H"nKNQUOR$Uqn2]@_5H"NQbORaUkI X+Rp]W_aUOY@McV^]3S"Uf]@_5H[J8IOC$� Xp]kRsS+J
IKU>I�X"_a]@R VQJ8I3S"J?IWUkI�Z[UkMcnoL2J?I ��S�N^]@Hs&noNQMkJ8I�� 
[{ NEy$C/.�C9~ � 
sIoU>��U -8XsU V^]uI�N�_�NEVENEnoX$S®n2]k_>H"NQbOR
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Energía cinética del electrón, ε /eV

Energía OHF, E /eV 

13 A’
3Π
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�\]�Ion�] ] -8X$lqV^] S�NQIKMOXsI�NQP(R
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Z"VENQUcyA]�
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�V^]&I
L2UcIKJ(Rp]kRsMON^]�I � � � S+UkIKMOL�NEn�]�IxZs]@L2]uUcVjUkIon�]�S+J D 3A′′ IoU S"UOH[UOR ]>V^]5Z+L2UkIKUrRsMcN^]5S"UmZ[J?YkJ8I�

ª Uc��Z$VQJ(Lr]kR V^]�L2UOy8NQP(RGS+UcVxUkIon2]&S"J S"UanoLr]kRsI�NQMcNQP(R/C��`J(_aJ¯UkI5UcV�UkI�n2]�S+J S�N^]@Hs&noNQMkJ -8XsU
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Energía cinética del electrón, ε /eV

Energía OHF, E /eV 

3 A’’
3Σ−
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 UkIzS+U�UkI�Z[UOL2]@L -8X$UuV^]�I
L2UkIKJ�Rp]kRsMcN^]&I � � � IoU@]@R ��¢�¦ ��6�5 ��¢��a]¯VQJ?Iu]&MkJ(Z"V^]@_uNQUOR�n�J8I �AN�H"L2P(R"NQMkJ8I>UOR n�J(LKR$J ]¯V^]�I
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 UcI�Z[UkMcN^]@V�_aUOR�n�U<UOR UcV
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sªaZ[JAS�L�l^]kR S+UkIKMOL�N�H"N�L2IKUWUOR®X+R UkI�-8XsUr_�] noL�NQS+N�_�UORsI�NQJ(Rp]@V/S+UzUkIon2]&S"J?I
S+N^]kHp@nKNQMkJ8I�]�McJ(Z$V^]&S"J8I$
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@ª3UcV?L�UkIon�JxS"U�VQJ8I²@n�J(_aJ?ItU�NQJ(R$UkItIoU�S"UcIKMOL�N�H[UOR

S"UfV^]5I�NEy?X$NQUOR�n�Uq_a]@R$UOLr] 

O−(2P ) →
X+R��AXsUkMkJ®UcVQUkMcnoL�P(R$NQMkJ�UOR X"R�J(LKH"NEn2]@V`]&nKP(_�NQMkJ

p

jMkJ(R�V^]�L2UkI�noL�NQMkMcNQP�R�S+U

-8XsUfV^]zMkJ(_<Z[J(RsUOR�n�U
pz

RsJ<Uc�ANQIon�U 

F (2P ) →

X+R®�AXsUkMcJuUcVQUkMOnoL2P(R"NQMkJzUORTX"R®J(LKH$NEn�]&V/]&n�P�_�NQMkJ
p



F−(1S) →
]@R"NQP(R®UkI���bOL�NQMkJ5S"UWM@]kZp]5MkUOLKLr]&S$]�


O(3P ) →
S"J?I��AXsUkMcJ8I\UcVQUcMcnoL2P(R"NQMkJ8I¬UORTX"R®J(LKH"NEn2]&V/]&nKP(_�NQMkJ

p
C

��J(R�nKJ�S+J UkIon�J 
+IoUeZ+XsUkS+UfN�R�n�UrLKZ"L2UOn2]@L V^]fL2U@]&MkMcNQP(R�MkJ(_�J UcVsN�R�n�UOL2M@]k_5H$NQJWS"UqX"R�Z"L�J?n�P(R
ª<X+R��AX$UkMkJ5UcVQUkMcn�L2P(R$NQMcJmUOR�noL2UqVQJ?I�S+J8I � L2]&y?_�UOR�n�J8I`]@n�P(_uNQMkJ8I�_�&I Z[UkI�]&S"J8IOC$��V²U 4KU

OFL2UkI�X"VEn2]qIKUOL�X"R�U 4KU¬Rs]&n�X"Lr]@VsS"U�MOXs]@R�nKNEY&]&McNQP(R 
&ª5UcV�Z+L2J?n�P�R<ªmVQJ8I�S+J8I��AX$UkMkJ8I�UcVQUkMcn�L2P(R$NQMcJ8I
IKUx_5XsUO��UOR�]&V�L2UcS"UkS+J(L¬S+UqbcV6C�F�V$noLr]@n2]kL2IKUqS+UxX"R�_�JAS"UcVQJWS"UqS+J8I��AXsUkMcJ8I UcVQUkMOnoL2P(R"NQMkJ8I�
&V^]
Zp]kL�n�UeS+UcVsUkI�Z"l�R�Z"X$UkS"Uqn�Lr]&n�]@L2IoU\Z[J(L�IKUOZs]@Lr]&S"J S+UqV^]eZs]@LKn�UqS"UOVpJ(LKH$NEn�]&V6C?��VpMkJ(R�4oX+R�n�JzS"U
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�^X"R$McNQJ(RsUcIxS+UfHp]&IKUzJ�LKH$NEn2]@VQUkI�IKUmMOV^]�IoN��$M@]kR UOR��^X"RsMONQP(R S+UWV^]mZ"L�J�ª�UcMkMcNQP(R�S+UcV²_�J(_aUrR+nKJ
]kR$y?X"V^]@L J(LKH$NEn�]&V?IKJ(H"L�U UcV8U�4�U

OF


Λ

C@�jR UkI�n�U�_�J�S+UcVQJ\IoUORsMcNEVEVQJ 
OUOV�MkJ(R�4oX+R+nKJ\S"U�� X+RsMcNQJ(R$UkI
S+UWHp]&IKU J(LKH"NEn2]@VQUkI`Zs]@L2]<UcVt�AX$UkMkJ�UcVQUcMcnoL2P(R"NQMkJ5UOR¯UOV M@]&IKJ�S"UWVQJ8I\UkI�n2]�S+J8IqnoL�N�Z"VQUcn�U 
+UkIon�
��J(LK_a]�S+J5Z[J(Lx� X+RsMcNQJ�RsUkIxMkJ(R

Λ = 0



pO
1 (1)pF

−1(2)− pO
1 (2)pF

−1(1)− pO
−1(1)pF

1 (2) + pO
−1(2)pF

1 (1) para reactivos

� ��� gO« �
pO
1 (1)pO

−1(2)− pO
1 (2)pO

−1(1) para productos

J>MkJ(R
Λ = 1




pO
1 (1)pF

0 (2)− pO
1 (2)pF

0 (1) para reactivos

� ��� gO� �
pO
1 (1)pO

0 (2)− pO
1 (2)pO

0 (1) para productos

ª�MkJ�R
Λ = −1


"IKJ(R®U -8X$NE�(]&VQUrR+nKUkIq] V^]�IxS"U
Λ = 1


+Z[UOL2JuMcJ(R
pO
−1

UOR®�8UcYzS+U
pO
1

�´UOR®V^]&I
Uc��Z+L2UkIoNQJ(R$UkI�]@R�n�UrL�NQJ(L2UkI

(i)
IoU¬L�UO�sUOL�U\]\VQJ8It�AX$UkMkJ8I�UcVQUkMcn�L2P(R$NQMcJ8I D`PfB�rC���Ion�]�Ij� X+RsMcNQJ(R$UkI

nKNQUrRsUOR®�?]@VQJ(LqZ+L2J(Z"NQJ<�rDfL2UcI�Z[UkMcn�J�]5V^]5L2U 2sUc�ANQP(R®UOR UcV/Z"V^]@R$J
x − z

�eC*{¬C 
pS"]@R$S"JaV�X$yA]kL
]@V/UkI�n2]�S+J 3Σ− C

��V!�q]k_�NEVEnKJ(R$N^]kRsJ5UcVQUkMOnoL2P(R"NQMkJzn�J?n2]@V 

Ĥe


$IKU3Z"XsUcS"UzS+UkI�]kLKL2J?VEV^]kLqMcJ(_aJ

Ĥe = Ĥ0
e + V̂e

� ���*�&¨ �
S+J(RsS+U

Ĥ0
e

L2UOZ"L�UkIKUOR�n2]mUOV$� Lr]@y?_�UOR�n�J
FO− McJ(_aJWX+R�IoNQIon�Ur_�]WS+U3S"J8I �AXsUkMcJ8I¬UcVQUkMcn�L2P(R$N��

MkJ?I�
/ª _�NQUOR�noLr]&I -8X$U
V̂e

N�RsMcV�X"ª�U<VQJ8IWn�bOLK_uN�RsJ8IWUcVQUkMcnoL�J8Ion2@nKNQMkJ8IfS"U�V^]aN�R�n�UOLr]&MkMcNQP�R S+UcV
Z+L2J?n�P(R�McJ(R UcV¬L2UkIon�J S"UaV^]&I5Zs]@LKnKlQMOX$V^]&I>S"UcVxIoNQIon�Ur_�]¯�9�\{¬C¬�AU�Z+XsUkS+UTMcJ(RsIon�LKX$N�L5X"Rs]
L2UrZ"L2UkIoUOR�n2]�MONQP(R S+N^]kHp@nKNQM@]�]�Zp]kL�nKN�LmS"U<V^]&If�^X"R$McNQJ(R$UkI3Z+L2J(Z"N^]�IzS+U

Ĥ0
e


/UOR � X+RsMcNQP�R S+UcV
MkJ�R 4�X"R�n�J>S"Uf�^X"R$McNQJ(R$UkIxS+UfHs]�IKUWUcVQUkMcn�L2P(R$NQMk]�I`Uc��Z"L�UkI�]&S$]&IqUORTV^]�Ix��MkIcC ��.+CQD ��¬ª ��.+CQD��� 

V^]&ImMOXs]&VQUcImnKNQUOR$UOR X+Rp]aZ"L2J&ª�UkMkMONQP(R S"UO�+R$NQS"]

Λ
C/F�-8X"l¬MkJ(R$IoNQS"UOL2]@L2Ur_aJ8IfUcV¬UkI�n2]�S+JT_�&I

Hs] 4KJ5Zs]@L2]<M@]&S$]
Λ = 0,±1


�ªaVQJ5S"UOR$J?n2]kL2UO_�J8I �
φΛ


$McJ(R®�(]@VQJ(L2UkI`Z"L2J�Z$NQJ8I
EΛ

C
� =�> .�9 � $&"H3 ';1/9+? � 4*. 
�$&U�3V$�1/> $�	/1/4*? ,/. >/?&' $&U�)+W�> $&9�.�78"/9+.�$&%89V$ "/%*? @ .�U�U�)+W�> Λ

"�$&%*$ ,/.�4*)+B�>�$&% 9V$&4
� 1/>/U�)+?�>/.�4-.�9+.�U!'*%*W�>/)+U�$&4�X



gc«�} � � 	 �Q� �;� � � � �

�eUOR�noL2JqS+U¬UkIon�U�I�X"H[UkI�Zp]&McNQJeS"U`~(�+~ 
OVQJ8I/UkI�n2]�S+J8I S+N^]kHp@nKNQMkJ?I/IKU¬]&MkJ(Z"V^]@R>]`noLr]c��bcItS"UOV
n�bOLK_uN�RsJ5S"UOV²Z[J?n�UrRsMcN^]@V

V̂e
C��tJ8I\]�McJ(Z$V^]k_�NQUOR�n�J?I�S+Uf�AXsUcMkJ8I\McJ(R � P<{ nKNQUOR$UOR I�N�_aUcnoLKl^]

McNEVEl�RsSAL�NQM@]�
Aª�RsJa]&MkJ(Z"V^]@R®UkIon2]&S"J?IqMkJ(R®S+N���UOL2UOR�n�UeZ"L�J�ª�UcMkMcNQP(R
Λ

Cp�AN�R®UO_5Hp]kL�y�J 
"VQJ8I`n�bOLK�
_�N�R$J8IeS"U5]&MkJ(Z"V^]@_uNQUOR�n�J�UOR�noL2UmUcV � + ª®VQJ8I\�AX$UkMkJ8I\L2J�_uZ[UOR UcIon2]uIoN�_�UcnoL�l^]5McNEVEl�R$S�L�NQM@]�

]�McJ(Z$V^]kRsS+JTUkI�n2]�S+J8I

Λ = 0,±
D(C²��J�LWnKJ�S+J�UcVEVQJ�
sV^]>_a]&noLKNEY<S+UcV �q]k_�NEVEn�J(R"N^]@R$JaUOR UkIon�]

L2UOZ+L2UkIKUOR�n2]&McNQP(R �
φ−1, φ0, φ1

�`UkI

H̃e =





E−1(r, R, γ) V1(r, R, γ)e
iχ 0

V1(r, R, γ)e
−iχ E0(r, R, γ) −V1(r, R, γ)e

iχ

0 −V1(r, R, γ)e
−iχ E1(r, R, γ)




� � � �Ag��

S"J(R$S"U
E1 = E−1


8ª5UcVp]&MkJ(Z"V^]@_uNQUOR�n�J3S+N�L2UkMOn�JWUrR+n�L2U
φ1

ª
φ−1

UkI MkUOL�J3Z[J(L¬S"J8I�L2]&Y@J�RsUkI  
Z[J(LqX+R V^]&S"J�
�RsJuUcIxZ[J8IoN�H"VQUWUcV ]�MkJ�Z$V^]k_�NQUOR�n�J5S+N�L�UkMcn�J Z[J(L
-8XsU

Ve
N�RsMOV�X$ª�U3n�bOLK_uN�RsJ8I�S"U

X"R ¥G��¦¬��������¢&¤&���c¢ ��¢&¤�  � ��¦,6r¤&� 
²MkJ(R VQJ -8XsU V^] Z"L2J&ª�UkMkMONQP(R S+UcVj_aJ(_�UOR�n�Ja]kR$y?X"V^]@LWS"U
S"J8IxUcVQUkMcn�L2J(RsUcI¬R$J>Z+XsUkS+UzM@]k_>H"N^]@L\IoN�_5X$VEn�@R$U@]@_�UOR�n�U?C�� Z[J(L3J?noL�J�
+VQJ?I\]&MkJ(Z"V^]@_uNQUOR�n�J8I
N�RsS�N�L2UkMcn�J?I[Z[JAS�L�l^]kR>S"UrH[UOL2IKU`]�J?noL2J8ItUkIon2]&S"J8I$
&Z[UrL2JeUORmRAX$UkIonoL2J\_�JAS"UcVQJxIoN�_uZ"VQU 
@MkJ(RmnoL2UkI
UkIon2]&S"J?ImS+N^]kHp@nKNQMkJ?I�
²R$J®UkIeZ[J8IoN�H"VQU?C/wxUkI�Z[UkMcnKJ®]@V¬]&MkJ(Z"V^]@_uNQUOR�n�J�S+N�L2UkMOn�J

〈φ1|Ĥe|φ−1〉



-8XsU�UkIWIoN�_�NEV^]kLz]&V -8X$Ua]@Zs]@L�UkMkUa]@V noLr]@n2]kL VQJ8IWUO�´UcMcn�J8Ifw\UOR+RsUOLo� hjUcVEVQUOL QD . �,� 
/IKU�UcI�Z[UOLr]
-8XsUfIKU@]WHp]&Ion2]kR�n�UfZ[U -�X$U$'sJ+C"��Vtn�bOLo_�N�RsJ S+Uf]�MkJ�Z$V^]k_�NQUOR�n�J

V̂e
IKUeZ"XsUcS"UfS"UkI�]kLKL2J(VEV^]@LxUOR

� X+RsMcNQP�R�S"U3]kLK_aP�R$NQMkJ8I�UkI���bOL�NQMkJ8I$
���M?C �´�$C/. . ��
AS"UeS+J(RsS+UfIoUfS+UkS�X$MkU -8XsUeVQJ8I n�brLK_�N�R$J8I S"U
]�McJ(Z$V^]k_�NQUOR�n�J

V1(r, R, γ)
noNQUORsS+UOR ]�MkUOL2JTMOXp]kRsS+J

γ → 0
P
π

/Z"L2J�Z[J(L2McNQJ(Rs]&V�_�UOR�n�U>]

sen γ
C#�t]x��M?C ��.+C*B$D��²UkIjUOR�n�J�RsMkUkItMkJ(_uZ"VQUcn2]k_aUOR�n�U�]@Rs&VQJ(yA]\]xV^]¬XsI�]&S$]qUrR5UcV�noLr]@n2]k_�NQUOR�n�J

S"UWUO�´UcMcn�J8I`�AN�H"L2P(R"NQMkJ8I
Σ−Π


"IKUcy !+R®Z+L2UkIKUOR�n2]kR �	8(Z"Z[UOV\¢� u£��-QD . �,� C

��� �7���M	 �� � ��� FG9�9=��/�&4$6�%/��=� /7& � �=�"9=@�! &"*?3��8&"�%/�� � &"$0�8�,/�!8�=@�� �)!��.� �"!�#%$ L � � > &"�4�)9 �
��� ��$�& ��9%� +-�)9%*?9=� /7& �

�
B �6&"� >%&"�4�)9=� ���I>%�?/7&"�)/�& &"� �"&"$����)9,/�& *,�=�)� � /7&"� B �


6�=����� &"��� �
�
&"� +=$ �%���89

γ′
&"� &"� (���& : 9=�)*,� $ �=* @59%� > &"�E�)9=�)&"�"L
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�²J8IuUcVQUr_aUOR�n�J8I S+U�_a]&noLKNEYTS+U�V^]¯��M?C ��.+C*B$D��zS"UOZ[UrRsS"UrR S"U�V^]�I>MkJAJ(L2S+UORp]&S$]&I<X"nKN��
VENEY&]&S$]&I�
`UOR RAX$UkIonoL2JGMk]�IKJ��$UO_aJ8IuX"nKNEVENEY&]&S"J V^]&IaMkJAJ(L2S+UORp]&S$]&I�S"U �?]&MkJ(H$N9-8X$U IoU¯L�UO�
Z+L2UkIKUOR�n2]kL2J(RaUOR�V^]f{jNEy"C/.+C �AB�
?IoN�_uNEV^]@L�UkI ]3V^]�I Ur_uZ$VQUk]�S"]�I`]kR�n�UOL�NQJ(Lo_aUOR�n�U ��
���UOL`{ NEy$C .+C9~8~ 

]kX"R�-�X$U¯]k�sJ(Lr]¯UOR�UkIonKUTIoNQI�n�UO_�] S+U�L2Ur�´UOL�UORsMcN^]T�3C {`C�IKUTMkJ(RsI�NQS"UOLr] UOVqU 4KU

z′
Zp]kLr]&VQUOVQJ

]@V���UcMcn�J(L
r′

tª¯V^]�J(L�NQUOR�n2]&McNQP(R¯L2UcI�Z[UkMcn�J®]&V�IoNQIon�Ur_�]��pC*{¬C IoUuUkI�Z[UcMcN��sM@]u_�UkS+N^]kR�n�U<S+J8I

kR$y?X"VQJ8I\S+Uz��X"VQUOL �
φr′ , θr′ , 0

�rC"��J�LeJ?noL�J>V^]&S"J�
"V^]5J�L�NQUOR�n2]&McNQP(R�S"UOV/��UkMcnKJ(L
R′ UrR¯UcVtIoNQI��

n�Ur_�]m�eC*{¬C���NQUrRsU3S$]&S$]mZ[J(L\VQJ8I�@R"y?X$VQJ8I9�
γ′, χ′ �rCs�`J(_aJ5UcV²IoNQIonKUO_�]fZ+L2UkIKUrR+n�]zX+R�Z$V^]kRsJ

S+U�IoN�_aUOnoL�l^]�
²V^]�L2UOZ+L2UkIKUOR�n2]&McNQP(R S+N^]kHp@nKNQM@]�Z"X$UkS"U�n�Lr]@R$I���J(LK_�]kL2IKUuUOR X+Rp]�RAXsUO�?]aHp]&IKU
S�N^]@Hs&nKNQMk]¯]�S"]@Z"n2]�S"] ] V^] IoN�_�UcnoL�l^] �

φX , φY , φZ
� 
 UOR V^] MOXp]@VqIoU®MkJ?VQJAM@] ���`IKJ�H"L2UTUcV

Z"V^]@R$J
x− z

S+UWV^] IoNEy?X"NQUOR�n�Uq_�]kRsUOLr] QD . �#�
(
φ̃Y φ̃Z φ̃X

)
=
(
φ−1 φ0 φ1

)





eiχ′

/
√

2 0 eiχ′

/
√

2

0 1 0

−e−iχ′

/
√

2 0 e−iχ′

/
√

2



 .
� ���*�����

�jR UkI�n2] L�UOZ"L2UcIKUOR�n2]&McNQP(RTUcV!�\]@_uNEVEn�J(R"N^]@R$JmL2UkI�X"VEn2] S+N^]@y�J(Rp]@VtZ[J(LxH$VQJ*-8XsUkI

H̃e =





E1(r
′, R′, γ′) V1(r

′, R′, γ′)
√

2 0

V1(r
′, R′, γ′)

√

2 E0(r
′, R′, γ′) 0

0 0 E1(r
′, R′, γ′)



 ,
� ���*�&v �

MOX"ª�J8I`�(]&VQJ(L�UkI�Z+L2J(Z$NQJ?I�
"J�H$n�UOR"NQS"J8IxUORTVQJ8IxMk&VQMOX"VQJ8I £"5 6 ¦,6� 862�>IKJ(R
E± =

1

2

(

E1 +E0 ±

√

(E1 −E0)2 + 8V 2
1

)

y E1

� ���*�@���

�jR�UcIon�U�_aJAS"UOVQJ�
 V^]�Iz_a]&noLKNQMkUkI5S"UcV��\]@_uNEVEn�J(R$N^]kRsJ¯S�N^]@Hs&noNQMkJ¯S"UOZ[UrRsS"UrR
IKP(VQJ¯S"U
noL�UkIuM@]kR�nKNQS$]&S"UcI�


E1


E0

ª
V1


 -8XsU IKJ�R��^X"RsMONQP(R
S+U®V^]&IuMkJAJ(L2S+UORp]&S$]&I�N�R�n�UOLKRs]�IOC
E1MkJ�LKL2UkI�Z[J�RsS"U<]�VQJ8I3�?]@VQJ(L2UcI3Z+L2J(Z$NQJ?IWS+UcV UkI�n2]�S+J®UcVQUcMcnoL2P(R"NQMkJ¯D 3A′ 
/MOX"ª�J�] 4�XsI�n�U�]uX"Rs]

�^X"R$McNQP(RTS"UOZ[UrRsS+NQUrR+nKUmS"UfV^]�IxMkJAJ(L2S+UORp]&S$]&I\N�R�n�UOLKRs]�I�IKUWS"UkIKMrL�N�H[UmUORTV^]zw\Ur�oC QD . 1,� C
E0

ª
V1

IKU Z"XsUcS"UOR J(H"n�UORsUrLfS+N�L2UkMOn2]@_�UOR�n�U5]>Zs]@L�noN�LmS+U VQJ8Iq�(]&VQJ(L�UkIqZ"L2J(Z"NQJ8IeS"U VQJ8I3UkI�n2]�S+J8I
D 3A′′ ª B 3A′′ 
 _aUcS+N^]kR+nKU�X+Rp] Z+L2JAMkUkS�N�_�NQUOR�n�J IKUkMOX$UORsMON^]&V3] 4�XsIon2]kRsS+J Z"L�N�_�UOL2J

E0 =

E+ + E− − E1

�XsI�]kRsS+J�UcV�_abcn�JAS+J S+U®F�y?Xp]&S"J ª ��]kR$N^]@y?Xs] QD .$D�� C �eUkI�Z+XsbkI

V 2
1 =

1
8

[
(E+ −E−)2 − (E1 −E0)

2
] 
\UOR UcV -8X$U V^]�S+UOZ[UORsS+UORsMON^]�S+UcVz]&MkJ(Z"V^]@_uNQUOR�n�JGIKJ(H+L2U

sen γ
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