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Abstract 
This work presents the development of a reduced order compartment model for a counter-current spray dryer. The compartment model is formulated using adaptable compartments and introducing the use of correlations based on dimensionless groups. These correlations can capture the mean residence time they but are unable to reproduce the variance of the entire residence time distribution (RTD). Limitations are also observed in the evaluation of internal fluxes. The application of these correlations to a specific zone requires the inclusion the geometrical modifications in any part of the unit. A small internal modification in one geometry not only modifies a zone, but also influences the remaining regions so that the zones cannot be independently scaled-up. The methodology is complemented with an analysis of the RTD showing that most of the dispersion generated takes place in the bottom cone. 











Highlights:
· Compartments are adapted to different operating conditions by means of reduced models. 
· A general description of the system can be carried out with dimensionless groups.
· The zones of the dryer cannot be independently scale-up. 
· Statistical methods are still needed to increase the accuracy of the model. 
· The equivalent type of reactor is identified within each region for a counter-current spray dryer.
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1. INTRODUCTION.
Computational Fluid Dynamic (CFD) and Discrete Element Method (DEM) models have been widely used for understanding the internal fluxes, momentum and spatial distribution of the properties in unit operations. They have a wide range of applications in process and product design in chemical, pharmaceutical and metallurgical industries. However, these rigorous models involve a high computational cost. One of the alternatives proposed for the reduction of this cost is the use of Compartment Models (Haag et al., 2018). Following the reviews of Haag et al. (2018) and Jourdan et al. (2019) we can classify compartment models into two types of approaches: those based on equivalent reactor networks, namely systemic compartment models, and those based on the topological description within the unit. Each of the approaches is described below and their main characteristics are summarized in Table 1.  
[bookmark: _Hlk62401813][bookmark: _Hlk62401971]The first approach has been extensively used in process modeling to study the system dynamics within the entire unit or in well distinguished phenomenological zones (Haag et al., 2018). This approach, typically used for tracing (Danckwerts, 1953; Levenspiel, 2004; Nauman, 2008), has been applied to a wide range of systems such as water-treatment (Laurent et al., 2015), pharmaceutics (Gernaey et al., 2012; Ierapetritou et al., 2016), bioreactors (Ben Gaida et al., 2012) or particulate processes (Gao et al., 2012). In some cases, the approach has been used to characterize the system dynamics and its stability for a set of experimental trials (Harris et al., 2003; Engisch & Muzzio, 2016; García-Muñoz et al., 2019; Kruisz et al., 2019) and address control strategies (Bhaskar et al., 2017; Su et al., 2019). However, in modeling-focused works the objective has been to determine the residence time distribution (RTD), with RTD parameters fitted as a function of the operating conditions (e.g. material properties (Escotet-Espinoza et al., 2019), rotation rate, loads) from experimental characterization (Gao et al., 2011; Ben Gaida et al., 2012) or simulations based on rigorous models (Dubey et al., 2011). Although the reactor network of these elaborated approaches is flexible, the models still involve errors due to small oscillations that cannot be captured (Haag et al., 2018). Furthermore, they are also limited in their description of the internal distribution of properties. As a result, the remaining mechanisms such as the mass transfer may need to be characterized for every new operating condition to ensure an accurate prediction. This does not allow the reapplication of kinetic models characterized at laboratory scale. In such cases the introduction of an internal description of the properties in the unit cannot be omitted and the use of CFD-based topological method is needed. 
[bookmark: _Hlk78382468][bookmark: _Hlk62402079][bookmark: _Hlk78382587]The second approach is based on the extraction of the information of the fluxes within the unit to obtain a model based on a network of reactors that are equivalent to the finite volumes of the CFD model. This approach requires an internal experimental characterization of the fluxes or a CFD model as alternative for generating the mapping of the zones and the fluxes between them (Jourdan et al., 2020). Different methodologies have been developed based on this approach from the first work of Bermingham et al. (1998). A slightly more evolved approach was proposed by Bauer and Eigenberger (1999), who introduced an iterative process between the CFD model and the compartment model. This iteration was also considered by Bezzo et al. (2004a), who introduced a new automatic construction method (Bezzo and Macchietto, 2004b) based on aggregating the cells with similar properties. This method has been one of the most extended in the area, using different properties for aggregating the cells such as material concentration (Nauha et al., 2018), velocity (Tajsoleiman et al., 2019) or turbulent components (Le Moullec et al., 2010). As an alternative to the cell aggregation method, Delafosse et al. (2014) proposed the layer-by-layer method that averages the layer values combined with the cell values. Another interesting study in CFD is the hybrid systemic and CFD based compartment approach presented by Alvarado et al., (2012). They used the reactors to reproduce the turbulent kinetic energy. The development of these construction methods for CFD has not been applied to particulate processes since the particles are represented by discrete elements (DEM) or with a representative parcel by discrete parcel method (DPM). The fluxes of these elements/parcels are only extracted by tracking them and in most of the works the approach used for generating the compartments is based on creating a homogeneous structure of cells (Boukouvala et al., 2013; Rogers et al., 2014). Averaging the properties with this homogeneous division of compartments involves a discretization error in each of the cells. This error has been studied in detail for data-driven CFD models. It was found that the most sensitive phenomenon is the kinetic (Guha et al. 2006; Yang et al. 2019). Once the compartments have been generated, a data-driven model is typically built. In some cases, the objective has been to address complex kinetic models (Bezzo et al., 2003; Rehman et al., 2017) while in other cases the data have been used to derive a population balance model (PBM). In the area of particle processing this has been a common technique for those cases where the mass transfer of the particles is not sufficiently high to have a significant impact on the particle dynamics (e.g. mixers (Sen et al., 2012)). In other cases, with changes in the dynamics as a function of the operating conditions (e.g. coaters (Freireich et al., 2011) or fluidized beds (Börner et al., 2013)), the data-driven approach has been combined with more complex models in some regions. This reduces the error but still requires the use of DEM models (Freireich et al., 2011) or experimental analysis (Börner et al., 2013) for every new case study.
These approaches are very useful in the description of single phase (e.g. bioreactors, mixing tanks) or highly dispersed systems where the reaction does not influence the momentum and the geometrical parameters are rarely modified. The CFD model and its compartmentalization only need to be redeveloped when there is a significant change in the fluxes due to a modification of a variables that change the momentum. However, in the case of complex multi-phase or particulate systems with reaction or geometrical parameters influencing the momentum, a rigorous model is required for every new operating condition. The modification of any of the operating conditions from the discrete (e.g. density, moisture content, shear modulus, etc.) or continuous phase (e.g. temperature, flow rate, agitation) can have a significant effect on the fluxes and compartments. This makes it necessary to run the CFD or DEM model and generate the compartment for every new case, which is not very practical. As an alternative, the generation of Reduced-Order-Models (ROM) from these CFD or DEM models has received more attention in the last years. The use of ROMs was initially applied in mechanical engineering (Willcox and Peraire, 2002; Lucia et al. 2004) where it has been used to understanding complex systems (Lieu et al., 2006) and performing geometrical optimizations (Iuliano and Quagliarella, 2013; Yao et al. 2020). In chemical engineering, one of the first works was developed by Lang et al. (2009), who generated a ROM for the combustion of natural gas. In a similar way, ROMs have also been applied to particle processes, mainly based on DEM models. A generalized methodology was developed by Boukouvala et al. (2013), dividing the procedure into 4 steps: 1) Definition of variables and generation of a Design of Experiments (DOX), 2) simulation and data extraction from the DEM model, 3) reduction of dimensions and 4) model generation. This generalized methodology has been applied under small modifications to different operations such as blenders (Rogers and Ierapetritou, 2014), mills (Metta et al. 2020) or fluidized beds (Brenner et al. 2012; Zhong et al., 2020). In the generation of these models, authors have paid most of their attention to dimensionality reduction and modeling techniques since, contrary to data-driven approaches where discretization governs, the error is mainly generated by the accuracy of the model. Dimensionality reduction can be carried out by several techniques such as clustering, principal component analysis (PCA), filters based on t-test or Pearson correlation coefficient, and wrapper methods such as the ones based on sequential search or genetic algorithms (Carreira-Perpiñan, 1997; Guyon and Elisseeff, 2003; Mwangi et al. 2014). Among these, the use of orthogonal decomposition methods such as PCA have been the most widely used. As a result, a reduced set of components is obtained. These are complemented by surrogate modeling techniques such as linear or polynomial regressions, kriging models or Artificial Neural Networks (ANN) (Queipo et al. 2005; Bhosekar and Ierapetritou, 2018, Sánchez et al. 2020). These surrogate models can then be used for estimating single or multiple variables addressing them together with other first-principle based models in a final grey-box model that is equivalent to the CFD or DEM model. Large number of cases have been generated by applying ANN to CFD models (Willcox and Peraire, 2002; Lang et al. 2009). In the case of particulate processes, the ANN surrogate model has been used for computing the momentum meanwhile the remaining particle properties (size, mass flows, density) have been typically computed by means of PBM. (Akkisetty et al. 2010; Barraso et al. 2014; Zhong et al. 2020; Metta et al. 2020). As an alternative to ANN, other models have also been used, e.g. kriging (Boukouvala et al. 2013; Rogers et al. 2014), to address the particle momentum. This last approach provides information about the influence of each parameter and may require less computational experiments to have a final ROM. On the positive side, it can address more complex correlations but with a smaller number of parameters/neurons to be fitted. 
[bookmark: _Hlk89006411]The objective of this work is to propose and evaluate a methodology for generating robust compartment models based on dimensionless groups for a counter-current spray dryer. The use of dimensionless groups is applicable when there is a high number of similar units since the resultant groups can be reapplied. The use of dimensionless groups is not only applied to compute the momentum of the air and particles in the dryer but is also used for making the phenomenological zones adaptable. These zones can be computed from the resultant momentum equations by means of a sufficiently narrow mesh (Boukouvala et al. 2013). However, the aim here is to first characterize those distributions, generate ROMs to make the zone distribution adaptable, and address it into a final grey-box model with fewer regions. The evaluation of these correlations is applied to a counter-current spray dryer. Spray drying is a complex operation involving a 2-way coupling multiphase system with heat and mass transfer between the two phases, air and droplets. The operation has been widely studied in CFD (e.g. Harvie et al. 2002; Langrish and Fletcher, 2007; Woo, M.W. 2016; Hernández et al. 2018) and, in the case of counter-current contact, reduced models using systemic compartment models in the form of plug-flow reactors (Ali et al. 2016) have been generated. Furthermore, a topological study has also been presented defining a set of possible phenomenological zones. The model used ROMs only for computing a final property, the temperature distribution as a function of the location, instead of using ROMs to estimate the momentum independently from heat and mass transfer (Ali et al. 2020) and make the temperature profiles flexible to the location of the injection or the input properties. In addition, by following their strategy, the model does not distinguish the source of changes and it cannot be then used for addressing the influence of different discrete (i.e. particle size, detergent formulation, injection location, temperature or velocity) or continuous (i.e. flow, temperature or moisture) phase properties since the physics is not decoupled. Another relevant problem is that there is not a distinction of the errors, which can overlap. This also occurs in the CFD model used as the basis and presented by these authors. They were able to predict the temperature distribution (Ali et al. 2016) but they were not able to predict the momentum of the particles (Ali et al. 2017), which suggests an interaction of the errors. As an alternative approach, a step-by-step validation was followed decoupling the physics of the CFD-DPM model. First, the air momentum was modelled and validated under different level of roughness of the wall generated by the deposits (Hernández et al. 2018a). Then, the residence time (RT) of the particles has been modelled by using an effective restitution coefficient (Hernández et al. 2021), see supplementary material for further details of the validation. Finally, the heat and mass transfer model are implemented in the CFD model. 
[bookmark: _Hlk89007793][bookmark: _Hlk79057080]In a similar way to CFD, the generation of the compartment model is divided in two parts: a first study of the momentum and a second study, out of the scope of this work, of the heat and mass transfer mechanisms. This first manuscript focuses on the generation of a surrogate-based compartment model for the momentum and zone distribution independently of the heat and mass transfer mechanisms. The use of a surrogate-based model is proposed instead of the model based on a final CFD with heat and mass transfer of Ali et al. (2020) to reduce the computational cost and address the influence of the changes on discrete phase properties on the continuous phase. Since the system is 2-way coupling, any modification given in the particle properties (i.e., changes by drying, diameters or fluxes of them) have an impact on the air fluxes, see further detail in supplementary material Figure S-20. Thus, the use of surrogate compartment models instead of data-driven compartment models is the only alternative to reduce the computational cost of the CFD. The approaches based on data driven models prior the kinetics used in other works for single phase (Bezzo et al. 2003; Tajsoleiman et al., 2019) or 1 way coupling systems (Rehman et al. 2017) result in significant errors if they are applied here. In these systems, the use of a data-driven compartment model would be only applicable on predicting a final property such as final particle quality attributes due to agglomeration or breakage, but it would not remove the use of a CFD model that is the most computational expensive. 
Table 1. Summary of characteristics for each of the compartmental modeling approaches.
	Computational cost
	Robustness
	

Accuracy
	

Applications
	Fundamentals
	

	
	
	Geometrical
Errors.
	Numerical Errors.
	
	
	

	Low.
	Very low (1 model per experiment).
	Do not include spatial discretization limiting the modeling of highly detailed phenomena and scalable models.
	Limited by system stability.
	Final use in process modeling and control.
	Tracing, RTD characterization
	Equivalent set of reactors is generated in a unit based on residence time distributions.
	Data-driven
	Systemic approach

	Low.
	Limited by the momentum and its interactions with subsequent heat and mass transfer.
	
	Limited by model accuracy.
	
	Predictive modelling of RTD that it is join with other approaches (e.g. Population Balances, kinetics, etc.).
	
	Reduced order based
	

	Very High. Limited by the CFD model.
	Low. It requires the use of a CFD model or internal experimental description per model.
	Provides a spatial description of the phenomena allowing the scale-up of heat and mass transfer (e.g. kinetic models).
	Governed by the discretization errors.
	Addressing complex physics.
	Data is extracted from CFD for a set of zones.
	Data-driven
	Topological approach

	Low.
	High. Provides a geometrical description and it is independent from CFD.
	
	Limited by the model accuracy.
	Reduction of computational cost for quick decisions and use in control and optimization.
	Models are generated from the CFD data in each of the zones.
	Reduced order based
	



The remaining parts of this manuscript present the generation of this surrogate compartment model and they are structured as follows: Section 2 provides a description of the unit to be modeled. A description of the methodology followed for generating the compartment model is presented in section 3. Section 4 presents the results and section 5 presents the conclusions of the work. 

2. DESCRIPTION OF THE UNIT. 
The compartment model is developed for the semi-industrial scale counter-current spray dryer sketched in Figure 1, A). This process is based on the drying of droplets to produce powder by contacting them with hot air. Depending on how the contact between the air and the particles takes place, spray dryers are classified as co-current or counter-current. Sensitive materials (e.g. food, pharmaceuticals) requiring a good control of the product temperature are typically processed in co-current mode meanwhile more stable materials such as ceramics or detergents use counter-current operation to improve the heat transfer efficiency (Masters, 1972). Apart from the type of contact, the intensification of spray dryers has led to an improvement in the unit design by adopting, among others, the use of swirl flow patterns (Huntingon, D. 2004). This type of airflow pattern, widely used in other units such as cyclones (Hreiz et al. 2011), increases the RT and subsequently the contact of the air and the particles in the unit, see Figure 1,B). Although the aim of this work is not to characterize the airflow pattern, it is necessary to define the following characteristics that are key in the generation of the model:
· The first characteristic is the swirl intensity number used to quantify the strength of the angular momentum of this type of pattern, see Eq. (1) (Kitoh, 1991). It normalizes the non-dimensional flux of angular momentum by the axial flux of momentum based on superficial velocity, , and tower radius, R. 
  								(1)
· The vortex, generated by the tangential arrangement of the inlets at the bottom, shows a decay of the swirl intensity (Francia et al. 2015a). The air flows from the bottom to the top having a significant contact with the wall. As a result, a wall-shear stress is generated and the momentum components tend to homogenize showing a decay of the swirl intensity as described by Eq. (2) (Steenbergen and Voskamp, 1998; Francia et al., 2015b). 
   									(2)
· The angular momentum of this pattern is also responsible of a phenomenon called vortex breakdown (VBD) (Lucca-Negro and O’Doherty, 2001; Rusak, 2017). This phenomenon results in the generation of internal recirculation regions under sufficiently high swirl intensities (S>1). 
· The last characteristic is the presence of a precessing vortex core (PVC) (Syred, 2006), where the core of the air-flow pattern rotates around itself due to the forced vortex.
[image: ]
Figure 1. A) Sketch of the dryer and B) description of the airflow pattern. 
3. METHODOLOGY USED FOR THE DEVELOPMENT OF THE COMPARTMENT MODEL.
The methodology followed for generating the ROMs for the zones, fluxes, momentum and variance of particle residence time is presented in Figure 2. The methodology is divided into four steps that are defined in the following paragraphs. After defining each step, its application to the case study is presented. 
3.1 Generation of experiments for process modeling. 
[bookmark: _Hlk78974194][bookmark: _Hlk81946366]In the first stage a design of experiments (DOX) is generated. Although traditional response surface methods such as Central Composite and Box-Behnken designs have been widely used for modeling purposes, alternative fast-flexible filling (Roshan et al. 2015) or space-filling designs (Pronzato et al. 2012; Roshan 2016; Garud et al. 2017) such as Latin hypercubes or sphere-packing are preferred for this task since they allow the generation of a model with higher number of input variables and a smaller number of computational experiments. For this work, the constraints on the inputs were wide and we did not know beforehand which part of the input space would need finer characterization to accurately capture the responses. In this situation, either Latin Hypercube, sphere packing, or fast-flexible filling designs are suitable for generating the initial DOX. However, if further experiments are needed, the fast-flexible filling method is a good option to minimize the variance in outputs with more experiments in the center of a transition. In our case study we have selected the fast-flexible DOX, generated with the statistical software JMP®. The CFD-DPM simulations run in the first DOX are presented in Table S-1 of the supplementary material. 
[image: ]
Figure 2. Summary of the methodology followed for generating the ROM based compartment model.
3.2 Simulation of the rigorous model and characterization of the zones.  
In the second stage, each of the computational experiments of the DOX are run with the CFD-DPM model developed and validated in previous works (Hernández et al. 2018a; Hernández et al. 2021). In line with the general scheme for a CFD model generation, an independent validation of the momentum before addressing the heat and mass transfer mechanisms to avoid the overlapping of errors was performed. It was carried out by comparing the residence time at the bottom of the dryer for pulses with different particle size distributions and materials. However, these experiments did not cover the entire range of sizes since the feed droplets are smaller than the particles and some of them elutriate. When a CFD-DPM simulation was run in transient mode, it was observed that a fraction of the discrete phase remains suspended in the dryer increasing the computational cost as the simulation progresses. The accumulation can be corrected by generating a User Defined Function (UDF) in Ansys ® Fluent that removes the parcels in the simulation at a certain RT or by implementing an agglomeration mechanism (the second approach is more computationally expensive than removing the parcels at a certain time). However, even with the removal of parcels, the simulation takes 20 days to simulate 130 seconds of operation with a High Processor Computer (HPC) with 4 parallel Inter-Xeon E5-2698 ® processors. Thus, neither approach yields a computationally efficient transient simulation that can be run 20 times or more to generate enough data to create a surrogate model. The approach taken in this study used steady-state simulations, each taking between 70h and 100h on the same HPC. This steady-state approach has been validated with steady-state variables (volume fraction of particles measured near the wall based on the work of (Hassall, 2011)). It allows the tracking of particles to obtain dynamic information. Further details of the validation in steady state are given in the supplementary material.
Once the experiments are simulated, the number of cells in the model are reduced by aggregating them in zones with similar properties. This simplifies the model of the system and reduces its computational cost. This aggregation is straightforward when considering properties that are continuous in the cells, but not for discrete elements (e.g. particles or droplets tracked with DEM or DPM methods). For these elements the properties can often only be read in a certain position in the cell or in its layers, see Rogers and Ierapetritou (2014) as an example. Thus, the procedure followed in this work consists of:  
[bookmark: _Hlk78899674]3.2.1) Definition of an approximate zone boundaries based on heuristics and extraction of data by generating a planar mesh within these predefined zones. An estimated value for the boundaries of the zones is known beforehand, and it is not necessary to generate an extensive mesh in all the unit, only a fine mesh near the zones where the transitions are expected. For example, the nozzle region cannot go below the impact of the particle with the wall and is constrained by the location and angle of the injection nozzle. The generation of these zones and the data extraction is performed with a journal file in Ansys Fluent®. 
3.2.2) Characterization of the final zone boundaries using the data extracted: This definition is carried out by the user based on a chosen property. The property used for generating the regions is the volume fraction of particles, as in future work on drying of the discrete phase will be considered. The transition between high and low concentration is assumed to occur when a threshold is achieved (at least capturing 90% of the particles in the planar mesh). The final zones obtained in this study are summarized in Figure 3.
3.2.3) After the identification of the zones, a new mesh is generated extracting the mass and property fluxes as follows:
3.2.3.1) The geometry is cut with planes defined by the new known transitions. 
3.2.3.2) Fluxes of continuous properties are extracted from the layers generated on the mesh by cutting with planes. 
3.2.3.3) Discrete phase fluxes and properties are extracted by tracking the individual parcels and saving the data when the parcels cross the cutting planes. The variables of the particles addressed in the parcels are extracted with a suitable UDF in Fluent®. All this second study is also run with a journal file in Ansys Fluent ®. 
[image: ]
Figure 3. Zones identified in the dryer. 

3.3. Generation of reduced order models.
In the following step, ROMs are generated for making the zones flexible and to predict the fluxes and phase properties in the boundaries of the zones. The generation of the models is divided into the following steps:
3.3.1) Post-processing of the data read from the fluxes: The mass fluxes at phase boundaries do not need special treatment. However, the phase properties in each layers are distributed, and it is necessary to compute their mean values and the dispersion.
3.3.2) After post-processing the data, a validation step is carried out to confirm that there is sufficient data to model the desired variables in each of the zones. For example, it is possible that the discrete phase only appears in a zone in one half of the original DOX. In this case, more experiments are required to generate a final model. If this holds true (we assume that at least half of the experiments of the original DOX are required for modeling the variable), the model is validated in the second step. Otherwise, a new DOX is generated to improve the resolution of the operating space. The new DOX is assumed to have half the size of the original.
[bookmark: _Hlk81758413][bookmark: _Hlk81758282]3.3.3) Identification of the variables that show a higher impact on the fluxes and on the mean values of the distributed properties. The preferred method for this reduction is the minimization of the Bayesian Information Criteria (BIC). This method permits the accounting of the interaction between the models generated from the different variables while reducing the set of variables to only the most relevant ones. In this first step, the minimization of the BIC is only performed with the linear terms to select those variables with the highest influence. In case none of the variables/dimensionless groups are removed, further reduction is generated with user inference methods. A filter based on a Pearson correlation coefficient limiting the maximum number of variables is used. 
3.3.4.a) After dimensionality reduction, the next step consists of generating the final ROM to be used. Since the aim of this work is to generate correlations based on dimensionless groups like others used in chemical engineering (e.g. Dittus-Boelter, Ranz-Marshall), the form presented in Eq. (3) is the one used here. It is noted that the user’s knowledge of the phenomena to be modelled is also important and alternative forms can be also adopted.
									(3)
[bookmark: _Hlk79082314][bookmark: _Hlk81759053]3.3.4.b) Other approaches for generating the ROMs can be also followed:
a. The first one is a grey box model based on first principles where the data driven from the CFD can be used to estimate some of the embedded parameters of the model by optimization. 
b. The second is a pure statistical based approach. The model can be generated by any of the methods previously defined such as BIC minimization, principal component regression (PCR), single value decomposition or kriging. If one exclusively focuses on modeling a single unit, this alternative is recommended since it has been widely validated. 
3.3.5) Validation of the models and uncertainty quantification: A validation and an analysis of the stability of the model are carried out. This evaluation is performed selecting one random intermediate experiment and another experiment with values in the bounds of the operating space. Then, the Root Mean Square Error (RMSE) of the new experiments plus the previous ones from the DOX is analyzed. If the RMSE does not suffer a significant increase (we have considered a threshold of 10% of the RMSE of the original DOX) or if it is reduced, the model is assumed to be stable, and is finally implemented in the ROM framework. Otherwise, two new experiments are added for the evaluation. 
If this evaluation fails the test again, the model needs to be reformulated. One approach for making the model more stable is to remove the least significant variable based on a statistical parameter (e.g. Pearson coefficient). This often results in a less accurate but more stable model. If the accuracy after removing the variable is still poor or the model is still not stable, a new different expression is evaluated. In case no scalable expression based on dimensionless groups is found, a purely statistical model is generated. 
3.3.6) Generation of models for the variance of the RT: After generating the models for the geometries, fluxes and mean values, the next step is the generation of models for the variance of the residence time. This variance, or a dimensionless representation of it, is modeled following the procedures presented in section 3.3.4. The models for representing the variance are limited by the confidence intervals obtained for the model that predicts the mean values in previous step. 
A good example to be applied in this work is the RTD. This RTD has been modeled in previous works by a mean RT and an equivalent number of CSTR’s. For very dispersed systems, this type of model can represent the RTD curve. However, in systems with low dispersion, ahigh number of CSTR’s is needed.  This number limits the accuracy that can be achieved in reproducing the mean RT. Thus, the definition of the variance in terms of time (dispersion modeled with equivalent reactors) is constrained by the accuracy in reproducing the mean RT. Apart from this limitation, it is also important to note that this approach (CSTR equivalent network) is only necessary in those cases where the zones generated cover a high percentage of volume within the units. On the contrary, in case a very high number of small zones are used such as in other works (Boukouvala et al. (2013)) the equivalent CSTR model cannot be used since the number of tanks will grow exponentially (dispersion is smaller for small regions requiring more CSTR’s). 
3.3.7) Correction for systems with discrete phase. Characterization of the particle/droplet/bubble size distribution parameter with lowest error: The methodology defined so far only considers mono-dispersed distributions of the discrete phase. To quantify the effect that one distributed property has on another (e.g. the PSD of the particles on the fluxes of air) it is necessary to determine the characteristic statistical parameter of the distribution to model the effect (e.g. mean or median based on mass, volume or area of the discrete phase). Thus, a new set of experiments is run addressing different distributions of the system for this characterization. After that, the data is extracted as in the case for the monodispersed distributions. Then, the variables (either alone or in dimensionless groups) that have a property distribution are substituted by the characteristic parameter of the distribution (e.g. median diameter or Sauter diameter in a distribution). Finally, the accuracy of the models with each characteristic parameter is compared, the one that shows the lowest RMSE is selected.
Application to the spray dryer.
The description of the generation of the ROMs is divided into different parts according to the zones of Figure 3. In each of the zones, the ROMs generated for the geometries are presented first, then the fluxes of air are analyzed, then the momentum of the particles and, finally, the variance of the RTD. 
Nozzle region
The nozzle region is characterized by a zone with a higher concentration of discrete phase that corresponds to the nozzle sheet and two other regions with lower concentration of particles. A sketch of the characteristic dimensions and zones in the nozzle region is provided in Figure 4,A). The dimension of the nozzle sheet in the axial axis has not been separately modeled with dimensionless groups since the same nozzles are used in larger scales by increasing their number. The characteristic groups included involve numbers such as the Reynolds number for the flow of air, the Froude number or the Stokes number. To determine the adaption of the geometries of Figure 4,A) to the operating conditions, the procedures defined in sections 3.3.3) and 3.3.4.a) have been followed. The necessary dimensionless groups are reduced first by a BIC minimization with linear terms. Then, a parameter estimation is carried out in a power form as shown in Eq. (3).  
[image: ]
Figure 4. A) Characteristic geometries of the nozzle. B) Airflow regions in the nozzle region. Note that the nozzle angle, αnozzle, is the original without the contact with the air.
The air in the nozzle region is divided into three zones based on the predominant axial velocity pattern: bottom part, top central recirculation, and top external zone, see Figure 4, B). At the bottom part of the nozzle the air is highly unstable since the characteristic vortex of the swirl flow pattern is broken by the drag of the particles. Under this bottom section different shapes and irregular distributions are obtained for each of the cases studied. To model this region, the air is assumed to behave as plug-flow with a homogeneous radial distribution. This region extends until a backflow (negative axial velocity) appears. The height of the backflow region is determined by a surrogate model including dimensionless groups and the nozzle characteristics. In the top part of the nozzle region, two subregions can be distinguished: First, a central region with a backflow in the internal zone left by the nozzle sheet. Second, an external accelerated flow. The mass fraction of air that is recycled to the backflow region is also modeled as defined in section 3.3.4. 
After modeling the geometries of the zones and the air fluxes, ROMs are generated for the momentum of the particles. In this region the particles suffer a significant change of velocity and some of them elutriate. To consider the change of velocity within the nozzle, a grey box model is proposed with a drag factor as a function of nozzle properties and dimensionless groups. The procedure for generating the model is summarized in Figure 5. First, the nozzle region is initially sliced by several planes. The RTD is extracted in each of them. From the RTD curve it is possible to identify the mean RT. The velocity in the axial axis is computed with the distance between planes. From these CFD values, the Reynolds number can be computed as in Eq. (4). This Reynolds number refers to the axial direction, but it can be also used to compute the total component as in Eq. (5).  
									(4)
									(5)
The Reynolds number in the first layer is computed as in Eq. (4). In the second layer, the Reynolds number of the particles requires a correction by the drag factor as defined in Eq. (6). Here  is the relative height of a layer from the total nozzle height and it is equal to the inverse of the number of layers, see Eq. (7). This definition of Reynolds number is applied to every internal layer. 
							(6)
									(7)
The drag factor in each internal layer needs to be modeled as a function of the dimensionless groups. Not enough experiments from the first DOX were available to model the elutriates (smallest particle sizes). Thus, two further DOXs were generated. After running all the experiments, steps 3.3.3) and 3.3.4.a) are followed proposing a correlation for the drag factor in the form of Eq. (3). This correlation is included within the model and the parameters are estimated by a data-driven optimization where all the layers are included and the cumulative square error (CSE) of Eq. (7) is minimized. The number of experiments for defining some regions and the accuracy obtained with a single model is not that good, so that a piecewise model with two transitions based on a discrete phase diameter is used. Apart from modeling the RT, the dispersion could also be added but the velocity is so high that the RT is assumed to follow a plug-flow reactor model.
		(8)
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Figure 5. Summary of the procedure followed for generating the ROMs for the particle’s momentum in the nozzle region.
The last ROM developed in this region corresponds to the fraction of particles that is elutriated. This fraction is computed in each layer using the output from the CFD-DPM model. It is determined by formulating a balance with those particles with a non-negative axial velocity. The variables for the ROM are reduced by BIC minimization. Then a parameter estimation is carried out based on an oriented model that considers a balance between the drag, gravity and inertia groups. 
Elutriates region 
This region extends from the location of the injection to the top exit of the dryer. The particles are highly dispersed within the region without any structured pattern, so that is not possible to distinguish stable zones as in the previous nozzle region. The air, after contacting with the nozzle, has unstable structures but with a predominant plug-flow pattern. Thus, a homogeneous radial distribution of particles is assumed and the only variable modeled is the momentum of the particles. The time that the particles spend in the elutriates region is modelled in a similar way to that in the nozzle, but only considering the RT at the entrance and exit of the zone. An equivalent axial Reynolds number of the particles from the CFD simulation is then computed as in Eq. (4). A BIC minimization is carried out to determine the dimensionless groups with the highest influence. Since BIC minimization did not offer a small number of dimensionless groups, a filter based on the Pearson coefficient has been used. The resultant groups are finally modeled as a power expression in the form of Eq. (3). 
The variance of the RTD in this region is modelled as a set of equivalent CSTR’s per unit length. The CSTR’s are defined per unit length to make the dispersion of the particles independent of the zone size. The number of tanks is finally characterized as a function of dimensionless groups by a filter based on the Pearson coefficient and modeled with Eq. (3). 
Falling and central regions
Below the nozzle region, the discrete phase losses the momentum of its injection either by the contact with the airflow or by impact with the wall. The resultant distribution of particles is governed by the momentum distribution of the airflow. This tends to concentrate the particles near the wall region and two regions can be identified: A central region with only air and a falling region where the particles are concentrated. The distinction between both regions is based on the volume fraction of particles the simulations used in the first DOX. Most of the cases show a transition at a relative unit radius of r/R=0.77. Only the cases with small particles show a small fraction of the particles being transported to the center due to the PVC. In these cases, the particles in the center of the unit represent a small fraction of the whole the system, so all the particles are assumed to be in the region with a r/R greater than 0.77. This decision simplifies the generation of models for the air fluxes since less fluxes of the air between the zones need to be determined. 
The radial and axial fluxes of air are read at different heights. Since the simulation is carried out in steady state, only the net fluxes are obtained. In the case of the radial fluxes, there is no trend between the bottom and the top of the phenomenological zones. The radial fluxes also do not show any correlation with other dimensionless groups, see Table S-5 in the supplementary for further details. This behavior is due to the PVC phenomena defined in section 3.1 and shown in Figure 1. In transient conditions there is an exchange of flow between both regions but in steady state the flow is balanced. 
Apart from the radial fluxes, the axial fluxes are also modeled. The fraction of mass flow in the axial direction,  for each of the zones (central and falling) is extracted at different heights and averaged. The mean value is then used to obtain the ROM. It is first necessary to identify the variables and dimensionless groups with the highest influence on . In this case, it is necessary to use a filter-based method for dimensionality reduction since BIC minimization does not remove any of the dimensionless groups. Then,  is modelled following a power correlation as shown in Eq. (3). After generating the model with dimensionless groups, a comparative analysis is carried out with polydisperse distribution parameters as defined in section 3.3.7. The best result is obtained with the Sauter diameter.
	      (9)
The momentum of the particles is modelled in a similar way to that in the elutriates region. The plane at the bottom layer extracts the RTD. From the RTD, the mean RT is characterized and the Reynolds number of the particles in the axial direction is computed. This Reynolds number is then modeled as a function of dimensionless groups determined by BIC minimization and fitting to Eq. (3). It is important to remark that besides dimensionless groups referring to the entire unit, local groups related to the zone properties are also taken into account (e.g. the Froude number using the velocity of the falling region instead of the entire area (Overcamp and Scarlett, 1993; Hoffman and Stein, 2008)). 
This Reynolds number of the particles in the axial direction is exclusively used for computing the mean RT of the particles in the zone. The Reynolds number including the spatial components in the three dimensions and accounting for the tangential component due to the air drag is determined using a different model. The model for the Reynolds number with the all-3D components is determined by averaging the velocity that includes all the components at different heights. The ROM is generated by BIC minimization followed by a fitting to Eq. (3). 
Finally, the dispersion is modeled by determining the equivalent number of CSTR’s per meter and generating a function based on dimensionless groups following steps 3.3.3) and 3.3.4.a).
Extension of falling region in the inlets
This region is in the hip of the spray tower (see Figure 3), but with particles not dispersed by the air released tangentially by the inlets, is assumed to behave as the falling region. The same model for the distribution of particles, fluxes and RTD of the particles are used.
Dispersed zone near the inlets
The dimensions of this region are dependent on the operating conditions. For this 2D compartment model, two dimensions are determined for this region: the radial and axial distances at which the particles are concentrated. The generation of the models for the geometries is carried out as presented in previous sections: reducing the sets by BIC minimization and generating a correlation as in Eq. (3). 
The modeling of the air fluxes is more complex. By following the streamlines computed in CFD we can check if the air contacts with particles more than once. In this region the airflow first goes down, then impacts with the wall and finally forms the vortex moving upwards. Thus, a complete mixing with the particles is assumed within the region. 
The characterization of the RT of the particles is carried out in a similar way to previous zones. A plane is generated at the entrance and exit layers of the zones, and the RTD is extracted. The mean RT is then characterized, and the characteristic dimensionless groups are determined by BIC minimization and a filter based on Pearson coefficient. The model also has a power form as Eq. (3). After that, the dispersion is modeled. 
Cone region
This region contains the particles rolling on the bottom cone. The region is divided in two zones with respect to the particle concentration. One zone considers the bed of particles by themselves. Thus, there is no flux of air between the two zones. The height of this bed does not vary much within the zone, except at the top of the cone where there are small changes due to the rebound of particles after their first impact. For homogeneity, the system is assumed to have the height of the bed in the entire region. The RT of the particles and the dispersion of the RTD are modeled as in previous approaches with BIC minimization and a model then generated in power form as in Eq. (3). 
3.4 Implementation into a modeling software. 
After developing the ROMs, the final compartment model is implemented. The procedure proposed follows a multilevel approach as presented in Figure 6. The first layer contains the phenomenological zones, the “intelligent-core” (IC) model for computing the size of each zone and the number of equivalent reactors within each of them. In the second layer, the equivalent number of CSTR tanks are modelled. The maximum number of tanks is limited by the accuracy in modeling the mean RT in each region. At least one tank is fixed in each region and this tank has a dead-volume factor to model those cases where the number of equivalent CSTR’s is below one (Levenspiel, 2004). Each tank contains the general mass and energy balances for the continuous phase and the PBM for the discrete phase as presented in the Appendix. To address the individual phenomena such as reaction kinetics or drying lower levels are defined within each CSTR. In this study, the models in the third level are the continuous and discrete phase property models and the momentum model. The formulation can be implemented either in equation-oriented modeling tools (e.g. gPROMS® or Modelica) or with sequential programing approaches (e.g. Matlab® or Python).
Application to the case study
The final model is implemented in gPROMS® following the structure presented in Figure 6. A summary of all the models generated in previous steps for each of the phenomenological zones is presented in the Appendix together with the general scheme and CSTR models. 
[image: ]
Figure 6. Structure of the compartment model for a 2-way coupling multiphase system.

4. RESULTS.
[bookmark: _Hlk78929700]The main result obtained from the final framework composed of ROMs is the reduction of the computational cost compared to the CFD-DPM model. The developed framework can compute the distribution of the volume fraction of particles, the fluxes of air and the momentum of particles in a few dozens of seconds compared to dozens of hours with the CFD-DPM model. Although a high number of initial simulations are required for generating the framework, it can now substitute the CFD-DPM model in a lot of use cases and reduce the time for taking decisions about the operation of the unit, for example with new materials. The reduction in decision time is limited by the errors involved in each of the ROs. These errors are analyzed in the following subsections. 
4.1 Evaluation of reduced order models.
[bookmark: _Hlk79082743]In this section we describe the physical meaning of some of the ROMs obtained in this case study, focusing on those that have required further analysis or with a high relevance. Further details of the validation (e.g. Parity plots, RMSE) of each of ROMs with the original CFD-DPM model are given in the supplementary material. 
Nozzle region
The first region evaluated is the nozzle region. This region is a bit different from the others since the same type of nozzle considered in the current work is also used in large scale facilities. The scale-up to higher productions is done by introducing more nozzles in the system, see Huntington (2004) for examples of atomization rigs with several nozzles at industrial scale. Thus, the models generated include not only dimensionless groups but also the nozzle properties. The model obtained for the height of the zone has a significant contribution from 2 characteristic dimensionless groups in the modeling of particle-air systems: Archimedes (Ar) and Stokes (St) numbers, see Eq. (10). 
		(10)
For the nozzle sheet, the nozzle angle and the volume fraction of particles are also found to play a critical role, see Eq. (11).
							(11)
These nozzle characteristics are also considered in the definition of the region where there is a backflow, see Eq. (12).
		(12)
In fact, the mass fraction of air recycled by the drag generated by the particles is also influenced by the injection characteristics (fraction of particles and injection velocity), see Eq. (13).
		(13)
The momentum of the discrete phase in this region is modeled by the same three dimensionless groups and the angle of the injection. The model of the drag factor for the particles is divided in two following parts, Eqs. (14) and (15), based on the diameter of the discrete phase:
· [bookmark: _Hlk62820328]For dp > 400 µm:
 		(14)
· For dp < 400 µm:
 		(15)
The fraction of elutriated particles in each internal position is computed with two weighted terms: a first term with the gravity (Archimedes); and a second term accounting for the drag forces and represented by the ratio between the Stokes and Reynolds numbers of the particles, see Eq. (16). 
				(16)
Elutriates region
In this region only the RTD of the particles is modelled with surrogates. The three dimensionless groups with higher a contribution to the mean RT correspond to the Archimedes, the Froude and the Stokes numbers. The estimation of the parameters of a power law correlation has not been constrained and shows an Archimedes number with a positive exponential, see Eq. (17). This contradicts physics since one should expect that those particles with higher Archimedes numbers (higher contribution of the gravity force) should move slower. However, the positive power of the Archimedes is balanced with a very large negative exponent for the Stokes number and a positive exponent for the Froude numbers. The Stokes number follows the expected trend since higher values of Stokes number favor inertial forces (mainly gravity) and reduce the possibilities of advection. The Froude number is also expected to have a positive trend since the higher the velocity, the faster the particles move in the region. 
[bookmark: _Hlk62820594]				(17)
The variance is modeled by means of an equivalent number of CSTR’s per unit length. This number of CSTR’s is also influenced by the Stokes and Archimedes numbers, but withthe Reynolds number of the air instead of the Froude number, see Eq. (18).
					(18) 

Central and falling regions
[bookmark: _Hlk81946702][bookmark: _Hlk79147890]Since the boundary between the two regions has been determined to have a relative radius of r/R=0.77, see section 3.3, the first term modeled is the fraction that separates the axial fluxes of air. The analysis with dimensionless groups shows that  is mainly influenced by the level of deposition on the walls. This modifies the decay of the swirl intensity, , and the Stokes number of the characteristic Sauter diameter of the particle size distribution, see Eq. (19). However, the model generated including only the dimensionless groups does not provide a good fit, see Figure 7, A) (RMSE=0.0699). Including the next most significant group, the volume fraction, does not improve the accuracy much (RMSE=0.0675). 
				(19)
[bookmark: _Hlk81946720]Due to the low accuracy of these models, an alternative studied is the generation of a model including the dimensionless groups and the geometrical properties of the nozzle. The model suggested includes the angle of the nozzle and the Archimedes number instead of the Stokes number, see Eq. (20) (RMSE=0.0574). This contribution of the angle means that the zone cannot be independently scaled-up to similar units. The relevance of the nozzle is significant since the system is two-way coupled (air and solid influence each other) and a modification in any of the internal parts of dryer changes the entire motion of the system. Furthermore, due to the vortex generated, the air velocity profiles show a radial increase from the center of the dryer to the wall (see Figure S-19 and S-20 in the supplementary material), requiring a model with higher discretization (equal to the number of cells in the mesh) to capture the changes.
 				(20)
The result is not only significant in terms of ROM generation, but also has an impact on the scale-up of the zones. Francia et al. (2015b) demonstrated that the scale-up of the air without a nozzle can be carried out as in Eq. (2). However, in the presence of particles, the airflow is far more unstable and particle characteristics, including injection, turn out to be critical. In particular, the main constraint is given by the impact that the injection has on the flow pattern. The pressure generated by the particles changes the pattern in all the regions since the air is a low viscous fluid and is unable to dissipate the changes of motion. This phenomenon also neglects the scale-up of the internal fluxes because nozzles are not scaled-up maintaining the geometry ratios. Thus, the cross-sectional area covered at larger scales is different and the effect of the air is also modified. 
[image: ]
Figure 7. A) Model for the fraction of air in the falling region including only dimensionless groups and B) including dimensionless groups and nozzle variables.
In addition to the model of the air, the RTD of the particles is modeled. The model obtained for the particles selects the Reynolds number based on the terminal velocity, the swirl intensity correction and the Froude number corresponding to the falling region. In the parameter estimation the Reynolds number involving the terminal velocity shows a power of 0.78, see Eq. (21). 
					(21)
[bookmark: _Hlk79147915]Based on this value, the model can be rewritten in the form of a ratio of Reynolds numbers as in Eq. (22) without a significant change in the accuracy of the prediction: the RMSE only increases from 3.634 to 4.921 from Eq. (21) to Eq. (22).
						(22)
[bookmark: _Hlk81619524]The influence of each group is also in agreement with the expected physics. The Froude number increases with the air velocity and the velocity of the particles is smaller when the air velocity is increased.  The swirl ratio captures the effect of fouling. For higher fouling, the swirl intensity decreases, and the rotational movement of the particles is smaller. Thus, the particles spend less time rotating for the same increment of axial length. 
The Reynolds number in the axial direction, , accounts for the RT of the particles in the zone. However, if we need to include the heat and mass transfer in future work, we will need to use the Reynolds of the particles in 3D, .  is determined from the CFD-DPM simulations by extracting the 3D components of the velocity of the particles at different internal points. Then a model is proposed as previously defined. This new correlation computes  as a function of , the Stokes number, the Reynolds number of the air and the ratio of Swirl intensities groups, see Eq. (23).
   			(23)
 Finally, the dispersion of the RTD is modeled as a function of the Froude number, the ratio of Swirl intensities and Stokes number. However, the quality of the model using dimensionless groups as in Eq. (3) is not that good (RMSE=32.8). The approach followed in the current work is compared with a purely statistical model based on principal component regression (PCR) selecting the 3 most relevant components, see Figure 8 A) and B). The PCR model is expectedly more accurate (RMSE=7.4), however the model is only applicable to the current unit and within the space of operation covered by the DOX. This model obtained by PCR represents at least 90% of the variance and includes the following dimensionless groups in linear form: volume fraction, Archimedes number of particles, Reynolds number, Froude number, Stokes number of particles, Reynolds number of the particles in terminal velocity and ratio of Swirl intensities due to fouling.
[image: ]
Figure 8. Comparison of the modeling of the dispersion of the RTD by equivalent number of tanks with current methodology and PCR for the falling (A & B) and cone regions (C & D).
Dispersed zone in the air inlets region 
The first aim at this step-in modeling is to determine the geometries of the zones. In particular, the height of the “dispersed zone” at the inlets plays a critical role since it mainly accounts for the distance covered by the falling particles until they reach the cone. In the cone the particles form a bed reducing the contact area with the air. For confidential reasons, this height is presented in dimensionless form, divided by the cone height. The reduced model for this height is computed as in Eq. (24). 

   									(24)
The time that the particles spend in the dispersed zone is suggested to be a function of the swirl intensity ratio, the Stokes and Archimedes numbers of the particles and the Reynolds number of air the dryer, see Eq. (25). 
		(25)
The Archimedes number shows a positive power, which agrees with physics since a higher Archimedes number accounts for higher contribution of gravity. The Stokes and Reynolds numbers show a different influence than one expects in counter-current operation, so that the RT increases when the air flow is higher, and the Stokes number is smaller. However, these results are still physically reliable since the air partially contacts the dispersed phase in co-current mode, pushing the particles to fall. In fact, a reduction of the dispersion is obtained, making it necessary to model the zone as a PFR instead of a CSTR, see Table S-26 of the supplementary material. 
Cone region
The last region corresponds to the bottom cone where zones are fixed by the thickness of the bed of particles and only the RTD of the particles is modelled. By BIC minimization, the mean RT, computed from the Reynolds number, is obtained as a function on the Archimedes and Stokes numbers. However, the influence of the Archimedes number is the only one expected since the movement of the particles in this bottom cone is like the movement of a bed of particles in a silo. The Reynolds number of the particles in silos has been exclusively modeled as a function of the Archimedes number (Muite et al. 2004). An analysis comparing the two models, with and without the Stokes number, is provided in the supplementary material showing that a reduction to only the Archimedes does not change the results significantly: the RMSE only increases from 0.9135 to 1.021. The final model is given in Eq. (26). 
								(26)
The model of the RTD is completed with a modeling of the dispersion. The current approach is unable to capture the trend (RMSE=34.48) with the 3 most significant terms (the ratio of Swirl numbers, the Archimedes and Froude numbers). As an alternative, the modeling has also been carried out by Principal Component Regression, yielding slightly better accuracy (RMSE=31.09). However, the PCR based model still shows errors near zero in some cases suggesting a negative number of tanks. To avoid negative values, the equivalent number of CSTR’s is limited be above 0.5.   
4.2 Model validation with the RTD of the particles.
The model can also be validated by comparing against the RTD. Two sections with significant changes in the dispersion of the discrete phase are selected: at the end of the falling region and at the bottom part of the dryer. The results for two experiments with very different types of RTD curves at these two regions are given in Figure 9. To quantify the accuracy of the prediction through the entire RTD curve, the cumulative error, , is used. The error is computed as in Eq. (27) with the differences between the mass fraction predicted by the compartment model,, and the ones obtained from the CFD-DPM model, , for intervals of 0.1 s. For the experiments studied, the average value of  before the particles access the inlets region is 0.2552 and the maximum is  =0.55. At the bottom of the dryer, this error is reduced to an average value of  =0.1224 and a maximum of  =0.2079. 
							(27)
Analysing Figure 9, the first couple of images are for experiment 1 that corresponds to a case with a high dispersion (the number of tanks required in the falling region is 10 and in the cone region is 1 with an internal dead volume equivalent to 0.6). This experiment is accurately predicted. The other two images correspond to experiment 5, where a low fraction of mass is captured by the RTD of the ROM. Even though the error in the mean RT is below 1 s (the error is 0.67 s), the dispersion of the RTD is very narrow, close to a Dirac delta function, suggesting a PFR. In fact, the zone requires 188 CSTR’s, which can only be reproduced by the model if the variance is below 0.109 s2 (RMSE is 0.33 s).  This is nearly a third of the RMSE of the model, 0.88 s. This degree of accuracy is obviously very hard to achieved with a ROM. An analysis can be also done from the Principal Components where even after selecting the 4 most relevant components (typically up 3 are selected) it is not possible to describe more than 96% of the variance. Thus, the accuracy required for reproducing the mean RT limits the possibility of using either the equivalent CSTR theory or a PFR with dispersion. The alternatives that can be followed are:
· Assume the zone as to be a PFR without dispersion and only compare the mean RT, which is still accurately reproduced. 
· Constrain the maximum number of CSTR’s as proposed in the methodology. As a result, we at least cover a higher fraction of the area, and a part of the mass fraction is captured in cases with a dispersion of the discrete lower than the accuracy of the model for the mean RT. 
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	Exp. 1 At the end of falling region.

	Exp. 1 At the bottom of the dryer.
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	Exp. 5. At the end of falling region.


	Exp. 5. At the bottom of the dryer.




Figure 9. Comparison of the RTD for Experiments 1 and 5.
Contrary to the observations in the previous section, where the zone can be considered as a PFR, the cone zone shows a higher dispersion that needs to be described. This dispersion has been missed in previous works (Ali et al. 2014; Ali et al. 2020) where only the mean RT for each particle size was compared based on a previous CFD model that does not predict the RTD (Ali et al. 2017). However, since most of the drying occurs in the nozzle, falling and inlets regions, the 2D PFR model of Ali et al. (2014) still presents acceptable results for predicting the heat and mass transfer. 
The analysis by phenomenological zones also allows identifying the source of the dispersion of the RT observed in previous work (Hernández et al. 2021). In that work, experimental pulses were analysed with 3 systemic compartment models (equivalent CSTR, equivalent PFR and PFR+CSTR). From the three approaches, the use of a PFR plus a CSTR showed the lowest errors. This PFR+CSTR has a physical representation in our case of study. The injection, falling and inlet zones are very narrow in a PFR. Meanwhile the cone is a CSTR or a set of CSTR’s (in some cases low dispersion is observed) since it is the region with highest dispersion.  
The results presented in this section, so far only corresponds to monodispersed distributions. A second analysis of the prediction of the mass distribution is also carried out using particle size distributions. In these cases, the error computed by the parameter  is found to be lower than that with monodispersed distributions, with values up to 21% of  before the region of the inlets (average of 14.7%) and up to 9% at the bottom of the dryer (average of 7.9%). The lower error obtained is due to a balance of the error between the different particle sizes that overlap each other. Thus, for a rigorous validation of the RTD, the analysis needs to be carried out with monodispersed distributions. 
4.3 The role of the number of zones in the momentum prediction.
The compartment models are compared with the simplest case of a systemic compartment model, the modeling of the whole unit as a set of CSTR’s. The resulting model to predict the mean RT by using dimensionless groups is presented in Eq. (28) and the model for predicting the dispersion by means of that approach is presented in Eq. (29). See the parity plots in Figure 10. 
				(28)
 	(29)
The model for the mean RT, Figure 10, A) is first compared with a PCR model including the 3 most important components, Figure 10,B) and showing very similar results. On the contrary, the model for the dispersion shows very high errors, is highly non-linear and includes many terms. As occurred in the modeling of the dispersion for each of the zones, the use of dimensionless groups is not useful and it is necessary to use PCR to obtain accurate predictions, see in Figure 10, D).
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Figure 10. Validation of models for the Reynolds number (it addresses the mean RT) and the dispersion considering the dryer as a unique system. 
The accuracy of a single phenomenological zone is also compared with the compartment model developed in this work. The comparison is carried out using the mean RT at the bottom of the dryer. A lower error is obtained with the compartment model than by considering the entire dryer with a single zone, see Table 2. Increasing the number of zones increases the number of parameters to fit the model and improves the model accuracy. Apart from comparing with the experiments of the first DOX, the models are also compared using the experiments of the second DOX for cross-validation. The comparison is divided into 3 parts to check the stability of both models: First, with one experiment on the bounds (experiment B-5 in the supplementary material) that shows a high RT; then with one of the bounds and 2 central points (experiments B-3 and B-10) and finally with all the experiments in which particles are recovered at the bottom. In all the cases, the compartment model shows smaller error than considering a single zone system. The compartmental approach ensures the model’s stability in the bounds and central points of the operating space. Furthermore, when the number of trials is increased, the RMSE of the model does not increase as much as with a single zone. This also suggests a stable solution. It is possible that using too many zones could lead to more instability problems due to overfitting. To avoid such errors in the surrogate-based compartment models, one suggestion is to limit the number of zones to those that exclusively have phenomenological changes. This also helps to reduce the computational cost. Table 2. Comparison of RMSE for mean RT prediction between compartment model and model with one zone.
	 Case study
	Based on
	RMSE (s)

	[bookmark: _Hlk62617846]A)
All reactor with 1 model (1 zone)
	Experiments of the 1st DOX used for modeling.
	1.837

	
	Experiments of 1st DOX plus B-5 of the 2nd DOX
	2.454

	
	Experiments of 1st DOX plus B-3, B-5 and B-10
	3.716

	
	Experiments of the 1st DOX plus the 2nd DOX
	4.390

	B)
Aggregation of inlets and cone zones
	Experiments of the 1st DOX used for modeling.
	1.629

	
	Experiments of 1st DOX plus B-5 of the 2nd DOX
	1.574

	
	Experiments of 1st DOX plus B-3, B-5 and B-10
	1.979

	
	Experiments of the 1st DOX plus the 2nd DOX
	2.128



5. CONCLUSIONS.
This work has presented the generation of a surrogate-based compartment model with adaptable regions for a counter-current spray dryer.  These regions are based on the distribution of the discrete phase within the regions. To model the distribution of the zones, the fluxes and the momentum, the use of correlations based on dimensionless groups has been adopted because it permits the  possibility to scale-up the zones to geometrically similar units. In this case study, this approach has been able to reproduce the fluxes and distribution of zones with reasonable accuracy, but needs to be complemented with statistical methods for an accurate description. Furthermore, limitations are also observed in the modeling of the air, where geometrical factors are necessary to model the different zones. Each of the zones cannot be independently scaled-up in this case with a low viscous fluid, namely air. These limitations mean that the approach cannot be solely implemented into a reinforcement learning methodology. The only possibility is by a two-step learning process, first evaluating the dimensionless groups and then employing the statistical model. 
In the modeling of the momentum, the use of the dimensionless group-based correlations in each of the regions has yielded good performance for the modeling of the mean RT. However, it has failed in the accurate modeling of the variance of the RTD, necessitating the use of pure statistical models to improve the quality of the prediction. An analysis of this variance has been also carried out showing that most of the regions can be modeled as a PFR without dispersion except the elutriates (it contains a small fraction of particles) and the bottom cone (most of the particles here arrived dry). This observation justifies why other works have obtained accurate results with a PFR (Ali et al. 2014) even though they have not been able to reproduce the RTD of the particles in the dryer (Ali et al. 2017). In particular, the analysis of the RTD pays attention to the error involved in narrow curves. It has been observed that the reproduction of the dispersion is limited by the model of the mean RT. The two alternatives are: to use a PFR or to limit the number of equivalent CSTR’s to limit the dispersion. Either approaches can be considered in the nozzle, falling and inlet regions but not for the entire dryer. For the latter, the second approach has been selected. This permits a flexible compartment model that automatically identifies the zone and that can be used in future work including heat and mass transfer with the mass and energy fluxes. These fluxes can be modelled following a similar procedure such as the one described here.
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APENDIX.
Model used for computing the momentum in each of the reactors
The modelling of the discrete phase has been carried out following a CSTR model that every bin of the population balance follows Eq. (A-1). 
								(A-1)
The flux of particles leaving the zone is computed dependent on the concentration of particles and it is determined as presented in Eq. (A-2).  Eq. (A-2) is for such cases in which the number of tanks is 1 or higher. When the number of tanks is below 1, a CSTR with dead zones is used, see Eq. (A-3). The characteristic RT of each bin in the reactor is computed as function of the Reynolds number and the equivalent height of the reactor. The volume fraction of the particles is computed from the concentration of particles as presented in Eq. (A-4).
 									(A-2)
 									(A-3)
									(A-4)
Since the volume of each of the zones remains constant, the volume flowrate coming in is the same that lefts the reactor. 
							(A-5)
Where the total volume of particles at the entrance and outlet is the sum of all the bins as Eq. (A-6).
									(A-6)

NOMENCLATURE
Dimensionless groups
			Archimedes number of the particles
				Froude number of the air
			Reynolds number of the air in the dryer.
			Reynolds number of the particles
		Reynolds number of particles with terminal velocity.
 			Stokes number of the particles in the dryer.
				Volume fraction of particles. 
Variables
					Concentration of particles in the reactor (kg/m3).
					Diameter of the particle (m)
					Sauter diameter of particle size distributions (m).
					Mean diameter of particle size distributions (m).
					d90 of particle size distributions (m). 
					Diameter of the dryer (m).
					Fraction of air sent to the falling region. 
				Mass fraction of elutriated particles. 
					Drag factor for reducing the velocity in the nozzle. 
g					Gravity (9.8 m2/s).
				Height of the backflow region in the nozzle (m). 
					Height of the layers in the nozzle (m).
					Height of the nozzle (m). 
					Maximum theoretical height of the nozzle region (m).
					Mass flux of air (kg/s).
					Number of layers/Cuts in the nozzle region.
					Equivalent number of CSTR’s.
					Radius of the dryer (m)
					Ratio of layer and nozzle height.	
					Swirl intensity of the air in the dryer at z=0.2.
					Swirl intensity of the air in the dryer at z=0.
t 					Time (s).
					Mean RT of the reactor (s). 
					Air temperature (K).
					Average velocity of the air in the zone (m/s).
					Velocity of the particles (m/s).
					Terminal velocity of the particles (m/s).
					Velocity of the particles in the axial axis (m/s). 
				Velocity of the particles at the injection (m/s).
					Total volume of the reactor (m3).
					Volume of particles in the reactor.
				Mass fraction released by the CFD-DPM model.
					Mass fraction released by the compartment model. 	
					Angle of the nozzle without dispersion (º)
					Variance of the RTD (s2).
					Density of the air (kg/m3).
					Density of the particles (kg/m3).
					Viscosity of the air (Pa·s).
					Dimensionless variance of the RT. 

Abbreviations
ANN					Artificial Neural Network. 
CFD					Computational Fluid Dynamics.
CSE					Cumulative square error. 
DEM					Distinct or Discrete Element Method.
DOX					Design of Experiments.
DPM					Discrete Parcel Method.
HPC					High-Processing Computer.
PBM					Population Balance Model
PCA					Principal Component Analysis. 
PCR					Principal Component Regression.
RMSE					Root mean square error. 
ROM					Reduce Order Model
RT					Residence Time. 
RTD					Residence Time distribution.
UDF					User Defined Function.

Subscripts
Cone					Referred to the cone region. 
air					Referred to the air.
i					Bins.
p					Particles
y					Axial axis.
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