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A bstract

Itisshown how aintegrablem echanicalsystem providesallthelocalized staticsolu-

tionsofa deform ation ofthe linearO (N )-sigm a m odelin two space-tim e dim ensions.

The proofis based on the Ham ilton-Jacobiseparability ofthe m echanicalanalogue

system thatfollows when tim e-independent�eld con�gurationsare being considered.

In particular,we describe the propertiesofthe di�erentkindsofkinksin such a way

thata hierarchicalstructureofsolitary wave m anifoldsem ergesfordistinctN .

1 Introduction

W e divide thisIntroduction into three parts:A.A briefhistory and the \stateofthe art".

B.New developm ents and results to be presented in this work . C.Scenarios ofpossible

physicalapplications.

A .

Kinksaresolitary (non-dispersive)wavesarising in severalone-dim ensionalphysicalsys-

tem s. Here,we shallfocuson the relativistic theory ofN -interacting scalar�eldsbuilton

a space-tim e that is the (1+1)-dim ensionalM inkowskispace R 1;1. In this context,kinks

are �nite energy solutionsofthe Euler-Lagrange equations,such thatthe tim e-dependence

is dictated by the Lorentz invariance: ~�K (x;t) = ~qK

�
x� vtp
1� v2

�

. Thus,the search for kinks

leadsto thesolving ofa system ofN -coupled non-linearordinary di�erentialequationsand

thereforebecom esa very interesting problem in M athem aticalPhysics.

Thestudy oftopologicaldefectsbegan asan area ofresearch in �eld theory by them id-

seventies;see[1].Itwasim m ediately recognized thatdefectsofthekink typearein one-to-

one correspondence with the separatrix trajectories between the bounded and unbounded

m otion ofam echanicalsystem ,forwhich them otion equationsprecisely form thenon-linear

system ofdi�erentialequationsm entioned above.Theequivalentm echanicalsystem isalso

Lagrangian and thusautom atically integrable ifN = 1. ForN � 2,com plete integrability
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is generically non-guaranteed and the equivalence to a m echanicalsystem is not useful.

This circum stance has been em phasized by Rajaram an; see [2]pp. 23-24,and partially

circum vented by him self:the trialorbitm ethod allowsone to guesstim ate particulartypes

ofkink trajectories.

Thereare,nevertheless,theorieswith N = 2-coupled scalar�eldssuch thattheequivalent

dynam icalsystem is com pletely integrable. The prototype ofthis kind ofsystem is the

M STB m odel: in [3]this was proposed in the context ofthe search for non-topological

solitonswith stability provided by a U(1)internalsym m etry. In Reference [4],the m odel

wasconsidered asaclassicalcontinuum approxim ation toa1D crystalwith atwo-com ponent

orderparam eterand itwasshown thatthe search forkinksin thissystem requiresthata

com pletely integrable dynam icalsystem be addressed. Ito,in a sem inalpaper[5],showed

theHam ilton-Jacobiseparability ofthesystem ofnon-lineardi�erentialequations.Hefound

allthekink trajectoriesand explained a very peculiarkink energy sum rule.

Very rich m anifoldsofkinkswerediscovered in two N = 2 �eld theoreticalm odels,close

relativesto theM STB system ,in a recentresearch perform ed by theauthorsofthepresent

work [6]. The investigation ofkink propertiesin these m odelsrequires the analysis ofthe

separatrix trajectoriesin tworelated dynam icalsystem swhich aretypeIand IIIrespectively

in the classi�cation ofLiouville bidim ensional(N = 2)com pletely integrable system s,see

[7].

In fact,on choosing between the fourtypes ofLiouville dynam icalsystem s those that

m eetappropriatecriticalpointstructure,onebuildsan enorm ouslistofrelated N = 2 �eld

theoreticalm odels exhibiting m anifolds ofkinks ofgrowing com plexity;see [8]. The r̂ole

ofthese m odels can be understood by noticing that the M STB system is a deform ation

ofthe O (2)-linearsigm a m odel. Instead ofspontaneous sym m etry breaking ofO (2)by a

degenerated S1 vacuum m anifold,theO (2)sym m etrygroup isexplicitly broken toZ2� Z2 by

a m assterm ;only invarianceunder�a ! (�1)�ab�a,forb= 1;2,survives.From thepointof

view ofquantum �eld theory,thisdeform ation isvery naturalbecausein (1+1)-dim ensions

infrared divergences forbid the existence ofGoldstone bosons,according to a theorem of

Colem an [9]. Even ifitisabsentin the classicalaction,a m assterm willbe generated by

quantum corrections.

W einterpretthisasfollows:in theparam eterspaceoftheN = 2 relativisticscalar�eld

theoriesinvariantundertheZ2� Z2 with generatorsm entioned above,and potentialenergy

oftheform

U(~�) =
1
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thereareatleasttwo distinguished points.Thereisa choiceofcoupling constantssuch that

there is explicit O (2) sym m etry,which is spontaneously broken. This is the linear O (2)-

sigm a m odel. The otherinteresting pointis the M STB m odelwhere the explicit Z2 � Z2

sym m etry generated by �a ! (�1)�ab�a,forb= 1;2,breaksspontaneously to the Z2 sub-

group generated by �2 ! ��2.The key observation isthattherenorm alization group 
ow

induced by quantum correctionsin the param eterspace avoidsthe O (2)-sigm a system and

instead leadsto the M STB m odel,which also o�ersa variety ofkinks. Allthe other�eld

theoreticalm odelsexhibiting an abundantsupply ofkinksalso correspond to deform ations

ofO (2)-sym m etricsystem swith potentialenergiesthatdepend on higherpowersof�1 and

�2,[6],[8].
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Therearestrong analogieswith theZam olodchikov c-theorem ,[10]:deform ationsin the

space of(1+1)-dim ensional�eld theoriesleading from conform alto integrable system sare

the m ostinteresting ones. W e m eetan analogous�nite dim ensionalsituation: replace the

(in�nite dim ensional) conform algroup by the O (2)group and integrability ofone system

with in�nitedegreesoffreedom by integrability ofa bidim ensionalm echanicalsystem .

B .

Thispaperisdevoted to investigating thekink solitary wavesofthedeform ation ofthe

linear O (N )-sigm a m odelthat generalize the M STB system to the case ofN -interacting

scalar �elds. Non-linear waves in relativistic �eld theories with N � 3 scalar �elds were

sketchily described for the �rst tim e in Reference [11]. In this work,we o�er a detailed

analysisofthisissue.Thefollowing pointsm eritem phasis:

� a)Thedynam icalsystem thatencodesthesolitarywavesofthem odelasseparatrixtra-

jectorieshasN �rstintegralsin involution and henceiscom pletely integrable.Passing

from Cartesian to Jacobiellipticcoordinatesin the\internal" space,R N ,thedynam -

icalsystem becom esHam ilton-Jacobiseparable. Allthe kink trajectories,and hence

allthesolitary waves,arethen found by a specialchoiceoftheseparation constants.

� b)Deep insightinto the structure ofthe kink m anifold isgained by focusing on the

N = 3 case.Therearethreekindsofkinks:1.A two-param eterfam ily oftopological

kinkswith threenon-nullcom ponentsthatare\generic",i.e.they arenot�xed under

the action ofthe Z2 � Z2 � Z2 group generated by �a ! (�1)�ab�a,for b = 1;2;3.

2.Fourone-param eterfam iliesof\enveloping" non-topologicalkinks,also with three

non-nullcom ponents.Thefourfam iliesarerelated through theaction ofoneZ2 � Z2

sub-group and,together,form the envelop ofthe separatrix trajectories. 3. Allthe

solitary waves ofthe N = 2 M STB m odelappear \em bedded" twice;once in each

planecontaining thetwo ground states.Di�erentZ 2 sub-groupsleavetheseem bedded

kinksinvariant.

� c)Thestructureofthekink m anifold oftheO (N )system with both explicitand spon-

taneoussym m etry breaking repeatsthe patternsshown in the N = 2 (M STB)m odel

and its generalization forN = 3. There are also generic,enveloping and em bedded

kinks,although when N increasesthecom plexity ofthekink m anifold also increases.

Forinstance,the N � 1 kink m anifold is em bedded N � 1 tim es in the m anifold of

kinksofthedeform ed linearO (N )-sigm a m odel.

� d)In arem arkablesystem obtained from thegeneralized M STB m odelby alsoallowing

asym m etriesin thequarticterm softhepotential,only theem bedded and enveloping

topologicalkinks living on singular edges survive as solitary wave solutions. In this

system ,proposed in Reference [12]for the N = 2 case,the energy ofallthe above

topologicalkinks is exactly the sam e. Together with vacuum degeneration,there is

thereforekink degeneration,a phenom enon thatdeservesfurtheranalysis.

C .

Solitary wavesofthe kind thatwe are to describe play an im portant r̂ole in condensed

m atterphysics.Phasetransitionscharacterized through orderparam etersofthevectortype
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areunderstoodinterm softhelinear(ornonlinear)O (N )-sigm am odel.Theorderparam eter

isorganized in thefundam entalrepresentation ofO (N )and thesystem becom esnon-linear

when this N -vector is forced to take its values in the coset space M = O (N )=O (N � 1).

In (1 + 1)-dim ensionalspace-tim e,kinks are accom panied by the ferm ion fractionization

phenom enon [13];thisdescribes the continuous approxim ation to the bizarre behaviourof

certain one-dim ensionalpolym erssuch aspoly-acetilene. W hen the spatialdim ension is3,

asin therealworld,kinksbecom edom ain wallswhich arethusrelated to theoriesinvolving

spontaneousbreaking ofdiscretesym m etries.Thishappensin thehotBig Bang cosm ology,

where dom ain walltopologicaldefects can be form ed in a phase transition occurring in

the expansion ofthe very early Universe;see [14]. M ore recently,dom ain wallshave been

characterized asBPS statesofSUSY gluodynam icsand theW ess-Zum ino m odel,[15].In all

thesecasestherearesetsofscalar�elds,asin oursystem ,thatpresentsa variety ofdom ain

wallswith di�erentcharacteristicswhen seen from a 3-dim ensionalperspective.

In quantum �eld theory,the linear O (N )-sigm a m odeldescribes system s with sponta-

neoussym m etry breakdown to an O (N � 1)sub-group and N � 1 Goldstonebosonsin the

particlespectrum .Atthebeginning ofthesixtiesGell-M ann and L�evy analyzed low energy

hadronic phenom enology by introducing an e�ective Lagrangian �eld theory ofthis type

[16].Besidesbecom ingthecentralelem entofcurrentalgebra,linearsigm am odelsalsoenter

fundam entalphysics in the Higgssector ofgauge theories forelem entary particle physics,

seereport[17]foracom prehensivereview (oftheperturbativesub-sector).Forinstance,the

linearO (4)-sigm a m odelcorrespondsto the Higgssectorofthe electro-weak theory,while

theO (24)� O (5)caseprovidesthebosonicsectoroftheSU(5)Grand Uni�ed Theory.

Eitherconsidered on theirown orform ing partofGauge theories,there are reasonsto

discuss deform ations ofthe linear sigm a m odel. In the phenom enologicalapproach,pions

are identi�ed with the Goldstone bosonsofthe m odel;a deform ation isthen necessary to

convert these m assless excitations in pseudo-Goldstone particles,accounting forthe pions

lightm ass.Gaugetheoriesaretoday found in the low energy lim itof(fundam ental)string

theory.Even though deform ationsin thebosonicsectorofgaugetheoriesproduced by sm all

m assterm sspoilrenorm alizability,the low energy featuresrem ain (alm ost)untouched and

itis(alm ost)legitim ateto trustthem .

Here,weshallsearch fordom ain wallswhen thesem ild deform ationsareperform ed in the

linearO (N )-sigm am odel.Itispreciselyinthiskindofm odelwherethecosm ologicalproblem

ofwalldom ination isavoided [18].M oreover,the system hasa rich m anifold oftopological

and non-topologicalsolitons,allowing fortopologicaldefectswith \internal" structure and

leading to the existence ofdefectsinside defects,a situation thatgeneralizesa proposalof

M orris[19].

The organization ofthe paperisasfollows: In Section x2 we discussthe particle spec-

trum ofthedeform ed linearO (N )-sigm a m odelaswellasthem anifold ofthesolitary wave

solutions ofthe system . Section x3 is devoted to the N = 3 case,which is described in

fulldetail.W e describe the situation ofthe generalized M STB m odelforany N in Section

x4 and brie
y discussthe phenom enon ofkink degeneration in the Bazeia system . Finally,

som econclusionsaredrawn and som enew prospectsopened in Section x5.An appendix on

ellipticJacobicoordinatesisalso o�ered.
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2 K inks in the deform ed linear O(N )-sigm a m odel

In a generic sense we understand \kinks" as the solitary waves of a relativistic (1+1)-

dim ensionalscalar�eld theory. W e shallstick to the standard de�nition ofsolitary waves;

see[2]and [6]:

A solitary wave is a non-singular solution ofthe non-linear coupled �eld equations of

�niteenergy such thattheirenergy density hasa space-tim edependenceoftheform :

"(~x;t)= "(~x� ~vt)

where~v issom evelocity vector.

Given oneN -com ponentscalar�eld,which isam ap from theR 1;1 M inkowskispace-tim e

to R N ,~�(x;t)� (�1(x;t);�2(x;t);:::;�N (x;t)),thedynam icsofthesystem isgoverned by

theaction:

S =

Z

d
2
y

�
1

2
@�~� � @

�
~� � �V (~�)

�

Here,� = 0;1 are indices in the space-tim e and we shalluse a = 1;2;:::;N to label

com ponents ofthe �eld in the \internal" R N space in such a way that ~� � ~� =

NX

a= 1

�a�a.

In R 1;1 we choose the m etric asg =

 
1 0

0 �1

!

and the Einstein convention willbe used

throughoutthepaperonly fortheindicesin R 1;1.Thepotentialenergy density is:

�V (�1;:::;�N )=
�2

4

 

~� � ~� �
m 2

�2

! 2

+

NX

a= 1

�2a

4
�
2
a

where �;m and �a are coupling constantsofinverse length. The linearO (N )-sigm a m odel

corresponds to the case �a = 0,8a,which exhibits m axim um O (N ) sym m etry. W e shall

focuson the deform ation ofthissystem ,which ism axim ally non-isotropic in the harm onic

term s,i.e. �a 6= �b,8a 6= b. Som ehow,the deform ation is naturalfrom a quantum �eld

theoreticalvantagepointasweshallexplain laterand,m oreover,weshallstick to therange

�2a < m 2,8a,in theparam eterspacebecausein thisregim ethestructureofthekinkm anifold

isricher.

Introducing non-dim ensionalvariables� ! m

�
�,y� !

p
2

m
x� and

�2
a

m 2 ! �2a,we �nd our

expression fortheaction to be:

S =
m 2

�2

Z

d
2
x

�
1

2
@�
~� � @

�~� � V (�1;:::;�N )

�

(1)

V (�1;:::;�N )=
1

2

�
~� �~� � 1

�2
+

NX

a= 1

1

2
�
2
a�

2
a

2.1 C on�guration space and particle spectrum

TheCauchy problem forthe�eld equations

2�a = �
@V

@�a
; a = 1;2;:::;N (2)
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is �xed by choosing a \point" ~�(x;t0)2 M aps(R ;R N )in the con�guration space C ,and

its \tangent",
_~�(x;t0) 2 T~�M aps(R ;R

N ),as initialconditions to solve the system (2) of

non-linearPDE .

Thecon�guration spaceitselfisisom orphicto thespaceof�niteenergy staticcon�gura-

tions;if~�(x;t)= ~q(x),C isthesetofcontinuousm aps~q:R ! R N (~q� (q1;:::;qN ))such

thatthe(static)energy is�nite:

E =
m 3

�2
p
2

Z

dx

(
1

2

d~q

dx
�
d~q

dx
+ V (~q)

)

< +1 ; (3)

thus,C = f~q(x)=E [~q]< +1 g.~q(x)2 C only if~q satis�estheasym ptoticconditions:

lim
x! � 1

dqa

dx
= 0 ; lim

x! � 1
qa(x)= va;8a = 1;:::;N (4)

where~v � (v1;:::;vN )isaconstantvectorthatbelongstothesetM ofvectorsannihilating

V .W eassum e,withoutlossofgenerality,thefollowing ordering in thespaceofparam eters:

�1 = 0< �2 < :::< �N < 1.M isthusform ed by two vectors

M =
n

~v
� = (�1;0;:::;0)

o

(5)

which aretheabsolutem inim a ofV .

W e referto M asthe vacuum m anifold because in the quantum version ofthe theory

pointsin M aretheexpectation valuesofthequantum �eld operators�̂a attheground states

(\vacua")ofthesystem .Thevacuum degeneration -i.e.theexistenceofm orethan onevector

in M -isrelated tothebreaking ofsym m etry.Besidestwo-dim ensionalPoincar�einvariance,

thereisa \internal" sym m etry with respectto thediscrete group G = Z2�
N:::�Z2 = Z

� N
2

generated by �a ! (�1)�ab�a,forb= 1;2;:::;N ,8a = 1;:::;N . The vacuum m anifold is

theorbitofoneelem entby thegroup action

M = G=H ~v� = Z2; H ~v� ~v
� = ~v

�

H ~v� = Z2�
N � 1::: �Z2 is the little group ofthe vacuum ~v� . The generators ofH ~v� are

the transform ations�a ! (�1)�ab�a,forb= 1;2;:::;N ,and a = 2;3;:::;N ,so thatH ~v�

survivesasa sym m etry group when quantizing around ~v� .W ecan understand theinternal

paritygroupG asthediscrete\gauge"sym m etry:in (1+1)-dim ensionsnodynam icaldegrees

offreedom related to gaugepotentialsappear.

Vectors in M are criticalpoints ofV satisfying @V

@�a

�
�
�
~�= ~v�

= 0 and therefore constant

solutionsofthe�eld equations(2).Theplanewave expansion around ~�� (x;t)= ~v�

�v�a (x;t)= v
�
a +

X

k

A
�
a (k)e

i!t� ikx

isa solution of(2)ifthedispersion relation

�ab!
2 = �abk

2 + M
2
ab(~v

� ); M
2
ab =

@2V

@�a@�b
(~v� ) (6)
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holds.

In the quantum theory,these plane waves becom e the fundam entalquanta with m ass

m atrix M 2
ab(~v

� ) and one reads the particle spectrum at a chosen criticalpoint ofV from

(6). Because ~v� 2 M are m inim a ofV there are no negative eigenvalues ofM 2
ab(~v

� )and

the dependence on tim e ofthe plane waves around ~v� isbounded: ei!t. The choice of~v�

asthe starting pointofthe quantization procedure \spontaneously" breaks the sym m etry

G = Z
� N
2 ofthe action to H ~v� = Z

� (N � 1)

2 ,which isthe rem aining one thatsurvivesin the

particlespectrum .

In ourm odel,weread theparticlespectrum from :

M
2(~v� )=

m 2

2
�

0

B
B
B
B
@

4 0 ::: 0

0 �22 ::: 0
...

...
...

...

0 0 ::: �2N

1

C
C
C
C
A

(7)

Considering this system as a physicaldescription ofthe continuum approxim ation to

a one-dim ensionalcrystalwith an N -com ponent order param eter, the particle spectrum

describes a single phase with N phonon branches. W e see explicitly how the sym m etry

group G = Z
� N
2 is \broken" by the choice ofthe ~v� vacuum to the H ~v� = Z

� (N � 1)

2 sub-

group: the N phonon brancheshave di�erentm assesor\energy gaps". From the pointof

view ofparticle physics we can say that there are no tachyons;only a pseudo-Goldstone

particlebecom esa Goldstoneboson ifthecorresponding �a goesto zero.

Itisinterestingtoseethem odelasam em berofthefam ily characterized by thepotential

energy densities:

V =
1

2

0

@
NX

a;b= 1

�ab�a�b� 

2

1

A

2

+

NX

a;b= 1

�ab

2
�a�b

where �ab;�ab and 
2 are \bare" non-dim ensionalparam eters. Ultraviolet divergences are

controlled by norm alordering in the quantum theory,but the need arises to introduce a

renorm alization ‘point’ �2,and the dependence ofthe renorm alized param eters on �2 is

determ ined by the renorm alization group equation. One specialsolution,a speci�c renor-

m alization group 
ow,m ightlead to the\point":

�
R
ab(�

2)= �ab; �
R
ab(�

2)= 0; 

R (�2)= 1

in the space ofquantum �eld theory m odelsin the fam ily. Thispointisthe linearO (N )-

sigm a m odelwhich hasG = O (N )asthe(continuous)sym m etry group.Thevacuum orbit

is,however,M = O (N )=O (N � 1)= SN � 1,the(N � 1)-dim ensionalsphere,and thusthere

isno unbroken sym m etry left:thereareN � 1 m asslessparticles.Iftheonly m odi�cation of

therenorm alized param etersisto allow fornon-zero valuesof�Rab(�
2);a = b= r+ 1;:::;N

therearestillr� 1 Goldstonebosons.

Colem an [9]established thatin (1+ 1)-dim ensionsthe infrared asym ptoticsofthetwo-

point Green functions ofa quantum scalar �eld forbids poles at !2 = k2; there are no

Goldstone bosons in (1 + 1)-dim ensions. It is thus im possible to reach the O (N )-sigm a

m odeloritsdeform ation with theO (r)sym m etry spontaneously broken to O (r� 1)in the

renorm alization group 
ow.Theclosestadm issible pointsarethem odelscharacterized by:

�
R
ab(�

2)= �ab; 

R (�2)= 1;�Rab = 0;a 6= b

7



�
R
11(�

2)= 0< �
R
22(�

2)= �
2
2 � :::� �

R
N N (�

2)= �
2
N < 1

In this paper we shallfocus on the case ofm axim alexplicit sym m etry breaking; i.e.

when strictinequalities in the param eterspace occur. Nevertheless,we shallcom m ent on

theallowed situation characterized by

�
2
1 = 0< �

2
2 = :::= �

2
r1
< �

2
r1+ 1

= :::= �
2
r2
< :::< �

2
rk+ 1

= :::= �
2
N < 1

when thereisdegeneration in thespectrum butno Goldstonebosons.Notethatthegenera-

torsoftheO (r1� 1)� O (r2� r1)� :::� O (N � rk)sym m etry sub-group arein thelittlegroup

ofthevacuum .Thesym m etry group isG = Z2 � O (r1� 1)� O (r2 � r1)� :::� O (N � rk),

H ~v� = O (r1� 1)� O (r2� r1)� :::� O (N � rk)and thevacuum orbitisM = G=H ~v� = Z2.

2.2 C on�guration space topology: kinks and dynam icalsystem s

The con�guration space ofthe m odelis the union oftopologically disconnected sectors:

C =

2G

�;�= 1

C��; thus,�0(C) = Z2 � Z2 and j�0(C)j = 4 are respectively the zeroth-order

hom otopy group ofC and itsorder.Thiscom esfrom theasym ptoticconditions(4)and the

continuityofthetim eevolution .Therearetopologicalchargesde�ned foreach con�guration

in C as:

Q
T
a =

1

2

Z
1

� 1

dx
d�a

dx
=
1

2
(�a(+1 ;t)� �a(�1 ;t))

Itshould be noted thatQ T
a isindependentoft,8a,and in oursystem equalto zero if

a � 2.ThereforethefoursectorsC�� arelabelled by thevalues�;� ofthe�eldsatin�nity

com patiblewith �niteenergy and Q T
1 determ inesthehom otopy classin �0(C)= Z2 � Z2.

ThecriticalpointsofE aretim e-independent�nite-energysolutionsofthe�eldequations.

Ifthey arenotspatially hom ogeneous,the criticalpointscorrespond to solitary wavesthat

arethereforerelated tothetopologicalstructureofC��.Besidescom plyingwith (4),solitary

wavessatisfy thesystem ofordinary di�erentialequations:

d2qa

dx2
=
@V

@qa
(8)

Recallthat�a(x;t)= qa(x). Solving the system (8)istantam ountto �nding the solutions

ofthe Lagrangian dynam icalsystem in which x = � playsthe r̂ole oftim e,the \particle"

position isdeterm ined by qa(�),and the potentialenergy ofthe particle isU(~q)= �V (~q).

From thisperspective thestatic�eld energy E isseen astheparticleaction:

E = J =

Z

d�

(
1

2

d~q

d�
�
d~q

d�
� U(~q)

)

(9)

Trajectoriesthatbehavesasym ptotically in the�-tim easruled by(4)havea�niteaction,

J,in them echanicalproblem and arein one-to-onecorrespondencewith solitarywaves/kinks

thathaveenergy E = J in the�eld theoreticalsystem .

Them echanicalanalogy isvery helpfulwhen oneisdealingwith arealscalar�eld theory

because,then,a �rst integralis allthat we need to �nd allthe solutions. Vector scalar

8



�eldsofN com ponentslead toN -dim ensionaldynam icalsystem swhich areseldom solvable.

M agyariand Thom as [4]realized that the two-dim ensionaldynam icalsystem arising in

connection with theM STB m odelisacom pletely integrableonein theLiouvillesense;there

aretwo �rstintegralsin involution.M oreover,Ito [5]hasshown thatthem echanicalsystem

isHam ilton-Jacobiseparable,�ndingallthetrajectoriesand henceallthekinksoftheM STB

m odel.In a recentpublication [6],we havedeveloped thisprocedurefortwo N = 2 m odels

with interesting features:the �rstsystem isa deform ation ofthe (1+1)-dim ensionalscalar

�eld theory,wherethepotentialenergy density istheChern-Sim ons-Higgspotentialarising

in self-dualplanargaugetheories.Thesecond oneisa deform ation ofthelinearO (2)-sigm a

m odel,which isdi�erentfrom theM STB m odel.

Toextend thism ethod of�ndingkinkstothelinearO (N )-sigm am odel,N � 3,deform ed

in such a way thattheO (N )sym m etry isexplicitly broken to G = Z
� N
2 ,we startfrom the

\particle" action:

J =

Z

d�

(
1

2

d~q

d�
�
d~q

d�
+
1

2
(~q� ~q� 1)

2
+
1

2

NX

a= 1

�
2
aq

2
a

)

=

Z

d�L(~q;_~q)

Theparticlem otion equationsare:

d2qa

d�2
= 2qa(~q� ~q� 1)+ �

2
aqa; 8a = 1;:::;N (10)

which are m athem atically identicalto the �eld equations for static con�gurations. Finite

action trajectories,kinksin the�eld theory,should also satisfy theasym ptoticconditions:

lim
�! � 1

dqa

d�
= 0; lim

�! � 1
qa(�)= ��a1 (11)

W eshallusetheHam iltonian form alism to integratethem echanicalsystem .Thecanon-

icalm om enta pa(�)=
@L

@ _qa
=

dqa

d�
(�),togetherwith thepositionsqa(�),form a system oflocal

coordinatesin phase space. W e should bearin m ind thatpa(�)=
d�a

dx
when going back to

the�eld theory.Them echanicalHam iltonian

I1 =
1

2
~p� ~p�

1

2
(~q� ~q� 1)

2
�

NX

a= 1

1

2
�
2
aq

2
a (12)

leadsto thesystem ofcanonicalequations

dqa

d�
= fI1;qag;

dpa

d�
= fI1;pag

equivalent to (10). Given any two functions F(~q;~p),G(~q;~p) in phase space,the Poisson

bracketisde�ned in theusualway:

fF;Gg=

NX

a= 1

 
@F

@qa
�
@G

@pa
�
@F

@pa
�
@G

@pa

!

Obviously dI1
d�

= 0,butourm echanicalsystem isfullofotherinvariants.In fact,asearly

as1919Garnier[20]solved them otion equationsand described periodictrajectoriesin term s

9



ofTheta functions:thekink trajectoriesof�nite\action" correspond to a lim iting caseand

aretheseparatricesbetween theperiodictrajectoriesand unbounded m otion.M orerecently

Grosse,and otherauthors[21]haveshown thatthefunctions:

K a =

NX

b= 1;b6= a

1

�2b � �2a
l
2
ab+ p

2
a + (2� �

2
a)q

2
a � q

2
a

NX

b= 1

q
2
b (13)

lab = paqb� pbqa

are�rstintegralsin involution:

fI1;K ag= 0 fK a;K bg = 0

There is a set ofN + 1 invariants in involution: I1;K 1;K 2;:::;K N . The dynam ical

system is not superintegrable,however,because there are only N -independent invariants:

K 1 + K 2 + :::+ K N = 2I1 + 1. According to the Liouville theorem ,the N -dim ensional

m echanicalsystem is com pletely integrable and alltrajectories can be found,at least in

principle.

At this point we pause to explain the singular nature ofthe deform ation ofthe linear

O (N )-sigm a m odelchosen from am ong m any possibilities.The
�2
a

2
�2a term sexplicitly break

the O (N )-sym m etry ofthe linear sigm a m odel; the case �2a = 0,8a = 1;2;:::;N . In

the m echanicalsystem the O (N )internaltransform ationsbecom e ordinary rotations. The

angularm om entum com ponents,lab,conserved in thelim it�
2
a = 0,8a,areno longer‘tim e’-

independentif�2a 6= 0.Thereare,however,N invariantsK a,which in thelim it�a = 0,8a,

aregiven in term softheO (N )-invariants:ther Casim irinvariantsand ther generatorsof

the Cartan sub-algebra,where r = N

2
or N � 1

2
ifN -even or-odd isthe rank ofthe group.

A warning:in the N = odd case,the energy m ustbe added to the otherN � 1 invariants

builtfrom the Cartan sub-algebra and the Casim irinvariants. Forany N ,the m axim ally

asym m etric chosen deform ation isspecialbecause itretainsenough sym m etry to solve the

m echanicalsystem .ThereisnoLiealgebra associated with K a however;sincetheinvariants

arequadraticin qa,pa,theaction ofK a in thephasespace,given by fK a;qbg and fK a;pbg,

isnon-linear.

In (1+1)-dim ensional�eld theory,theenergy-m om entum tensor:

T
�� =

@L

@(@��a)
� @

�
�a � g

��
L

is divergenceless due to invariance under space-tim e translations. P � =
R
dxT0� are thus

conserved quantitieswhateverthevaluesof�2a.TheO (N )\isospin" currentshowever,

J
�
a =

NX

b;c= 1

cabc�b@
�
�c

are only divergenceless if�a = 0,8a. The cabc are the Lie O (N )structure constants and

the charges Q a =
R
dxJ0a are not conserved ifthere is no sym m etry with respect to the

transform ation generated by them .Forstaticcon�gurations,wehave
Z

dxT
00 = E = J; T

10 = T
01 = 0; T

11 = I1

10



J
0
a = 0; J

1
a =

NX

b;c= 1

cabclbc

In term softhe‘isospin’currents,theinvariantsK a can bewritten as:

K a =

NX

b= 1;b6= a

1

�2b � �2a
�

 
NX

c= 1

cabcJ
1
c

!  
NX

d= 1

cabdJ
1
d

!

+

 
@�a

@x

! 2

+ (2� �
2
a)�

2
a � �

2
a

NX

b= 1

�
2
b

W e expectthatthe tim e-evolution occursin such a way thatthere issom e equation of

non-linearcharacter

F

 
@La

@t
;
@K a

@x

!

= 0

between K a and

La =

NX

b= 1;b6= a

1

�2b � �2a
�

 
NX

c= 1

cabcJ
0
c

!  
NX

d= 1

cabdJ
0
d

!

+

 
@�a

@t

! 2

+ (2� �
2
a)�

2
a � �

2
a

NX

b= 1

�
2
b

which reducesto
@J0

a

@t
=

@J1
a

@x
when �a = 0,8a. The situation isanalogousto thatoccurring

between conform al�eld theoriesand m odelswith in�nite-dim ensionalalgebraic sym m etry

as in (1+1)-dim ensionalToda �eld theories and Toda a�ne m odels [22]. There are two

di�erences: (1)the conform algroup isin�nite dim ensionalin (1+1)-dim ensions. W e have

only one �nite-dim ensionalgroup O (N )and thuswe can solve only the static lim itofthe

�eld theory m odel.(2)Dueto thenon-linearcharacterofthedeform ation oftheO (N )Lie

generators,wedo noteven havea �nite-dim ensionalLiealgebra.

2.3 T he H am ilton-Jacobiequation and kink trajectories

The K a invariantsde�ned in (13)are quadratic in the m om enta,butnotorthogonal(they

contain term sin papb;a 6= b). Therefore,the St�ackeltheorem can notbe applied to assure

Ham ilton-Jacobiseparability. Thisproblem issurpassed in ourdynam icalsystem with the

choiceofsom esuitablesystem ofcoordinates.Theappropriatesystem isprovided by elliptic

Jacobicoordinates,with a choice ofseparation constants determ ined by the deform ation

param etersgiving m assto theGoldstonebosons;��2a = 1� �2a ; 8a = 1;2;:::;N .Thuswe

de�ne:

q
2
a =

NY

b= 1

(��2a � �b)

NY

b= 1;b6= a

(��2a � ��2b)

=
�(�� 2

a)

A 0(��2a)
(14)

rulingthechangeofcoordinatesfrom Cartesian,~q� (q1;:::;qN )toelliptic~� � (�1;:::;�N ).

In theAppendix,itisexplained how theellipticvariablesaresplit:

� 1 < �1 < ��2N < �2 < ��2N � 1 < :::< ��22 < �N < 1 (15)

Notice that form ula (14)coincides with form ula (72) in the Appendix ifwe change qa by

qN � a+ 1 and chooserN � a+ 1 = ��2a.
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Togetherwith form ula(14),thissplitting m eansthatthechangeofcoordinatesproduces

a m ap from a sub-space ofR N ,characterized asthe setofpointswhich are notinvariants

under the Z� N
2 group generated by qa ! (�1)�abqa;b = 1;� � � ;N ,to the interior ofthe

in�nite parallelepiped PN (1 ) obtained by replacing the inequalities in (15) by equalities:

�1 < �1 � ��2N � :::� ��22 � �N � 1.Noticethatin thism ap 2N regularpointsin R N go

toasinglepointin theinteriorofPN (1 );Singularpointsliein theR m ,m = 0;1;:::;N � 1,

sub-spaces that are invariant under the action ofsom e non-trivialelem ent ofG = Z� N .

Thesesingularsub-spacesarem apped into theboundary ofPN (1 ).

Thestandard length ofan intervalin Euclidean spaceisexpressed in ellipticcoordinates

in theform

ds
2 =

NX

a= 1

dqadqa =

NX

a= 1

gaa(~�)d�ad�a

becausethem etricgaa(~�),asderived in theAppendix,is:

gaa(~�)= �
1

4

fa(~�)

A(�a)
; gab(~�)= 0;8a 6= b

whereA(�a)=

NY

b= 1

(�a � ��2b),and
1

fa(~�)= fa(�1;�2;� � � ;�N )=

NY

b= 1

b6= a

(�a � �b)

Therefore,theLagrangian reads:

L =
1

2

NX

a= 1

 
dqa

d�

! 2

� U(q1;:::;qN )

=
1

2

NX

a= 1

gaa(~�)

 
d�a

d�

! 2

� U�(�1;:::;�N ) (16)

wherethepotentialin ellipticcoordinatesis:

U�(�1;:::;�N )= �

NX

a= 1

1

2

�N + 1
a � (� � 1)�Na + (1� � + �)�N � 1

a

fa(~�)
(17)

� =

NX

a= 1

��2a ; � =

NX

a= 1;a< b

NX

b= 2

��2a��
2
b

The com putation ofU�(~�) is highly non-trivialand requires the use ofform ulas that

follow theJacobiLem m a,such as(76),(77),(78),etc.

1The standard notation in the literature on elliptic Jacobicoordinates is �0(�a) =

NY

b= 1

b6= a

(�a � �b),see

Appendix. W e shalluse fa(~�) in the m ain text instead of�0(�a),to stress the fact that this quantity

dependson allthe com ponentsof~�

12



Thecanonicalm om enta associated to the�a variablesare:

�a =

NX

b= 1

gab(~�)
d�b

d�
= gaa(~�)

d�a

d�

and,through thestandard Legendretransform ation,wewritetheHam iltonian:

H =
1

2

NX

a= 1

�4A(�a)

fa(~�)
�
2
a + U�(~�) (18)

Thekey pointisthatH can bewritten in St�ackel’sform :

H =

NX

a= 1

H a

fa(~�)
= (19)

=

NX

a= 1

h

�2A(�a)�
2
a �

1

2

�

�N + 1
a � (� � 1)�Na + (1� � + �)�N � 1

a

�i

fa(~�)

such thattheHam ilton-Jacobiequation

@S

@�
+ H

 
@S

@�1
;:::;

@S

@�N
;�1;:::;�N

!

= 0 (20)

iscom pletely separable.W enow provethislaststatem ent.

Fixing H = I1,the�rstintegralofenergy,and having in m ind theexpression (19)ofH ,

wewritethesolution of(20)as:

S = �I1� +

NX

a= 1

Sa(�a): (21)

Therefore,(20)reducesto :

I1 = H

 
dS1

d�1
;:::;

dSN

d�N
;�1;:::;�N

!

=

NX

a= 1

H a

fa(~�)
(22)

TheHam ilton-JacobiPDE equation(20)becom esequivalenttothesystem ofnon-coupled

ordinary di�erentialequations

H a

 
dSa

d�a
;�a

!

= �1�
N � 1
a + �2�

N � 2
a + :::+ �N � 1�a + �N (23)

where

H a

 
dSa

d�a
;�a

!

= �2A(�a)

 
dSa

d�a

! 2

�
1

2

�

�
N + 1
a � (� � 1)�Na + (1� � + �)�N � 1

a

�

; (24)

dueto theidentity

I1 = I1

NX

a= 1

�N � 1
a

fa(~�)
+ �2

NX

a= 1

�N � 2
a

fa(~�)
+ :::+ �N

NX

a= 1

1

fa(~�)
(25)
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-observe that�1 = I1-which followsfrom the JacobiLem m a and the subsequent relations

(Appendix)
NX

a= 1

�N � 1
a

fa(~�)
= 1 ;

NX

a= 1

�N � i
a

fa(~�)
= 0;8i= 2;:::;N

Alternatively,one could take a m ore directapproach to show form ula (23). W e startfrom

(22),written explicitly as

H 1(�1)

(�1 � �2)(�1 � �3)� � � (�1 � �N )
+

H 2(�2)

(�2 � �1)(�2 � �3)� � � (�2 � �N )
+ � � �

+
H N (�N )

(�N � �1)(�N � �2)� � � (�N � �N � 1)
= I1 (26)

Here,each H a(�a)isoftheform (24)dueto theansatz(21).M ultiplying (26)by (�1 � �2)

and setting �1 = �2 one sees that H 1(�) � H 2(�),and hence by sym m etry, allH a(�),

a = 1;2;� � � ;N are identical. Itsu�cestherefore to �nd H1(�). M ultiplying (26)by f1(~�)

oneobtains

H 1(�1)+ P2(~�)H 2(�2)+ � � � + PN (~�)H N (�N )= I1(�1 � �2)(�1 � �3)� � � (�1 � �N ); (27)

where each Pa(~�),a = 2;3;� � � ;N ,isa polynom ialofdegree N � 1 in �1. Di�erentiating

(27)N tim eswith respectto �1 yields

dN H 1(�1)

d�N1
= N !I1 (28)

whence itfollowsthatH 1(�)isa degree N polynom ialin � with leading coe�cient I1,in

agreem entwith equation (23).

The setofseparation constants�i;i= 1;2;:::;N isanothersystem of�rstintegralsin

involution. They can be expressed in the elliptic phase space T�PN (1 )asfunctionsof�a
and �a =

dSa
d�a

by solving the linearsystem ofequations(23)in the unknown �i,which isa

Vanderm ondesystem .TheN � 1 rootsofthepolynom ial

�
N � 1
a +

�2

I1
�
N � 1
a + :::+

�N

I1
= (�a � F2)(�a � F3):::(�a � FN )

together with the energy F1 = I1 form another system ofinvariants in involution. Both

system sarerelated through theidentities�1 = I1 and:

�a = (�1)aI1
X

i1< i2< :::< ia

Fi1Fi2 :::Fia;i� = 2;3;:::;N

Therefore,alltheseparation constants�a areproportionalto the\particle" energy I1.

De�ning thepolynom ialB (�a)in theform :

B (�a)= �
N + 1
a � (� � 1)�N + (1� � + � + 2�1)�

N � 1
a + 2�2�

N � 2
a + :::+ 2�N

thesolution ofthedi�erentialequation (23)isa quadrature:

Sa(�a)=
1

2
sign

 
dSa

d�a

! Z
v
u
u
t

�
�
�
�
�

B (�a)

A(�a)

�
�
�
�
�
d�a (29)
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and thegeneralsolution oftheHam ilton-Jacobiequation reads:

S = ��1� +

NX

a= 1

1

2
sign

 
dSa

d�a

! Z
v
u
u
t

�
�
�
�
�

B (�a)

A(�a)

�
�
�
�
�
d�a (30)

Theexplicitintegration ofthequadraturesin (29)requiresthetheory ofTheta functions

ofgenusdepending on N .The action ofthe associated trajectoriesisin�nite because they

areeitherperiodicorunbounded.Theasym ptoticconditions(4)thatguarantee�niteaction

to continuoustrajectoriessatisfying them also require thatthe energy used by the particle

in thesetrajectoriesshould bezero.Thisisso because I1j�= � 1 = 0 and,being an invariant

oftheevolution,I1 = 0;8�.

W erecallthatthetrajectoriesof�niteaction in an evolution lasting an in�nitetim eare

thekinksoftheparent�eld theory system :onejusttradesthe�niteaction ofthetrajectory

for�nite energy ofthe non-linearwave. Therefore,the kinksare the trajectoriesobtained

when allthe separation constantsin (23)are zero: �a = 0;8a. These are the separatrices

between bounded and unbounded m otion and theintegralsin (29)areeasierto com pute.

Theexplicittrajectoriesarealso provided by theHam ilton-Jacobiprinciple,through the

setofequations:


a =
@S

@�a
; a = 1;2;:::;N

where the 
a are integration constants. In the hypersurface ofthe phase space determ ined

by �1 = :::= �N = 0,the�rstequation


1 = �� +

NX

a= 1

1

2
sign(�a)

Z
�N � 1
a d�a

jA(�a)j

v
u
u
t

�
�
�
�
�

A(�a)

�N + 1
a � (� � 1)�Na + (1� � + �)�N � 1

a

�
�
�
�
�

(31)

rules the tim e-dependence ofthe particle in its journey through the orbit. From the �eld

theoreticalpoint ofview,it provides the kink form factor. The other N � 1 equations,

i= 2;3;:::;N ,


i=

NX

a= 1

1

2
sign(�a)

Z
�N � i
a d�a

jA(�a)j

v
u
u
t

�
�
�
�
�

A(�a)

�N + 1
a � (� � 1)�Na + (1� � + �)�N � 1

a

�
�
�
�
�

(32)

determ ine theorbitin PN (1 ),theintersection ofN � 1 hypersurfacesin thecon�guration

space. Therefore,there is a N � 1-dim ensionalfam ily ofkinks param etrized by the �nite

valuesof
i.

Although (31)and (32)identify alltheseparatrix trajectoriesofthe m echanicalsystem

and henceforth allthekink solutionsofthedeform ed linearO (N )-sigm a m odel,an explicit

description ofsuch solitary waves is di�cult for two reasons: (1). (31) and (32) form a

system oftranscendent equations ofim possible analyticalresolution. (2). Even ifitwere

possible,expressing back the solution in Cartesian coordinates through (72)forN � 3 is

anotherim possibletask by analyticalm eans.
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3 N = 3

To gain insightinto the nature ofthe di�erentkinksofthe m odel,in thisSection we shall

addressin fulldetailthe N = 3 case. W e shalldealwith a (1+1)-dim ensional�eld theory

includingthreescalar�eldswhich transform accordingtoavectorrepresentation oftheO (3)

group. The structure ofthe solitary wave solutionsofthe N = 3 system isextrem ely rich

from di�erent points ofview and shows the behaviouralpattern ofthe generalcase with

N -com ponent�elds.

3.1 T he generalsolution ofthe H am ilton-Jacobiequation

TheHam iltonian oftheunderlying dynam icalsystem reads:

H =
1

2

�

p
2
1 + p

2
2 + p

2
3

�

�
1

2

�

q
2
1 + q

2
2 + q

2
3 � 1

�2
�
�22

2
q
2
2 �

�23

2
q
2
3 (33)

in Cartesian coordinates. To write the Ham iltonian in elliptic coordinates,note that for

N = 3 wehave:

� = 1+ ��22 + ��23 ; � = ��22��
2
3 + ��22 + ��23

A(�a)= (�a � 1)(�a � ��22)(�a � ��23)

�0(�1)= (�1 � �2)(�1 � �3);�
0(�2)= (�2 � �1)(�2 � �3);�

0(�3)= (�3 � �1)(�3 � �2)

Hence,H =

3X

a= 1

1

�0(�a)
H a,where

H a = �2A(�a)�
2
a �

1

2

h

�
2
a(�a � ��22)(�a � ��23)

i

(34)

The separatrix trajectories,those in one-to-one correspondence with solitary waves of

kink type in the encom passing �eld theory,are fully determ ined by the equations(32)re-

stricted to theN = 3 case:

C2 =

�
�
�
�
�

p
1� �1 + �2

p
1� �1 � �2

�
�
�
�
�

�3sign(�1)

�

�
�
�
�
�

p
1� �1 � �3

p
1� �1 + �3

�
�
�
�
�

�2sign(�1)

�

�
�
�
�
�

p
1� �2 + �2

p
1� �2 � �2

�
�
�
�
�

�3sign(�2)

�

�
�
�
�
�

p
1� �2 � �3

p
1� �2 + �3

�
�
�
�
�

�2sign(�2)

� (35)

�
�
�
�
�

p
1� �3 + �2

p
1� �3 � �2

�
�
�
�
�

�3sign(�3)

�

�
�
�
�
�

p
1� �3 � �3

p
1� �3 + �3

�
�
�
�
�

�2sign(�3)

whereC2 = expf2
2�2�3(�
2
2 � �23)g isconstant,and:

C3 =

�
�
�
�
�

p
1� �1 � 1

p
1� �1 + 1

�
�
�
�
�

�2�3(�
2

2
� �2

3
)sign(�1)

�

�
�
�
�
�

p
1� �1 + �2

p
1� �1 � �2

�
�
�
�
�

�3��
2

3
sign(�1)

�

�
�
�
�
�

p
1� �1 � �3

p
1� �1 + �3

�
�
�
�
�

�2��
2

2
sign(�1)

�

�
�
�
�
�

p
1� �2 � 1

p
1� �2 + 1

�
�
�
�
�

�2�3(�
2

2
� �2

3
)sign(�2)

�
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�
�
�
�

p
1� �2 + �2

p
1� �2 � �2

�
�
�
�
�

�3��
2

3
sign(�2)

�

�
�
�
�
�

p
1� �2 � �3

p
1� �2 + �3

�
�
�
�
�

�2��
2

2
sign(�2)

� (36)

�
�
�
�
�

p
1� �3 � 1

p
1� �3 + 1

�
�
�
�
�

�2�3(�
2

2
� �2

3
)sign(�3)

�

�
�
�
�
�

p
1� �3 + �2

p
1� �3 � �2

�
�
�
�
�

�3��
2

3
sign(�3)

�

�
�
�
�
�

p
1� �3 � �3

p
1� �3 + �3

�
�
�
�
�

�2��
2

2
sign(�3)

with C3 = expf2
3�2�3��
2
2��

2
3(�

2
2 � �23)g.

Integration of(31)in theN = 3 caseshowsthetim e-tableoftheparticlein each trajec-

tory,or,thekink form factor:

C1(�) =

�
�
�
�
�

p
1� �1 � �2

p
1� �1 + �2

�
�
�
�
�

�3��
2

2
sign(�1)

�

�
�
�
�
�

p
1� �1 + �3

p
1� �1 � �3

�
�
�
�
�

�2��
2

3
sign(�1)

�

�
�
�
�
�

p
1� �2 + �2

p
1� �2 � �2

�
�
�
�
�

�3��
2

2
sign(�2)

�

�
�
�
�
�

p
1� �2 � �3

p
1� �2 + �3

�
�
�
�
�

�2��
2

3
sign(�2)

� (37)

�
�
�
�
�

p
1� �3 � �2

p
1� �3 + �2

�
�
�
�
�

�3��
2

2
sign(�3)

�

�
�
�
�
�

p
1� �3 + �3

p
1� �3 � �3

�
�
�
�
�

�2��
2

3
sign(�3)

ifC1(�)= expf2(
1+ �)(�
2
3� �

2
2)�2�3g.Therefore,thereisafam ilyofkinksparam etrized by

theintegration constants
2,
3:itcorrespondsto thefam ily ofcurvesin P3(1 )determ ined

by theintersection ofthesurfacesde�ned by (35)and (36).Thethird constant,
1,�xesthe

centerofthekink,thepointwheretheenergy density reachesitsm axim um value.

Betterintuition ofthe kink shapesrequiresan interpretation ofthe solutionsdescribed

by equations(35)and (36)in Cartesian coordinates.W eshalldescribehow isthisachieved

in the nextsub-sections,butbefore thisitisconvenientto notesom e detailsofthe change

ofcoordinatesfrom Cartesian to ellipticin R 3:

q
2
1 =

1

�22�
2
3

(1� �1)(1� �2)(1� �3)

q
2
2 =

�1

�22(�
2
3 � �22)

(��22 � �1)(��
2
2 � �2)(��

2
2 � �3) (38)

q
2
3 =

�1

�23(�
2
2 � �23)

(��23 � �1)(��
2
3 � �2)(��

2
3 � �3)

ThechangeofcoordinatesissingularatthethreeR 2 coordinateplanes;q1 = 0,q2 = 0and

q3 = 0.Theim ageoftheq1 = 0 planeisa uniqueface,�3 = 1,oftheP3(1 )parallelepiped:

� 1 < �1 � ��23 � �2 � ��22 � �3 � 1 (39)

The q2 = 0 plane, however, is m apped into faces �2 = ��22 and �3 = ��22, while the

q3 = 0 plane goesto faces�2 = ��23 and �1 = ��23 ofP3(1 ). Observe thatg11(��
2
3;�2;�3)=

g22(�1;��
2
3;�3)= g22(�1;��

2
2;�3)= g33(�1;�2;��

2
2)= g33(�1;�2;1)= 1 . The whole R 3 space
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ism apped in P3(1 ). Due to the sym m etry underthe group G = Z2 � Z2 � Z2 generated

by qa ! �qa,them apping (38)iseightto one in regularpointsofR
3:to any pointin the

interior ofP3(1 ) correspond eight points in R 3 away from the coordinate planes. These

planesare�xed lociofsom esubgroup ofG.

Theasym ptotic conditions(4)in qa restrictthem otion to thecom pactsub-space D
3 of

R 3 bounded by thetri-axialellipsoid:

q
2
1 +

q22

��22
+
q23

��23
= 1 (40)

and are satis�ed by �nite action and zero energy trajectories. Elliptic coordinatesare best

suited fordem onstrating such a restriction.In thiscoordinatesystem D 3 ism apped to the

�niteparallelepiped P3(0):

0� �1 � ��23 � �2 � ��22 � �3 � 1 (41)

The unique non-singularface ofP3(0)with respectto the change ofcoordinatesis�1 = 0

and theinverse im ageofthisfaceistheellipsoid (40).The asym ptotic conditions(4)force

�b = 0;8b,and thus,by (23),H a = 0;8a,for the �nite action solutions. �2 and �3 are

bounded,see(41).Thus,wefocuson,

H 1 = 0)
1

2
�
2
1 +

1

8

�21

�1 � 1
= 0 (42)

Equation (42)describesthem otion ofaparticlewith zeroenergy m ovingunderthein
uence

ofa potential

V(�1) =
1

4

�21

�1 � 1
; �1 < �1 � ��23

= 1 ; ��23 < �1 < 1

V(�1)hasa m axim um at�1 = 0 and goesto �1 when �1 tendsto�1 ;therefore,bounded

m otion occursonly in the�1 2 [0;��23]intervaland thetrajectoriesgiving riseto kinksliein

P3(0),seen in ellipticcoordinates,orD
3 in Cartesian space.

In Figure1 thewholepictureisdepicted and wenoticethefollowing im portantelem ents

ofthedynam ics:

-Points:(1)theorigin.Thisisa �xed pointofG = Z � 3 and thusonly onepointO in D 3 is

m apped to the vertex O in P3(1 ). (2)PointsB,C,D:these are the intersection pointsof

the three distinguished ellipses,q21 +
q2
2

��2
2

= 1,q21 +
q2
3

��2
3

= 1 and
q2
2

��2
2

+
q2
3

��2
3

= 1,in the ellipsoid

(40).They are�xed pointsunderthe action ofa sub-group Z � 2
2 ofG and thus,two points

in theboundary ofD 3 arem apped toasinglepointin theboundary ofP3(0).D isthepoint

where thetwo vacuum points~v� arem apped and hence itisa very im portantpointofthe

dynam ics:every �niteaction trajectory startsand endsatD.(3)PointsF1,F2,F3,thefoci

oftheaboveellipses.Again twopointsin D 3 arem apped in auniquepointin P3(0).(4)The

um bilicusA oftheellipsoid �1 = 0 isanothercharacteristic point;in Cartesian coordinates

A correspondsto fourpointsin theboundary ofD 3 becausethey areinvariantonly undera

Z2 sub-group ofG.

-Curves:
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Figure1:(a)The dom ain D 3 in R
3:Cartesian coordinates(b)The dom ain P3(0)in R

3:Jacobi

elliptic coordinates

� Theellipsewith fociF2
q21

�23
+

q22

�23 � �22
= 1 (43)

in theq3 = 0 planepassing through F3 and F1.Thisistheedge�2 = ��23 = �1 in P3(0).

Observe thatfourpointson the ellipse (43)are m apped to one pointin the edge of

P3(0),because itisinvariantundera Z2 sub-group ofG.The m ap leading to F3 and

F1 is,however,two to one:theinvariancegroup ofthesepointsisbigger,Z
� 2
2 � G.

� Thehyperbola

q21

�22
�

q23

�23 � �22
= 1 (44)

in theq2 = 0planepassingthrough F2 and A and havingfociF3 (theedge�2 = ��22 = �3

in P3(0)).

Theabovepointsand curvesplayaspecialr̂olein thede�nition oftheellipticcoordinates

and arealso \criticalloci" ofthedynam ics.

3.2 G eneric K inks

ThegenerickinksoftheN = 3system arethetrajectoriesgiven by thesolutionsof(35)-(36)

for non-zero �nite values ofC 2 and C3. The solutions ofthe im plicit equations (35)-(36)

cannotbe graphically represented by m eansofthe built-in functionsofM athem atica. W e

use a num ericalalgorithm im plem ented in M athem atica to obtain the graphic portraitof

thetrajectories.Thealgorithm allowsusto calculate an arbitrary num berofpointson the

orbit. These points joined by straight segm ents provide a visualization ofthe trajectory.

Thereisa specialstep and an iteration ofroutinestepsin theprocedure,which isbased on

theNewton-Raphson m ethod.

Firststep.Identi�cation oftwo pointson thetrajectory.

Forgiven valuesofC2,C3,�2,�3 and a choice ofsigns,we setthe �rstvariable to the

\point" �1 = ��1.(35)-(36)becom esa system oftwo equationsin two unknownsthatcan be
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solved by theNewton-Raphson m ethod with startingvalues(�02;�
0
3).Theoutcom eisapoint

P1 � (��1;��2;��3)on thetrajectory.W erepeatthisoperation starting from �1 = ��1 + � = ��01
to �nd a second pointP2 � (��01;

��02;
��03)on theorbit.

��1,��
0
1,�

0
2 and �03 are chosen at random ;good convergence is attained ifthese points

belong to them iddlezonesofthevariation rangesof�1,�2 and �3 or,atleast,they arefar

away from thesingularitieson thefacesofP3(0)

Successive steps.

P1 and P2 provide an approxim ation ofthe curve by the secantline joining them . For

som e sm all� 2 R+ ,we choose P 0
3 = P1 + �(P2 � P1)asthe starting value ofthe Newton-

Raphson procedure applied to the solution ofequations(35)and (36);we thusobtain the

pointP3 on the curve. P2 and P3 lead to guesstim ate by the sam e token anothervalue P 0
4

thatproduce the nextpointP4 on the orbitand now the iteration isobvious. Replacing �

by �� wetravelalongtheoppositesenseon thetrajectory.Thealgorithm stopswhen oneof

thethree variables�1,�2,�3 reachesitsextrem e value;itisapplied independently on each

stage,determ ined by thesignsof�a and theglobaltrajectory isobtained by thedem and for

continuity.

W enow describe theportraitoftheseorbits.Having �xed 
2 and 
3,thecorresponding

kinktrajectoryisanon-planecurvein theinteriorofP3(0)thatstartsfrom thevacuum point

D,reachesthetop faceBCF1O and hitstheedgeAF2.Itthen goesto theedgeF1F3,back

again to the top face,hitsthe edge AF2 a second tim e,the top face a third tim e and ends

atD:seeFigure2 and Figure3.Varying 
2 and 
3 in therangeof�niterealnum bers,other

sim ilartrajectoriesareobtained thathittheedgesAF2 and F1F3 atdi�erentpoints.Given a

senseoftim etherethereforeexistsa two-param eterfam ily ofkink trajectoriesin one-to-one

correspondence with the points in the interior ofAF2 and F1F3. It should be m entioned

thata whole congruence oftrajectories param etrized by the interior ofF1F3 converges at

onesinglepointin theinteriorofAF2 and viceversa.

D
D

A

A
A

A

D

C

B

A

O

F

F

F

1

2

3

Figure2:A generic kink drawn both in D 3 and in P3(0). O bserve in D 3 thatthe generic kink is

a heteroclinic trajectory

Thetranslation ofagenerickink trajectory toCartesian coordinatesisadelicatem atter;

dueto thenon-uniquenessofthem apping im plied by thechangeofcoordinatesspecialcare

isnecessary in theanalysisofthetrajectory nearthespecialconics(43)-(44)where several
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Figure 3:Severalgeneric kinks,allofthem intersecting once with the edge F1F3 and twice with

theedge AF2 ofP3(0).

optionsarea prioripossible.Sinceitrequirescontinuity and derivability to thetrajectories

in the interiorofthe ellipsoid (40),theinteriorofD 3,the behaviourofthe curve ism ostly

�xed.Two choices,thespeci�cation ofD= ~v� asthestarting pointand thelocation ofthe

intersection ofthe kink trajectory with the q1 = 0 plane in the quadrantcharacterized by

q2 > 0,q3 > 0,com pletely �x theitinerary.

Thereisacrossroad wherethe\particle"touchestheq1 > 0branch ofthehyperbola(44)

and turnsback towardsthe ellipse (43).There,the m ovem ententersthe q3 < 0 half-space

and the kink trajectory reaches the other branch,q1 < 0,ofthe criticalhyperbola after

crossing the q2 = 0 plane. Atthisstage,the particle m akesitsway fora third crossing of

the q2 = 0 plane and,�nally,the journey ends atD= ~v+ . This kind ofkink trajectory is

thereforeheteroclinic:itstartsand endsatdi�erentunstablepoints,so that:

Q
T
1 =

1

2

Z 1

� 1

d�
dq1

d�
= �1; Q

T
2 = Q

T
3 = 0 (45)

W ecallthesetopologicalkinksTK3 becausethey havethreenon-nullcom ponents:

q1(�)= �1(x)6= 0; q2(�)= �2(x)6= 0; q3(�)= �3(x)6= 0

It should be noted that a unique,apparently non-derivable,kink trajectory in elliptic

coordinatescorrespondsto eightderivabletrajectoriesin Cartesian coordinates:thechoices

of~v� or~v+ and q3 < 0 orq3 > 0,q2 < 0 orq2 > 0 asthestarting pointand initialquadrant

givetheeightpossibilities.

The energy ofa three-com ponenttopologicalkink isthe action ofthe trajectory tim es
m 3

�2
p
2
and hencecom putablefrom form ula (29)fortheN = 3 case:

�2
p
2

m 3
E TK 3 =

Z ��2
3

0

�1d�1
p
1� �1

+

Z ��2
2

��2
3

2�2d�2
p
1� �2

+

Z 1

��2
2

3�3d�3
p
1� �3

(46)

=
4

3
+
2

3

h

�3(3� �
2
3)+ �2(3� �

2
2)
i

Itisindependentof
2 and 
3 and hencethesam eforevery kink in theTK3 fam ily.
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3.3 Enveloping K inks

Thereisanotherfam ilyofN = 3kinkslivingon thesurfaceM 3 � f(�1;�2;�3)= �1 = 0g,the

uniquefaceofP3(0)wheretheellipticcoordinatesarenotsingular.In M 3,theHam iltonian

becom es:

H =

3X

a= 2

H a

�0(�a)
=

3X

a= 2

(

�
2A(�a)

�0(�a)
�
2
a �

1

2

�2a(�a � ��22)(�a � ��23)

�0(�a)

)

(47)

and therefore there is a two-dim ensionalsystem hidden inside the N = 3 m odelwhich is

Ham ilton-Jacobiseparable.Theorbitequations,

C =

�
�
�
�
�

p
1� �2 � �2

p
1� �2 + �2

�
�
�
�
�

�3sign(�2)

�

�
�
�
�
�

p
1� �2 + �3

p
1� �2 � �3

�
�
�
�
�

�2sign(�2)

�

�
�
�
�
�

p
1� �3 � �2

p
1� �3 + �2

�
�
�
�
�

�3sign(�3)

�

�
�
�
�
�

p
1� �3 + �3

p
1� �3 � �3

�
�
�
�
�

�2sign(�3)

(48)

areparam etrized by only onerealconstant
2 (C = e�2�3(�
2

3
� �2

2
)
2).

Figure4:TheNTK 3 fam ily

The M athem atica plot ofthese solutions is shown in Figure 4. Having �xed 
2,the

corresponding kink trajectory is a plane curve in M 3 that starts from the vacuum point

D,reaches the top edge BC,goes to the um bilicus A and then back to the edge BC,to

end �nally in the vacuum pointD.The value of
2 determ inesthe pointsin BC where the

trajectory bouncesback and thustheone-param eterfam ily ofthiskind ofkink trajectories

isin one-to-onecorrespondencewith thepointsin theinteriorofBC.

In Cartesian coordinatestheenvelopingkinksaretrajectoriesthatunfold on theellipsoid

(40):

q
2
1 +

q22

��22
+
q23

��23
= 1

The starting point is either D= ~v+ or D= ~v� and the trajectories also end in either

D= ~v+ orD= ~v� . Associated with \hom oclinic" trajectories,the corresponding kinksare

\non-topological": Q T
1 = Q T

2 = Q T
3 = 0. The three Cartesian com ponents qa di�er from
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zero and the appropriate nam e for this kind ofsolitary wave is a non-topologicalkink of

three com ponents,NTK3 for short. Every NTK3 trajectory on its way from D= ~v� to

D= ~v� crosses the um bilicus pointofthe ellipsoid. Note that,again,eight trajectoriesin

theCartesian spaceR 3 correspond to onetrajectory in P3(0):theparticlehasthefreedom

to choose the points~v+ or~v� asbase pointsofthe curve. Having �xed one ofthem ,the

trajectory m ay develop in the half-ellipsoids determ ined in (45)by q3 � 0 orq3 � 0 and,

�nally,therearetwo travelling sensesin each orbit.

Also,the energy ofa three-com ponent non-topologicalkink isessentially the action of

theNTK3 trajectory:

�2
p
2

m 3
E N TK 3 =

Z ��2
2

��2
3

�2d�2
p
1� �2

+

Z 1

��2
2

2�3d�3
p
1� �3

= 2

 

�2 + �3 �
�22 + �23

3

!

(49)

according to theHam ilton-Jacobitheory.

3.4 Em bedded K inks

Three-com ponent topologicaland non-topologicalkinks arise as genuine solitary waves in

the N = 3 m odel. Restriction to the q3 = 0 and/orq2 = 0 planesshows thatthe N = 2

system isincluded twice,oncein each plane,in theN = 3 m odel.Therefore,allthesolitary

waves ofthe N = 2 m odelare em bedded twice askinks ofthe largerN = 3 system . The

em bedded kinksliveon theq2 = 0and q3 = 0planes,i.e.thefacesofP3(0)wheretheelliptic

coordinatesystem issingular.

I.Em bedded kinks in the q2 = 0 plane

Both �2 = ��22 and �3 = ��22 give q3 = 0,see (38),and hence thiscoordinate plane in R 3 is

theunion ofthetwo faces,�2 = ��22 and �3 = ��22,ofP3(0).Therefore,in

M 2�3
=

n

(�1;�2;�3)=�3 = ��22

o

t
n

(�1;�2;�3)=�2 = ��22

o

= M
1
2�3

t M
2
2�3

weexpectto �nd allthekinksoftheN = 2 case.

� In M 1
2�3
,�3 = ��22,wearein thefaceofP3(0)such that0< �1 < ��23 < �2 < ��22,and

q
2
1 =

1

�23
(1� �1)(1� �2); q

2
3 =

�1

�23
(��23 � �1)(��

2
3 � �

2
2)

TheHam iltonian also reducesto theN = 2 Ham iltonian

H = �
2A(�1)

�0(�1)
�
2
1 �

1

2�0(�1)

�

�
2
1(�1 � ��22)(�1 � ��23)

�

�
2A(�2)

�0(�2)
�
2
2 �

1

2�0(�2)

�

�
2
2(�2 � ��22)(�2 � ��23)

�

23



and theHam ilton-Jacobim ethod prescribestheequation

e
2�3��

2

3

2 =

 �
�
�
�
�

p
1� �1 � �3

p
1� �1 + �3

�
�
�
�
�
�

�
�
�
�
�

p
1� �1 + 1

p
1� �1 � 1

�
�
�
�
�

�3
! sign(�1)

�

 �
�
�
�
�

p
1� �2 � �3

p
1� �2 + �3

�
�
�
�
�
�

�
�
�
�
�

p
1� �2 + 1

p
1� �2 � 1

�
�
�
�
�

�3
! sign(�2)

(50)

asruling the portion ofthe trajectoriesatthisface,bounded by the edgesAD,AF2,

F2F3 and F3D (seeFigure5).
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Figure5:SeveralN TK 2�3 kink trajectoriesoftheN = 2 system em bedded in the q2 = 0 plane

� In M 2
2�3
,�2 = ��22 and thefacein theboundary ofP3(0)is0< �1 < ��23 < ��22 < �3 < 1.

Thetrajectory equationsatthisfaceare:

e
2�3��

2

3

2 =

 �
�
�
�
�

p
1� �1 � �3

p
1� �1 + �3

�
�
�
�
�
�

�
�
�
�
�

p
1� �1 + 1

p
1� �1 � 1

�
�
�
�
�

�3
! sign(�1)

�

 �
�
�
�
�

p
1� �3 � �3

p
1� �3 + �3

�
�
�
�
�
�

�
�
�
�
�

p
1� �3 + 1

p
1� �3 � 1

�
�
�
�
�

�3
! sign(�3)

(51)

and theboundary isform ed by theedgesAF2,F2O,OB and BA.

For�nite valuesof
2,som e kink trajectoriesgiven by (50)-(51)are depicted in Figure

5.Itm ay beobserved thatthetrajectory startsatD and then runsthrough thefaceM 1
2�3

untiltheedgeAF2.From thispoint,theparticleenterstheM 2
2�3

face(herethepath isnot

derivable),reachestheBO edgeand com esback totheAF2 edge.Thisisthesecond pointof

non-di�erentiability re-entering thetrajectory theM 1
2�3

face.Allthetrajectoriesthen m eet

atthe vertex F3 and com e back in a sym m etric way to end in the D point. In Cartesian

coordinates,these kink trajectories startand end in eitherD=~v+ orD= ~v� ,do notleave

the q2 = 0 plane,and crosseitherthe focus(q1 = ��3,q3 = 0)or(q1 = �3,q3 = 0). W e

thereforecallthem NTK2�3 becausethey aretwo-com ponentnon-topologicalkinks,m erely

the fam ily ofNTK2 kinksofthe N = 2 m odel,em bedded thisway within the m anifold of
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kinksoftheN = 3 system .There arefourtrajectoriesofthiskind inside theellipsoid (45)

in R 3 per trajectory in the boundary ofP3(0): there is freedom to choose ~v+ or~v� and

thesense oftravelin each orbit.TheNTK2�3 kinksare�xed pointsoftheZ 2 sub-group of

G = Z
� 3
2 generated by q2 ! �q2,that,however,doesnotleave invariantthe TK3 and the

NTK3 trajectories.Theenergy ofthesesolutionsis:

�2
p
2

m 3
E N TK 2�3

=

Z ��2
3

0

�1d�1
p
1� �1

+

Z ��2
2

��2
3

2�2d�2
p
1� �2

+

Z 1

��2
2

2�3d�3
p
1� �3

=
4

3
+ 2�3

 

1�
�23

3

!

(52)

Thereisa lim iting caseto thisfam ily ofkinks:a trajectory along theDA and AB edges

and back to D through the sam e way. Elliptic coordinates are even m ore singular on the

edges,but the dynam icalsystem reduces to a one-dim ensionalHam iltonian system which

can beintegrated analytically.W ehavea two-step trajectory:

At the DA edge,�1 = 0 and �3 = ��22,the canonicalequations (after use ofthe �rst

integral)reduceto:
d�2

d�
= �2(�2 � ��23)

q

1� �2 (53)

with thesolution

�
TK 2�3
1 (�)= 0; �

TK 2�3
2 (�)= 1� �

2
3 tanh

2
(�3�); �

TK 2�3
3 (�)= ��22 (54)

for� 2 (�1 ;� 1
�3
arctanh �2

�3
]t [1

�3
arctanh �2

�3
;1 ). The second step occurson the AB edge,

where,again,thecanonicalequationsreduce to a singledi�erentialequation:if�1 = 0 and

�2 = ��22,
d�3

d�
= �2(�3 � ��23)

q

1� �3 (55)

hasthesolution

�
TK 2�3
1 (�)= 0; �

TK 2�3
2 (�)= ��22; �

TK 2�3
3 (�)= 1� �

2
3 tanh

2
(�3�) (56)

for� 2
h
� 1

�3
arctanh �2

�3
; 1

�3
arctanh �2

�3

i

.Thecorresponding kinksin Cartesian coordinatesare

TK2�3 and TK2
�
�3
,thefourtwo-com ponenttopologicalkinksoftheN = 2 m odel:

0

B
B
@

q
TK 2�3
1 (�)

q
TK 2�3
2 (�)

q
TK 2�3
3 (�)

1

C
C
A = �

0

B
@

tanh(�3�)

0

� ��3sech(�3�)

1

C
A �

0

B
B
@

�
TK 2�3
1 (x;t)

�
TK 2�3
2 (x;t)

�
TK 2�3
3 (x;t)

1

C
C
A = �

0

B
@

tanh(�3x)

0

� ��3sech(�3x)

1

C
A

(57)

Thus,theenveloping kinksoftheN = 2 m odelarealso em bedded in theN = 3 system .

Theenergy forthesesolutionsand theiranti-kinksis:

�2
p
2

m 3
E TK 2�3

=

Z ��2
2

��2
3

�2d�2
p
1� �2

+

Z 1

��2
2

�3d�3
p
1� �3

= 2�3

 

1�
�23

3

!

(58)

In the q2 = 0 plane there isstillone trajectory thatiseven m ore singular:itisa three

step path running on theedgesDF3,F3F2,F2O and back to D through thesam eway.The

canonicalequationsand itssolutionsin thethreestepsare:
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1.�2 = ��23 and �3 = ��22.

d�1

d�
= �2�1

q

1� �1; � 2 (�1 ;� arctanh�3]t [arctanh�3;1 )

�
TK 1
1 (�)= 1� tanh

2
�; �

TK 1
2 (�)= ��23; �

TK 1
3 (�)= ��22

2.�1 = ��23 and �3 = ��22.

d�2

d�
= �2�2

q

1� �2; � 2 [� arctanh�3;arctanh�2]t [arctanh�2;arctanh�3]

�
TK 1
1 (�)= ��23; �

TK 1
2 (�)= 1� tanh

2
�; �

TK 1
3 (�)= ��22

3.�1 = ��23 and �2 = ��22.

d�3

d�
= �2�3

q

1� �3; � 2 [arctanh�2;arctanh�2]

�
TK 1
1 (�)= ��23; �

TK 1
2 (�)= ��22; �

TK 1
3 (�)= 1� tanh

2
�

Only oneCartesian com ponentisdi�erentfrom zero:

0

B
@

qTK 11 (�)

qTK 12 (�)

qTK 13 (�)

1

C
A =

0

B
@

� tanh�

0

0

1

C
A �

0

B
@

�TK 11 (x;t)

�TK 12 (x;t)

�TK 13 (x;t)

1

C
A =

0

B
@

� tanhx

0

0

1

C
A (59)

and hencetheone-com ponenttopologicalkink oftheN = 1 m odelisem bedded �rstin the

m anifold ofkinksoftheN = 2m odel,and then in theN = 3system .Therearetwokinksof

thiskind in Cartesian coordinateswhich arem apped in a uniquetrajectory in theboundary

ofP3(0). The TK1 trajectories are �xed points ofthe Z � 2 sub-group ofG generated by

q2 ! �q2 and q3 ! �q3.Theenergy is

�2
p
2

m 3
E TK 1 =

Z ��2
3

0

�1d�1
p
1� �1

+

Z ��2
2

��2
3

�2d�2
p
1� �2

+

Z 1

��2
2

�3d�3
p
1� �3

=
4

3
(60)

Em bedded K inks in the q3 = 0 plane

The DF3,F3F2 and F2O edges form the intersection ofthe q2 = 0 and q3 = 0 planes.

Therefore,theTK1 kinksalso livein theq3 = 0 plane.Thereisanotherm axim ally singular

trajectory living on the\edge" in theq3 = 0 plane:

At the DC edge,�2 = ��23 and �1 = 0,the canonicalequations for the �nite action

trajectoriesare:
d�3

d�
= �2(�3 � ��22)

q

1� �3 (61)

Thepath

�
TK 2�2
1 (�)= 0; �

TK 2�2
2 (�)= ��23; �

TK 2�2
3 (�)= 1� �

2
2 tanh

2
(�2�) (62)
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solves(61)and runswhen � goesfrom �1 to +1 from D to D passing through thevertex

C at� = 0.In Cartesian coordinateswe recoverthe fourtwo-com ponenttopologicalkinks

oftheN = 2 m odel,now em bedded in theq3 = 0 plane:

0

B
B
@

q
TK 2�2
1 (�)

q
TK 2�2
2 (�)

q
TK 2�2
3 (�)

1

C
C
A = �

0

B
@

tanh(�2�)

� ��22 sech(�2�)

0

1

C
A �

0

B
B
@

�
TK 2�2
1 (x;t)

�
TK 2�2
2 (x;t)

�
TK 2�2
3 (x;t)

1

C
C
A = �

0

B
@

tanh(�2x)

� ��22 sech(�2x)

0

1

C
A

(63)

TheseareheteroclinictrajectoriesthatproducetheTK2�2 and TK2
�
�2
topologicalkinks.

Theenergy is:

�2
p
2

m 3
E TK 2�2

=

Z 1

��2
2

�3d�3
p
1� �3

= 2�2

 

1�
�22

3

!

(64)
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Figure6:NTK 2�2 kink trajectoriesofthe N = 2 system em bedded in theq3 = 0 plane

Ofcourse,thefullm anifold ofkinksoftheN = 2 m odelisem bedded in theq3 = 0 plane

:the setofkinksofthe N = 3 system iscom pleted by the two-com ponentnon-topological

kinksliving in the q3 = 0 plane,see Figure 6. The q3 = 0 plane ism apped to the union of

two facesin theboundary ofP3(0):

M 2�2
=

n

(�1;�2;�3)=�1 = ��23

o

t
n

(�1;�2;�3)=�2 = ��23

o

= M
1
2�2

t M
2
2�2

� 1.In M 1
2�2
,�1 = ��23 im pliesq3 = 0.Therefore:

q
2
1 =

1

�22
(1� �2)(1� �3)

q
2
2 =

�1

�22
(��22 � �2)(��

2
2 � �3)

isa wellde�ned change ofcoordinatesin the range ��23 < �2 < ��22 < �3 < 1. In this

region,theinterioroftheellipse(43),thetrajectoriesproviding kinksaregiven by the
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equations:

e
2�2��

2

2

2 =

 �
�
�
�
�

p
1� �2 � �2

p
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�
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p
1� �2 + 1
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1� �2 � 1
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�
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! sign(�2)
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 �
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�
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p
1� �3 � �2

p
1� �3 + �2
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�
�
�
�

�
�
�
�
�

p
1� �3 + 1

p
1� �2 � 1

�
�
�
�
�

�2
! sign(�3)

(65)

� 2.In M 2
2�2
,�2 = ��23 also im pliesq3 = 0.In the range0 < �1 < ��23 < ��22 < �3 < 1 the

changeofcoordinatesisde�ned as

q
2
1 =

1

�22
(1� �1)(1� �3)

q
2
1 =

1

��22
(��22 � �1)(��

2
2 � �3)

Thekink trajectoriessatisfy theequations:

e
2�2��

2

2
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�
�
�
�

p
1� �1 � �2

p
1� �1 + �2

�
�
�
�
�
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�
�
�
�
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p
1� �1 + 1
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1� �1 � 1
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�
�
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! sign(�1)
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p
1� �3 � �2

p
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�
�

�
�
�
�
�

p
1� �3 + 1

p
1� �2 � 1

�
�
�
�
�

�2
! sign(�3)

(66)

Thefeaturesofthiskind ofkinksareidenticaltothecharacteristicsofthetwo-com ponent

non-topologicalkinksthatexistin the q2 = 0 plane. The only di�erence isthatthey have

supportin the facesM 1
2�2

and M 2
2�2

instead ofM 1
2�3

and M 2
2�3

and we therefore callthem

NTK2�2. They m eetatthe vertex F2,and therefore atthe foci(q1 = ��2;0;0)in R 3;see

Figure6.Theenergy is:

�2
p
2

m 3
E N TK 2�2

= 2

"Z ��2
3
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�1d�1
p
1� �1

+

Z ��2
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��2
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p
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Z 1

��2
2

�3d�3
p
1� �3
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=

=
4

3
+ 2�2

 

1�
�22

3

!

(67)

In sum : the m anifold ofkinks ofthe N = 2 m odelis em bedded twice in the N = 3

system ,oncein the q2 = 0 planeand otherin theq3 = 0 plane.They aresewn togehterby

thecom m on TK1,em bedded from theN = 1 m odel.Theem bedded kinks�llthegapsleft

by the TK3 fam iliesofkinksin the interiorofthe ellipsoid (45)and also develop through

thecurvesleftby theNTK3 fam ilieson theboundary ofD 3.D 3 isthusa \totally"geodesic

m anifold with respect to the separatrices between bounded and unbounded m otion in the

N = 3 dynam icalsystem . The NTK3 fam ily form the envelop ofthe separatricesand the

NTK3 kinksarethem selvesseparatrices.
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Figure 7: Plot ofthe \singular" topologicalkinks TK 2�2 (solid line),TK 2�3 (broken line) and

TK 1 (dash-dotted line)in both Cartesian and Elliptic coordinates.

4 Further C om m ents

W e now infer the generalstructure ofthe kink m anifold ofthe linear O (N )-sigm a m odel

from the pattern shown by the O (2)-and O (3)-sigm a m odels. W e can safely state thatall

thekink trajectorieslivein thesub-m anifold D N � R N determ ined by theinequality:

q
2
1 +

q22

��22
+ :::+

q22

��2N
� 1

Therearethreecategories:

1.G eneric K inks

A . Thereexistsa fam ily ofgenerickinksparam etrized by N � 1 realconstantsthat

liveintheinteriorofD N .Theintersection lociofthegenerickinksarethesingular

quadrics:

q2
1

��2
N

+
q2
2

��2
N
� ��2

2

+ � � � � � � +
q2
N � 1

��2
N
� ��2

N � 1

= 1; qN = 0;�1 = �2 = ��2N
q2
1

��2
N � 1

+
q2
2

��2
N � 1

� ��2
2

+ � � � +
q2
N � 2

��2
N � 1

� ��2
N � 2

�
q2
N

��2
N
� ��2

N � 1

= 1; qN � 1 = 0;�2 = �3 = ��2N � 1

� � � � � � � � � � � �
q2
1

��2
2

�
q2
3

��2
3
� ��2

2

� � � � � � � �
q2
N

��2
N
� ��2

2

= 1; q2 = 0;�N � 1 = �N = ��22

B . Generickinksarenon-topological-henceNTKN-ifN even,andtopological-hence

TKN-ifN isodd.

2.Enveloping kinks.

A . Therestriction ofthedynam icalsystem to theboundary @D N ofD N ,thehyper-

ellipsoid:

q
2
1 +

q22

��22
+ :::+

q22

��2N
= 1

29



providesa fam ily ofenveloping kinksparam etrized by N � 2 realconstants.Re-

calling thatin elliptic coordinates@D N ischaracterized by the equation �1 = 0,

theintersection lociofthiscongruencearetheum bilicalsub-m anifolds:

�1 = 0 ; �a = ��2N � a+ 1 = �a+ 1 ; 8a = 2;3;:::;N � 1

ofdim ension N � 3 ofthehyper-ellipsoid @D N .

B . Enveloping kinksare topological,hence TKN,ifN iseven,and non-topological,

henceNTKN,ifN isodd.

3.Em bedded K inks.

On theN � 1 R N � 1 sub-m anifoldsdeterm ined by theconditionsqa = 0,ifa = 2 or3

or:::orN ,thedynam icalsystem reducesto them echanicalsystem thatarisesin the

linearO (N � 1)-sigm am odel.Thus,thekinkm anifoldoftheN � 1caseisincluded N � 1

tim esin theO (N )-m odel,�llingtheholesleftin theinteriorofD N bythegenerickinks,

and also covering in @D N the sub-spaces which are notcovereded by the enveloping

kinks. Each N � 1 kink sub-m anifold is not,however,included (N � 1)� (N � 2)

tim esin theO (N )-m odelbecause theR N � 2 sub-spacesareintersectionsoftheN � 1

R N � 1,de�ned above.TheN � 1 kink m anifoldsarenotseparated butsewn togehter

through the N � 2 kink sub-m anifolds.Thisisa iterative processin such a way that

the kink m anifold ofthe O (N � r)-sigm a m odelisincluded

 
N � 1

r

!

tim esin the

kink m anifold oftheO (N )system .

Onecan ask whathappensifacontinuoussub-group O (r)ofO (N )survivesassym m e-

try group ofthesystem .Thishappensifthedeform ation ischosen in such a way that

0< �22 = �23 = � � � = �2
r < �2r+ 1 < :::< �2N < 1.In thiscaseweobtain a sub-m anifold

ofkinks from O (r) rotations around the q1 axis ofthe kink m anifold ofthe N = 2

system thatlivesin the q1 :q2 plane.The rem aining kinkscorrespond to the solitary

waves ofthe N = r� 1 system de�ned in the orthogonalR N � r+ 1 sub-space. Also

the deform ationswhere 1 < �2r+ 1 < � � � < �2
N are easy to understand. Finite action

trajectoriesspread outin thedom ain in R N bounded by thehyper-hyperboloid:

q
2
1 +

q22

��22
+ � � � +

q2r

��2r
�

q2r+ 1

j��2r+ 1j
� � � � �

q2n

j��2N j
= 1:

The kink m anifold ofthissystem isthe kink m anifold ofthe N = r m odelde�ned in

thesub-spaceR r � R N such thatqr+ 1 = � � � = qN = 0.

Finally we consider a m ild deform ation ofourm odelby introducing asym m etries in

thenon-harm onicterm softhepotentialenergy and also adapting thequadraticterm s

in a suitablem anner:

V =
1

2
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2
1 + (1+ "2)�

2
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2
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2
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4
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The new non-dim ensionalconstants "a and �a are de�ned in term s ofthe old �a’s

through:

1+ "a =
�a(�a + 1)

2
; �a =

��3a(2+ �a)

2
; a = 2;3;:::;N

Am ong thekinksofthedeform ed linearO (N )-sigm a m odelonly thefollowing survive

assolitary wavesolutionsofthisperturbed system :

(a) TheTK1.

�1 = tanhx ; �2 = :::= �N = 0

(b) AlltheTK2 kinks.On theellipse,

�
2
1 +

1+ "a

1� �2a
�
2
a = 1

theTK2�a and TK2
��a con�gurations,

�1 = tanh�ax ; �a = �

s

1� �2a

1+ "a
sech�ax ; �b = 0; 8b6= a;b6= 1

aresolutionsofthe�eld equations.Theam azing factisthatin thisdeform ation

ofthe O (N )-linear sigm a m odel,discussed by Bazeia etal. ifN = 2 [12],the

energy ofallthesekinksisthesam e:

E TK 1 = E TK 2�2 = :::= E TK 2�N =
4

3
p
2

m 3

�2

On onehand,wehaveadeform ation ofthelinearO (N )-sigm am odelthatexhibits

a com plex variety ofkinks;on theotherhand,anotherdeform ation oftheO (N )-

m odelrejectsalm ostevery kink butthesim plestonesassolutions,and allofthe

surviving kinksaredegenerated in energy.

5 O utlook

The developm entsdisclosed in thispapersuggesta generalstrategy in the search forkinks

in two space-tim edim ensional�eld theories.W hen the�eldshaveN com ponentsassem bled

in a vectorrepresentation oftheO (N )group,wefocuson system swith sym m etry breaking

to a discretesub-group ofO (N )which hasm orethan oneelem ent.Ifthedynam icalsystem

thatdeterm inesthelocalized staticsolutionsiscom pletely integrable,allthesolitary waves

can befound,atleastin principle.Particularly interesting isthesituation wheretheN � 1

invariants in involution with the m echanicalenergy act non-trivially on the m anifold of

localized solutionsand theorbitisa continuousspace.Onecan then perturb such asystem ,

loosing in the perturbation m any ofthe solitary wave solutions: only few ofthe localized

staticsolutionssurviveaskinksoftheperturbed (m orerealistic)m odel.

W e�nally listseveralinteresting questionsthatwillbepostponed forfutureresearch:

� study ofthestructureofthekink m anifold ofthedeform ed linearO (N )-sigm a m odel

asa m odulispaceseem sto beworthwhile.
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� A detailed analysisofthesum rulesbetween theenergiesofthedi�erentkindsofkinks

isnecessary to �x thestructurem entioned above.

� A treatm ent�a la Bogom olny isalso possible.Thisallowsfora supersym m etric exten-

sion ofthem odelin such a way thatthekinksbecom eBPS states.

� Thedi�cultproblem rem ainsofdeterm iningthestabilityofthedi�erentkindsofkinks.

Application oftheM orseindex theorem helpsin �nding thestability properties,which

in turn provideinform ation aboutthequantization ofthesetopologicaldefects.
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A ppendix: Elliptic coordinates

Given any setofN realpositive num berssuch that0 < r1 < r2 < :::< rN ,letusconsider

theequation:
NX

a= 1

q2a

ra � �
= 1 (68)

Theleft-hand m em berQ �(~q)=

NX

a= 1

q2a

ra � �
ofthisequation can beunderstood eitherasa

function ofR N ,for�xed � 2 C ,orasafunction ofthecom plex variable�,for�xed ~q2 R N .

From (68)oneim m ediately deduces:

1� Q �(~q)= 1+

NX

a= 1

q2a

� � ra
=

NY

a= 1

(� � �a)

NY

a= 1

(� � ra)

= 0 (69)

Therefore,the N roots�a ofthe polynom ialin the num eratorof1� Q �(~q),a rational

function of�,aretherootsofequation (68).Theroots�a arealsorealnum bersand 1� Q �(~q)

isa rationalfunction such that�1 < r1 < �2 < :::< rN � 1 < �N < rN ,see Figure 8. To

prove thispointone needsto study 1� Q �(~q)along the �-realaxis,nearthe poles� = ra,

using Bolzano’stheorem .

D e�nition. The elliptic coordinates ofthe point ~q � (q1;:::;qN ) 2 R N are the roots
~�E � (�1;:::;�N )2 P N (1 )ofQ �(~q)= 1.

P N (1 )� R N isthe open sub-space ofR N given by:�1 < �1 < r1,r1 < �2 < r2,:::,

rN � 1 < �N < rN .Thesolution of(68)for� = �1 �constant2 (�1 ;r1)is,geom etrically,a

quadric surface,a hyperellipsoid,when ~q variesin R N .The fam ily ofquadricsobtained by

taking � = �a � constant2 (ra� 1;ra),a � 2,correspondsto a fam ily ofhyper-hyperboloids

ofevery possiblesignaturein R N ,ifQ �(~q)isconsidered asa function of~q.
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λ1 λ2 λ3

r1 r2 r3

Figure8:Plotofthe function y =

3X

a= 1

q2a

ra � �
and the function y = 1,see (68),for�xed valuesof

qa and ra.

Itisconvenientto denotetheproductsin (69)as:

�(�)=

NY

a= 1

(� � �a); A(�)=

NY

a= 1

(� � ra)

so that

1+

NX

a= 1

q2a

� � ra
=

NY

a= 1

(� � �a)

NY

a= 1

(� � ra)

�
�(�)

A(�)
(70)

An explicitform ula forde�ning q2a asa function ofthe�’s,8a,isobtained by applying

theresiduetheorem to both m em bersoftheequation (70):

Res(1� Q �(~q))j�= ra = q
2
a

(71)

Res

 
�(�)

A(�)

! �
�
�
�
�
�= ra

=
�(ra)

A 0(ra)
; A

0(ra)=
dA(�)

d�

�
�
�
�
�
�= ra

Therefore:

q
2
a =

�(ra)

A 0(ra)
=

NY

b= 1

(ra � �b)

NY

b= 1;b6= a

(ra � rb)

(72)

and weseethatthetransform ation (q1;:::;qN )! (�1;:::;�N )is2
N to 1.

Inverting (72)toexpress�a asafunction oftheq’s,8a,requiresonetosolvean algebraic

equation in �a with powers up to �Na . This iseasy forN = 2,possible,butvery di�cult

forN = 3;4 using Cardano’sform ulas,and im possible ifN � 5. Forthisreason,another

derivation of(72)isuseful,which in passing allowsoneto show identitiesbetween Cartesian
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and elliptic coordinatesthatm ake practicalcom putationspossible. To do this,notice that

(70)im plies:

�(�)=

NY

a= 1

(� � ra)+

NX

a= 1

q
2
a

NY

b= 1;b6= a

(� � rb) (73)

Setting � = rc in (73)oneim m ediately derives(72).M oreim portant,expanding thetwo

m em bersof(73)in a powerseriesin � ,weobtain:

�
N + �

N � 1

 

�

NX

a= 1

ra +

NX

a= 1

q
2
a

!

+ �
N � 2

0

@
X NX

b< a

rarb�

NX

a= 1

q
2
a

NX

b= 1;b6= a

rb

1

A + :::

= �
N
�

 
NX

a= 1

�a

!

�
N � 1 +

0

@
X NX

b< a

�a�b

1

A �
N � 2 + :::+ (�1)N

NY

a= 1

�a

Equalizing thecoe�cientsoftheterm swith thesam epowerof� in thelastequation we

have N non trivialidentities. W e shalluse the equalitiesbetween the coe�cients of� N � 1

and �N � 2:
NX

a= 1

�a =

NX

a= 1

ra �

NX

a= 1

q
2
a (74)

X NX

b< a

�a�b =

NX

a= 1

raq
2
a �

NX

a= 1

q
2
a

NX

b= 1

rb+
X NX

b< a

rbra (75)

Anotherim portanttoolusing ellipticcoordinatesistheJacobilem m a:

Lem m a.Theexpression

NX

a= 1

�sa

(�a � �1)(�a � �2):::
(a)::::::(�a � �N )

where (�1;:::;�N ) are N realnum bers such that �1 < �2 < :::< �N is equalto 0 if

s� N � 2 and 1 fors= N � 1.

Proof:

Considerthefunction

fs(z)=
zs

NY

a= 1

(z� �a)

which hasN polesin thecom plex planeatz = �a,8a,and anotherpoleatin�nity.If
 is

a closed curve which istheboundary ofa region D ofthecom plex planecontaining allthe

�nitepolesoffs(z),theresiduetheorem tellsusthat:

1

2�i

I




fs(z)dz =

NX

a= 1

Res(fs)(�a)= �Res(fs)(1 )= �
1

2�i

I

� 


fs(z)dz

Also,

NX

a= 1

Res(fs)(�a)=

NX

a= 1

�sa

(�a � �1)(�a � �2):::
(a)::::::(�a � �N )

Res(fs)(1 )=

(
0; 8s< N � 1

�1; s= N � 1
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and thelem m a isproved.

Applying thisresultto thechoice�a = �a,8a = 1;:::;N ,weobtain new identities

NX

a= 1

�sa

�0(�a)
= 0;8s< N � 1 (76)

NX

a= 1

�N � 1
a

�0(�a)
= 1 (77)

because �0(�a)= (�a � �1)(�a � �2):::
(a)::::::(�a � �N ).Alternatively ifwe take �a = ra,

thelem m a im pliesthat:

NX

a= 1

rsa

A 0(ra)
= 0;8s< N � 1;

NX

a= 1

rN � 1
a

A 0(ra)
= 1 (78)

An im portantidentity obtained from thelem m a is:

NX

a= 1

q2a

(ra � �b)(ra � �c)
= 0;8b;c (79)

Thenorm alvectorsto thefam ily ofquadrics(68)

Q �(~q)=

NX

a= 1

q2a

ra � �
= 1

atthepoint~q� (q1;:::;qN ),are

~n(�)� (n1(�);:::;nN (�))=

�
q1

r1 � �
;:::;

qN

rN � �

�

Observe that(79)im plies

NX

a= 1

na(�b)na(�c)= 0;8a;b

Therefore,allthequadricsareorthogonalwith each otherand theellipticcoordinatesform

an orthogonalsystem . The standard Euclidean m etric in Cartesian coordinates can be

expressed in ellipticcoordinatesin theform :

ds
2 =

NX

a= 1

dq
2
a =

NX

a= 1

NX

b= 1

gab(~�E )d�ad�b

Derivation ofthetwo m em bersofequation (72)leadsto:

2dqa

qa
= (�1)N

NX

b= 1

d�b

ra � �b
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and,using theJacobiLem m a,

4dq2a = q
2
a

NX

b= 1

d�2b

ra � �b

Finally,wehave:

gaa = �
1

4

�0(�a)

A(�a)
= �

1

4

NY

b6= a;b= 1

(�a � �b)

NY

b= 1

(�a � rb)

;gab = 0;8a 6= b (80)

Thekineticenergy ofa naturaldynam icalsystem in ellipticcoordinatesis;

T =
1

2

NX

a= 1

_q2a =
1

2

NX

a= 1

gaa
_�2a (81)

In term softhecanonicalm om entum �a =
@T

@ _�a
,T reads:

T =

NX

a= 1

�a
_�a � T =

1

2

NX

a= 1

1

gaa
�
2
a = �2

NX

a= 1

A(�a)

�0(�a)
�
2
a (82)
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